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Abstract

In this paper we propose a new gauge term in addition to the conventional
gauge to acquire complete solution for the linear approximated gravitational
equation. The calculation to make general form for the linear gravitational
equation uses the well-known Noether’s theorem saying that gauge symmetry
is equal to conservation law. The unsolved coefficients in the equation require
another condition which is leading to new gauge term. This proposed new
gauge is a tensor product by a scalar quantity with a metric tensor having the
trace value of 2. The scalar component in the 5th row and column of Kalu-
za-Klein’s metric tensor can be found as 2 diagonal components in our pro-
posed 4x4 metric tensor. We also show that only a constant scalar gauge can
be allowed in the curved space-time although arbitrary gauge can exist in the
linear space-time.
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1. Introduction

Long years ago, Kaluza and Klein proposed the initial unification theory of the
electromagnetic force and gravitational force with their revolutionary 5-dimentional
metric tensor. The first metric tensor proposed by Kaluza has a 5 x 5 structure

and has a scalar component, & in the 5™ row and 5™ column as can be seen in

(1-1) [1] [2].

o Ju G Yoz KA
o 9u Y Ui KA
U =920 9 92 Ux KA (1-1)
U Yu 9 U KA
kA, kA kA, kA, Kk
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But unfortunately, above tensor does not satisfy the tensor condition, so Klein
supplemented and modified it as can be seen in (1-2) [2] [3]. There still exists a
scalar component, &, in the position of the 5" row and 5" column. The scalar

term kis called radion or dilaton or graviscalar by the following theorists [1] [3].

Uoo +KAA  Jor +KAA 9o +KAVA, Oy +KAA, KA,

Joo +KAA 0, +KAA 0, +kKAA, g3 +KAA KA

9, =| 9 tKAA, 0, tKAA, 0y +kAA 0, +kAA KA,
Jos TKAYA O +KAA 0y +KAA gy +KAA KA,

KA, kA kA, kA k

Differently from the Kaluza-Klein theory, we have shown recently that gravity

(1-2)

and electromagnetic force can be unified by using a gauge even with a 4 x 4 me-
tric tensor [4] [5]. However, there is no gauge term with scalar component like
“K” in the Kaluza-Klein metric tensor. Although the scalar term does not directly
affect the electromagnetic field, we have wondered if a scalar gauge can exist
even in a 4 x 4 metric tensor and have tried to find it.

As can be shown later in this paper, although the gauge in the linear approx-
imated space-time has degree of freedom, there is some restriction in curved
space-time. For that reason, we first develop our derivation in the linear approx-

imated gravitational equation rather than the general gravitational equation below.

R"V—%Q”VR=—8n?T”V (1-3)
C

In case of g“' =n*"+kh*” and Kk <1. The linear approximated equation
of (1-3) is acquired like followings [6],

0,0 ™ +af'th—(alth/” +alaﬂh”)—nﬂvaiaﬂh +1"70,0,h* = i“—‘lGTW (1-4)

We go through with a mathematical deployment to see if this equation has a
scalar gauge by using Noether’s theorem [7] [8]. Since T#" on the right side of
the Equation (1-3) is an energy-momentum tensor, the symmetry of the 4 vectors
is the symmetry of space-time, and also is the conservation of an energy-momen-
tum tensor T*V.

In the next chapters, we will first find out a field equation by using Noether’s
theorem [7] [8] (gauge symmetry and conservation) and conservation law in
general electromagnetic fields, and then extend to the gravitational field with a

similar and consistent methodology.

2. Case of Electromagnetic Equation

The only four-vectors linear in A" that can be constructed out of A" and no

more than two of the differential operators 0 are listed in (2-1) [6].
0,0"A,0"0, A, N (2-1)

The general equation using combination of these can be constructed as fol-

lows,
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0,0" A" +20"0, A +bA" = 4}’ (2-2)

where A” isrank-1 field tensor, j" is the 4-vector source term (such as char-
ge-current term), and a,b are unknown coefficients.

Its gauge transformation is described as following,
A" > A"+0"A (2-3)
where A is the gauge term of rank-1 tensor A”.

If Equation (2-2) is symmetric with respect to the gauge transformation Equa-

tion (2-3), the result of the gauge equation must be 0 like following,

0,0"0"A+a0"0,0"A+bd"A=0 (2-4)
or
(1+ a)8V6!18”A+b8VA =0 (2-5)
In order for Equation (2-5) to always hold, the following conditions are ne-
cessary.
1+a=0 (je a=-1) (2-6)
b=0 (2-7)

Then Equation (2-2) becomes
G#O”AV —8”6ﬂA” =4nj” (2-8)

In another method, if we apply the conservation of energy-momentum
(0,]" =0) to Equation (2-2), we have

0,0,0"A" +a0,0"0,A" +bo, A" =40, " =0 (2-9)
or
(1+ a)@v(?V@”A” +bo, A" =0 (2-10)
By the properties of dummy index, we used followings
0,04 =0,0" (2-11)
o,A"=0,N (2-12)

From Equation (2-10), we obtain a=-1 and b=0. This is the same as the
result of the gauge symmetry condition. From above results, we can conclude
that the gauge symmetry and energy-momentum conservation are the necessary
and sufficient conditions in the rank-1 tensor equation, which is consistent with
Noether’s theorem. This rank-1 tensor field equation turns out to be the Max-
well’s electro-magnetic equation. In next chapter, we can extend to the 2™ rank

tensor linear approximated gravitational equation.

3. Case of Linear Approximated Gravitational Equation

As we have done with the electromagnetic field, we can proceed with a similar
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procedure in the linear approximated gravitational equation.
In (3-1), we can write down all possible symmetric tensors that can be con-

structed out of h*” and no more than two gradients 0° which are linear in
h“" [6].

0,0*h*,040"h,0,0"n** +0,0“h” 0,0 h,n*" 8,0 h*" ,h*" . n*'h  (3-1)
By combining these, we can create a generalized equation as shown below.

0,0"h* +2d"d"h+b(2,0"n* +8,0"h" ) +cn™d,0*h

(3-2)
+dn*9,0,h*" +eh”” + fn*'h = —8:46 T

where h*" is rank-2 field tensor, T#" is the rank-2 source tensor (energy-
momentum tensor), and a,b,c,d,e, f are unsolved coefficients.

Its gauge transformation can be described as following [6] [9].
h*" — h* + 8" A* +0“ A (3-3)

where 0"A* +0“A" is the gauge term of rank-2 tensor h*".From now on, we
will call this gauge a vector gauge. We name a vector gauge because the gauge is
made from vector.

We have referenced the previous trial to find the unknown coefficients, and
the following 3 sequential conditions (titled Old-1,2,3) were used in that refer-
ence [6].

Old-1. The term eh*” + fn*"h must vanish empirically because it reduces the
potential exponentially as the distance increases, so that e= f =0.

Old-2. The results that a=—-C, b=-1, d=1, e=0, and f =0 are ac-
quired by using the conservation condition (0,T*" =0).

Old-3. To find the unsolved a or C, they tried to replace h*" to
h*" +Cn*’h (where C is constant) in Equation (3-1) and then acquired
a=1, c=-1 evenif C=0.

But Old-3 step is somewhat weird and need more explanation [6].

In the other way, we try to obtain exact solutions using 2 different conditions
(titled New-1,2), gauge symmetry and energy-momentum conservation, which is
similar to the work in chapter 2.

New-1. Gauge symmetry condition:

The linear equation of rank-2 tensor of h*” and T#", as the energy mo-
mentum source, is given by Equation (2-1). To see the gauge symmetry, we try
to apply 0"A* +0“A”. To reduce the calculation, we only put the gauge term
into Equation (3-2). Then the result becomes zero like (3-4).

0,0 (0" A"+ A" ) +ad"a" (0,A7 +0,A" ) +b(8,0" (A" +"A")
+0,0" ("N + 0T en®0,0% (0 AT+ 0 A )+ dn00, ( (3-4)
+ )+e(0"A* +0“A" )+ T (0,A7 +0,A%) =0

Multiplying both sides by 7,
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7,,0,0" (0"A* +0“A" )+an,,0"0" (0,A7 +0,A")

+bn,, (0,0 (0°A + 27N ) 0,0" (0 A 0 A7) (3-5)
-5

+4c0,0* (0. A7+, A )+4do,0, (0 AT+ 7N

+4e(8#Aﬂ +8VAV)+4f (80_A" +8,1A’1):0

The last two terms on the left side are similar terms according to the following

properties.
0N +0,A" =0,A° +0,\" (3-6)
In this case, the following conditions are required for Equation (3-5) to hold

always.

1+b=0 (3-7)
a+b=0 (3-8)
(3-9)
e+f=0 (3-10)

Unlike electromagnetic equation, in gravity, € and f (the coefficients of
non- derivative terms) are alive even if the gauge symmetry is satisfied. From
Equation (3-7) to Equation (3-10), we have that b=-1 and a=1, but c,d,e
and f remain unknown. This means that all the coefficients are not deter-
mined by only 0"A* +0“A". For the gravitational equation, unlike the electro-
magnetic equation, the gauge symmetry does not guarantee the conservation of
energy-momentum.

New-2. Energy-momentum conservation:

When we apply the condition for conservation of energy-momentum
(aﬂT”V =0) to Equation (3-2), then

0,0,0"" +a0,0"0"n+bo, (0,0'h** +8,0"h" )+¢a"0,0"h
) 81G (3-11)
+dd"0,0,h" +ed ,h* + f*"0 h :c_“a”TW =0

Notice that similar terms have the same colors. In order for Equation (3-11) to

always hold, the following conditions are necessary.

1+b=0 (3-12)
a+c=0 (3-13)
b+d=0 (3-14)
eo,h* + fn""0,h=0 (3-15)
Therefore
bh=-1 (3-16)
a=-C (3-17)
d=1 (3-18)

Since 5uh“v and 77’“’8”h are different terms, Equation (3-11) can be estab-
lished by setting both e=0 and f =0. But in the case of Equation (3-15), we
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treat the 2 terms like a similar term, because when 0,h*" and 7*"0,h are
multiplied by 7, , both become terms of 4. For this reason there is a possibility
other than e=f =0.
According to Equations (3-16)-(3-18), a,c,e and f are still unknown.
This looks that Noether’s theorem saying gauge symmetry is conservation,
does not hold. Because we do not know all the variables yet, we need more con-
dition to find out the unknown variables. To obtain additional equations, the
step Old-3 uses the fact that the field equation should be maintained even if the
trace reversed form like (3-19) is used [6]. But Old-3 calculation looks a little
weird, and we show that calculation is inconsistent. After that we suggest the
way to resolve the inconsistency.
At first, let’s define h-bar like (3-19).
h“ =h* +Cn*"h (where C isarbitrary) (3-19)
If we substitute Equation (3-19) into Equation (3-2), then we have
0,0" (h*" +Cn"h)+ad“d" (h+4Ch)
—(alav (h +Cph)+0,0" (0™ +cn“h)) (3-20)
—an*'0,0" (h+4Ch)+n"d,0, (h** +Cn’h) = SZG T

Separating the terms of h** and Czn*'h
0,0 (") +a0*a" (h)—(8,0" (™) +8,0" (N*))—an*'0,0" (h)
+79,0, (W) +C(-0,0" (n*h)-a0"0" (4h)+0,0* (*"h)  (3-21)

-i-afflvag@}L (4h)_77m/6180, (hla )) 8TCG —T

Rearranging

0,0 () +ac"a" (h)—(8,0" (n™)+0,0" (")) -an*a,0% (h)

+7""9,0, (h*7)-0,0" (Cn*h)-a8"d" (C4h)+C(0“a"h+0o"e"h)  (3-22)
87‘CG

+aCn™d,0" (4h)-Cp*'0,0,h=—=T*

The same color is a similar term. When the blue term is defined as a’, then

a'=a(l-4C)+2C (3-23)
or
a'-a
= 3-24
2-4a ( )

On the other hand, the green term in Equation (3-22) should disappear so the
coefficients should be 0 as shown below.
4Ca-2C =0 (3-25)
or

2C(-2a+1)=0 (3-26)
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The solution of Equation (3-26) is either C=0 or a=1/2. But because
a=1/2 cannot maintain the field equation, C mustbe 0, and a’'=a in Equ-
ation (3-24). Even though a cannot be determined in this approach, a and
a' are set to 1 without justifiable explanation. The requirement is to find the
value of a. But choosing C =0 doesn’t satisfy the initial request of indepen-

dent C. In the next chapter, we suggest other way to prevent this contradiction.

4. Derivation of Scalar Gauge

In Equation (3-26), in order for a to be an integer, the value of trace should be
2, instead of 4 (i.e. 7,,7"" =2). Then, Equation (3-23) becomes

a'=a(l-2C)+2C (4-1)

Comparing Equation (4-1) with Equation (3-23), 4 is changed to 2. a' must
be equal to a to maintain the field equation form, thus we have

a'=a(l-2C)+2C =a (4-2)

Rearranging

0=-2aC +2C = 2C(1-a) (4-3)

For equation (4-3) to hold independent of C, a must be 1. This is what we
hope for. In Equation (3-19), A plays as only a scalar, so we can generalize it and
change 4 to a general scalar A . Therefore, we propose a new gauge as shown

below and try to acquire all the unknown coefficients.
h*" — h*" + 7" A (4-4)

where A is an arbitrary scalar and 7'*" is a metric tensor with trace value 2.
From now on, we call this gauge a scalar gauge compared with a vector gauge in
chapter 3. We replace h*” with 7'*"A in Equation (3-2) and this gauge equ-
ation should be 0.

0,0'n"" A+ao"d” (2A)+ b((?/ﬁ"/]"“*/\ + 928"’77”’1/\) +cn"0,0" (2A) @5)
+dn0,0,n' " A+en ™ A+ ™ (2A)=0
Multiplying both sides by 7/, and using the properties for 77;“/77”” =2,
7,71 =2, we obtain
0,0"2A +an),0"0" (2A)+b(0,0"2A+0,0"2A)+2¢0,0" (2A) s
+2d0,0,7'" A+2eA+2F(2A)=0

Similar terms have the same colors. Rearranging Equation (4-6),
2(1+2c+d)0,0"A+(2a+2b)0"0"n, A+2(e+2f)A=0 (4-7)

The following conditions are necessary for the above expression to hold al-

ways.
1+2c+d =0 (4-8)
a+b=0 (4-9)
e+2f =0 (4-10)
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As we can see Equation (4-8)-(4-10), coefficients a,b,c,d,e and f are not
obtained by 7'“"A only. When we use two gauge conditions for the vector and
the scalar gauge, we use Equation (3-7)-(3-10) and Equation (4-8)-(4-10), thus
all coefficients can be found like (4-11).

a=1lb=-1c=-1d=1Le=f=0 (4-11)

This is the purpose of our trial for searching an additional new gauge named a
scalar gauge. Applying Equation (4-11) to Equation (3-2), we have

8nG

00" +0"0"h—(0,0"W* +0,0"h" ) —n""0,0"h+7"",0,h*" = — T (4-12)
We can write the full gauge transformation as follows.
h*" — h*" +0"A* + 0“A" + """ A (4-13)

In Equation (4-13) 0"A“ +0“A" is fully 4 x 4 form, on the other hand
n""A is only a 2 x 2 form included in the 4 x 4 equation. The equations of
coefficients that can be obtained through gauge symmetry and conservation can
be summarized in Table 1.

It was shown that all coefficients were determined using case (1) and case (2).
This shows that symmetry is conservation, which is equal to case (3). The com-

bination for case (1), (2), (3) is left for the our future study.

5. Gauge Symmetry of Scalar Gauge in Curved Space-Time

In this chapter, we want to see whether the scalar gauge obtained in the previous
chapter is also symmetric in the curved space-time like the case of approximated
gravitational equation by putting it into the Bianchi identities which represent
the curved space-time equations.

First, let’s check the Bianchi identity.

Rija + Rigj + Rie =0 (5-1)
Here Ry, iswritten as follows [10].
Rija = 0Ly =0Ty, +F;)Iripk _F?kripl (5-2)

Here, A is very small, so if we ignore the 3" and 4™ on the right side of Equa-
tion (5-2),

Table 1. Coefficients relations for each case.

Case Case (1): vector gauge |Case (2): scalar gauge  Case (3): conservation
Conditions h* > h* +0"A" +0“A" | h* > h* +n""A 0T =0
1+b=0 3-7) 1+2c+d=0 (4-8) 1+b=0 (3-12)
a+b=0 (3-8) a+b=0 (4-9) a+c=0 (3-13)
Relation between coefficients
c+d=0 (39 e+2f =0 (4-10) b+d=0 (3-14)
e+f=0 (3-10) ed,h* +fp"o,h=0  (3-15)
Unknown coefficients c,d,e,f a,b,c,d,e, f a,c,e, f
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Rija = 0y —0 T (5-3)

=0y (6jgil +0,0; _aigjl)_al (ajgik +0,9; _aigjk) (5-4)
The gauge to be substituted here is as follows.
g* > g" +n"""A (5-5)
Let’s substitute the gauge term only and check if there is symmetry.
Ria =04 (710,A + 10, A =17,0,A) =8, (0 A+ mjd A—mdA)  (5-6)
R =01 (0, A+ 1m0 A=77,0,A) =8, (110, A+ i O A= A) - (5-7)
Rige =0; (10 A+ 10 A =17,0,A) =8, (10 ;A +nj o, A—nO,A)  (5-8)
It can be seen that they exactly cancel each other and have symmetry.
Now let’s check the 2™ Bianchi identity [10]
ViRuii ViR + Vi Ry = 0 (5-9)
Substituting Equation (5-5) here
VR = V10, (110 O A + 17,0, A =100, A ) = V8, (103 A + 1y O, A = 17}:0,,A) (5-10)
Vi Ruia = V0, (nn/wlaiA + 170 A = 77|'i€mA) -V, (nr:ﬂakA + 1 O A = nliiamA) (5-11)
V, Rui = V0 (g0 A + 10 A =1730,A) =V, 0, (17,0, A+ 17,0, A =1 0, A ) (5-12)

In general, since V,0,0, # V0,0, , the gauge symmetry does not hold in the
above case. However, the special case where A = constant is possible to satisfy
the gauge symmetry. In other words, only the global gauge has symmetry for the
scalar gauge. Since the space is curved, it is considered that the symmetry is
more limited than in the case of linear approximation. It is also unusual that
there is no such distinction in the Kaluza-klein theory. We summarize all gauge
terms in Table 2.

The expression that describes the gauge as the electromagnetic field A, in
Table 2, refers to previous papers [4] [5]. Even there, space-time is studied di-

viding by both linear approximated and curved [4] [5].

Table 2. Metric tensor transformation

Name |dimension Space-time Transformation
Kaluza linear approximated/curved g, —9, +kg, A +kg, A +9,k
5
Klein linear approximated/curved | g, —0,, +KA A +kg, A +kg A +g,k

9,0 =9, +0,A +0,A +17, A

linear approximated
PP however, tr(q;’w) =2

Yun, et al 4

9,—>0,+V,A+VA +7, A
curved
however, V A +V A =0 and A: constant

v

Where £=0,1,2,3, v=0,123.
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6. Conclusion

We have revealed that there is a gauge including a scalar quantity even in the
four dimensions. We have found that the previously known vector gauge alone
can not satisfy the law of conservation of symmetry in the linear approximated
gravitational equation, and an additional gauge is needed. So, by introducing a
scalar gauge, we could solve this problem completely. In Kaluza-Klein theory,
the scalar component compared with the scalar gauge proposed in this paper
exists only in the fifth row and column of the five-dimentional metric tensor.
But in this paper, we have shown that scalar gauges (trace value of 7,, as 2)
exist at two points on the diagonal of a metric tensor. It is expected that physical
interpretation with respect to the scalar gauge will be studied in the future. It is
also found that, although the gauge in the linear approximated space-time has a
degree of freedom, the gauge is constant in curved space-time. That is to say, it
does not have a local gauge, but a global gauge in curved space-time. It looks
natural that space-time is more symmetrical when it is more linear and vice
versa. We may conclude that the limit of symmety depends on the limit of
curvatue of the space-time and the symmtry term becomes a constant from a

variable as space-time becomes curved.
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