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Abstract 
We review a 3d quantum gravity model, which incorporates massive spinning 
fields into the Euclidean path integral in a Chern-Simons formulation. Fun-
damental matter as defined in our previous preon model is recapped. Both 
quantum gravity and the particle model are shown to be derivable from the 
supersymmetric 3d Chern-Simons action. Forces-Matter unification is achieved. 
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1. Introduction 

The purpose of this article is to show how a 3d Chern-Simons (CS) quantum grav-
ity model of other authors leads by localization procedure to our CS model of 
elementary particles beyond the standard model. The vector supermultiplets in 
both cases are counterparts. 

The key element in our model is unbroken supersymmetry which gets “hidden” 
below a scale 10 16~ 10 -10crΛ  GeV. This construction differs significantly from 
the community accepted models like the minimal supersymmetric standard 
model (MSSM), see the commendable review [1] and references therein. In our 
scenario, there are no squarks or sleptons. Instead, all superpartners are constitu-
ents of quarks and leptons themselves (see Table 1 and Table 2). Fayet’s Forces 
←→ Matter unification is obtained. 

This note is organized as follows. In Section 2 the 3d quantum gravity model is 
briefly reviewed in terms of a path integral, the partition function containing Wil-
son loops of Chern-Simons theory. Exact all-order and perturbative calculations 
can be done by introducing supersymmetric localization techniques in the path 
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integral. Our Chern-Simons theory based composite particle model, proposed 
some time ago, is recapped in Section 3. Finally, in Section 4 the results are sum-
marized. Two appendices are provided for background information. The nature 
of the note is phenomenological. 

2. Chern-Simons Gravity 
2.1. Wilson Spool 

Low-dimensional gravity provides interesting tests of the gravitational path inte-
gral. In two and three space-time dimensions, there is no propagating graviton 
and all of the effective degrees of freedom are long-range. This is what happens in 
pure Einstein gravity with a cosmological constant (of either sign) as a Chern-
Simons gauge theory [2]. A full leveraging of this fact allows the exact evaluation 
of the gravitational path integral either about a saddle point [3] or as a non-per-
turbative sum over saddles [4]. While Chern-Simons gravity is not a UV-com-
plete1 model of quantum gravity [4], its all-loop exactness provides strong tests 
for potential microscopic models in the spirit of e.g. [5]. 

This question of gravity-matter coupling is made precise in [6], where massive 
scalar fields minimally coupled to gravity with a positive cosmological constant 
are considered. The key result is the expression of the one-loop determinant (or 
partition function, see Appendix 1) of a massive scalar field coupled to a back-
ground metric, gµν , as a gauge invariant object of the Chern-Simons connec-
tions, /L RA : 

 [ ]scalar
1exp , .
4 L RZ g A Aµν  =    (1) 

The object [ ],L RA A , coined the Wilson spool, is a collection of Wilson loop 
operators wrapped many times around cycles of the base geometry. The equality 
in (1) is expected to apply to three-dimensional gravity of either sign of cosmo-
logical constant. 

The importance of (1) is also practical. It was shown in [6] that certain exact 
methods in Chern-Simons theory (such as Abelianisation [7] (not discussed here) 
and supersymmetric localization [8]) extend to three-dimensional de Sitter ( 3dS ) 
Chern-Simons gravity with the Wilson spool inserted into the path integral. This 
allows a precise and efficient calculation of the quantum gravitational corrections 
to scalarZ  at any order of perturbation theory of Newton’s constant, NG . 

The generalization of (1) for massive spinning fields is the following. Consider 
the local path integral,2 ,sZ∆ , of a spin-s field 

1 2 sµ µ µΦ


 with mass 

 ( )( )2 s 2 s ,m Λ = ∆ + − − ∆  (2) 

minimally coupled to a metric geometry, ( )33 , MM g , where ∆  is the conformal 
dimension (the eigenvalue of the dilatation operator D ) and 3M  is topologi-
cally either Euclidean BTZ [9] or Euclidean 3dS . In [6] it is proposed that 

 

 

1A pragmatic attitude is taken here to UV-completeness. 
2Including any additional Stückelberg fields to fix its invariances and associated ghosts. 
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 [ ]
3,s ,

1log , ,
4 L RM j j L RZ g A A∆   =    (3) 

where 

 
[ ] 2 2

,

2 2
R R

R R

cos
d 2, 1 s sin

2 2sin
2

Tr Tr  .

L R

L R

L R
L R

j j L R

A A

iA A

e eγ γ
α α

α
α α

αα

π π
−

⊗

∫ ∫

 
     = +      
 
 
   

×       
   

∫

∑  




 

 (4) 

In (4), the Chern-Simons connections /L RA  are related to the metric 
3Mg  in 

(3) through the usual Chern-Simons gravity dictionary [10] and they are inte-
grated over a non-trivial cycle, γ , of the base geometry. The representations, 

/R L R , appearing in the Wilson loops are summed over a set determined by the 
mass and spin, ( ),s∆ , of (3) and labeled by weights ( ),L Rj j . Lastly, the param-
eter α  is integrated along a contour   determined by a regularization scheme 
appropriate for the sign of cosmological constant. The ultimate effect of the α  
integral is to implement a winding of the Wilson loop operators around γ ; this 
occurs through the summing the residues of the poles of its measure (as well as 
any of representation traces themselves). The above object, (4), is coined the spin-
ning Wilson spool. 

2.2. N 2=  Supersymmetric Localization 

We now describe an alternative route to the exact calculation of the Chern-Simons 
partition function through localization techniques. We will focus particularly on 

2=  supersymmetric localization [11]. One benefit of this approach is that 
much of the basic machinery has been established with a non-trivial background 
connection, a , in mind allowing a fairly straightforward incorporation of 0a ≠ . 
However: the situations with non-trivial background connections have histori-
cally arisen on manifolds with interesting topology and many of the explicit results 
for 3S  have been established with 0a = . Below we collect and synthesize these 
results in a way that is useful for 3dS  gravity. 

Supersymmetry in the context of de Sitter is a contentious subject, with much 
of the difficulty arising from realizing unitary representations of the supersym-
metry algebra in Lorentzian signature. We will take a somewhat agnostic stance 
on this topic by working directly in Euclidean signature, we are ultimately dis-
cussing ( )2 kSU  Chern-Simons theory on 3S  whose 2=  supersymmetric 
extension is well-established. We use the existence of this symmetry to our ad-
vantage to localize the path integral all while verifying that the extension to 

2=  does not alter essential features of the original partition function. 
Much of what follows mirrors the helpful review [8]. The vector multiplet of 

three-dimensional 2=  gauge theory is given by fields 

 { }, , , , ,Aµ λ λDσ  (5) 
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where A  is a ( )2=g su  connection, σ , D  are scalars, and λ , λ  are Di-
rac spinors. All fields are g -valued and by convention we will take them all to be 
anti-Hermitian,3 with supersymmetry variations parameterized by two Grass-
mann variables   and   as specified in [8]. The supersymmetric Chern-Si-
mons action is 

 ( )3 3
SCS

1 2 1Tr Tr 2  ,
4 3 4

S A A A d x g λλ = ∧ + − −
π  π 

∫ ∫ Dσ  (6) 

and enters the path-integral multiplied by the level k  

 SCSSCS 3 .ikS
k

G

AZ S eλ λ  =  ∫ D

   


σ  (7) 

To make subsequent notation more fluent, we will drop the “ 3S   “ above with 
it understood that we are always working on the three-sphere. Note that on a for-
mal level, as far as the function dependence on k  is concerned, the addition of 
the auxiliary fields in the multiplet does not alter SCS

kZ  with respect to the non-
supersymmetric path-integral kZ  [8]. 

The deformation that allows us to localize the path-integral SCS
kZ  is the super-

Yang-Mills action 

 
( ) [ ]

SYM

23

1Tr
2

1 1 1Tr , ,
2 2 2 4

S F F D D

id x g Dµ
µλγ λ λ λ λλ

 = − ∧ + ∧ 
 

 − + + − − 
 

∫

∫ D

 σ σ

σ σ
 (8) 

where Dµ  is the gauge-covariant derivative and µγ  can be taken to be the 
Pauli-matrices acting on spinor indices. SYMS  is itself a super-derivative and 
therefore Q -exact. Adding this to the path-integral with coefficient t , i.e., 

 ( ) SCS SYMtSCS SYM t ,ikS S
k

G

AZ D eλ λ −+ = ∫

   


σ  (9) 

is then innocuous: ( )SCS SYM SCStk kZ Z+ =  for any t , including in the limit t →∞  
where the path-integral localizes on the saddle of SYMS . 

2.3. Localization Locus 

In the t →∞  limit, the path-integral localizes on the following equations of motion 

 [ ]0, d , 0, 0.F D A= = + = + =Dσ σ σ σ  (10) 

We expand the solutions around a flat connection 1a g g−= , for some group 
element g . Again, g  may not be single-valued and a  may possess a holon-
omy 

 ( ) ( )exp exp 2 ,a
γ

= π∫ m  (11) 

for some curve γ . The other fields that have saddle solutions to (10) are given 
by 

 

 

3In comparison to the notation of [8], a field here is related to a field there by here thereiΦ = Φ . 
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 ( ) ( )1
0 0 0 0 0 0, , 0, 0,g gg g λ λ−= = − = =Dσ σ σ  (12) 

for 0σ  a constant element of g . We require ( )
0

gσ  to be single-valued and so 
the constant element defining the saddle must obey 

 [ ]0, 0 .=m σ  (13) 

With this we can take 0σ  to be in a Cartan subalgebra containing m . We will 
scale fluctuations as 

 

( ) ( )
0 0

1 1 1 ˆˆ, , ,
t t t

1 1 ˆˆ, ,
t t

g gA a B σ

λ λ λ λ

= + = + = − +

= =

D Dσ σ σ
 (14) 

and perturb the action (6) around the saddle (12) as t →∞ . The leading contri-
bution to SCSS  is 

 [ ]
( )3

2
SCS CS 0t

Vol
lim Tr  .

2

S
S S a

→∞
= −

π
σ  (15) 

Meanwhile the leading contribution to St YMS  is 

( )( ) ( )( )
( ) ( ) ( )

S 0 0

23
0

1 ˆ ˆt Tr d d d , d ,
2

1 1 1ˆ ˆ ˆˆ ˆ ˆ ˆˆTr ,
2 2 2 4

g g
YM a a a a

a g

S B B B B

id x g Dµ
µ

σ σ

σ λγ λ λ λ λλ

    = − ∧ + + ∧ +     
  − + + − − +   

∫

∫ D

 σ σ

σ
 (16) 

where da  is the background exterior derivative, and ( )aDµ  is the spinor covari-
ant derivative with fixed connection, a . This action can be made Gaussian under 
a suitable gauge-fixing and then path-integrated in standard fashion. Details can 
be found [8] and references therein. 

2.4. Gauge Choice 

We will choose the gauge4 

 [ ] †d d 0,a a aB B B= ≡ − =    (17) 

whose Fadeev-Popov determinant, [ ]a B∆ , can be enacted through adding ghosts 
,c c : 

 
[ ] ( ) 2

3 0CS

SYM ghost

vol TrSCS SYM 2
0

t†

e d e

ˆ ˆ ˆ ˆ d e ,

ki MikS a
k

S S
a

Z

B c c Bλ λ σ δ

−+ π

− −

=

 ×  

∫

∫ D

     



σ
σ

 (18) 

with action 

 ( ) ( ) ( )1 2
† 3 0 1

gho
2

st t
Tr d d Tr t ,a aa B

S c c d x g c c O−
−

+
= ∧ = ∧ ∆ +∫ ∫   (19) 

where 0 d da a a∆ = †  is the a -deformed Laplacian acting on g -valued zero-
forms.5 The ghost determinants simply cancel the determinants from D̂  and σ̂  

 

 

4This gauge-fixing is only consistent when a  is a flat-connection, implying that 2d 0a =  defines an 
equivariant cohomology. 
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(as well as a Jacobian from †da Bδ    ) and so we arrive at the promised Gaussian 
path-integral: 

 [ ] [ ]
2

3 0CS
vol TrSCS SYM 2

0 Gauss 0d ,
ki MikS a

kZ e e Zπ
−+ = ∫

σ
σ σ  (20) 

with 

[ ] [ ]
( ) ( ) ( ) ( )22

0 0
†

1 1 1ˆ ˆ ˆˆ ˆ ˆTr d Tr , Tr ,
2 2 2 4

Gauss 0 ker
ˆ ˆ: .

g ga
a

a

iB B D
Z B e

µ µλγ λ λ λ λλ
λ λ

    + − − −        
∫ ∫ ∫

= ∫   
σ σ

σ  (21) 

3. Composite Supersymmetric Particles 

Now we come to the point of this note. The localization procedure of subsection 
2.2 is not only a calculational tool but the vectormultiplet (5) should be literally 
realized on the matter sector of the corresponding particle model. In fact, this su-
persymmetric matter structure was anticipated on phenomenological basis some 
time ago in [12]-[14]. The setup for this particle scenario is as follows: 

1) Unbroken supersymmetry is adopted for fundamental particles. The divisive 
point between the Minimal Supersymmetric SM and our model (for visible and 
dark matter) is the following: supersymmetry is unbroken and superpartners are 
included in constructing the standard model particles. There are no squarks or 
sleptons to be dicovered.6 This can be achieved only if standard model fermions 
are split into three preons. A binding mechanism for preons has been constructed 
using spontaneously broken 3d Chern-Simons theory. 

Preons, or here chernons, are free particles above the energy scale crΛ , numer-
ically about ~ 1010 - 1016 GeV. It is close to reheating scale RT  and the grand uni-
fied theory (GUT) scale. At crΛ  chernons make a phase transition by an attrac-
tive Chern-Simons model interaction into composite states of standard model 
quarks and leptons, including gauge interactions. Chernons have undergone “sec-
ond quarkization”. 

2) Gravity must be present on quantum level with proper global symmetries. 
3) The scenario must match the cosmological standard model with preheating 

observational data and baryon asymmetry of matter [14]. 
The chernon scenario with the three interactions is described by the following 

Lagrangians. To include charged matter we define the charged chiral field Lagran-
gian for fermion m− , complex scalar s−  and the electromagnetic field tensor 
Fµν

7 

 ( ) ( )21 1 1 .
2 2 4QED m ieA m s F Fµ µν

µ µ µνγ− − −= − ∂ + − ∂ −  (22) 

We assign color to the neutral fermion 0
im m→  ( , ,i R G B= ). The color sec-

tor Lagrangian is then8 

 

 

5It is tacit in (18) that the zero modes of ,c c  under 0
a∆  are not to be integrated over. 

6The MSSM leads rather to particle “double counting”. 
7The next two equations are in standard 4D form. They are not used quantitatively below. 
8More complete CS Lagrangians are discussed in [8]. 
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 ( )0 0

, ,

1 1 .
2 4

a a
QCD i a i a

i R G B
m igG t m G Gµ µν

µ µ µνγ
=

 = − ∂ + − ∑  (23) 

We now have the supermultiplets shown in Table 1. 
 

Table 1. The particle s−  is a charged scalar particle. The particles 0,m m−  are charged 
and neutral, respectively, Dirac spinors. The a  is axion and n  axino [15]. 0m  is color 
singlet particle and γ  is the photon. im  and ig  ( , ,i R G B= ) are zero charge color tri-
plet fermions and bosons, respectively. 

Multiplet Particle, Sparticle 

chiral multiplets spins 0, 1/2 s− , m− ; iσ , 0
im ; a , n  

vector multiplets spins 1/2, 1 0m , γ ; 0
im , ig  

 
Note that in Table 1 there is a zero charge quark triplet im  but no gluon octet. 

Instead, supersymmetry demands the gluons to appear only in triplets at this stage 
(before reheating) of cosmological evolution. The dark sector we get from axion 
sector {a, n} in Table 1. 

The matter-chernon correspondence for the first two flavors (r = 1, 2; i.e. the 
first generation) is indicated in Table 2 for left handed particles. 

 
Table 2. Visible and Dark Matter with corresponding particles and chernon composites. 

0
im  ( , ,i R G B= ) is color triplet, m±  are color singlets of charge ±1/3. e′  and γ ′  refer 

to dark electron and dark photon, respectively. BC stands for Bose condensate. Chernons 
obey anyon statistics. 

SM Matter 1st gen. Chernon state 

eν  0 0 0
R G Bm m m  

Ru  0
Rm m m+ +  

Gu  0
Gm m m+ +  

Bu  0
Bm m m+ +  

e−  m m m− − −  

Rd  0 0
G Bm m m−  

Gd  0 0
B Rm m m−  

Bd  0 0
R Gm m m−  

W-Z Dark Matter Particle 

boson (or BC) s , axion(s) 

e′  axino n  

meson, baryon o  ,3nn n  

nuclei (atoms with γ ′ ) multi n  

celestial bodies any dark stuff 

black holes anything (neutral) 
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After quarks have been formed by the process described in [14] the SM octet of 
gluons will emerge because it is known that fractional charge states have not been 
observed in nature. To make observable color neutral, integer charge states (bar-
yons and mesons) possible we proceed as follows. The local ( )3 colorSU  octet 
structure is formed by quark-antiquark composite pairs as follows (with only 
color charge indicated): 

 ( ) ( )1 1Gluons : , , , , , , , 2 .
2 6

RG RB GR GB BR BG RR GG RR GG BB− + −  (24) 

With the gluon triplet the first hunch is that they form, with octet gluons now 
available, the 3 3 3 10 8 8 1⊗ ⊗ = ⊕ ⊕ ⊕  bosonic states with spins 1 and 3. These 
three gluon coupling states would need a separate investigation. 

Finally, we introduce the weak interaction. After the SM quarks, gluons and 
leptons have been formed at scale crΛ  there is no more observable supersym-
metry in nature [16]. To avoid a more complicated vector supermultiplet in Table 
1, we may append the standard model electroweak interaction in our model as a 

( )2 YSU  Higgs extension with the weak bosons presented as composite pairs like 
gluons in (24). The standard model has now been heuristically derived. 

Standard model and dark matter is formed by chernon composites in the very 
early universe at temperature about the reheating value RT . Due to spontaneous 
symmetry breaking in three dimensional QED3 by a heavy Higgs-like particle the 
Chern-Simons action can provide a binding force stronger than Coulomb repul-
sion between equal charge chernons. Details of chernon binding and a mechanism 
for baryon asymmetry in the Universe are presented in [14] [17]. Here we mention 
the action used 

 2tr d ,
4 3M

kS A A A A A = ∧ + ∧ ∧
π 

∫  (25) 

and the gauge invariant effective potential for chernon scattering obtained in [18] 
[19] 

 ( ) ( ) ( )
22 2

CS 0 12

11 1 ,
2 2ch ch

e eV r K r l rK r
m m r
θ θ θ θ

θ
   

= − + − −     
π  π

 (26) 

where ( )0K x  and ( )1K x  are the modified Bessel functions and l  is the an-
gular momentum ( 0l =  in this note). In (26) the first term [  ] corresponds to 
the electromagnetic potential, the second one {  }2 contains the centrifugal bar-
rier ( 2l mr ), the Aharonov-Bohm term and the two photon exchange term. 

4. Summary 

Lattice methods have been developed for CS theory canonical quantization [20] 
[21]. These make it possible to develop numerical methods for calculations. The 
generation question is likely to be solved by an additional symmetry group or ex-
citation interaction. 

The supersymmetric Chern-Simons action (6) with matter in (5) and the action 
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(25) with matter in Table 1 provide a framework for a new kind of unified theory 
of matter with the standard model gauge interactions and quantum gravity. This 
means opening a new layer of matter below SM where topological concepts be-
come essential. The CS action in 3d space-time is the backbone of the theory. One 
has to choose what kind of universe one wants to build on top of it by defining a 
proper vector supermultiplet for matter. The supermultiplet considered here 
yields the present universe with the anticipated unification in [1] “Forces ←→ Mat-
ter”9. In our scenario, this unification is achieved above crΛ . Below crΛ  super-
symmetric chernons are organized into ordinary SM particles and no supersym-
metry can be observed any more. 

The present discussion is precursory. Details of this framework have to be stud-
ied consistently, and among other things, introduce the fourth dimension by re-
heating. A single CS action to build all particles and interactions indicates an ele-
ment of a theory of “everything”—to the extent it can be defined. 
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Appendix 1. Partition Function Perturbatively 

The Euclidean partition function Z  of three-dimensional quantum field theory 
is computed perturbatively below. It is defined as [22] 

 ( )2
,g SZ D e φφ

−−= ∫  (27) 

where φ  is a free quantum field propagating in a fixed background   which 
is locally Anti-de Sitter (AdS3) and hyperbolic space 3 . The field φ  may be 
either a scalar, an ( )1U  gauge field or a linearized metric perturbation. An ex-
plicit factor of 2g −  (proportional to 1  ) in front of the action has been in-
cluded for convenience. If we consider Eulcidean AdS3 with the identification 

~Euclidean Euclideant t β+ , then (27) is the partition function of Thermal AdS. 
The path integral (27) may be expanded around a classical solution 0φ  to the 

equations of motion as 

 ( ) ( ) ( )0 1 22 2log .Z g S S g S−= − + + +  

Here ( ) ( )0
0S S φ=  is the action of the classical solution, and ( )iS  denotes the 

correction to this saddle point action at thi  order in perturbation theory. The 
goal is to compute the one loop action ( )1S  expanded around the classical vac-
uum solution 0φ φ=  for any locally hyperbolic space. For gauge fields and metric 
perturbations this calculation is quite technical, although the end result is rela-
tively simple. 

Perhaps the most interesting application of the results described above is the 
problem of three dimensional quantum gravity with a negative cosmological con-
stant. The Euclidean action of the theory is 

 3
2

1 2 ,
16

S d x g R
G

 = − + 
π ∫



 (28) 

where the length   is related to the cosmological constant 22Λ = −  . Solu-
tions to the equations of motion are metrics of constant negative curvature 

26R = −  . The theory has a single dimensionless coupling constant, 16k G=  . 
We will use units where 1= . 

The partition function of quantum gravity is calculated with asymptotically 
AdS boundary conditions at a given temperature 1β −  and angular potential θ . 
The canonical ensemble partition function at finite β  and θ  can be thought of 
as the Euclidean functional integral 

 ( ) ( )
2 ,kS g

T
Z Dgeτ −

∂ =
= ∫   (29) 

where we integrate over metrics whose conformal boundary a torus 2T  with 

modular parameter ( )1
2

iτ θ β
π

= + . In writing (29) we have pulled out an overall  

factor of k  from the action. At leading order in k , this partition function is 
found by computing the classical action of a Euclidean solution to the equations 
of motion. The simplest such solution is just Euclidean AdS space, with periodi-
cally identified time coordinate. The contribution of this geometry to the partition 
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function can be expanded in perturbation theory 

 ( ) ( ) ( ) ( )0 1 21
~ .kS S k S

saddleZ eτ
−− + + +  (30) 

The classical action ( )0S  is [23] 

 
( )0 2  .kkSe q −− =  (31) 

where 2 iq e τπ= . 
The one loop correction (1)S  was introduced following the logic of [24]. The 

authors argued that the symmetry group relevant to general relativity with asymp-
totically AdS3 boundary conditions is two copies of the Virasoro algebra. This 
means that the partition function (30) must be some representation of the Vira-
soro algebra: 

 ( ) 0 0Tr .L L
saddleZ q qτ =  (32) 

Since the operators 0 0L L+  and 0 0L L−  are identified with energy and an-
gular momentum operators, respectively, this is just the usual expression for a 
canonical ensemble partition function at fixed temperature and angular potential. 
The classical action (31) is interpreted as the contribution to (32) of a ground state 
0  of weight 0 0L L k= = − . The trace in equation (32) is over the Hilbert space 

of perturbative excitations around this AdS3 background, and the other states ap-
pearing in this trace will give the subleading corrections appearing in (30). These 
states are the Virasoro descendants of the ground state, found by acting on 0  
with some combination of the Virasoro operators nL− . Including these states in 
the trace gives 

 2
2

2

1 .
1

k
saddle nn

Z q
q

∞
−

=

=
−

∏  (33) 

The additional terms appearing in (33) are identified as 
( )1Se .10 

The one-loop partition function (33) is computed directly y the heat kernel 
method in [22]. In particular, the one-loop determinant ( )2det∆  is calculated, 
where ( )2∆  is the kinetic operator for linearized graviton fluctuations around the 
background metric. In computing the partition function, one must also include 
the Fadeev-Popov determinants arising due to gauge fixing. These involve the de-
terminants of a scalar Laplacian ( )0∆  and a vector field Laplacian ( )1∆ . Although 
the intermediate stages of this computation are quite complicated, the final answer 
takes a simple form: 

 
( ) ( ) ( ) ( )

( ) ( )

0 1 0
1

2
20 2 2

det 1 .
1det det

kkS S kS

nn
e e q

q

∞
−− + −

=

∆
= =

−∆ ∆
∏  (34) 

This computation demonstrates directly that the structure of a conformal field 
theory emerges from quantum gravity in Anti-de Sitter space. 

 

 

10In fact, this expression must be one loop exact, because there is a unique representation of the Vira-
soro algebra with lowest weight. So there is no possible modification of the formula (33)—aside from 
a renormalization of the coupling k —which is consistent with the Virasoro symmetry. 
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Appendix 2. Euclidean dS3  

Three-dimensional de Sitter space-time is a maximally symmetric spacetime with 
two-sphere spatial slices expanding into future and past infinity [10]. Due to this 
expansion, inertial observers have access to a finite portion of space-time called 
the static patch. A coordinate patch covering one-half of this patch is given by  

( ), ,t ρ ϕ  with 0,
2

ρ  π ∈  
, ( , )t∈ −∞ ∞ , and [ )0,2ϕ ∈ π  with ϕ  a periodic 

coordinate. The observer’s origin and causal horizon lie at 0ρ =  and 
2

ρ =
π , 

respectively. The corresponding metric of the static patch is 

 
2

2 2 2 2 2
2
dS

d cos d d sin d  .s tρ ρ ρ ϕ= − + +


 (35) 

Above, the de Sitter radius, dS , sets the length scale for this maximally sym-
metric space-time. 

For the purpose of moving between the following Chern-Simons description 
and the metric description, as well for computing one-loop determinants, it will 
be useful to go to Euclidean signature through the Wick-rotation, t iτ= − . Under 
this rotation the static-patch rotates to a three-sphere in torus coordinates 

 
2

2 2 2 2 2
2
dS

d cos d d sin d  .s ρ τ ρ ρ ϕ= + +


 (36) 

Absence of a conical singularity at the horizon, 
2

ρ =
π , sets ~ 2τ τ + π . The 

isometry group of this Euclidean space is ( ) ( ) 22 2L RSU SU× /  with the L R/  
denoting left/right group action. We will denote the generators of these two ac-
tions as { } 1,2,3a a

L
=

 and { } 1,2,3a a
L

=
, respectively. 

In accordance with the split structure of this isometry group, we will describe 
Euclidean 3dS  gravity with a pair of ( )2SU  Chern-Simons theories 

 [ ] [ ]CS CS ,L L R RS k S A k S A= +  (37) 

with 

 [ ]CS
1 2Tr d ,

4 3
S A A A A A A = ∧ + ∧ ∧ 

 π ∫  (38) 

and the trace taken in the fundamental representation. The basic ingredients of 
the dictionary between this Chern-Simons description and the more familiar 
“metric description” is given by relating the gauge connections, /L RA , to a 
dreibein, ae , and (dual) spin-connection, 1

2
a abc

bcω ω=  , via 

 
dS dS

1 1, .a a a a
L a R aA i e L A i e Lω ω

   
= + = −   

    

 (39) 

The levels, /L Rk , are written as 

 , .L Rk is k isδ δ= + = −  (40) 

We can rewrite the action (37) as 
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 EH GCS ,iS I i Iδ= − −  (41) 

with 

 EH 2
dS dS

1
4 3

a bc b c
abc

sI e R e e
 

= − ∧ − ∧ 
 π ∫

 

  (42) 

the Euclidean Einstein-Hilbert term in the first-order formalism11 with positive cos-

mological constant, 2
dS
−Λ =  . Thus dS

4 N

s
G

≡


 is the (inverse) gravitational cou-

pling; in this paper we will find it convenient to keep it written as s  and keep in 
mind the classical limit is s →∞ . GCSI  is the gravitational Chern-Simons term 

 GCS 2
dS

1 2 1Tr d Tr ,
2 3 2

I e Tω ω ω ω ω = ∧ + ∧ ∧ + ∧ 
π π∫ ∫



 (43) 

with T  the torsion two-form. Under quantization the levels will undergo a finite 
renormalization / / / 2L R L R L Rk r k→ ≡ +  [25] amounting to a renormalization of 
the GCSI  coupling, ˆ 2δ δ δ→ = + . For the rest of this paper we will always work 
directly with the renormalized levels. 

Appropriate classical flat background connections, /L Ra , describing the 3S  
are given by 

 
( )( )
( )( )

1 2 3

1 2 3

sin cos ,

sin cos .
L

R

a iL i L L

a iL i L L

ρ ρ ρ ϕ τ

ρ ρ ρ ϕ τ

= + − −

= − − + +
 (44) 

An important aspect of the above connections is that they each possess ring 

singularities at 0ρ =  and 
2

ρ =
π  where the ϕ  and τ  coordinates degener-

ate, respectively. These Wick-rotate to the worldline at the static patch origin and  
to the causal horizon bifurcation surface, respectively. There is potential for ho-
lonomy around these singularities which we will write generically as 

 3 32 h 2 h1 1exp , exp ,L Ri L i L
L Ra g e g a g e gρ ρ ρ ργ γ

−π π−= =∫ ∫ 

   (45) 

for periodic group elements, 1eiLg ρ
ρ =  and 1eiLg ρ

ρ = , and holonomies, /hL R . 
Given the solution (44), it is easy to deduce that for cycles, origγ , wrapping the 
static-patch origin at 0ρ =  

 orig : h 1, h 1,L Rγ = =  (46) 

while for cycles, horγ , wrapping the causal horizon at 
2

ρ =
π , 

 hor : h 1, h 1.L Rγ = = −  (47) 

Lastly we point out that these singularities give delta function sources of curva-
ture12 that is important for reproducing the on-shell action 

 [ ] [ ] dS
CS CS ,

2L L R R
N

ir S a ir S a
G

+
π

=


 (48) 

which is the tree-level de Sitter entropy. 

 

 

11Here abR  is the Riemann two-form. 
12Importantly the metric geometry remains smooth everywhere. 
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