
Journal of High Energy Physics, Gravitation and Cosmology, 2020, 6, 175-185 
https://www.scirp.org/journal/jhepgc 

ISSN Online: 2380-4335 
ISSN Print: 2380-4327 

 

DOI: 10.4236/jhepgc.2020.62014  Jan. 22, 2020 175 Journal of High Energy Physics, Gravitation and Cosmology 
 

 
 
 

The Benefits of Affine Quantization 

John R. Klauder 

Department of Physics and Department of Mathematics, University of Florida, Gainesville, FL, USA 

 
 
 

Abstract 
Canonical quantization has served wonderfully for the quantization of a vast 
number of classical systems. That includes single classical variables, such as p 
and q, and numerous classical Hamiltonians ( ),H p q , as well as field theo-

ries, such as ( )xπ  and ( )xφ , and many classical Hamiltonians ( ),H π φ . 
However, in all such systems, there are situations for which canonical quan-
tization fails. This includes certain particle and field theory problems. Affine 
quantization involves a simple recombination of classical variables that lead 
to a new chapter in the process of quantization, and which is able to solve a 
vast variety of normally insoluble systems, such as quartic interactions in sca-
lar field theory in spacetime dimensions 4 and higher, as well as the quantiza-
tion of Einstein’s gravity in 4 spacetime dimensions. 
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1. Introduction 

Canonical quantization is the leading quantization formulation, while there are 
other procedures that claim to be a substitute for canonical quantization. Affine 
quantization does not pretend to take the place of canonical quantization, but 
instead, it actually expands similar procedures of canonical quantization to solve 
problems that canonical quantization can not solve. For example, there are many 
models that are classically well behaved but that are unable to be quantized by 
canonical quantization. This article is focussed on how classical phase-space 
procedures can point to an alternative set of basic quantum operators instead of 
the traditional basic quantum operators, namely, the momentum P and the posi-
tion Q, which satisfy [ ], 1lQ P i=  . In a sense, these operators are the foundation 
of canonical quantization. A new set of basic operators, Q and R, satisfy 
[ ],Q R i Q=  , and they work their magic that enables us to solve many problems, 
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from simple particle models [1] to quartic-interaction scalar fields in high space-
time dimensions such as 4n ≥  [2] [3], to Einstein’s general relativity in 4 
spacetime dimensions [1] [4] [5]. 

While the references above offer fairly full stories, we will—in keeping with 
the purpose of the present paper which is designed to offer a beginner-level tu-
torial on affine quantization—present a basic outline of all three of the examples 
listed above in this paper. 

2. Classical Variable Connections 
2.1. Traditional Classical Variables 

We first focus on a single degree of freedom. The familiar integral that leads to 
the equations of motion is derived from an action functional (with ( )p p t=  
and ( )q q t= , 0 0t T≤ ≤ > ) given by  

( )
0

, d .
T

A pq H p q t= −  ∫                      (1) 

Standard stationary relations, including ( ) ( )0 0p p Tδ δ= =  and  
( ) ( )0 0q q Tδ δ= = , such that  

( )( ) ( )( ){ }0
, , d 0,

T
A q H p q p p p H p q q q tδ δ δ= − ∂ ∂ − + ∂ ∂ =∫         (2) 

leads to two, basic, equations of motion,  

( ) ( ), , , .q H p q p p H p q q= ∂ ∂ = −∂ ∂                   (3) 

These equations of motion apply whatever the range of the basic variables, p 
and q. As examples of interest, let us assume 1) ,p q−∞ < < ∞ , which is con-
ventional, or 2) p−∞ < < ∞  and 0 q< < ∞ , which is less conventional, but 
very important (see below), and these, and other, ranges are generally chosen to 
be compatible with the equations of motion. 

2.2. Traditional Affine Variables 

New, and specific, phase-space coordinates may be introduced to Equation (1) 
by the relation d dp q r s= , and we choose r pq≡  and ( )lns q≡ . Note that 
the choice of s implies that 0 q< < ∞  and p−∞ < < ∞ , while ,r s−∞ < < ∞ . 

There are many pairs of variables that could be considered—generally to of-
fer help in solving the equations of motion—but our choice of r and s is spe-
cifically chosen to offer a simple set of new variables that enjoys the domain 

,r s−∞ < < ∞ . 
The new variables lead us to  

( )
0

, d
T

A rs H r s t′= −  ∫                       (4) 

where ( ) ( ), ,H r s H p q′ ≡ . We next introduce stationary relations  

( )( ) ( )( ){ }0
, , d 0,

T
A s H r s r r r H r s s s tδ δ δ′ ′= − ∂ ∂ − + ∂ ∂ =∫         (5) 

where ( ) ( )0 0 0r sδ δ= =  as well as ( ) ( )0r T s Tδ δ= = , which leads to two 

https://doi.org/10.4236/jhepgc.2020.62014


J. R. Klauder 
 

 

DOI: 10.4236/jhepgc.2020.62014 177 Journal of High Energy Physics, Gravitation and Cosmology 
 

equations of motion given by  

( ) ( ), , , .s H r s r r H r s s′ ′= ∂ ∂ = −∂ ∂                (6) 

3. Quantum Operator Connections 
3.1. Affine Quantum Operators 

A conventional canonical quantization promotes classical variables to quantum 
operators such as p P→  and q Q→ , and r R→  and s S→ . These oper-
ators satisfy [ ], 1lQ P i=   and [ ], 1lS R i=   as well. But, since ( )lns q=  or 

esq = , there should be some sort of connection between Q and S, such as 
[ ], 0Q S = , and ( )lnS Q=  and, therefore, eSQ = . We can support these equ-
ations by diagonalizing these variables. In particular, we have the states q , 
0 q< < ∞ , where Q q q q=  and ( )q q q qδ′ ′= − . Likewise, we have 
states s , s−∞ < < ∞ , so that S s s s=  and ( )s s s sδ′ ′= − . Finally, we 
observe that esQ s s=  and ( )lnS q q q= . Moreover,  

1,n nS R i nS −  =    

( ) ( ) 1

1 1
1 ! , !n n

n n
n S R i n n S

∞ ∞
−

= =

  = ∑ ∑  

e 1, eS SR i − =    

e , eS SR i  =    

[ ],Q R i Q=                            (7) 

When 0 Q< < ∞ , its partner P can not be self adjoint. However, for the same 
Q a substitute partner is R which can be self adjoint along with Q.1 

This result helps point the way toward solubility. The quantum operators P 
and Q, where 0 Q< < ∞ , guarantees that P cannot be made self adjoint! That 
situation implies that canonical quantization using P and Q would not succeed. 
However, we can instead choose R and Q because they can both be self adjoint! 
While p P→  and q Q→  are the foundation of canonical quantization, 
r R→  and q Q→  are the foundation of affine quantization.2 

3.2. Coherent States 

Coherent states provide a connection between the classical and the quantum 
realms. Simple coherent states rely on two classical variables and two quantum 
operators, the last of which are self-adjoint operators. For systems for which 

,p q−∞ < < ∞  and Q and P are self adjoint the canonical coherent states are 
given by  

 

 

1Equation (7) also applies if 0Q−∞ < <  or, as a reducible case, 0Q−∞ < ≠ < ∞ . However, we will 
generally focus on the case where 0 Q< < ∞ . 
2In the author’s previous work the classical term r pq=  was called d pq=  and the quantum 

operator ( ) 2R PQ QP= +  was called ( ) 2D PQ QP= +  (d and D were for “dilation”). For pur-

poses of this article, we adopt the symbols r pq=  and ( ) 2R PQ QP= + , when 0 Q< < ∞ . He-
reafter, we will continue to focus mainly on 0 Q< < ∞ . 
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, e e 0 ,iqP ipQp q −=                        (8) 

where ( ) 0 0Q iPω + = . 
If, instead, 0 q< < ∞ , then these coherent states fail and one may appeal to 

the affine coherent states. The affine coherent states are given (where it is conve-
nient to choose q and Q as dimensionless, and their usual dimension is absorbed 
by p or R)  

( )ln; e e ,i q RipQp q β−= 

                    (9) 

with ( )1 0Q iR β β− + =   . Here we introduce a semicolon in the cohe-
rent-state label to signify that affine items are under discussion, and not canoni-
cal items. 

3.3. Quantum/Classical Transition 
3.3.1. The Canonical Story 
The quantum action functional leading to Schrödinger’s equation is given, for 
normalized Hilbert space vectors ( )tψ , by  

( ) ( ) ( )
0

, d .
T

A t i t P Q t tψ ψ= ∂ ∂ −  ∫                 (10) 

A general stationary variation leads to Schrödinger’s equation,  

( ) ( ) ( ),i t t P Q tψ ψ∂ ∂ =                     (11) 

and its adjoint. However, macroscopic observers can only vary a limited set of 
vectors, such as the coherent states. This leads to a reduced (r) action functional 
given by  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )
0

0

, , , d

, d ,

T
r

T

A p t q t i t P Q p t q t t

p t q t H p t q t t

= ∂ ∂ −  

 = − 

∫

∫






        (12) 

and the final result appears to be a classical action functional, and, indeed, one 
that has an “advantage” because 0>  just as it is in the real world! 

To complete this story we examine the quantum Hamiltonian, ( ),P Q , and 
the “enhanced” (because 0> ) classical Hamiltonian, ( ),H p q , and we learn 
that  

( ) ( )
( )

( ) ( )

, , , ,

0 , 0

, ; , .

H p q p q P Q p q

P p Q q

p q p q

=

= + +

= + 





 

                    (13) 

It follows that in the true classical limit, where 0→  and 
( ) ( ), ,cH p q H p q→  (c for classical), the quantum operators assume the posi-

tions of the classical variables in the Hamiltonian. 
Moreover, the favored phase-space coordinates that lead to a physically cor-

rect quantization, as Dirac observed [6], are Cartesian coordinates. This propos-
al is confirmed [1] by  

( ) 2 22 1 2 2d , 2 , , , d d .p q d p q p q d p q p qσ ω ω− ≡ − = +  
      (14) 
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These phase-space variables are the favored ones to promote to quantum op-
erators to have a physically correct quantization. For a comparison purpose, 
which is coming up, we note that the two-dimensional flat space in (14) is a con-
stant zero curvature space. 

The foregoing material was devoted to situations where ,p q−∞ < < ∞ . We 
now turn our attention to situations where 0 q< < ∞  while p−∞ < < ∞ ; this 
analysis will be more streamlined. 

3.3.2. The Affine Story 
The quantum action functional for affine variables begins much as the canonical 
variable story, again for normalized Hilbert states ( )tψ . In the new situation 
(with a prime to recognize R in place of P) we have  

( ) ( ) ( )
0

, d ,
T

A t i t R Q t tψ ψ′= ∂ ∂ −  ∫                (15) 

which, with stationary variations, leads directly to Schrödinger’s equation and its 
adjoint. Restricting the variations to affine coherent states leads to  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )
0

0

; , ; d

, d .

T
r

T

A p t q t i t R Q p t q t t

q t p t H p t q t t

′= ∂ ∂ −  

 = − − 

∫

∫






         (16) 

Recalling that in this case both q and Q are dimensionless, it follows that  

( ) ( )
( )

( ) ( )
( ) ( )

, ; , ;

,

, ; ,

, ; , .

H p q p q R Q p q

R pqQ qQ

pq q p q

p q p q

β β

′=

′= +

′= +

= +









 

 

                  (17) 

Once again we see that ( ) ( ), ,cp q H p q=  in the classical limit when 
0→ . 

Are the favored phase-space variables Cartesian coordinates in the affine case? 
The answer is no. In particular, we find [1] that  

( ) 2 22 1 2 2 2 2d , 2 ; ; ; d d .p q d p q p q d p q q p q qσ β β− − ≡ − = +
 
    (18) 

This two-dimensional space is not flat, but it is a constant negative curvature 
space, with a negative curvature that is 2 β− . In the sense of having a constant 
curvature value this space is in the same category as the flat space. These 
phase-space variables are the favored ones to promote to quantum operators in 
order to have a physically correct quantization.3 

3.3.3. The Classical/Quantum Story 
Observe that the classical story, as derived from the proper quantum operators 
and the appropriate coherent states in (12) and (16), lead to a very similar clas-
sical story. So similar are their stories that if one of the quantizing procedures 

 

 

3Unlike a flat plane, or a constant positive curvature surface (which holds the metric of 
three-dimensional spin coherent states), a space of constant negative curvature can not be visualized 
in a 3-dimensional flat space [7]. At every point in this space the negative curvature appears like a 
saddle having an “up curve” in the direction of the rider’s chest and a “down curve” in the direction 
of the rider’s legs. 

https://doi.org/10.4236/jhepgc.2020.62014


J. R. Klauder 
 

 

DOI: 10.4236/jhepgc.2020.62014 180 Journal of High Energy Physics, Gravitation and Cosmology 
 

fails then there is a very good chance that the other quantization procedure 
could succeed. 

This similarity enables us to claim that affine quantization should be consi-
dered as a parallel road that starts in phase space and results in an acceptable 
quantum theory for selected problems, which is exactly what canonical quanti-
zation has to offer for a different set of selected problems. 

The union of canonical quantization and affine quantization is called `en-
hanced quantization’, and this program can be found in [5]. 

Hereafter, we examine three classical systems that canonical quantization fails 
to solve but affine quantization is able to solve. These examples include a single 
degree-of-freedom model, and two field theories: one about quartic scalar fields 
in 4, and more, spacetime dimensions, and the other is Einstein’s theory of grav-
ity in general relativity in 4 spacetime dimensions.4 

4. The “Harmonic Oscillator’’ 

The standard harmonic oscillator entails ,p q−∞ < < ∞  with a classical Ha-
miltonian ( ) ( )2 2, 2H p q p q= + . Its canonical quantization is well known 
and need not be repeated here. However, our example (which gives rise to the 
quotation marks in this section’s title) has the same Hamiltonian,  

( ) ( )2 2, 2H p q p q= + , with p−∞ < < ∞ , but now 0 q< < ∞ . For such a sys-
tem we choose the classical Hamiltonian given by  

( ) ( ) ( ) ( ) ( )2 2 2 2 2 2, 2 2 2 , .H p q p q pqq pq q rq r q H r q− − ′= + = + = + = (19) 

According to (17), we choose the quantum Hamiltonian to be  

( ) ( )2 2, 2,R Q RQ R Q−′ = +                    (20) 

and according to (7) we have [ ],Q R i Q=  . Adopting a Schrödinger representa-

tion for Q x= , with 0 x< < ∞ , it follows that ( ) ( )1
2

R i x x x x= − ∂ ∂ + ∂ ∂    

The appropriate Schrödinger equation is then given by  

( )

( ) ( ) ( ) ( ) ( )

( )

2 2 2

2 2 2 2 2 2

,

1 1 ,
2 4
1 3 , .
2 4

i x t t

x x x x x x x x x x x t

x x x x t

ψ

ψ

ψ

−

−

∂ ∂

 = − ∂ ∂ + ∂ ∂ ∂ ∂ + ∂ ∂ +        
 = − ∂ ∂ + +  





 

(21) 

This latter problem has also been examined using canonical quantization, an 
analysis which fails. That story can be found in [1], Sec. 1.5. 

5. Scalar Quartic Interaction Field Theories in High  
Spacetime Dimensions 

Quartic interactions for scalar field theories may have satisfactory canonical 

 

 

4Path integrals are commonly used to quantize classical theories as well. A mathematically sound 
procedure, which uses different sets of coherent states so as to feature specific quantizations, either a 
canonical quantization, an affine quantization, or a spin quantization, is discussed in [8], Chap. 8. 
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quantizations provided the spacetime dimension 3n ≤ . For 4n =  canonical 
quantization leads to a free quantum theory, despite the coupling constant 

0og >  [9], and for 5n ≥ , the analysis becomes nonrenormalizable. 
The classical version of such models is able to avoid high energy regions pro-

vided by the interaction term. For a finite overall energy the classical behavior of 
these models is well behaved. However, quantization can not avoid the domain 
issues that exist. Specifically, assume that the domain for a free scalar field ( )xφ  
is 0og = , but when the interaction is introduced, i.e., 0og > , then the domain 
of the scalar field is immediately reduced, i.e., 0 0o og g> =⊂  . The new, smaller 
domain survives even when 0og → . This behavior is not significant for classic-
al solutions, but such domain behavior complicates the quantization of such 
models. Since canonical quantization cannot quantize them, let us try affine 
quantization. 

It is newsworthy that these models can be solved via affine quantization, but 
that solution is not dependent on “positivity restrictions” for fields such as 

( )0 xφ< < ∞ . Instead, affine quantization leads to positive results simply by 
combining a momentum field ( )xπ  and a scalar field ( ) 0xφ ≠ , i.e., 
( ) ( ) ( )x x xκ π φ= , and using ( )xκ  instead of ( )xπ . The secret of affine 

quantization lies in being ready to accept a new ground state dictated by the re-
duction of domains.5 

Quantization of Selected Scalar Field Theories 

In this section we examine a scalar field with a quartic interaction and we em-
ploy an affine quantization. The model has a standard classical Hamiltonian,  

( ) ( ) ( )( ) ( ) ( )
22 2 421, d ;

2
s

o oH x x m x g x xπ φ π φ φ φ  = + ∇ + +    ∫


    (22) 

here s denotes the number of spatial coordinates. Next, we introduce the affine 
field ( ) ( ) ( )x x xκ π φ≡ , and modify the classical Hamiltonian to become  

( ) ( ) ( ) ( ) ( )( ) ( ) ( )
22 2 421, d .

2
s

o oH x x x x m x g x xκ φ κ φ κ φ φ φ−  ′ = + ∇ + +    ∫


(23) 

For quantization it follows that ( ) ( )ˆ 0x xφ φ→ ≠  plus ( ) ( )ˆx xκ κ→ , and 
we accept that ( ) ( ) ( ) ( )ˆ ˆˆ,x y i x y xφ κ δ φ  = −   . Additionally, we assume we 
have a Schrödinger representation in which ( ) ( )ˆ x xφ φ=  and  

( ) ( ) ( )( ) ( )( ) ( )1ˆ .
2

x i x x x xκ φ δ δφ δ δφ φ = − +             (24) 

It follows that Schrödinger’s equation is given by  

( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( )
22 2 42

,

1 ˆ ˆ d , .
2

s
o o

i t t

x x x x m x g x x t

φ

κ φ κ φ φ φ φ−

∂Ψ ∂

  = + ∇ + + Ψ    ∫



  (25) 

 

 

5An affine quantization for an ultralocal (meaning: no gradients) scalar model in [4] illustrates how 
the ground state for this model is not the usual free ground state. Such behavior is referred to as 
“pseudofree”. 
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It is noteworthy that ( ) ( ) 1 2ˆ 0x xκ φ − = , as well as ( ) ( ) 1 2ˆ 0yx yκ φ −Π = . 
Solutions of this Schrödinger equation may be made simpler if its continuum 

formulation is first replaced by a suitable lattice regularization to facilitate find-
ing solutions, and then, possibly, followed by an appropriate continuum limit; 
see [4]. 

There are some limited Monte Carlo studies of affine quantization of these 
scalar models; additional studies are welcome. 

6. Quantum Gravity 

The basic variables for classical gravity are the symmetric-index metric ( )abg x , 
, , 1, 2,3a b = , and the matrix ( ){ } 0abg x >  which implies that  
( ) ( )det 0abg x g x≡ >    as well. In addition, the symmetric-index momentum 

is given by ( )cd xπ , which are arbitrary real variables. 
An important combination is ( ) ( ) ( )a ac

b bcx x g xπ π≡ , with a summation over 
c. We name this combination term “momentric” because it involves the mo-
mentum and the metric. 

To obtain the affine field we should combine the momentum and metric fields, 
which points us to the momentric field even though there is a difference in the 
number of independent metric terms (six) and momentric terms (nine). The 
Poisson brackets for these fields leads to  

( ) ( ){ } ( ) ( ) ( )

( ) ( ){ } ( ) ( ) ( )

( ) ( ){ }

3

3

1, ,
2
1, ,
2

, 0.

a c a c c a
b d d b b d

c c c
ab d a bd b ad

ab cd

x x x x x x

g x x x x g x g x

g x g x

π π δ δ π δ π

π δ δ δ

 ′ ′= − − 

 ′ ′= − + 

′ =

       (26) 

Unlike the canonical Poisson brackets, these Poisson brackets suggest that 
they are equally valid if ( ) ( )ab abg x g x→ − , and thus there could be separate 
realizations of each choice.6 

Passing to operator commutations, we are led by (17) and suitable coherent 
states [1], to promote the Poisson brackets to the operators  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

3

3

1ˆ ˆ ˆ ˆ, ,
2
1ˆ ˆ ˆ ˆ, ,
2

ˆ ˆ, 0.

a c a c c a
b d d b b d

c c c
ab d a bd b ad

ab cd

x x i x x x x

g x x i x x g x g x

g x g x

π π δ δ π δ π

π δ δ δ

   ′ ′= − −   

   ′ ′= − +   

′ =  



       (27) 

There are two irreducible representations of the metric tensor operator con-
sistent with these commutations: one where the matrix ( ){ }ˆ 0abg x > , which we 
accept, and one where the matrix ( ){ }ˆ 0abg x < , which we reject. 

The classical Hamiltonian for our models is given [11] by  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 3 31, d ,
2

a b a b
b a a bH g g x x x x x g x R x xπ π π π π−  = − +    

∫ (28) 

 

 

6An earlier analysis of these issues appears in [10]. 
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where ( ) ( )3 R x  is the 3-dimensional Ricci scalar. For the quantum operators we 
adopt a Schrödinger representation for the basic operators: specifically 

( ) ( )ˆab abg x g x=  and  

( ) ( ) ( )( ) ( )( ) ( )1ˆ .
2

a
b bc ac ac bcx i g x g x g x g xπ δ δ δ δ = − +        (29) 

It follows that the Schrödinger equation is given by  

{ }( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) { }( )1 2 1 2 1 2 3 3

,

1ˆ ˆ ˆ ˆ d , ,
2

a b a b
b a a b

i g t t

x g x x x g x x g x R x x g tπ π π π− −

∂Ψ ∂

  = − + Ψ    
∫



 
(30) 

where { }g  represents the ( )abg x  matrix. 
It is noteworthy [4] that  

( ) ( ) ( ) ( )1 2 1 2ˆ ˆ0, 0.a a
b b yx g x x g yπ π− −= Π =               (31) 

Indeed, these two equations imply that the factor ( ) 1 2g x −  can be moved to 
the left in the Hamiltonian in (30). Using that fact we can change the Hamilto-
nian operator, essentially by multiplying the Hamiltonian by ( )1 2g x , and using 
that expression to make the result a simpler approach to fulfill the Hamiltonian 
constraints [11] to seek Hilbert space states { }( )gΩ  such that  

( ) ( ) ( ) ( ) ( ) ( ) ( ) { }( )31ˆ ˆ ˆ ˆ 0.
2

a b a b
b a a bx x x x g x R x gπ π π π  − + Ω =    

     (32) 

The analysis this far deals with the most difficult hurdle in the quantization of 
gravity. Further studies in this story are available in [1] as well as [4]. 

7. Overview and Completeness 

Let us begin by returning to a single degree of freedom, like p and q, in the con-
nection of canonical and affine procedures. The common action functional for 
canonical procedures is given by  

( ){ }
0

, d .
T

A pq H p q t= −∫                    (33) 

As we presented earlier, stationary variations lead to the classical equations of 
motion. Selection of special phase-space variables, namely the “Cartesian coor-
dinates” [1], say p and q, should be promoted to quantum operators, namely P 
and Q, which obey [ ], 1lQ P i=  . Reduced to these few sentences, we have cap-
tured the essence of canonical quantization. We now turn to affine quantization. 

We modify the classical action functional as follows by featuring a new varia-
ble r pq≡  in place of p. This change leads to  

( ){ }
0

, d .
T

A rq q H r q t′= −∫                   (34) 

Stationary variations again lead to the relevant equations of motion, observe 
that the term q q  can deal with 0 q< < ∞ , 0q−∞ < < , or 0q−∞ < ≠ < ∞ , 
where the factor 1 q  leads to the requirement that 0q ≠ . As shown in Sec. 
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3.3.2, the new coordinates are r and q, and the usual Poisson bracket becomes 
{ },q r q= . These variables are then promoted to operators R and Q, with 
[ ],Q R i Q=  , along which, we claim, they describe the basic operators of affine 
quantization. 

As the reader sees a new commutator in the last sentence, they may be wor-
ried that there could be an avalanche of “new, basic” commutators. To test that 
notion, let us consider the commutation ,m mQ R i mQ  =   . Ignoring the case 
of 0m = , we can feature ,m mQ R m i Q  =   . This relation recovers the origi-
nal one when we set mQ Q′→  and R m R′→ , which signals that no “new, 
basic” commutators arise from this exercise. Moreover, [ ],Q R i Q=   leads to 
a constant negative curvature, the amount being dependent on the choice of the 
set of coherent states. As previously noted, canonical quantization leads to a 
two-dimensional surface which has a constant zero curvature for canonical quan-
tization, a two-dimensional surface which has a constant positive curvature for a 
spherical surface, the radius of which is fixed by the dimension of the finite Hil-
bert space, and a two-dimensional surface which has a constant negative curva-
ture for affine quantization, the value of which is fixed by the fiducial vector for 
the coherent states. This set of constant, curved two-dimensional surfaces com-
pletes the set of such items, meaning that this particular feature is complete. 

This presentation, for a single degree of freedom, essentially scales to apply to 
standard field theories and Einstein’s gravity by dropping classical momentum 
fields in favor of classical affine fields. 

Affine quantization deserves to be accepted into the “select group of successful 
quantization procedures” so that we can quantize more classical systems! 
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