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Abstract

By applying the rules for the sum of quark oscillation probabilities for the orig-
inal CKM matrix and for Wolfenstein’s parameterization, equations were de-
rived in which the CP violating phase for quarks appears as an unknown quan-
tity. Quark oscillations occur in spaces that are on the femtometer scale and
they are unmeasurable from the point of view of experiments. However, the
consequence of those oscillations is the CP violating phase for quarks, which
is measured through unitary triangles in Wolfenstein’s parameterization.
Through the mathematical model presented in this paper, the equation in
Wolfenstein’s parameterization was derived, the root of which is consistent
with measurements in today’s quark physics.
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1. Introduction

In order to understand the key idea on which the structure of this work is based,

we will start from the definition for neutrinos via the PMNS mixing matrix:

Ve Vl U el U e2 U e3 Vl
V‘u = U PMNS VZ = U ul U u2 U u3 VZ
P V3 U, U, U;)\lv,

where v,,v,,and v, are three generations or flavors of neutrinos with subscript
markings that show with which charged lepton it is a partner in the charged-current
weak interaction. These three weakly interacting eigenstates form the orthonormal

basis for the Standard Model of neutrinos. On the other hand, a mass eigenbasis is
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constructed which is defined with mass eigenstes v;,v, and v, which diagonal-
ize the neutrino’s free-particle Hamiltonian. Here, the difference between flavor ei-
genstates and mass eigenstates is highlighted, which in physics represents the key
condition for neutrino oscillation, which has been experimentally confirmed.

The following relations are also written for down and up quarks, respectively:

d' d Vi Ve Vy)(d
S ! = VCKM S| = Vcd Vcs Vcb S
b' b Vg Vi Vo lb
and
u' u) (V, V. V) u
"= VCKM C|= Vcd Vcs Vcb c
t' t) (Vg Ve V)t

Based on these records, it can be seen that there is a difference between inter-
action eigenstates and mass eigenstates, which confirms the possibility of quark
oscillation.

Depending on the nature of the interaction of outgoing particles with their en-
vironment, it can be determined whether oscillations can be detected experimen-
tally or not. In the case of neutrinos, neutrino oscillations are observed through
the detector, which proves that neutrinos have a mass of the order 107 of the mass
of electrons. With a note that it is not possible to measure their individual masses,
but their corresponding square masses.

Unlike neutrinos, quarks interact significantly with their environment, which
is why their oscillations cannot be observed experimentally.

The quantum mechanical record of outgoing quark states, for example for down
quarks, can be written like this:

d' =V [d)+V,[s)+Vy, [b).

These states are mixed with other interacting eigenstates via the time evolution
operator when the departing particle begins to oscillate. Unlike neutrinos, quarks
interact significantly with their environment, which is why their oscillations can-
not be observed experimentally. Under the influence of the surrounding environ-
ment, additional particle creation and hadronization occur on a time scale from
the femtometer. At the moment of hadronization, decoherence and destruction of
the linear combination of quantum states occur, thereby crossing over the initial
oscillations.

However, by applying the rule on the sum of quark oscillation probabilities in
the space of the order of the femtometer in the developed mathematical model,
we will show that in essence these invisible quark oscillations are produced by the
CP violation phase, which is a measurable physical quantity in experiments.

However, we believe that such quark oscillations, which are considered invisible,
they must have an influence on the quark decay processes. That is why we devoted
this work to the quark oscillation processes and their influence on the formation
of the final value for the CP violation phase.
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The well-known S~ decay occurs under the influence of the weak interaction,
which turns the atomic nucleus into a nucleus whose atomic number is increased by
one, simultaneously emitting one electron and one electron antineutrino. This decay
generally occurs in neutron-rich nuclei and it is described by the following equation:

X = AX e+,

Where the above labels have the following meanings:

A —atomic number,
Z —mass number,

X —initial nucleus,
X" —decayed nucleus.

This example can be joined by the decay of a free neutron (Oln) according to

the Feynman diagram:
n—op'+e +v,

In this process, as shown by the Feynman diagram at the fundamental level, the
transformation of the negatively charged (-1/3)e down quark into a positively
charged (+2/3e) up quark occurs through the emission of the W~ boson, while
the W~ boson decaysinto e and v,.

Therefore, within the atomic nucleus, which is rich in neutrons, the decay of

neutrons into protons occurs, in the areas of neutrons that are of the order of

magnitude on the femtometer scale, according to the following equation:

d—ou+e +v,

Positron emission, known as S* decay, occurs under the influence of the
weak interaction, which converts an atomic nucleus into a nucleus with an atomic
number decreased by one, simultaneously emitting one positron e" and the
electron neutrino v,.This decay generally occurs in proton-rich nuclei and it is

described by the following equation:
X o> X et 4y,
This equation can be shown in a simplified form via the Feynman diagram:

pon+e +v, >(u>d+e +v,).

The weak interaction converts a proton into a neutron, during which the up
quark transforms into a down quark with the emission W™ or absorption of the
W~ bosons. After emission W™ or absorption W™, they decay into one posi-
tron and one electron neutrino.

This process is the opposite of the S~ decay process. Therefore, the decay of a
proton into a neutron is possible only within the atomic nucleus, which is rich in
protons, but the decay of an isolated proton into a neutron is impossible due to the
fact that the mass of the neutron is greater than the mass of the proton. These decays
are followed by the transformation of down quarks into up quarks and vice versa
with the participation of the corresponding W bosons, and we will observe these
transformations as oscillations of quarks in those spaces These transformations are

expressed by measuring the absolute value of the matrix element equal to |Vud | .
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From the point of view of experimental measurements, these quark oscillations
are un-measurable. However, according to the mathematical model presented in
this paper, the presence of these quark oscillations results in a CP violating phase,
which is measured in experiments. So, based on what has been said, the main
point of the entire work is to determine the numerical value of the CP violation
phase for quarks.

In order to accomplish this task, we will apply the rule for the sum of quark
oscillation probabilities on the femtometer scale for both the original CKM matrix

and the Wolfenstein parameterization and establish a connection between them.

Vud Vus Vub
no>p+v+e Korz+v+lT Boz+v+I _
1-s2 /2 s S0
V V V S12 12 13
cd cs ch 2
= - 1-s.,/2 s
Dorz+v+l” DoK+v+lm Bo>D+v+l 2 s i/ 2
— - 1
V V V 812823 S13e SZ3
td ts th
B° - B° B, — B t—>b+W

Below each element of the CKM matrix is shown the decay scheme on the basis
of which they are measured. In order to derive the equation in which the CP vio-
lation phase appears as an unknown physical quantity, the rule on the sum of the
quark oscillation probabilities in the femtometer space was applied, which for-
mally mathematically achieved integration of these elements.

We have determined the spatial dimensions in which these transformations
take place. The frames of those spaces are defined with the largest wavelength of
quark oscillations, and how it looks can be seen in Appendix A.

2. The Rule for the Sum of the Oscillation Probabilities as a
Link between PMNS (Pontecorvo-Maki-Nakagawa-Sakata)
and CKM (Cabibbo-Kobayasi-Maskawa) Matrices

We established a link between the PMNS matrix and the CKM matrix observing
the results of external manifestations that can be measured.

Namely, when an electron appears in the neutrino detector, for example, then
it is clear that the electron neutrino has interacted with the detector. And these
processes represent neutrino oscillations that are under the control of the PMNS
matrix.

In the physics of quarks, quark decay processes occur in which down quarks
change into up quarks and vice versa. They are also under the control of the CKM
matrix.

The goal of this chapter is to become more familiar with the nature of the CP
violation phase for quarks. As we will see in the following sections, we will apply
the rule about the sum of quark oscillation probabilities in all transitions in a sim-
ilar way as it was done for neutrinos [1] [2]. So that there are no doubts about
quarks, we have introduced two possible conventions with the application of the
same CKM mixing matrix.

In today’s quark physics, a convention has been adopted which is expressed in
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the following paragraphs.
1) The interaction eigenstates and mass eigenstates are chosen to be equal for

down type quarks and this is expressed as follows [3] [4]:
d_lnteraction — d ) (1)
1

j
2) Down type quarks are taken as rotating from the interacting basis towards

the mass basis which is described by the following relation:

d' d Ve Vi V,)(d
" =V, di > ' [=Von | S [=Verm | Voo Ve Vi || S
b' b Vy Vi Vp /\D
CiaCis 81213 5,67 (d
=| ~S12C23 ~Cp2 52351sei5 Ci2Co3 — 5125235139i5 Ci3523 S (2)
S22 — 012023513ei5 ~C1pSp3 — Slzczsslseid C13Ca b

Cols  Subs  Se )(d
=|-A-Be® C-De” V., | s
E-Fe” -G-He” VvV, b

In addition to the usual convention that we mentioned above and that is present
in today’s quark physics, in this paper we introduce another possible convention.
3) The interaction eigenstates and mass eigenstates are chosen to be equal for

up type quarks and this is expressed as follows:

uilnteraction — J (3)

u.

4) Up type quarks are taken as rotating from the interacting basis towards the

mass basis which is described by the following relation:

u' u) (Vy Ve V) u
interaction |
U =VomU; 2| C |=Vom [ C|=| Ve Vs Vo || C
t' t Vy, Vo V)t
-is
C15Ci3 S15Ci5 Si5€ u
=| =8,C0s —C155,35158"°  CppCrs —S1,5,5858°  CiaSps || C 4)
=| —Sp2C3 292313 12023 T 912923913 1323
i5 i5
S12S23 —C15Cp3515€ —C12573 —S12C535,58 C13Cy3 t
i
Ci,Ci5 S12C13 S;3€ u
=|-A-Be” C-De“ Vv, |c|
E-Fe” -G-He’ v, |t

2.1. Sum Rule for Quark Oscillation Probabilities

Here we first show the procedure of how we used the rule for the sum of the os-
cillation probabilities of three neutrinos [5] [6] because we believe that we could
also apply such a formal mathematical approach to quarks in order to find a nu-

merical value for their CP violation phase.

2.1.1. Example for Three Neutrinos
For neutrinos, the well-known PMNS (Pontecorvo-Maki-Nakagawa-Sakata) ma-
trix is used [7]-[11]:
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U el U e2 U e3
Upwns = U/zl UyZ Uus
7l U 72 U 73 5
s - ©)
C15Ci3 12C13 13
=| —SpCp3 — Clzszaslaelo €150y — 512523313er C13Sy3
S12553 — C12Czaslaem —CipS3 — 312C23513em C13Cy3

the following relation applies to the probability of neutrino oscillation for all three
possible transitions (v, >v,).(v, >v,).(v, >v,);
(vﬂ —>ve),(vﬂ —>v1),(vﬂ —>vﬂ); (v, —>ve),(vr —>vﬂ),(vr —>v,):

P (va >V /,)

=5, 43R, (Uaiu;iu;jum-)sinz[ ©

i<j

Amj Lc®
4Eh

2

; iLc’ G .
+22|m(uaiuﬂiuajuﬂj)sm(ﬁ],u, j=123a,p=eu,r.

i<j

In general, we can write sum rules for oscillation probabilities for three neutri-

nos in the form of the following relations:

P(Ve—>v#)+P(ve—)vr)+P(Ve—>ve):l (7)
P(v, >V )+P(v, >v,)+P(v, >v,)=1 (8)
P(VT—)Ve)+P(V,_)V#)+P(V,_>VT):1 ©)

In further considerations in this paper, we set the CP violation phase for quarks
as the main problem that should be solved to the end, and the following chapters
are devoted to it.

2.1.2. An Example of Down-Quarks

There are two conventions in quark physics: the first convention refers to down
quarks and the second convention refers to up quarks, and both will be included
in research.

The first convention, which is generally accepted, is described by the following

relations:
1
d u Vg Vi V,)(d
I
S = VCKM Cc|= Vcd Vcs Vcb S
|
b t th Vts th
—is
C12Ci3 S12Ci5 S15€ d
is is
=] —S15C3 —C55,35,5€ C15Cy3 —515535,5€ i3Sy S (10)
is is
12573 ~ 15003538 —C15553 = 5503556 C13Cy3 b
—is
Ci2Cis S12C13 S;5€ d
=|-A-Be” C-De” ;8 || S|
E-Fe’ -G-He’ ¢, J\b

where the interaction eigenstates d ''s'.b' are connected via the CKM unitary
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matrix with mass eigenstates d,s,b for down-quarks.
Here are all three possible transitions d' —s',d' ->b',d' -d';s' »d',

s >b's' >s:b' >d',b' >5s',b' —>b' aredescribed with the rule for the sum

of quark oscillation probabilities in a similar way as already defined in neutrino

physics (7, 8, 9):
P(d' >s')+P(d' >b')+P(d' >d')=1.
P(si—>d')+P(si—>b')+P(s‘—>si)=1. (11)
P(b' — d)I + P(b' - Si)+ P(b' —b' )=1.

as well as the general relation which reads:

P(Va —>v[,)

Am?Lc®
= 50:/1’ —42 Re (VaiV;iV;jVﬂj )Sinz [ﬁ) (12)

i<j

23 Im(V, V1V, )si AL | d,s,b;a, B t
+ m VoV VSN L, ]=0a,5,0,x, 0 =U,C,L
& al " pita)’ i 2Eh J

Here we especially emphasize that we copied the procedure we applied in the
research of neutrinos [5] [6]. Namely, in the case of down-quarks, as we can see
here the role of mass eigenstates is taken over by the measured values for down-

quarks. And we will see their application in the following chapters.

3. Derivation of the Equation of Motion for Three Quarks for
Transitions: d' »>s',d' »>b',d' >d';
s' »>d',s' 5b',s' 5s';and b' -d',b' =>5s' b >b'

The goal of this chapter is to derive the quark motion equation in which the CP
violation phase for quarks will appear as an unknown quantity. We analyze all
three possible transitions: d' »>s',d »>b',d" —>d',

s' >d',s' >b's' >s',and b' >d' b —>s' b —b'.

In this case, the role of mass eigenstates is taken over by the measured values
for down-quarks.

In quark physics, the squared differences of the corresponding quark masses
for both down and up quarks are neither mentioned nor measured. Also, quark
oscillations that occur in spaces of the size of a femtometer have not been the
subject of research in today’s quark physics due to the impossibility of measure-
ments in such small spaces.

However, despite such circumstances, we have developed a mathematical for-
malism about possible quark oscillations using the rule about the sum of quark
oscillation probabilities in those spaces.

We applied an algebraic presentation to quarks that is similar to that in Refs. [5]
[6] and as the main result we highlight the derived formula in Appendix (A11)

which figures in the derivation of the equation for the CP violating phase for quarks.
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We especially note that the value for the CP violating phase for quarks obtained
in the CKM parameterization J,, does not represent the measured value in
quark physics

However, it will be seen that it will have a decisive influence when defining the
equation for the CP violating phase in the Wolfenstein parameterization in which
its measured value ¢,, is found.

In particular, we emphasize the key difference between neutrinos and quarks.
Namely, in physics for neutrinos, only the square of the mass difference is meas-
ured, while in quark physics, quark masses are measured for each quark separately,
whether it is down or up quarks.

Therefore, according to what was said for the application of the rule on the sum

of probabilities of quark oscillations, the following relation can be written.

3.1. Transition: d' > s',d' ->b',d' »>d'

P(d'>s')+P(d' »>b')+P(d' >d')

2
_1- 4R{V VIV, sin? ( Amg, ]}+2Im VAAAA sm[znAm; j}

Am? Amg,
AMZ, AMZ,
— 4RIV, VAV, sin? A +2ImdV, VIV, sin| 2n A

2
mbs

E
()
()
I

A,
—4R<V, V VY, sin +2Im{V, V VeV, sin ZnA
mZ

m
Am

A 2 2
Mot |y 2 1m 1V, ,ViViaV sin| 20 b
A, Amsd
2

2
_4R{V VeV, sin ( Amz J}+2Im{v VeVaiVe sm(Zn Al j}
Amg, AmSd
Am? . Am?
4[\/ud| v, | sin { Amssz 4|Vud| |Vb|25|n2[nﬁ]
) Am2
it 2

=1
By making appropriate simplifications, we get an equation in which the CP vi-

an

2
4R{Vudv V2V, sin +21Im<V VvV, sm[ZnA 0 j}

-4R {vudvmvubvm sin

olating phase is an unknown quantity:
— AW, Re{V, VaViV, | + 2V IM{V, Vo ViV, | = W, Re{V,VaViiV, |
+ Vg IM{V, VIV Ve b =AW, Re{V, ViV Vi, |+ 2V, 1M Vo VigVisV, |

us “cs " ub

(14)

ts “ub

— AW, Re{V,V ViV b+ 2V, Im{V, VeV Vi, | = AW, Vg | Vo[
— AW, Ve[ V| =0
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Where the corresponding factors are equal to:
: AmZ : Am
v, :sm[Zn ‘;“jzsm£2n gsj;
Amg, Amg,
. AmZ . AmZ
W, =sm2{n—ij=5m2(n ‘;SJ; (15)
Amsd Amsd

2 2 2 2 2 2 2 2 2
Amg, =mg —mg, Amg; =m; —m:, AmZ, = mZ; —mj.

Taking the elements of the CKM matrix (13) into the calculation, we see that in
(14) along with cosS and sind there are the same algebraic expressions that
we extract as a common factor, while all the free terms cancel each other out, so

we arrive at the equation:

K x(2W, coss -V, sins) =0 (16)

where & isthe CP violation phase as an unknown quantity of this equation.

We are looking for a solution to Equation (16), which we write in the form:

(2w, coss -V, sin) =0 (17)

In Equation (16), the factor K multiplies the equation and it is obvious that it
has no influence on the final solution of the equation, which, as we can see, makes
physical sense. However, with a subsequent check, we find that the factor K is

equal to zero, so the final form of Equation (16) reads:
0x(2W, coss -V, sins) =0 (18)

By inserting explicit values for parameters (15) into Equation (17), it is reduced

to the following two identical forms. The first form looks like this:

L, Am? . AmZ, .
{Zsmzn bd cos S —sin 2g — sméjzo

2 2
msd msd
o AmA (. Am? AmZ,
— 2sinn—24| sint—2cos § —cost—=-sin S | =0
Amg, Am, Amg,

o AmE | Am?
— 2sint—24 sin| n—2- -6 | [=0;
Amg, Amg,

L, Am? ) AMZ 49
2sin? 1—2-c0sS —sin2n—=2=-sing |=0

AmMZ, AMZ,

2 2 2
sd msd msd

AmZ | Am?
| sin| i—2—-6 | |=0.
Amg, Am,

Mathematically speaking, we see that the solution of Equation (18) consists of

o AME (. m? AMZ .
—>Zsmn—bs(smn—bscosé—cow—bssm& =0

—2sinm

a general solution and a particular solution. The general solution satisfies all the
values from the set § €[0.27), which are countless and such solutions have no
physical meaning.

But the particular Equation (19) have roots and they can be expressed in the

following way:
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2 2 2
25innAmg°' l:sin[nAmg“ —5)} :Oasin{nAmg“ —5j:0—>

2

Amsd Amsd Amsd
Am?
M5 =021 >
Amg,
Am?2 Am?
l;d —0=0-0=n gd :
msd msd
Am? 2 Am2 Am2
M_S=+n—>S=n—2-n=n e +1 =n—>;
Amsd msd A sd sd
Amz 2 AmZ 2 2
W _S=—n>=n—2+n=n| —=+1l|+n=n—>+2n=1—>
Amsd sd Amsd sd msd (20)
2 mZ 2
2sint—2>| sin 2 -5 ||=0->sin|fn—2 -5 |=0—>
sd msd sd
Am?
[n—f—é‘j:O,in—)
A sd
AmZ 2
P 25—§—O—>5=n 25,
sd msd
Am? 2 Am? m?2 Am?
® _f=+n>S=n—D>2-n= W _1l|-n=n—2-2n= o
msd Amsd Amsd sd msd
Am? Am2 Am? Am2
B _S=-n—>d=n| —2-1 +7t=7tA—bd—n+Tc=n—bd.

Amg,
We single out two of these solutions and they make physical sense:

Ocpm =T (21)

%15&0\4 =T Amt} .
Am;, Am;,
Note. We especially emphasize that if we do not have the same algebraic ex-
pressions for the cosine of the angle and the sine of the angle, then the Equation
(16) would look like this:
K, x2W, coso - K, xV, sind =0,K; = K,. (22)

Assuming that the coefficients K1 and K2 are different from each other, but are
each equal to zero, then Equation (22) takes the form:
0x2W, cosd —0xV,sind =0 (23)

In this form of the equation, we would have countless solutions from the set
5 €[0.2m) that satisfy this equation, and such solutions have no physical mean-
ing. Here, too, it is important to emphasize that if we had factors along with cos&
and sin¢g, which according to the algebraic structure of mathematical expres-
sions are mutually different, but are each equal to zero, then in that case we would
not have solutions that would make physical sense.

As you can see, the decisive role was played by the equality of factors along with
cosine and sine, and they could be extracted as a common factor with which we
arrived at a particular solution that makes physical sense.

Applying an analogous theoretical procedure for the other two transitions
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s' >d',s' >b',s' >s' and b' »>d',b' >s'b" 5D
We will get equations in which the equations for the CP violation phase look
like this:
2W,; COS Oy +Vy SINOgy =0 (24)
Solutions of this type of equation for the CP violation phases are roots with

opposite signs compared to formulas (21):

Am Am
Ockm =T Zd 1Ockm =T 35 . (25)
sd Amsd

We especially note that formulas (21) and (25) do not essentially represent CP
violating phases, but they will be used to determine the coefficients V, and W,
which will later be used in the equation obtained in Wolfenstein’s parameteriza-

tion, in which the actual measurements are values for the CP violation phase.

3.2. An Example of up Quarks

Here, transitions between weak interactions are described in the following form:
u' scu' >thu' su'ic! su' ot e st st et St

and the sum of oscillation probabilities between them could be described by the
rule for the sum of oscillation probabilities in a similar way as already defined in

neutrino physics (7, 8, 9):
P(u' >c')+P(u' >t')+P(u' >u')=1
)

P(c' —>u')+ P(c' —>t')+ P(c' —c')=1 (26)
P(t' —>u')+P(t' —>c')+P(t' —>t'):l.
as well as the general relation which reads:
P(V, >V,)
[ AmiLc®
=8,,— 4%: R, (VaViVo v, )sin? [;Thj (27)

. (AmiLc® ) _
+2)Im(V, V5V, )sin —g |[hi=uetaf=dsb
i<j

In this case, the role of mass eigenstates is taken over by the measured values
for up quarks and then we apply the same methodology as for down quarks using
the rule for the sum of quark oscillation probabilities for all three transitions where

the corresponding coefficients are determined with the following relations:

, Am ) Am? _ Am2 ) Am?
V, =5|n[27c—‘2”j=sm[2n m‘; j;Wu =Sln2(7't—12“j=8m2(7[—120 :
Am;, Am, Amg, Amg, ) (28)

2 2 2 2 2 2 2 2 2
Am; =mi—mZ, AmZ =m’ —mZ, Am;, =mZ —m_.

In this case too, we get equations that are similar in structure to Equations (21),

(25) with finite solutions:

Am? Am?2
Oy = T—L Sy = T—-, (29)
CKM Amczu CKM Amfu
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Am? Am?
Scum =T tzu 10ckm =T tzc . (30)
cu AmCI.J

3.3. Unified Equation of Motion for Quarks

Applying the mathematical formalism in applying the rule for the sum of oscilla-
tion probabilities for both down and up quarks, we obtained two types of equa-
tions:

Down quarks

2W, €0S Sy — Vg SIN Sy =0,

. (31)
2W, COS Oy +V, SiN Sy =0.
Adding these two equations gives the unification equation:
AW, €SSy =0 — Sy = J_rg. (32)
Up quarks
2W, €0S Oy —V, SiN e =0, (33)
2W, €0S Oy +V, SiN Sy = 0.
Adding these two equations gives the unification equation:
AW, €OS Sy =0 —> Soy = ig. (34)

In the following sections, it will be seen what role the coefficients play in Equa-
tions (31, 33). The same coefficients figure in the equation that will be derived in
the following chapters based on the Wolfenstein parameterization. Therefore, all
the research conducted above in the basis of the CKM matrix is intended exclusive
for determining these coefficients, while the equation that will be derived in Wolf-
enstein’s parameterization serves to determine the numerical value for the CP vi-
olation phase.

The dilemma about the sign +7/2 will be resolved when, in the next chapter,
the equation in Wolfenstein’s parameterization will be derived, in which the map-

ping in that equation will be seen.

4. Determining the Numerical Value of the Coefficients
(Vd W, ) and (Vu ,Wu) : The Process of Correcting the

Measured Values of Quarks

The determination of coefficients (V,,W,) and (V,,W,) is based on the cor-
rection of the corresponding selected parameters for the measured mass of quarks
and it is obtained by equating the corresponding formulas for CP violating phases
for quarks, which is shown in the following text.

The following measured values for quark masses in the best fit are taken into
account [1] [2] [12]-[17]:

Down quarks
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m, =4.67°07 MeV,
m, =93.4'%¢ MeV, (35)
m, =4.1873% GeV.
Up quarks
m, =2.16'35 MeV,
m, =1.27+0.02 GeV, (36)
m, =172.69+0.30 GeV.

4.1. Calculation Flow for down Quarks

We include the formulas (21) and (25) in the calculations, so we will have:

- {180" {(41802 -93.42)/(93.42 —4.672)]/360° —1003} «360° ~164.734".

2
Amg
2
msd

- {—180° X [(41802 -93.42)/(93.42 - 4.67° )] /360° +1004} «360° ~195.266".

Srpe. = —180° x

(37)
A 2
grng . =180° il

sd

= {[180" x[(41802 —4.672)/(93.42 —4.672 )] 1360° —1003}} x360° = 344.734".

Am?
Sarpg. = —180" x—2

sd

= {[—180" x [(41802 —4.67° ) / (93.42 —4.67° )] /360° +1004]} x360° ~15.266°.

From the point of view of physical processes between quarks, there is only one
unique value for the CP violation phase. In the theoretical consideration of the
oscillation process between quarks, we have derived formulas for the CP violation
phases which differ in structure and sign (21, 25). It is obvious that the calculated
values are all mutually different (26). The reason for this is due to insufficient
precision in measurements of quark masses. Therefore, in order to obtain a
unique value for the CP violation phase, two procedures are applied:

The first is in finding the mean values between two symmetrically arranged CP

violating phases in relation to the +y-axis.

5 _ Ogrbss T Oprbd- N 164.734° +15.266° _
< CKM > = 2 ~ 2 =

It is important to understand that this value for the CP violating phase is not

90°. (38)

measured in experiments. The role of this value will be seen in the section dealing
with the derivation of the equation in Wolfenstein’s parameterization for the CP
violating phase.

Another way is to correct the measured quark masses. This will be applied in a

separate section for the procedure for correcting the measured quark mass value.

DOI: 10.4236/jhepgc.2024.104103

1847 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2024.104103

Z. B. Todorovic

4.2. Calculation Flow for up Quarks

We include the formulas (29) and (30) in the calculations, so we will have:
o Am?
Ogrw. =180 XAm_tzu

cu

= {[180" x (1726902 -2.16° ) / (12702 -2.16° )} 1360° —9244} x360° ~ 293.192".

Sop. = ~180° ximltju
- {[—180" x(172690° - 2.167 ) / (12707 - 2.167 )] /360" + 9245} x360° ~ 66.808".

Amg (39)
Am?

cu

- {[180" x(172690° ~1270° )/ (1270° - 2.16° )} /360° —9244} x360° ~113.192".

. =180 x

o Am?
Ogrre. =—180" x tzc

cu

= {[—180° X (1726902 -1270° ) / (12702 -2.16° )} /360" + 9245} x360° ~ 246.808".

Based on these results (39), we calculate the mean arithmetic value for the CP
violating phase:

1) + 9, 66.808+113.192 .
<5>CKM _ BFtu- > BFtc+ > =90°. (40)

4.3. The Process of Correcting the Measured Values of down
Quarks

The application of the mean value means that the parameters of the quarks, namely
the corresponding masses of the quarks, are not determined precisely enough dur-
ing the measurements. Since a unique value for the CP violation phase must work
in all transitions, then in that case we equate the formulas g, and Jgry . In
that case, we single out the parameters that we consider to be measured accurately
enough, as well as the parameter that needs to be corrected.

Therefore, the process of correcting one of the selected physical quantities is
approached by equating both formulas with opposite signs. In this connection, we
can formulate the following task:

If the measured values in the best fit my; =4.67 MeV,m, =93.4 MeV calculate
the value for m, when Ogq, = Ogryq_ -

Calculation flow

2
L Am,

2
sd Amsd

%[Amfd /(93.4° -4.67°)-1]-1003 = —%Am,fd /(9342 -4.67%)+1004 —

AmZ, =mZ —m? =2007.5x(93.42 - 4.67%) - (41)

m, = \/2007.5>< (93.47 - 4.67%)+4.67% = 4179.567817672 MeV
~ 4179.568 MeV.
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Using the corrected value for m, (41) we find:

) A 2 ) 2 . 2
V, =sin2n % _sin2x aLre. 5678217672 5 934 2668x107,
Am, 93.4% -4.67
AMG, 2 4179.567817672° - 93.4°
W, =sin® n—=-. =sin 5 > =
Am, 93.4% -4.67 @)
o AME . 2_-4.67°
v, =sm2nlb;=sm2n4179 567817672 24 07 < 2668107,
Am, 93.4% - 4.67
L, Amy . 2 —4.67°
W, —sin? 5 2 _in? o 2179 5678217672 . 4.67° _
Am, 93.4% -4.67

These are theoretical results that show on which value scale the coefficients (42)
are located.
The corrected value compared to the measured value can be displayed as fol-

lows:
Myexp — My = (4180 4179.5678) MeV ~ 0.40 MeV —
(M) = (4180) . MeV =(4.18) . GeV. (43)

0.00040

Based on the measured values (35), we see that the corrected value (41) is in the
domain of -lo.
Note. The values (42) will be used to define the equation in Wolfenstein’s pa-

rameterization.

4.4. The Process of Correcting the Measured Values of up Quarks

As in the case of down quarks, here we also select physical quantities that we as-
sume are sufficiently accurately measured, and we single out the physical quantity

that we need to correct. and that theoretical procedure looks like this:

A 2 A 2
Guprer =180 x e =5, = 180" x W
mcu cu
1 Amtzu l AmZ
|l _1|-9244=-Z=_—_—"M 10245 >
2 {12702 -2.16° 21270° ~2.167 (44)

m, = \/18489.5 x(1270° —2.16° )+ 2.16* =172689.398314 MeV
~172689.398 MeV.

Using the corrected value for m, (44) we find:

2 2 2
V, =sin| 2nx Am2  sin| 2nx 212089398314 ~12710° | 195,10
Am 1270° -2.16

2 2
Vu:sin(an ] { 172689.398314° —2.16 :|:1_192><108_

1270% - 2.16°
2 2
Wuzsinz[ m2 J {172689 3983142 - 2.16 }1_
Wu=sin2[ Am, ]
m

(45)

12702 - 2.162

172689.3983142 —1270% |
12707 - 2.167
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These are theoretical results that show on which value scale the coefficients (45)
are located.
The corrected value compared to the measured value can be displayed as fol-

lows:

Mgy — My ~ (172690 ~172689.3983) MeV = 0.60 MeV —>
My, =172690 5, MeV =172.69. o5 GEV. (46)

Based on the measured values (36), we see that the corrected value (46) is in the
domain of -lo.
Note. The values (45) will be used to define the equation in Wolfenstein’s pa-

rameterization.

5. Wolfenstein Parameterization: Sum Rule for Quark
Oscillation Probabilities

In this chapter, we will apply the Wolfenstein parameterization for both down

quarks and up quarks via the following matrix transformations: [18] [19]:

Down type quarks
d' d Ve Vi Vo lfd
SI = VCKM S|= Vcd Vcs Vcb S
b' b Vi Vs Vo
1- S122 /2 S 513945 d “7)
= —Sp . 1- S122 / 2 Sa3 S |
S12S53 — Slsel(S =Sy 1 b
Up type quarks
u' u) (Vy Vi V) u
¢ |= VCKM c|= Vcd Vcs Vcb ¢
t! Ve Vi Vet
1- S122 /2 Si 513645 u (48)
= —Sp _ 1- S122 / 2 Sy3 c
S12Sp3 — 5136I5 =Sy 1 t

5.1. Derivation of the Equation for CP Violating Phase: Transition
d'—»s',d">b',d" —»d'

The goal of this chapter is to derive the quark motion equation in which the CP
violation phase for quarks will appear as an unknown quantity. We analyze pos-
sible transition: d' —s',d" —b',d' —d'. In the theory of quarks, the differ-
ences of the squares of the quark masses are not mentioned nor are they measured.

The key difference between neutrinos and quarks is in terms of mass. Namely,
with neutrinos, only the square of the mass difference is measured, while with
quarks, they are measured and obtained explicitly numerical values for both down-

type quarks and up-type quarks.
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The derivation of the equation for the CP violation phase for quarks is based on

the formulas (10, 11) and (12), which we now apply in full in the further procedure.

Transition d' > s',d' =>b',d' ->d'

P(d' >8')+P(d" >b')+P(d' >d')

A A
—1- 4R{V VIV, sin? ( My j}+2|m{v A VUSVCSsm[ e ]}
m Am
Amg, Am,
— 4RV, V ViV, sin A J +21m<V, ViV Ve sm[Zn A J

>

D

~4R {VuchsVubV sin

>

D

>

-4R {Vuthquthb sin

1
1
B
{
{

DD
3 D

—4R{V VeV, Sin

fam
2
m; ]}+2|m{vudv A sm }
5 (49)
mg,
m2 +21m<V VgV Yy, sin 21r AmZ
_4 VI Am TYIG 2 ., Amhd
Mol i 0|43 i
Am?
4|Vus| V, b| sin [ ng]

mZ
= j}+2lm V VIV, sm[ ]}
mZ

2

Mhs )}+2Im{v MV, sm 27: }
sd

=1
By making appropriate simplifications, we get an equation in which the CP vi-
olating phase is an unknown quantity:

— AW, Re {V,VaViV, |+ Vg IM{V, Vi ViRV, |
— AW, Re {V, ViV Vo, b+ 2V, IM{V, VvV, |
— AW, Re {V, VigVipVy |+ 2V 1M {V, ViaViV, | (50)
— AW, Re{V,V ViV b+ 2V Im{V, ViV, |
— AW, |Vud | IVub| — AWy IVus| IVub| =0.

Where the corresponding factors are equal to:
. Am, Am
V, :sm[Zn J_sm[Zn ‘fJ;
Amsd Amg,
: Am; . Am?
W, :smz(n—bzd]=sm2(n *;SJ; (51)
Amg, Amg,

AMZ =mZ —mi, AmZ =m2 —m?, Am% =m? —m;.

If the corresponding elements of the Wolfenstein matrix are inserted into Equa-

tion (50), an equation for down quarks of the following form is obtained:

DOI: 10.4236/jhepgc.2024.104103 1851 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2024.104103

Z. B. Todorovic

+ AW, S1,S 581 (155 /2) 08 8, — 2V,S,,8,38,5 (1- 85 /2)sin 5,

— AW, S,,8,58,, (1- S5, /2) €05, + 2V,S,,8,38,5 (1- 85 /2)sin 5,

— AW, S,,8,,8,, (1- S5, /2) cos 5, + AW, (1-S5, /2) S},

+ Vy81,853815 (1= 85/2)sin 5, + AW, S, 85,85 €OS 5, (52)
2

— 2V,8,,8,48,,8In 8, — AW, (1-S, /2)" S5, — AW, S%SS =0 —

2 V. S2 2 22
hcoséw——d iS|n5w+—Sl3 1 fq e -85 |=0.
2 W, 2 S,5,| 2 2

From here, the final form of the equation for the CP violating phase is obtained,

in which it appears as an unknown physical quantity:

V S
cosd, ——3-sins, —(1+s5/2)—2-=0—
2I\Nd " ( ) 12823
. Am? . Am2
sin2n—% sin2m——2 , ,
Vo _ Ay _ Ay _ ot 2o cop g A
- AmZ, AMZ AMZ Am?
¢ 2sinfn—%  2sinn—2 sd sd
Am Am (53)

sd sd
2

AMZ, s
€S dj,, —Ccot T —2% S|n5W—(l+sfz/2)L:0—>
sd 2%23

2

AN s,
cosé,, —cotnﬁsm 8, —(1+55,/2) 2 =0.

2
sd 1223

If we take into account that the factors along sinJ,,, both in the CKM matrix
and in Wolfenstein’s parameterization, are equal to each other, then a connection
can be established between the corresponding CP violating phases and it can be
written like this:
cos &, — Vy

2W,

sing,, —(L+5%,/2)—2— =0

12 SZ3

COSJ, . S
055y ———2Msin g, = (1+55/2)—2——
SIné‘CKM S12523
(54)
COS &y SiN gy —COS Sy SING,, = (1+ sfz/z)isin Sern —>
2523

S5 .
c08 Gy —(1+ 55, /2)—2—5iN Gy =0 Sy :+g.
2%23
If the question of the sign of &g, =+7n/2 in the union Equations (32) and
(34) was undetermined, now it can be seen that &, is equal to +m/2 and

Equation (54) takes its final form:

Cos 4, :(1+5122/2)Slsls3 -
223 (55)

o, = arccos[1+ 0.22652/2] xﬂ ~ 66.21".
0.2265x0.04053

We derive a similar equation for Up quarks:
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VU

) s
€0S &, ——L-sin g, —(1+sf2/2);3=0—>
Z\Nu 12¥23
) Am? . Am?
sin2n—*4 sin2n—=- , A2
m m m
Z\I;II = A°“2 = ACUZ = cotn—-=cotn— - —
. m . m m
u ZSII”IZTE tzu 25m2 Ttitzc cu cu
e me, (56)
AMZ .
C0S &, —cotm tz“smé;N—(lJrsfz/Z) S5 _0
AmCU 12~23
AmZ 5,
oS &, —cott—C-sing, —(1+52 /2)——=0.
dN Amczu §W ( 12/ ) »50

If we take into account that the factors along sinJ,,, both in the CKM matrix
and in Wolfenstein’s parameterization, are equal to each other, then a connection

can be established between the corresponding CP violating phases and it can be
written like this:

V S
€osd,, ———sing, —(1+s3 /2)—2 =0
é‘VV ZWU w ( 12/ ) 12323
0S4, —Msin S, :(1+ sf2/2)51—3—> (57)
sin 5CKM SlZ 823

COS Jy, SN Sy —COS Iy SINS,, = (1+ sfz/z)isin Ockm < Ockm = +Z

2 S23 2

If the value for &g, =+m/2 in the CKM parameterization is taken into ac-
count, the Equation (57) takes the final form:

cosdy =(1+55,/2) LHN

N 0.00361 G8)
Oy = arccos[1+ 0.22652/2] X—————————— ~ 66.21".
0.2265x0.04053
Remark: The same value (58) is also obtained for &y =—7/2

6. Calculation Examples for Applying Equations (53) and (56)

The following data are given for the measured values of down quarks in the best
fit:

Down quarks

my =4.67°015 MeV — (m, ) =4.67 MeV.

m, =93.4735 MeV — (m, ), =93.4 MeV. (59)
(mb )BF =7?

1) Using the Equation (53) predict the value for (mb )BF that should be meas-

ured in the experiments so that the measured value for the CP violating phase
would be (5W)BF =66.21".

Answer

a) Calculation Flow
The calculation flow that leads us to the value for (m,)__ is as follows:
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Amt?d H 2 S13
C0s 3, —Cotn3tsind, —(1+55/2)2-=0-

sd
2 :
tan Amy, _ sing,,

2723

-

Am cosd, - (1+55, /2)51—3

. AmZ, . .
-180 A_Z/ 360° +1004 |x360° = arctan

msd

1223
sing,

cosd,, —(1+ 5122/2)51—3

12 S23

%

1/2
sin66.21°

m, =| 4.67% + 2x 1004—31

—arctan

50036 ><(93.42 —4.672)

C0s66.21° —(1+ 0.2265° /2)>< OB
0.2265x 0.04053

(60)

=4179.567837 MeV ~ 4179.568 MeV.

A gin s (L4 53,/2) 25— 0
c0s 8, —cotm—_z*sin W (1+55,/2) =0

sd

Am2
(180" %/ 360° —1003] x 360° = arctan

msd

m, =|93.47 + 2x| 1003+ 31

12523
sing,,
S —>
c0s 3, —(1+55/2) 2
12523
1/2
_arctan sin 66.21 soose— |<(934° - 467)

C0566.21° —(1+0.22657 / 2)x o=t
0.2265x 0.04053

=4179.567798 MeV =~ 4179.568 MeV.

Up quarks

The following data are given for the measured values of Up quarks in the best
fit:

, =2.16°05% MeV — (m, ), =2.16 MeV.
. =1.2740.02 GeV — (m, ). =1270 MeV.

mt)BF =7

2) Using the Equation (56) predict the value for (m,)__ that should be meas-

3 3
Il

(61)

—~

ured in the experiments so that the measured value for the CP violating phase
would be (5, ), =66.21".
Answer

a) Calculation Flow
The calculation flow that leads us to the value for (m,),_ is as follows:

AmZ S
C08dj, —cotn——sin g, —(1+5), /2) - =0
Amg, 2923
Am, sin g,
tanTcAm2 = - N
W coss, —(1+s2/2)—28
) ( 12/ )512523
Am? .
[—1800 ltzu/ 360° + 9245J>< 360° = arctan sing,, N
Amg, cosdw—(1+sfz/2)i
223
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1/2
m, =| 2.16 + 2x| 9245 - —arctan sin66.21 ol (12707 -2.16%)
3 C0566.21" —(1+0.22657 /2)x " oon
0.2265x 0.04053
—172689.398405 MeV ~172689.398 MeV.
cos &, _cotn e gin ~(1+s /2)51—3:O—>
Amczu " ? 2%23
2 i 62
[180°A—m‘2°/ 360°—9244}<360°:arctan sind, 7 (62)
A, cos s, —(1+5s},/2) 1
12723
y2
M, =| 12707 + 2| 9244+ ——arctan sin 66.21 ol (12707 -2.16%)
3 C0566.21" — (L+0.2265° /2)x =0
0.2265 x 0.04053

=172689.398223 MeV ~172689.398 MeV.

7. Summary and Conclusions

The main goal of this work is to form a mathematical structure through which the
numerical value for the CP violation phase for quarks could be calculated using
the measured parameters obtained specifically for the Wolfenstein parameteriza-
tion.

In essence, this mathematical structure consists of the following parts:

1) Original CKM matrix,

2) Wolfenstein parameterization,

3) Application of the rule for the sum of quark oscillation probabilities,

4) A procedure for determining the largest wavelength within which all quark
oscillations are included based on the rule for the sum of quark oscillation proba-
bilities, both for down quarks and up quarks, on the femtometer space scale (given
separately in Appendix A).

5) In Appendix B, the unitary triangles in the first and second quadrants for
both parameterizations are specifically determined in order to establish the possi-
ble occurrence of degeneration or mutual dependence of those triangles.

Based on the thus established mathematical structure, it was shown that g,
found in the CKM parameterization is mirrored in Wolfenstein’s parameteriza-
tion, which shows the necessary presence of both parameterizations:

Down quarks

Vy S
cos &, ——-sing, —(1+55/2)—L-=0—

Z\Nd ! ( )512323

C0S I, . s
058, ——— Msing, =(1+5},/2)—2— >

CKM S12323

. : Siz .

COS &, SIN Sgy — COS Ty SINS,, =(1+ 5122/2) BSiN Sgm < Fexm =g—>
S12 23

cos gy, —(1+55/2) 58153 =0.

12+23
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Up quarks
cos &, — Yo sing ~(1+55/2) % _go,
M w

u 12723

056, —%sin 5, =(1+ sfz/z)ia

sin CKM le 23

. : S
COS Gy SIN Gy —COS Sy 51N 5, = (1+ 55, /2)—2—5iN Sy Ty = g -
12723

cosd, —(1+ sfz/z)ssls3 -0.

1223

Numerical value for the CP violating phase for quarks

cos 4, =(1+sfz/2)51sls3 -
2%23

0.00361

8, =arccos|1+0.2265% /2 |x—————_
0.2265x 0.04053

~ 66.21".

From a methodological point of view, the common thread that unites CKM
and Wolfenstein’s parameterization is in the application of the rule for the sum

of quark oscillation probabilities, which contains the same factors in the form:

Y Am? m? \Y/ Am?2 Am?2
i —cotn—2 =cotn—= and —“-=cotn—=i =cotn—=-. One could
d Amsd Amsd u Amcu cu

get the impression that it is enough to apply only Wolfenstein’s parameterization,
but in that case we would have the following numerical values:

v, AmZ, 4180% - 4.67°
——=cCotn 7 = cot [ -l
2W, Am?, 93.4° - 4.67

2 2
= cot nw =-3.66386 —
93.4% —4.67

v, AmZ 172690% - 2.16°

= COtTc—2 = COtnﬁ

2w, 2 1270° -2.16

2 2
ot 172000 21270° _ oo,
1270% -2.16

These numerical values show that the equation for the CP violating phase for
down quarks would differ from the equation for up quarks, which does not make
any physical sense. Due to these facts, the importance and necessity of including
the CKM matrix can be seen, which is clearly indicated by the results obtained in
(42, 45) and especially in (C1, C2, C3).
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Appendix A: Determining the Space in Which Quark
Oscillations Take Place

The goal of this appendix is to determine the region where oscillations occur for

down and up quarks. These are spaces that are invisible to experiments and they

are defined with the largest wavelength that determines the space in which these

oscillations occur.

In the following text, the flow of calculation of various mathematical relations

is presented, assuming that all types of quarks are free relativistic particles whose

velocities in the process of oscillation are close to the speed of light.

E? E m2c*
2.2 2.4 2 1 2.2 1 d

E, =+/pic’ +mic* — p; =——myc” > py =—, [1-———.
c c E;

E? E m’c*

E, =ypic’+mict - pl=—2-mic’ > p, =—2 [1-——.
c c E,

EZ E mZc*
2.2 2.4 2 3 2.2 3 b

Ey =4/PC" +myC” > py =——mC" > py=— [1-——.
c c E;

We introduce the assumption that quark energies are mutually equal:

E =E,=E=E

then we can write equations for momentums for all three quarks:

_E | mic! E(l— mjc“]_ E mic® h mic
- -

5 — <1,
2E ¢ 2E

A
2 4 2.4 2.3 2.4
ps=E 1_m5(2: zE 1_mSC2 :E_msc =£.m5(2: S
c E c 2E c 2B A E
2 4 2 .4 2.3 2.4
pb:E 1_%zg _mbcz :E—mbc :L.mb(z: < 1.
c E c 2E c 2B A4 E

(A1)

(A2)

(A3)

In the next step, we write relations that connect the differences between the

corresponding momentums:

—p=———— =—-—>
N A A
pd_hkd_hz—n:l
Ao Ay
n_h
pS:hks—h—:}L——nld</1S
S S
o ’ 2
Py — Ps _E(ms _md)_ Amsd -
A=A, AA,
=h s d N s’ =h
Py — P (&%J (P IOS)/IS_ld
¢ Am; Aty =h-> ¢ 2 Ay =2m.
2E M4 -4, 2En ¥ A -2,
LSdzﬂ_Z_Eh

(A4)
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-A A

pd_pb:hﬂb d_)(pd_pb) ;Ln d —h—)

ﬂ‘nﬂ’d /lh_/id
3
C—AmjS LY. NN (A5)
2E° %A - A
c? A
2En A %2 o=

Ay — 24

JAs  2Eh

PRI TE T A A

¢ 2y C 2
ps_pb:E( b~ s):_Ambs_)

A=A Ao
-p,=h = (ps— *—=h—> A6
Pom Py == (P, pb)ﬂb_/ls (A6)
3 3
°am Ak, m2 LY TP RN
2E % 4 - A 2En ™ 2y~ A

A, 2Eh

In the next step, we determine the relationship between the values for the equiv-

alent values of the wavelengths:

LAk _hh_1__hh_pp __h _ 2h
A=A PP NN pph(pi-py) Pa-py AT
Py Py
A4 hh 1  hh opp h 2Eh
Ly == = std__— = . (A7)
" A= PP h_h o pop h(p—p) pi-p, CAM
ps pd
L Ak _hh 1 _hh_pp __h 2N
" A4 PPN _ N opop h(p-p) po-p, cAm
P P

Based on the relations between the differences of the squares of the masses, we

find the relation between the equivalent wavelengths:

__2Eh | 26h | 2N
<cAm T CamE T ctAmd,
32Eh2 > 32Eh2 > 32Eh2 — AM% < AMZ < AmE —> (A8)
cAmZ © CAmi T CAmd
Lsd > Lbs > Lbd'

In order to determine coefficients W, and V, all other equivalent wave-

lengths are reduced to the largest equivalent wavelength L, . This procedure is

given next.

DOI: 10.4236/jhepgc.2024.104103 1859 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2024.104103

Z. B. Todorovic

A, c? c
(pd_ps)/1 _; _EAmszdLsd_h_) Amg Ly, =21 —
s d
2En
=2n
* c*Amy,
(A9)
AmZ,c® ., AmZc? .
W, =sin? —(L=L,)=sin* —2—| 2 32Eh2 =sin’ =0.
4ER c’Amy
AmZ,c? . AmAc? .
V, =sin M © (L=Lg)=sin Ma® |5 32Eh2 =sin2n =0.
2En c’Amg,
ﬂ"b/?’s C3 2
- =(p, - =h=2nh > ——Am =2m.
(ps pb)lb _ﬁs (ps pb)Lbs ZEh bsLbs
2En
=2
* T AmE
3 3
V, =sinC—Am§S (L= Lsd)zsinC—AmﬁsLSd
2En 2En (A10)
o, 2Eh A
=sin Amg | 2n——— | =sin2n—>.
2En C Amg, Amg,
W, =sin’ ¢ Amg (L =Ly )=sin’ ¢ AmZL
d — AEh bs — sd ) T AEH bs —sd
3 2
=sin? - AMZ 2n£ :sinznAlgs.
4AEn c*Amg, Am;,
We now reduce to that (A10) the other two and write it like this:
W) c
(ps = pb)ﬂh _id =(Pg — Py) Lg :h:2nh—>2—EhAm§dLbd =2m.
2En
by =2m—5
c’Aml,
All)
] 3 ] 3 . A 2 (
V, =5|nC—Am§d(L=L5d)=smC—Ambzd 2n£ =sin2n—=.
2En 2En c’Am, Amg,
., c ., c . AM
W, :smzC—Amjd(L:Lsd):smzC—Amjd 2n£ =sin’ n—2L,
4Eh AEh cam, m?,

Applying the same procedure, mathematical relations for up quarks are found.
In order to determine coefficients W, and V, all other equivalent wavelengths
are reduced to the largest equivalent wavelength L, . This procedure is given next

_ 2Eh _ 2Eh _ 2Eh
“ T cAm e = c*Am? b= c*Am?
2Eh 2Eh 2Eh

> Al2
cAam? ~ cAamZ - cCam? (A12)
LCU > L‘C > L‘U'
3 3
(p, - pc);cflu _ hZC—EAmju L, =h— %Amju L, =21 >
« A (A13)
2En
o = 2n—C3Am2 .

We now reduce to that (A13) the other two and write it like this:

DOI: 10.4236/jhepgc.2024.104103

1860 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2024.104103

Z. B. Todorovic

C3 3 B 2 (A14)
V, =sin——AmZ (L = Lcu):sin{ Amfc( T——— J:l:sm 27 e
C mClJ Ccu
3 3 2
. c . c 2En . Am
W, =sin? AmZ (L=L,) [=sin’ AMZ | 2n——— | | =sin® n—%.
‘ {4Eh e(L=L )} 4ER T CAmd AmZ,
A, ¢’
(Pu— pt)mz(pu -p )L, =h=2n1— 2EhAmtiLtu =21
2Eh
(A15)
. c . c m
v, :smC—Amjj(L: Lcu):smC—Amfu Zn% =sin2r—=.
2En 2En A, AM,
3 3 2
W, =sin’ ¢ Amg (L =L, )=sin’ ¢ AmZ, 271% =sin’ m‘z“ :
4ERh 4En - -

All mathematical relations are also applied to up quarks, so corresponding con-
nections are obtained with the relations between the differences of the squares of

the masses of the quarks.

Appendix B: Calculation of Angles

The goal of this section is to first of all show that the solutions for the CP violation
phases are symmetric to the +y-axis. In this regard, the following statement is proved:

CP phases &, =-nAm% /Am% and &, =nAm/AmZ are symmetrically
distributed in relation to the +y-axis.

The proof of this statement is based on finding the sine of the angle ¢, :
$in g, =sin (- AmZ, /Am?, ) =sin [—n(Amfs /AmZ, +1)J
= —sin[ mAM, /Am?, + | =sin (rAmg, /Am ) =sin 5,
which concludes the proof.
The consequence of this statement is reflected in the equality of the Jarlskog
invariant for both phases:
Jopy = I sin &, = IT* sin(—mAm, /AmZ, ) = G sin(nAmZ, /Am ) = 355 sin 5, .

With this simple calculation, we have shown that the sines of both phase angles are
mutually equal, which means that they are symmetrically distributed in relation to
the +y-axis. It should be noted that the form of the formula is not identical, but the
sines of these angles are equal to each other, as are the areas of the unitary triangles
for these angles. From the point of view of this mathematical model, it follows that
the official value for the CP violation phase of ¢ =1.144rad should be associated
with a symmetrical component in relation to the +y-axis equal to mw—1.144 rad .

The existence of these two symmetrical CP phases makes it possible to construct
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two unitary triangles. For those two triangles, the corresponding angles are calcu-
lated, and then the corresponding connections between those angles are estab-

lished based on the following calculations.

B1. CKM Matrix

First quadrant: Case ¢ =1.144rad [16]

V,V,
B =arg |:_L°f:| N
ViaVio

AE — BF +(BE — AF )cos§

cosf = - =—>
\/[AE—BF +(BE—AF)coss | +[(BE+AF)sins |
B~ 22.463".
a=arg{—%}—>cow= F_Ecoso —a~92025. ()
ud Vub \/[F—Ecosé]2+[Esin5]2
Ve Acosd+B

— 7 ~65.511".

y=arg| ——22 | 5 cosy =

cdVeb \/[Acosé+ B]2+[Asin5]2
A=S5,,C,; =0.22480316, B = C,,S,,S,, = 0.00015035,
E =S,,S,, = 0.00940950, F =/1- 21— %, = 0.0035922.

(S )ge = Stz =0.225;(Sy5),,. = Sy = 0.04182;(Sy, ), = Sy, = 0.00369.

Second quadrant: The case ¢ — n—1.144 rad

V Vg
] 5]
thth -8

AE - BF —(BE — AF )cos &
_)

cos . , =

[ AE —BF —(BE - AF )cos 5 | +[(BE + AF )sins |
B,., ~16.739"

VgV F +Ecoso
a, s=arg| ——2 —>Co0Sa, ;= - = —
VeV |, 5 \/[F+Ecosﬁ] +[Esin&]
a, , ~48.842" (B2)
> —Acoso +B

cd Ych

y._ s =arg {——V“dvu” } —C0Sy. ;=
-8 * -8

. \/[—Ac055+ B]2+[Asin5]2
V. 5 ~114.418".
A=S,,C,, =0.22480316,B = C,,S,,S,, = 0.00015035,

E =S,S,, =0.00940950, F =/1- 52 ./1-S2S,, = 0.0035922.

By comparing the numerical values for the angles of unitary triangles, we see
that by mapping the triangle from the first quadrant to the second quadrant, their
numerical values do not match.

And it can be written like this:

Vo F O s T Prs

(B3)
77‘:—6 # arr +ﬂn
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These relations between the angles can be interpreted that these two triangles
are independent. However, two independent CP violating phases cannot exist in
principle, because in nature there can only be one unique CP phase. This means
that in the mathematical model, two different formulas are generated structures
and signs must be given the same numerical value for the CP violating phase in
all transitions. In order for this to happen, both formulas must be equalized. An

example of that equalization can look like this:
—nAmZ, /AmZ, = tAmZ /Am, (B4)

In the original CKM matrix, it is shown that the CP violating phase could be 90
degrees. However, this value is not measured in the experiments, but this equality
(B4) is plotted in order to make a correction by the mass of one of the selected
quarks, whether it is for down or for up quarks, which is shown above in the main
text in a separate chapter.

We perform this calculation for a symmetrical CP violating phase in the second
quadrant to see the nature of the connection with the triangle in the first quadrant.
From the nature of their connection, we deduce whether there is degeneration. If
it is established that there is degeneration, then a unitary triangle is adopted in the
first quadrant. In the application of the CKM matrix, we showed that there are
two formulas for calculating the CP violating phase and that they are symmetri-
cally distributed in relation to the +y-axis of the trigonometric circle. Then, using
those two formulas, we calculated the angles for two unitary triangles and con-
cluded that these triangles mutually independent.

The consequence of that is that both triangles cannot exist at the same time, but
only one unitary triangle that represents their resultant. We presented that result
in two ways:

1) By finding the mean value for the CP violating phase (38, 40).

2) In the process of correcting one of the selected measured quark masses by
equating the formulas in (41, 44), we find a numerical value for the selected quark

mass that should be measured.

B2. Wolfenstein Parameterization

First quadrant: Case ¢ =1.144rad [16]

V_V; _
ﬁ:arg{— a °f}—>cosﬂ: 1-kcosé s f~23.082"
ViVay 1-2k cosd +k?
vV, _
a=arg {_M} s coSq = k—cosd 291372
Vi Vo 1-2kcos & +k?
Vudvuz )
y=arg| ——=—-|—>C0Sy =C0SJ —> y = 65.546". (B5)
cd “cb
(Si)y. = S =0.225;(S5),, = S,s =0.04182;
(813)BF = 813 = 000369, k = 813
12%23

Second quadrant: The case ¢ —> n—1.144 rad
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V_ V]
B, =arg {_ ca Vo } cosp., = l+kcoss 5 17075,
ViV J.s J1+2kcos S + k2
ARV
a, s =arg [_ o } L cosa, = k +cosé . ~484T3
Vi e 5 1+ 2k cos & + k?
VvV VvV
_, =arg| - —5C0SY. - =—C0SS —> 7 - ~114.454°. ;
Vr-s ud U* Vs ) Vs 114.454° (B6)
Vchcb -5
(Siz)ge =Sip =0.225;(S,,),. =Sy, =0.04182;
S
(Si )y, = Sis =0.00369,k = %
12%23

Based on the numerical values for the angles of the unitary triangles in the first
and second quadrants, it can be seen that the mirrored triangle from the first
quadrant to the second quadrant changes its shape.

However, what is interesting is that, unlike the application of the original CKM
matrix where one sees that there is no dependence between the corresponding
gamma angles for the triangles in the first and second quadrants, here in the ap-
plication of the Wolfenstein parameterization, this dependence is obvious and it
can be written as

y=a, ;+p, _5=48473 +17.073" = 65.546".

(B7)
Vus =0+ =23.082+91.372° =114.454".

Relation (B7) means the occurrence of degeneracy of unitary triangles and that
it is justified to adopt a unitary triangle in the first quadrant which is related to
0=1144rad.

Appendix C: Calculation of the Resulting CP Violating Phase
without Numerical Values for Quark Masses

C1. Calculation for down Quarks

Use the following formulas in the following calculation:

Am Am?
5 = n A a[nl?/2n—1003j><2n,
A

Amg Mgy 1)
2
5, = niMs (—n A/ o1 +1004j x2n
Am sd Amsd
. . 6,+0, =
I. Show that the following relation holds: > o
Proof:
2
AMis /21003 |21+ | - Ambd 1241004 f«2n
o, +06, (Amg
2 2
2 2
AMs /5 1003+| ~2Ms _1]/241004
Amg, Am
= 5 x 21 (C2)
= ﬁx 2n=—
2
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II. Calculate &, and o, provided that: &, =6,.
Calculation flow:

6 =m

AMZ
Am;,

A 2
_ (n Tos ) om —1003) <2,
A,

Am Am
5, =n—2= —>(—nA o /2n+1004j><21r—>

2
2082203z o

Am,
AmMZ,

2
Amg
2

msd

sd

2
S

2
sd

2
sd

—l]/ 2n+1004:|>< 21—

s

2006.5— ¢, = (%2006.5 —1003Jx 2n = 5 - (C3)

Am; Amy
x| 21 |/ 27-1003 [x 27 = |~/ 27+1004 |x 2n
Am A

sd

msd
2

A
2007555, = [—n Ambd I2n +1004J x2m

2
msd

- [—12007.5+1004jx2n I
2 2

These calculations show that in the CKM basis the value for the CP violation

phase is equal to 1/2, and that it is not measured in the experiments, but that it is

present in the equation for the CP violating phase &, which is measured and

derived in Wolfenstein’s parameterization.

Note: Applying the same calculation procedure for Up quarks leads to the same

results.
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