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Abstract 
Despite the vast theoretical and experimental knowledge about neutrino phys-
ics: neutrino oscillation, neutrino astrophysics, as today, there is no theory to 
offer the neutrino rest mass number. This paper is not a theory of the particle 
masses but a simple model built on the existing experimental and theoretical 
knowledge to predict neutrino masses. The elastic weak current neutrino in-
teraction ( ) ( ) ( ) ( ), , , ,i en l n n e pν ν′→ ∼ → , and a few very fundamental prin-
ciples predict the direct or the neutrino mass increasing hierarchy vector  

8 4 1 2, 1.35 10 ,5.81 10 ,1.64 1, 0 eV cem m mµ τ
− − −= = × × ×m . 
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1. Introduction 

A physical particle TP  is an object characterized by its internal variables,  
{ }, , , ,m e σ µ �  motion state ( ),E p�  and its state function Ψ . Fundamental 
particle state is its rest state, all internal particle variables are associated with the 
particle rest state, and all other particle states are the evolution of the fundamental 
particle under interaction transformation. Simply, the particle P  is all of this 

( ){ }, , , , , , ,m e E pσ µ � �
Ψ .  

Here, we consider the neutrino-nucleon interaction ( ) ( ), ,i n l nν ′→ . Neutrino 
acts on a nucleon creates a lepton and transforms nucleon into nucleon of oppo-
site charge in an excited state. The detailed process is the neutrino-quark or the 
quasi-elastic neutrino-quark scattering. In particular, we look at the  
( ) ( ), ,e n p eν →  interaction presented by the following mapping diagram  

 ( ) ( )*: , , .ˆ n p e p eν → →  (1) 

Initially, electron neutrino, the free state particle, acts as an operator ν̂  trans-

How to cite this paper: Majkic, R. (2024) 
Neutrino Masses Prediction. Journal of High 
Energy Physics, Gravitation and Cosmology, 
10, 1367-1379. 
https://doi.org/10.4236/jhepgc.2024.104076 
 
Received: May 6, 2024 
Accepted: August 26, 2024 
Published: August 29, 2024 
 
Copyright © 2024 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution-NonCommercial 
International License (CC BY-NC 4.0). 
http://creativecommons.org/licenses/by-nc/4.0/ 

  
Open Access

https://www.scirp.org/journal/jhepgc
https://doi.org/10.4236/jhepgc.2024.104076
http://www.scirp.org
https://www.scirp.org/
https://orcid.org/0000-0001-7949-6536
https://doi.org/10.4236/jhepgc.2024.104076
http://creativecommons.org/licenses/by-nc/4.0/


R. Majkic 
 

 

DOI: 10.4236/jhepgc.2024.104076 1368 Journal of High Energy Physics, Gravitation and Cosmology 
 

forms neutron to a proton, creates an electron and brings the pair ( ),p e  in an 
excited state. The neutrino undergoes complete decay in the course of the process. 
During the process, the neutrino and electron are in (1:1) correspondence related 
by the amount of the neutrino energy to create the electron in an energy state. 
Thus, there is a functional measure of the level of neutrino decay by the “level” of 
electron creation. The construction of such a function rests on the following facts.  

Free neutrino disappears in a complex interaction potential, and its state decay 
function defines the probability of the neutrino decay and, consequently, the prob-
ability of the electron creation in terms of the interaction potential. The theoretical 
cross-section of the neutrino-electron interaction depends on the electron energy 
[1], and the interaction probability. Consequently, the cross-section relates the 
interaction potential and electron energy. Finally, the interaction potential is min-
imally coupled to the matter in the Kline-Gordon-Dirac equation, see the Appen-
dix, and the neutrino decay endpoint, or equivalently the point of its disappear-
ance, relates the neutrino and electron rest energies. 

2. Interaction Probability 

The neutrino decay starts with its sinking in the constant complex potential Γ at 
0t = , and continues together with the complementary process of electron crea-

tion. The neutrino state decay function  

 ( ) ( )
Γ

2, , , L R,R ,
t

A r t e Aψ ψ
−

′Ψ = ∈ ∈��    

defines the density function of the neutrino decay probability,  

( ) ( ) 22
3

d, , , , 2 .
d d

tPr t A r t e
r t

ϖρ ψ ϖ−′= = ∗ = Γ
�

� �
�  

We may assume that the integration of ( ) 2
, ,r tψ ∗
�  reduces to one so that  

2P .tA e ϖ−′=�  

Consequently, the probability that the neutrino exists at a 0t ≥  is  

( ) ( )
2

2P d d .t t tA
t P t t A e t B e B Ae Bϖ ϖ ϖ

ϖ
′− − −′

′ ′ ′ ′= = + = − + = +∫∫  

Boundary conditions are set to be ( )0 1P =  and ( ) 0P ∞ = , which implies that 
0B =  and 1A = . Hence the neutrino probability is  

( )P .tt e ϖ−=  

Since electron creation and neutrino destruction are complimentary events, the 
probability of electron creation is  

P 1 P 1 .c te ϖ−= − = −  

At equal probabilities point  

P P 1 2 ln2,c e ϖτ ϖτ−= ⇒ = ⇒ =  

the decay variable has the value 1 2 ln2ξ ϖτ= = , and the ln2ϖτ >  is the elec-
tron creation condition, which eventually imposes some conditions on the neutrino 
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decay potential. 

3. Minimal Uncertainty 

Interaction probability and the electron creation probability explicitly depend on 
the neutrino decay potential. The energy-time uncertainty principle states that the 
uncertainty A T=   to create an electron of energy   in a time interval t can-
not be smaller than uncertainty minimum 2� . This means that all possible cre-
ation realizations of the electron are defined by an uncertainty parameter 1θ ≥ , 
and that  

O
AA T T T .

2 2 2 2
θ θ

= = ≥ ⇒ = = ≥ =
� � � �


  

 

The time OT  is the minimal uncertainty creation or minimal creation time. 
For each uncertainty ( )A θ  or for each 1θ ≥  an electron of an energy   is 
created in the time interval T with the probability ( )Pc T s= . Consequently,  

A 2Γ Γ Γ
2

T ϖ θ θϖ = = = ≥
�

�   
 

.Te e Tϖ ϖ− −Γ⇒ ≤ ⇔ ≥ Γ   

Here, Oξ = Γ   is the minimum uncertainty decay variable. Further, the  

O eα −Γ=   and O O1β α= −  are the minimal uncertainty probabilities of the 
neutrino existence and electron creation. The minimal uncertainty decay variable 
is either greater or smaller than its value at the half-decay probability point. When 
it is greater than its value at the half-decay probability point  

( )1 2e e eβ −Γ −Γ −Γ≥ + − ≥    

.eα β−Γ≤ ≤  

Consequently, for O 1 2ξ ξ≥  the decay variable ξ  is bounded by the interac-
tion probabilities and for all θ   

Γln ln , 1 , 1 .a b a bα β≥ ≥ = =


 

The ordering is valid for 1 2 2aα < ⇔ >  and 1 2 2bβ > ⇔ < . Consequently  

( ) ( ) ( )O
O

O

1 ln ln 2 .bξ θ ξ θ ξ
Γ

≥ = = = ≥ =


 

Definition: The potential of the neutrino state decay interaction is measured 
by the energy of the created electron, and  

( ) ( )( ): ln , ln 2 .g b gΓ
Γ = ≥ = ≥ 


 

4. Cross Section 

All knowledge about the neutrino decay potential is in the theoretical, experimen-
tally well-known, cross-section [1] of the low energies decay processes  
( ) ( ), ,e n p eν → . If ( ), ,p m�  refers to the electron, if 2

O em c=  and 
/ 2

fτ  is the 

https://doi.org/10.4236/jhepgc.2024.104076


R. Majkic 
 

 

DOI: 10.4236/jhepgc.2024.104076 1370 Journal of High Energy Physics, Gravitation and Cosmology 
 

comparative half-life characteristic of the process, the process theoretical cross 
section [1] is  

 
/ 2

2 3 3

O5 2
O O

2 ,c p cpk
fτ

σ π
= =

�  
 

 (2) 

 
/ 2

2 2 3
44 2

O 3
O

2 2.3 10 cm ,ck
fτ

−π
= = ×

�


 (3) 

or, by the use of the 2 2
Ocp = − = Φ   , ( )2

O1Φ = −   ,  

 
2

2
OO

.okσ
 

= Φ 
 

 


 (4) 

Interacting neutrinos are in (1:1) correspondence with produced electrons, so 
that σ  is also the electron production cross-section. However, the interaction 
cross-section ( ) ( )( )P Pσ σ σ= = Γ  implicitly holds the probability of the neu-
trino decay, which implies the existence of the inverse relation ( )σΓ = Γ . Fur-
ther, we look for an explicit cross-section probability relation.  

Let N be the total number of neutrinos in the beam per unit time of the beam, 
and let the number of the neutrinos on a single electron target be Nν , let the 
number of the neutrino electron interactions is eN ν∩ . The electron conditional 
probability, when the neutrino event happens, is  

( )
/

P
P .

P
e e

e
eN N N

N N N
ν ν

ν
ν ν ν

ν∩ ∩ ∩
= = =  

The electron conditional probability measures by the neutrino interaction 
cross-section and the electron geometric cross section 2

e eA a∼ , 2 2
e ea e m c= , so 

that /Pe eAν σ= . The probability ( )P e ν∩  is the probability Pc  of all elec-
trons created by the neutrinos, and the probability Pν  of the neutrino interaction 
is proportional to the comparative half-time 1 2t  of the neutrino on the electron 
target in the unit time of the beam. Consequently 1 2P 1 tν ∼  and  

 P P
1 2 1 2

P 1P , .
1

c
c

e e

k k
A t t A
σ σ= ⇒ = =  (5) 

Finally, the electron creation probability is  

 
2

P O 2
OO

P .c k k
 

= Φ 
 

 


 (6) 

Remark: The original cross-section is zero when 0p =�  and the production of 
the electrons of the rest energy is zero. However, the probability of electron pro-
duction at t T=  is 1 0β α= − >  for all electron energies O≥  , and the cross- 
section at the rest energy cannot be zero. Hence, the cross-section should be cor-
rected. For this we notice that for all O 1η = <   the momentum  

2
21 1 0,

2
cp ηη

 
= − = − − = Ω ≥ 

 
�    

is approaching zero from above when the electron energy is approaching the rest 
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energy rom above. Hence, any truncated function *Ω  of Ω  will give non-zero 
production of the electrons at the rest energy. As the first approximation, we may 
take * 1Ω =  and  

Definition: The electrons are produced at the rest energy and the electron pro-
duction cross section at an energy O≥  , is  

2

O2
O O

, ,

0, 0.

if
k k

if
σ


≥= 

 <




 




 

The electron energy coefficient k , in the first approximation is 1.  
Corollary 1. The electron creation probability is  

O
2

P A O P A O2
O

P .c k k k k k k k k↓= → 
 



 

  This follows directly from the ( )P APc k k σ= . The electron cross-section 
area coefficient Ak  may be chosen to be 1/π or a better estimated number. In the 
first approximation, we will take A 1k k= =  .    

5. Interaction Potential 

The electron creation probability ΓP 1c e ϖ−= − , explicitly defined by the decay 
interaction potential, is directly related to the theoretical electron creation cross-
section, Equation (4), a function of the created electron energy, Equations (1), (2) 
and (3). Hence  

( ) ( ) ( )2
P

P PΓ ln 1 P ln 1
2

c k
k k

σ
ϖ σ σ= − − = − − = + +�  

2

P A O 2
O

Γ .k k k kϖ⇒ = +�



 

The variable Γ Γϖ =   at the minimum uncertainty electron production re-
duces to the  

2

P P A O 2
O

Γ .k k k k kσ= + = +� �


 
 

The last defines the function ( )g   and, consequently, the decay interaction 
potential is  

 O

/ 2

2 2 2 3
2

P P A O P A O O A P2 3
O O

2Γ          .e
ck k k k k k k k k k k k m c
fτ

σ → π
= = → =

� 
  


  
 

 (7) 

6. Kline-Gordon-Dirac Equations 

This part rests on the concept of minimal coupling presented in the Appendix. 
To complete the system of equations defining the neutrino masses, we will write 
the energy equation, Kline-Gordon equation for the free massive particle minimal 
coupling extension by the neutrino interaction potential. Further, the particle 
is the vector R , , ,E p m z=

� , ( ),oz u u=  in the 5 2 4 1 2
1 1 1 1⊗ = ⊗ ⊗      Min-
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kowski space.  
Definition: The energy function of a free particle in the complex decay poten-

tial is the non-negative function, the norm 2R= , and the particle energy con-
servation law is the equation 0= . Exactly,  

2 2 2 2 2 2 2 2
OR , .E p z P z z m u uµ= − − = − ≡ = + −

�  

2 2 20 0.P z E p z= ⇔ − = − − =
�

  

The function 2: zµ µ =  is the particle rest energy. If the particle energy E is 
real number, the particle is real. Else it is an exotic particle. The particle is regular 
if its interaction rest energy µ  is real.  

A collection of quantum operators residing in the operator space  
4 1 2
1 1 1

ˆ ˆ ˆ ˆ= ⊗ ⊗R R R R , inheriting all algebraic properties of the vector space R . is 
associated with each particle. The particle quantum state equation is its quantized 
energy equation. Further, the speed of the light is one, and 2 2 2 2

O: m u uµ µ = + −  
is the particle interaction rest energy, i-rest energy or the interaction rest mass, i-
rest mass.  

Definition: The particle state variables and its state decay function Ψ  are en-
tangled in the quantum state Kline-Gordon equation  

( ) ( )2 2 2 2 2 2ˆ ˆ ˆ 0ˆˆ .ˆ    EP pµ µΨ = − Ψ = − − Ψ =
�

  

Corollary 2. The energy function operator  

( )( )2 2 2 *ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆP P Pµ µ µ= − = − + = ΠΠ  and  

( ) ( )2 2 2 2 2 2ˆ  ˆ ˆ ˆˆ ˆ .P E pµ µ= − Ψ = − − Ψ
�

 Ψ  

In addition, the linear factorization or the Kline-Gordon equation, or the Kline-
Gordon-Dirac equations for the free particle state decay hold and  

( ) ( )ˆ 0,ˆ P E pψ µ ψ µ ψΠ = − = − − =
�  

( ) ( )* 0.ˆˆ P E pψ µ ψ µ ψΠ = + = + + =
�  

  To shorten notation we use ˆ ˆ ˆP E p= +
�

, ˆ om u uµ = + − . By definition  
P̂ PΨ = Ψ , µ̂ µΨ = Ψ , and 2 2P̂ PΨ = Ψ  and 2 2µ̂ µΨ = Ψ , so that  

( ) ( )
( )

2 2 2 2 2 2 2

2 2 2 2

ˆ ˆ ˆ

ˆ ˆ ˆˆ ˆ ˆ .

P P P

PP P P

µ µ µ

µµ µ µ

Ψ = − Ψ = − Ψ = Ψ − Ψ

= Ψ − Ψ = Ψ − Ψ = − Ψ


 

However, the operators inherit the scalar product of the space 3 1 2
1 1⊗ ⊗    

and  

( )2 2 *ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ .P P Pµ µ µ− Ψ = − + Ψ = ΠΠ Ψ  

Suppose that ˆ 0ΠΨ ≠  and * 0Ψ ≠ . Then  
20 * * * *ˆ 0.ˆ≡ = ΠΠ Ψ =Π Ψ = ΠΨ = ΠΨ ≠  

contradiction. Thus, the linear state equations must hold. We notice that the Kline- 
Gordon-Dirac linear equations differ from the Dirac linear relativistic spinor 
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equation.    
Definition: The pair ( )*,P P  of the objects in the states described by the linear 

Kline-Gordon or Dirac equation are dual particles. 

7. Kline-Gordon Particles 

We notice that the particle P  is the evolution of the original particle OP  in the 
imaginary decay potential G iu= , in which it gains the interaction rest mass, i-
mass, or equivalently the interaction i-rest energy 2z µ= . Such are the particles 
that satisfy the Kline-Gordon equation, their energy solution 2 2E p z= +

�
 in-

volves the i-rest energy function 2 2z m u= − . Let M m u= −  and *M m u= + . 
Then * 2M M m+ = , * 2M M u− =  and i-rest energy *z M M=  is  

* O *

O

* O *

, , if ,

 0, 0, if ,

, , if .

M M E M M m u

z E m u

M M E i M M m u

+ = ± >
= = =

− = ± <

 

Positive and negative energy solutions correspond to the dual particle pairs 

( )*,P P . To understand the meaning of the imaginary energy solutions, we set the 
particle in the interaction potential hole of the increasing sequence of the constant 
energy depths. All possible cases m u> , m u=  and m u<  of the pairs ( ),m u , 
are the 0z > , 0z =  and 0z <  i-rest energy cases, and the following situations 
appear.  

1) The choice of ( ),m u  sets the zero i-rest energy point and places the particle 
into the class of the positive or negative i-rest energy function z. The particle is 
real as long as its energy 2 2E p z= +

�
 is non-negative, this is true for all regular 

particles, m u≥ . All free particles start in a depth-increasing potential as the reg-
ular particle and hold their regularity until they reach the zero i-rest energy.  

Definition: The zero i-rest energy is the decay particle splitting point.  
2) When the depth of the decay potential reaches the particle rest energy, the 

particle i-rest energy becomes zero, and the Kline-Gordon’s equation splits into 
two equations  

 2 2 2 2 20, 0.P E p z m u= − = = − =
�

 (8) 

The real particle P  enters the zero i-rest energy point with either ( ), 0E p ≡
�

 
or ( ), 0E p >

�
.  

When ( ), 0E p ≡
�

 the particle split is O ∅∼ ∧P P P , where ( )0,0,0,∅ = ∗P  is 
the zero Kline-Gordon photon, and the P  the particle of the mass m m= , sit-
ting in the rest mass field. Such a particle decouples from the motion, and the 
splitting point is the particle vanishing point.  

When ( ), 0E p ≠
�

 the particle split is O γ∼ ∧P P P  where γP , is the Kline-
Gordon photon, the original particle decouples into a Kline-Gordon photon and 
the massive particle P  of the mass m m= , sitting in the rest mass field.  

3) The decay potential may exceed the particle rest energy and the i-rest particle 
energy function becomes negative. In that case  
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2 2 2 20, .mE p p pµ µ= − ≥ ∀ ≥ =
� � �

 

and the particle is real as long as 2 0E ≥ . For such particle 2 0mp p µ≥ = ≥
� �

, and 
such particles never achieve the rest state, an example is the photon. The energy 
equation for such particles is  

2 2 2 20, 0.p E µ µ= + ≥ ≥
�

 

Remark: We recall that the upper and lower extremal differ in the sign of the 
four-momentum vector, and that all extensions above minimal coupling done to 
the lower extremal 2 2

Ox x− +  would produce the energy function  
2 2 2 2 2, .E p z z m uµ= − + − = = −
�

  

2 2 20 .p E µ⇒ = ⇒ = +
�

  

When 0z >  the particle energy is the same as the energy on the upper ex-
tremal solution for the negative i-rest energy. Hence  

 2 2

2

 2 2

  0, 0,
0, 0,

0, 0.

p if z
E if z

p if z

µ

µ

 + ≥ >


= =
 − ≥ <

�

�
 

8. Dirac Particles 

Dirac particles are the particle pair ( )*,P P  solution to the equations linear fac-
tors of the equations of the Kline-Gordon equation. The particle rest energies are 
M m u= −  and *M m u= + , and if the particle i-rest energy is M the i-rest en-
ergy of its dual particle is * 2M m M= − . At the splitting point, the i-rest mass is 
zero, and the pair ( )*,P P  is a massless particle 0M∼ =P  and massive dual 
particle *

* 2M m∼ =P . 

9. Neutrino Masses 

The minimal creation of an electron in the neutrino-nucleon process is the crea-
tion of an electron at rest state. Consequently, the minimum requirement is that 
the neutrino state decay ends at the splitting point. Equivalently, the splitting 
point is the neutrino disappearance point. There, 0µ = , an electron at the rest 
state followed by the ∅P  zero Kline-Gordon photon is created. Thus  

2 4 2 4 2
P0 Γ 0 Γ   ec m c m k mµ σ= ⇔ − = ⇒ = =  

 
/ 2

2 2 3

A P A P O3
O

2 .e e
cm k k k m k k k k m
fτ

π
∴ = =

�
 

   (9) 

For the ( ) ( ), ,e n p eν →  process 3
1 2 1.1 10t = × , and we take A 1k k= =   in the 

first approximation. According to Equation (2), the coefficient 44
O 2.3 10 sk −= × , 

for an electron 2 34 27.90 10 cmea −= ×  and by the Equation (4),  
2 30

P 1 21 1.15 10ek a t= = × . Consequently, the electron neutrino mass is  
30 44

P O

14 2 8 2

1.15 10 2.3 10 0.511

1.35 10 MeV c 1.35 10 eV c .
e em k k mν

−

− −

= = × × × ×

= × = ×
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Since muon and the tau neutrinos follow the ( ) ( ), ,i N N lν →  charged weak 
currents interactions, the electron neutrino elastic scattering is the prototype for 
all neutrino generation interactions with the nucleons. Based on this similarity, 
we may assume that the corresponding cross-sections have the same analytic 
structure and that they differ among themselves by the charged lepton mass en-
tries, and, it may be, the characteristic half-time 1 2t . If mi  is a neutrino and im′  
its lepton mass and e refers to an electron, then  

( )
3

1 2O
3

O 1 2

m   , .
e

eii
i i i e i i

i ee e i
e e e ei

tm k m m m mF m m
m m m m mk m tν

σ
σ

′ ′ ′ ′
′= = = =

′
 

Table 1 shows the calculation, and the masses are in the eV/c2.  
We assume that the half-life time does not vary over the leptons generations 

and further depending on the cross-section lepton masses dependence and con-
sider the following cases  

Case I: 1F = , the cross-section does not vary by the lepton generation/masses,  
Case II: 1F ≠ , the cross-section does vary by the lepton generation/masses.  

 
Table 1. Calculation of the neutrino masses. 

 e μ τ Σ 

mi 5.11 × 10−1 1.06 × 10−2 1.78 × 10−3  

i

e

m
m
′

 1 2.07 × 102 3.48 × 103  

e

i

m
m′

 1 4.83 × 10−3 2.87 × 10−4  

I
im  1.35 × 10−8 5.81 × 10−4 1.64 × 10−1 0.165 
II
im  1.35 × 10−8 3.15 × 10−13 1.11 × 10−15 1.35 × 10−8 

 2
12m∆  2

23m∆  2
31m∆   

I 3.37 × 10−7 2.70 × 10−2 2.7 × 10−2 eV2/c4 

II 1.83 × 10−16 9.94 × 10−26 1.83 × 10−16 eV2/c4 

10. Conclusion 

The cases I and II generate two chains of the neutrino masses, each starting with 
the electron neutrino mass. In the case I, the interaction cross-sections do not vary 
over the lepton generations and the neutrinos constitute an increasing order mass 
chine e µ τν ν ν≺ ≺ . Else, the decreasing mass chain is obtained when the cross-
section variation by the lepton masses is allowed. In addition, both chains satisfy 
the mass sum limit [2] Σ 0.17 eVim <  with 95% confidence level, set by the Planck 
satellite [2] experimental data. However, only the mass-increasing neutrino hierar- 
chy is consistent with the neutrino oscillation [2] experimental square mass dif-
ferences data. Under the limitations of the assumptions above, perhaps the leptons 
geometry, and the simplicity of the model, the increasing neutrino mass-ordering 
chain 8 4 1 2m ,m m 1.35 10 ,5.81 10 ,1.64 1, 0 eV ce µ τ

− − −= × × ×  is predicted [3]. 
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Appendix 

Minimal Coupling 
In this part m n+  is Euclidean space spanned by the base ( )ˆ ˆ, xox  and equip-

ped with the scalar product. The square of the general vector  

O ˆX xxˆxx x x= + = +
��   

( )22 2 2 2 2 2 2
O O O O OX 2 x x 2 x cos x x cos x sin 0,x x x x xθ θ θ= + + = + + = + + >

� �  

is the paraboloid function ( )O , xy x  of the magnitudes of variables ( )O ,xx  in 
the m n+  space. Its upper branch is the Euclidean norm ( )2

OX : X ,xy x= . 
The norm has minimum 0y = , at the point ( )0,0 , and does not have other ex-
tremes. Further, we are looking to find the extremes of the functions restrictions 
( ) ( )O OU ,x y x const=  and ( ) ( )V x , xy const= , the cuts x const=  and  

Ox const=  of the vector square function. It follows that  

( ) ( )2 2
x O O xx

ˆˆV 2 2x x 0 2 2x 0, 2x 2 0x x x y∂ = + = ⇒ + = ∂ = = >
� � �� ��  

( ) ( )O O O

2 2
O O O O OU 2 2x 0 2 2 x 0, 2 ,ˆ 2 0ˆx x xx x x x y x∂ = + = ⇒ + = ∂ = = >
� ��� �  

and the extremals are the upper and lower hyperbolic saddles at the point ( )0,0
� �

 
over N n m= +  dimensional space. Thus  

2 2
O O
2 2
O

, upper saddle at fixed cut,
, lover saddle at x fixed cut.

m n
n
m n
m

Z x x x
y

Y x x

+

+

 = + − ⊂= 
= − + ⊂




 

Definition: The space n  is minimally coupled to the space m  by the hy-
perbolic norm function  

2 2 2X x .x= = −
��

  

into Minkowski space m n
n
+ . The norm induces the hyperbolic scalar product  

X X x x ,x x= −
� � � �

 

on m n
n
+ , where X xx= −

� �
 is the conjugate vector of the vector X xx=

� �
. 

The norm and hyperbolic scalar product are mutually consistent.  
The hyperbolic norm in the physical application is the particle energy square 

function 2=  .  
Example An example of the minimal coupling is the pairing of the space and 

time into a space-time four-vector ( )OX ,xx=
�

 in the Minkowski space 4
3 . The 

speed of the light is one. The norm there is 2 2 2
OX xx= −
� , and the scalar product 

consistent with the norm O OX X x xx x= −
� �

.  
Corollary P1. The energy and momentum of a massless particle couple in a 

four-vector in the Minkowski space 4
3 , the particle identifies with the vector 

( )P E p=
�

 in the 4
3 , and its energy function  

2 2.E p= −
�

  

Scalar product consistent with the norm is P P E p E p= −
� �

. The free 
non-interacting particle preserves energy and 2 2 2 0P E p= = − =

�
 . 

  Minimal momentum coupling condition applied to the squire of the vector 
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( ),P E p=
�

 implies  
2 2 2 2 22 2 1 2 0ˆ 2ˆ ,p ppP E Ep p P E pp P= + + ⇒ ∂ = + ∂ = >

� �  

( )2 2 2 20 2 0 .p P Ep p E p∂ = ⇒ + = ⇒ = −
� � �

  

The function   is the norm of the vector P, and the corresponding scalar prod-
uct is P P E p E p= −

� �
. The energy function   is the energy-momentum 

four-vector equation for non-interacting physical particles. In the case of a free 
massless particle, the energy momentum preserves, and 2 2 0E p= − =

�
 .    

Remark: The evaluation 0=  is the energy-momentum conservation law 
for the free massless particle, and 0const= >  is the well-known statement of 
the energy-momentum conservation law for massive particles. It is important to 
notice that massive particle is the minimal coupling of matter to space-time.  

Corollary P2. Hyperbolic norm 2 2 2P m= −  couples minimally matter and 
the space-time into five-vector ( )E p m=

�
  in the Minkowski space 5

3 1+ . 
The scalar product 2 E p m E p m= − − =

� �
    is induced by the norm.  

The zero norm condition 2 0=  is the free particle energy-momentum con-
servation law for both the massive and massless particles.  
  Independently on that whether ( ),P E p=

�
 is minimally coupled into en-

ergy-momentum four-vector, the vector ( ) ( )2, ,P mc P m= ∼  is in the five-di-
mensional space and  

2 2 2 2 22 2 2 , 2 0m mmP Pm m P m= + + ⇒ ∂ = + ∂ = >    

( )2 2 2 ?20 2 0 .m Pm m P m∂ = ⇒ + = ⇒ = −   

2 2 2 2 2 0P m E p m∴ = − = − − ≥
�

  

The non-negative energy function, hyperbolic norm  , represents the energy-
momentum equation for a massive particle. The scalar product  

P m P m E p m E p m− = − − =
� �

   is consistent with the norm. Fur-
ther, the zero norm is a free massive particle energy-momentum conservation law. 
   

Remark: Further, a free particle OP  is a physical object characterized by the 
five-vector ( ) ( ), , ,P m E p m= =

�
  in the five-dimensional space  

4 5
3 1 3 1  +⊗ =   . However, an interacting particle requires the presence of an in-

teraction potential or, equivalently, an additional extension of the space associated 
with the particle.  

Definition: An interaction potential of a physical particle   is a complex 
function OG u iu= +  minimally coupled to the particle. The interacting particle 
is the vector ( )R ,G=   in the seven dimensional space.  

Corollary P3. The energy function of a particle in the complex interaction po-
tential OG u u= +  is  

2 2.G= −   

If interaction OG u u= +  measures the particle interaction the complex inter-
action potential with minimally coupled components also measures the particle 

https://doi.org/10.4236/jhepgc.2024.104076


R. Majkic 
 

 

DOI: 10.4236/jhepgc.2024.104076 1379 Journal of High Energy Physics, Gravitation and Cosmology 
 

interaction, the complex potential 2 2
OG u u⇒ −  and the interacting particle en-

ergy function is  
2 2 2 .P z E p z= − = − −

�
  

The particle i-rest mass or its i-rest energy  2 2 2
Oz m u u= + −  consistently re-

produces the rest muss of the free particle. The interacting particle is the vector 
R  in the 6 4 2 5 2

3 3 1 1 3 1 1+⊗ ∼ ⊗ ⊗ ∼ ⊗        vector space, and the scalar prod-
uct consistent with the particle energy function is  

2
O OR R R .E p m u u E p m u u= − − − =

� �  

  The interacting particle is the vector ( )R ,G=   in the 5 7
3 ⊗ ∼    

space. The interaction potential is minimally coupled to the particle   and the 
particle square  

( )2 2 2 2
GR 2 2 0G G G= + + ∴ ∂ = + =     

22 2 22 2 0 .G G G⇒ + = ⇒ = = −     

The function 2
O:G G u iu= +  measures the particle interaction energy. The 

physical particle variables are real so that  

( ) ( ) ( )O OR , ; , ; .G u iu u iu= ∼ + ∼    

If the function G measures the particle interaction then the complex interaction 
potential G with the minimally coupled components measures also the particle in-
teraction. The real number nature of the particle variables requires that the real part 

Ou  of all interaction potential G couples to the four-momentum as the mass does to 
constitute the rest interaction mass or the rest interaction energy. Thus, the imagi-
nary component of the interaction potential is minimally coupled to its real part and  

2 2 2 2
O O O2 2 ˆ 0uG u iu u u G iu u= + ⋅ + ∴ ∂ = =  

2 2 2 2
O O2 2 0 .iu u u G u u⇔ + = ⇒ = −  

Since 2 2 2 2 2 2P m E p m= − = − −
�

  the energy function  
2 2 2 2 2 2 2 2 2

O .P G E p G u u E p z= − = − − − + = − −
� �

  

The particle interaction rest energy function  2 2 2
Oz m u u= + −  may be positive, 

negative and zero. The particle is the vector OR E p m u u=
�

 in the  
5 4 1 2
3 1 3 1+ ⊗ ∼ ⊗ ⊗     . Non-negative energy function is the norm 2R , and 

the scalar product induced by the norm is  
2

O OR R R .E p m u u E p m u u= − − − =
� �  

   
The interaction mass or the interaction rest energy function for the particle in 

the complex interaction potential OG u iu= +  is  
2 2 2 2 2 2

O O
2 2 2

O
2 2 2 2 2 2

O O

, if 0,
0, if 0,

, if 0.

m u u m u u
z m u u

u m u m u u

 + − + − >


= + − =
 − − + − <
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