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Abstract 
The Aharonov-Bohm effect (experimentally verified) constitutes an undubi-
table proof of the non local nature of quantum mechanics and of the gauge 
character of the electromagnetic interaction. On the other hand, the existence 
of a Dirac monopole (not yet experimentally confirmed) leads to the quanti-
zation of the electric charge. Both phenomena can be mathematically de-
scribed in the context of fiber bundle theory. Using this approach, we briefly 
review the mutual determination of the corresponding connections A Bω − , 

Dω  and potentials A BA − ± , DA ± . This mathematical result gives an additional 
theoretical support to present day active search of the magnetic charge. 
 

Keywords 
Aharonov-Bohm Effect, Dirac Monopole, Principal Bundles 

 

1. Introduction 

As is well known, both the Aharonov-Bohm (A-B) effect [1] and the Dirac (D) 
magnetic monopole theory [2] [3] admit a natural description in geometric and 
topological terms in the context of fiber bundle theory and connections [4] [5]. 
However, while the A-B effect is experimentally observed [6], the abelian Dirac 
monopole is not confirmed to exist in the physical world [7]. Initial claims of 
its existence [8] [9] could not be confirmed even in recent experiments [10] 
[11]. 

In this note we exhibit, in a concise manner, the deep relation between the ge-
ometrical descriptions of both phenomena: the existence of the D connection and 
the corresponding local potentials implies the existence of the A-B connection and 
its potentials, and vice versa. It is this “vice versa” that supports the expectation of 
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the experimental finding of Dirac monopoles in future experiments. As Polchinski 
[12] wrote: “...the existence of magnetic monopoles seems like one of the safest 
bets that one can make about physics not yet seen.” 

The present paper only describes the main facts of the above relation; more 
detailed calculations can be found in [13] [14]. 

2. A-B Bundle A Bξ − , Connection A Bω − , and Local Potentials 

( )A BA − ±  

The ( ) 11U S≅  bundle associated with the A-B effect with an infinitesimally thin 
and infinitely long solenoid is the product (and therefore trivial) bundle [5]  

 ( ) ( )1
* *1 2 2

0 0: pr
A B S T Dξ − →→  (1) 

where: ( ) { }*2 *
0 \ 0D = =   is the punctured open disk in two dimensions, 

( ) ( )* *2 2 1
0 0T D S= ×  is the open solid 2-torus minus a circle, and 1pr  is the pro-

jection in the first entry ( )1 ,eipr z zϕ = . The action of 1S  on ( )*2
0T ,  

( ) ( )* *2 1 2
0 0:A B T S Tψ − × → , is given by ( )( ) ( )( ),e ,e ,eii i

A B z z ϕ ϕϕ ϕψ +
−

′′ = . The rea-
son for (1) is that, because of the symmetry along the solenoid, the available space 
for the electrically charged particles moving around it is { } ( )*2 2 *\ 0 ≡ ≅   . 
Since *  is of the same homotopy type as 1S , A Bξ −  is, up to isomorphism, the 
unique ( )1U -bundle over * . This uniqueness is a remarkable fact in relation 
to the description of the A-B effect. 

The A-B potentials (and global connection A Bω −  on * 1S×  since A Bξ −  is 
trivial) are the flat but non-exact 1-forms with values in ( )1u i=  , the Lie alge-
bra of ( )1U ,  

 ( ) 2 22 2A B
i i XdY YdXA d

X Y
ϕ− ±

− = =  + 
∓ ∓  (2) 

with ( )0,2ϕ π∈ , X iY z+ = , and ,X Y  Cartesian coordinates on ( )*2 . 

3. D Bundle Dξ , Connection Dω , and Local Potentials ( )DA ±  

The ( )1U  principal bundles associated with Dirac monopoles of magnetic charge 
g kλ=  with integer k and λ  a number depending on units, are the Hopf bun-
dles [4] 

 1 3 2: kk
D kS P Sπξ → →  (3) 

with 3 2 1
0P S S= ×  (the unique trivial bundle, no magnetic charge);  

( ){ } { }3 2 2
2 1

3
1 3, , 1jjS x x x x

Φ

=
⊃ = = ≅ ∪ ∞∑� � , the unit 2-sphere, with  

( ) ( ) ( )1 2 3 1 2 3, , 1x x x x ix xΦ = + +  for ( ) ( )1 2 3, , 0,0, 1x x x ≠ −  and ∞  for  

( ) ( )1 2 3, , 0,0, 1x x x = − . In particular, for the case 1k = , to which we shall restrict, 

 1 1 3 2:D S S Sπξ → →  (4) 

with ( ){ }2 23 3 2
1 1 2 1 2, 1P S z z z z= = ∈ + =  the 3-sphere, and 1π π≡  the Hopf 
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map ( )1 2 1 2,z z z zπ =  for 2 0z ≠  and ∞  for 2 0z = . The action of 1S  on  
3S , 3 1 3:D S S Sψ × →  is given by ( )( ) ( )1 2 1 2, ,e e , ei i i

D z z z zϕ ϕ ϕψ = . 

If ( ), 0,2χ ϕ π∈  and [ ]0,θ π∈  are the Euler angles in 3 , the ( )1u -valued 
non flat D connection on 3S  is given by [15] 

 ( )cos
2D
i d dω χ θ ϕ= +  (5) 

with D potentials on 2S  

 ( )1 cos .
2D
iA dθ ϕ± = ∓ ∓  (6) 

The curvature of Dω  is ( )i− ×  the magnetic field of the monopole:  

sin
2D D
iF d d dω θ θ ϕ= = ∧ . 

4. Relation between the A-B and D Bundles 

The inclusion 

 { } ( )*: , z zι ι→ ∪ ∞ =   (7) 

induces: 
1) The bundle map (but not isomorphism) 1

A B D Dξ ξ ξ− → ≡  (Figure 1), with 

 ( )11, D A BS
pr Idπ ι ι ψ ι ι ψ −= × =� � � �  (8) 

where 

 ( ) ( )
( )

* 1 3 ,1
: , ,e e .

,1
i iz

S S z
z

ϕ ϕι ι× → =  (9) 

 

 
Figure 1. Bundle map A B Dξ ξ− → . 

 
2) The pull-back of the D bundle (Figure 2) 

 ( ) ( )
1

*
* 1 *:

D

pr
D S P

ι ξ
ι ξ → →  (10) 

with total space 

 
( ) ( )( ) ( ) ( ){ }*

* 3
1 2 1 2, , | , ,

D
P z z z S z z z
ι ξ

ι π= ∈ × =  (11) 

and action 

 
( ) ( ) ( ) ( ) ( )( )( ) ( )( )* * * *

1
1 2 1 2: , , , ,e , , e .

D D D D

i iP S P z z z z z zλ λ
ι ξ ι ξ ι ξ ι ξ

ψ ψ× → =  (12) 

One then has the bundle map ( ) ( )*2 , :
D

Dpr
ι ξ

ι ξ ξ→  given by 
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 ( ) ( )1 *2 1 2 2,
D

D S
pr pr pr Id pr

ι ξ
π ι ψ ψ= × =� � � �  (13) 

where 
( )*

3
2 :

D
pr P S

ι ξ
→ , ( )( )( ) ( )2 1 2 1 2, , ,pr z z z z z=  is the projection in the sec-

ond entry. 
 

 

Figure 2. Pull back ( )*
Dι ξ  of Dξ . 

 
3) The bundle isomorphism ( )*

D A Bι ξ ξ −→  (Figure 3): the map  

 
( )

( )
( ) ( )*

* 1 ,1
: , , e ,e

,1D

i iz
P S z z

z
ϕ ϕ

ι ξ

 
Ψ → × Ψ =  

 
�  (14) 

is continuous, one-to-one and onto, with continuous inverse 1−Ψ . Together with 
ι , Ψ establishes the topological equivalence between the bundles ( )*

Dι ξ  and 

A Bξ − . It is easy to verify the equalities 

 ( ) ( )* 1 *1 1, .
D

A B S
pr Id pr Id

ι ξ
ψ ψ−Ψ = Ψ× = Ψ

�
� � � �  (15) 

 

 

Figure 3. Bundle isomorphism ( )*
D A Bι ξ ξ −→ . 

5. The Existence of the D Potentials Implies the Existence of 
the A-B Potentials 

In terms of the cartesian coordinates ( ) ( ), , sin cos ,sin sin ,cosX Y Z r θ ϕ θ ϕ θ=  
with ( )0,θ π∈  and [ )0,2ϕ π∈  (which excludes the Z axis), the monopole po-
tentials DA ±  of Equation (6) are given by  

 ( ) ( ) ( ), ,D D DX YA X Y Z A dX A dY± ± ±= +  (16) 

with 

 

( )

( )

2 2 2 2 2

2 2 2 2 2

1 ,
2

1
2

D X

D Y

i Y ZA
X Y X Y Z

i X ZA
X Y X Y Z

±

±

 
= ±  

+ + + 
 

=  
+ + + 

∓

∓ ∓

 (17) 

Restricting this 2-form to 0Z = , its pull-back operation by ( )*2 2
0: D Sι →  
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reduces to the identity and gives on ( )*2
0D  the A-B potentials of Equation (2). It 

is then clear that the same occurs at the level of connections, i.e. the pull-back by 
ι  of Dω  on 3S  gives A Bω −  on * 1S× . 

6. The Existence of the A-B Connection Implies the Existence 
of the D Connection 

The 2-torus resulting from taking the pre-image by π  of the north and south 
poles of 2S , respectively ( )0,0,1N =  and ( )0,0, 1S = − , 

 { }( ) ( ){ } ( ){ }1 1 1 2
1 1 2 2, ,0 1 0, 1 ,N S z z z z S S Tπ − = = ∪ = ≅ × =  (18) 

allows to define the truncated bundle D̂ξ  of Dξ :  

 ( ) { }( )3 2 *ˆ1 2ˆ \: \ , ,D S S T S N Sπξ → → ≅   (19) 

isomorphic to A Bξ −  through the pair of maps ( )* ,Id ι


, with action of 1S  on 
3 2\S T  given by the restriction of Dψ , |Dψ  (Figure 4). One can then apply the 

Proposition 6.1 in ref. [16]: given a connection η  (in our case A BA − ) in A Bξ −  
there exist and is unique a connection ω  in D̂ξ  such that the horizontal sub-
spaces of η  (kernels of η ) in * 1S×  are mapped into the horizontal sub-
spaces of ω  (kernels of ω ) in 3 2\S T . In our case, this is done through the 
push-forward linear transformation *dι ι≡ . The result is  

 ( )( ) ( )* | 2
2A B D
iker A dι χ ω θ π− = = =  (20) 

where |Dω  is the D connection on Dξ  (i.e. on 3S ) restricted to 3 2\S T  i.e. 
with ( )0,θ π∈  (ref. [14]). The extension of the domain of θ  from ( )0,π  to 
[ ]0,π  recovers the bundle Dξ  and the D connection on it. This completes the 
proof that the A-B connection on A Bξ −  uniquely determines the D connection 
on Dξ . 
 

 

Figure 4. Bundle isomorphism ˆ
A B Dξ ξ− → . 

7. Conclusion 

From its proposal in 1931 by Dirac [2], the abelian magnetic pole has been subject 
to intense search, however yet unsuccessful. In contradistinction, the Aharonov-
Bohm effect proposed in 1959 by Aharonov and Bohm [1] was immediately ex-
perimentally verified [6]. Both “phenomena” admit a natural description in terms 
of the theory of fiber bundles and connections; moreover, the intimate relation 
between the corresponding ( )1U -bundles Dξ  and A Bξ − , the “residence” of the 
phenomena (Section 4), leads to the proof of the equivalence of the A-B and D 
potentials and connections, that is, the existence of DA ±  implies the existence of 
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A BA − ±  (the same for Dω  and A Bω − ) and vice versa. This pure mathematical re-
sult can be considered, given the physical existence of the A-B effect, a theoretical 
support to the present search for finding the magnetic charge. 

Acknowledgements 

The author thanks for hospitality to the Instituto de Astronomía y Física del Es-
pacio (IAFE-UBA-CONICET), Argentina, where this work was done during a 
sabbatical leave from ICN-UNAM; and to Ernesto Rotondo at the Universidad 
Nacional de General Sarmiento, Pcia. de Buenos Aires, and Ernesto Eiroa at IAFE, 
for useful discussions. 

Conflicts of Interest 

The author declares no conflicts of interest regarding the publication of this paper. 

References 
[1] Aharonov, Y. and Bohm, D. (1959) Significance of Electromagnetic Potentials in the 

Quantum Theory. Physical Review, 115, 485-491.  
https://doi.org/10.1103/physrev.115.485 

[2] Dirac, P.A.M. (1931) Quantised Singularities in the Electromagnetic Field. Proceed-
ings of the Royal Society, A133, 60-72. https://doi.org/10.1098/rspa.1931.0130 

[3] Dirac, P.A.M. (1948) The Theory of Magnetic Poles. Physical Review, 74, 817-830.  
https://doi.org/10.1103/physrev.74.817 

[4] Wu, T.T. and Yang, C.N. (1975) Concept of Nonintegrable Phase Factors and Global 
Formulation of Gauge Fields. Physical Review D, 12, 3845-3857.  
https://doi.org/10.1103/physrevd.12.3845 

[5] Aguilar, M.A. and Socolovsky, M. (2002) Aharonov—Bohm Effect, Flat Connections, 
and Green’s Theorem. International Journal of Theoretical Physics, 41, 839-860.  
https://doi.org/10.1023/a:1015780806734 

[6] Chambers, R.G. (1960) Shift of an Electron Interference Pattern by Enclosed Mag-
netic Flux. Physical Review Letters, 5, 3-5. https://doi.org/10.1103/physrevlett.5.3 

[7] Milton, K.A. (2006) Theoretical and Experimental Status of Magnetic Monopoles. 
Reports on Progress in Physics, 69, 1637-1711.  
https://doi.org/10.1088/0034-4885/69/6/r02 

[8] Price, P.B., Shirk, E.K., Osborne, W.Z. and Pinsky, L.S. (1975) Evidence for Detection 
of a Moving Magnetic Monopole. Physical Review Letters, 35, 487-490.  
https://doi.org/10.1103/physrevlett.35.487 

[9] Cabrera, B. (1982) First Results from a Superconductive Detector for Moving Mag-
netic Monopoles. Physical Review Letters, 48, 1378-1381.  
https://doi.org/10.1103/physrevlett.48.1378 

[10] Acharya, B., Alexandre, J., Benes, P., Bergmann, B., Bertolucci, S., Bevan, A., et al. 
(2022) Search for Magnetic Monopoles Produced via the Schwinger Mechanism. Na-
ture, 602, 63-67. https://doi.org/10.1038/s41586-021-04298-1 

[11] Achayra, B., Alexandre, J., Behera, S.C., Benes, P., Bergmann, B., Bertolucci, S., et al 
(2024) MoEDAL Search in the CMS Beam Pipe for Magnetic Monopoles Produced 
via the Schwinger Effect. arXiv: 2402.15682.  
https://doi.org/10.48550/arXiv.2402.15682 

https://doi.org/10.4236/jhepgc.2024.104085
https://doi.org/10.1103/physrev.115.485
https://doi.org/10.1098/rspa.1931.0130
https://doi.org/10.1103/physrev.74.817
https://doi.org/10.1103/physrevd.12.3845
https://doi.org/10.1023/a:1015780806734
https://doi.org/10.1103/physrevlett.5.3
https://doi.org/10.1088/0034-4885/69/6/r02
https://doi.org/10.1103/physrevlett.35.487
https://doi.org/10.1103/physrevlett.48.1378
https://doi.org/10.1038/s41586-021-04298-1
https://doi.org/10.48550/arXiv.2402.15682


M. Socolovsky 
 

 

DOI: 10.4236/jhepgc.2024.104085 1537 Journal of High Energy Physics, Gravitation and Cosmology 
 

[12] Polchinski, J. (2004) Monopoles, Duality, and String Theory. International Journal of 
Modern Physics A, 19, 145-154. https://doi.org/10.1142/s0217751x0401866x 

[13] Socolovsky, M. (2018) Aharonov-Bohm Effect, Dirac Monopole, and Bundle Theory. 
Theoretical Physics, 3, 83-89. https://doi.org/10.22606/tp.2018.33002 

[14] Socolovsky, M. (2019) Aharonov-Bohm Effect vs. Dirac Monopole: A-B⇔D. Theo-
retical Physics, 4, 40-45. https://doi.org/10.22606/tp.2019.41004 

[15] Trautman, A. (1977) Solutions of the Maxwell and Yang-Mills Equations Associated 
with Hopf Fibrings. International Journal of Theoretical Physics, 16, 561-565.  
https://doi.org/10.1007/bf01811088 

[16] Kobayashi, K. and Nomizu, K. (1963) Foundations of Differential Geometry, Vol. I. 
Wiley, 79-81. 

 
 
 
 
 
 
 

https://doi.org/10.4236/jhepgc.2024.104085
https://doi.org/10.1142/s0217751x0401866x
https://doi.org/10.22606/tp.2018.33002
https://doi.org/10.22606/tp.2019.41004
https://doi.org/10.1007/bf01811088

	Equivalence of the Aharonov-Bohm and Dirac Monopole Potentials
	Abstract
	Keywords
	1. Introduction
	2. A-B Bundle , Connection , and Local Potentials 
	3. D Bundle , Connection , and Local Potentials 
	4. Relation between the A-B and D Bundles
	5. The Existence of the D Potentials Implies the Existence of the A-B Potentials
	6. The Existence of the A-B Connection Implies the Existence of the D Connection
	7. Conclusion
	Acknowledgements
	Conflicts of Interest
	References

