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Abstract

The Aharonov-Bohm effect (experimentally verified) constitutes an undubi-
table proof of the non local nature of quantum mechanics and of the gauge

mology, 10, 1531-1537.

character of the electromagnetic interaction. On the other hand, the existence
https://doi.org/10.4236/jhepgc.2024.104085

of a Dirac monopole (not yet experimentally confirmed) leads to the quanti-
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scribed in the context of fiber bundle theory. Using this approach, we briefly
review the mutual determination of the corresponding connections @, g,

Copyright © 2024 by author(s) and op and potentials A, ., Ay, . This mathematical result gives an additional
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1. Introduction

As is well known, both the Aharonov-Bohm (A-B) effect [1] and the Dirac (D)
magnetic monopole theory [2] [3] admit a natural description in geometric and
topological terms in the context of fiber bundle theory and connections [4] [5].
However, while the A-B effect is experimentally observed [6], the abelian Dirac
monopole is not confirmed to exist in the physical world [7]. Initial claims of
its existence [8] [9] could not be confirmed even in recent experiments [10]
[11].

In this note we exhibit, in a concise manner, the deep relation between the ge-
ometrical descriptions of both phenomena: the existence of the D connection and
the corresponding local potentials implies the existence of the A-B connection and

its potentials, and vice versa. It is this “vice versa” that supports the expectation of

DOI: 10.4236/jhepgc.2024.104085 Sep. 29, 2024 1531 Journal of High Energy Physics, Gravitation and Cosmology


https://www.scirp.org/journal/jhepgc
https://doi.org/10.4236/jhepgc.2024.104085
http://www.scirp.org
https://www.scirp.org/
https://orcid.org/0000-0003-3850-3394
https://doi.org/10.4236/jhepgc.2024.104085
http://creativecommons.org/licenses/by/4.0/

M. Socolovsky

the experimental finding of Dirac monopoles in future experiments. As Polchinski
[12] wrote: “...the existence of magnetic monopoles seems like one of the safest
bets that one can make about physics not yet seen.”

The present paper only describes the main facts of the above relation; more

detailed calculations can be found in [13] [14].

2.A-BBundle ¢, ,, Connection ®, ;,and Local Potentials
A(A—B)J_r

The U(1)=S" bundle associated with the A-B effect with an infinitesimally thin
and infinitely long solenoid is the product (and therefore trivial) bundle [5]
§iotS = (17) —2o(D) M

where: (Dg ): =C"=C\{0} is the punctured open disk in two dimensions,
(TOZ) = (Dg) xS' is the open solid 2-torus minus a circle, and pr, is the pro-
jection in the first entry pr,(z,e" )=z. The action of S* on (T;
Wag: (T02 )* xS - (To2 )* , is given by y, o ((Z,ei“’),ei"") = (Z,ei(‘”w')) . The rea-
son for (1) is that, because of the symmetry along the solenoid, the available space
for the electrically charged particles moving around it is R? \{0}= (Rz )* =C".
Since C” is of the same homotopy typeas S', &, ; is, up to isomorphism, the
unique U (1) -bundle over C. This uniqueness is a remarkable fact in relation
to the description of the A-B effect.

The A-B potentials (and global connection @, ; on C xS' since &, ; is

trivial) are the flat but non-exact 1-forms with values in u(1)=iR, the Lie alge-
braof U (1),

XdY —-YdX
j )

i —
Aun =550 =55 SFrye

with ¢ e(0,27), X +iY =z,and X,Y Cartesian coordinates on (RZ )*.
3.D Bundle &, Connection @, and Local Potentials A,

The U (1) principal bundles associated with Dirac monopoles of magnetic charge
g = Ak withinteger kand A anumber depending on units, are the Hopf bun-
dles [4]

&8t > R 8? ©)
with P =S?xS" (the unique trivial bundle, no magnetic charge);
R3>5S8%2= { x , X, X |z 2% —1} { },the unit 2-sphere, with

D (X, %, %) = (X, +iX,)/(1+X;) for (x;,%,,%)#(0,0,-1) and oo for
(X, X5, %3) =(0,0,—1) . In particular, for the case k =1, to which we shall restrict,

gst 582557 (4)

with P’ =S°= {(Zl, z,)e (CZ||21|2 +z,|" = l} the 3-sphere, and 7, =7 the Hopf
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map 7(z,2,)=2/z, for z,#0 and «© for z,=0.Theactionof S' on
S%, wy:S°xS' > S* isgivenby ((Zl, ZZ),ei“’) = (zle“", Zzei“’) .

If y,¢(0,27) and O€[0,7] aretheEuleranglesin R, the u(1)-valued
non flat D connection on S* is given by [15]

wp :%(dz+cosad¢) (5)
with D potentials on S?
o =$%(1¢cos¢9)d¢). (6)
The curvature of @, is (—i)x the magnetic field of the monopole:

F, =da, =%sin 0dO ndg .

4. Relation between the A-B and D Bundles

The inclusion
1:C" > Cufw}, 1(2)=1 (7)

induces:

1) The bundle map (but not isomorphism) &, , — &L =&, (Figure 1), with
ol =10 pr, V/Do(l_xlds1)=l_°l//AfB (8)

where

7:C"'xS*>S°, T(z,e‘w)zLD"e‘¢. 9)

[(2.1)

(C* x SY) x §* "Lt 68 5 gt
Ya-B | ¥p |
C* xSt 5°
pr1d T
C* —% C U {oo}

Figure 1. Bundlemap &, , » &, .

2) The pull-back of the D bundle (Figure 2)

[(&):8t > P;@D)L)C* (10)
with total space
Pf(z;D) - {(Z’(Zl’ 22)) eC'xs’ |l(z) =r(z, 22)}, (11)

and action
Vel Pl*(gD) xSt - P,*(gD)' y/l*(fD)((z,(zl,zz)),e”):(z,(zl,zz)e”). (12)

One then has the bundle map (pr,,7): &. o £, given by
tsp
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Zopr, =10 P, woo(prledsl)= P oY) (13)

where pr,:P. - S®, pr, ((Z,(zl, zz))) =(z,,2,) is the projection in the sec-

ond entry.
T Id
Poee,, x 8171581 g3 ¢ gt
Yerep) + vp |
Preyy 23 Ch
pri m

Cc* 2 CU {oo}
Figure 2. Pull back (&) of & .
3) The bundle isomorphism 7° (&)= Eéne (Figure 3): the map
YP. S C"xSY, ¥ ( " ” "”J—(ze ) (14)
is continuous, one-to-one and onto, with continuous inverse W™ . Together with

1, ¥ establishes the topological equivalence between the bundles (&) and
&g - It is easy to verify the equalities

pro¥ =1d_. o pr, y/AfBo(‘ledSJ:‘Pot//;(ﬁD). (15)
Py x 80 IS (0 x 1) x S
Yurep) + Ya-B
Prep — C*x S
prid prid
Idgx
2%

Figure 3. Bundle isomorphism ¢ (&)= &, ;.

5. The Existence of the D Potentials Implies the Existence of
the A-B Potentials

In terms of the cartesian coordinates (X,Y,Z)=r(sin&cosy,sinésing,cosd)
with 6e(0,7) and ¢e[0,27) (which excludes the Zaxis), the monopole po-
tentials A, of Equation (6) are given by

Ao (X.Y.2) = (Ao ), X +(Ay,), Y (16)

with

H+

(ADi)x =
(17)

i Y _ YA
2X°+Y VX24Y2 472
i X Z
Ly =F 1F
(o) = Xy {+\/X2+Y2+22J

Restricting this 2-form to Z =0, its pull-back operation by l:(Dg )* — §?
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reduces to the identity and gives on (Dg )* the A-B potentials of Equation (2). It
is then clear that the same occurs at the level of connections, Ze. the pull-back by

- 3 . * 1
7 of wy on S° gives w, ; on C xS~ .

6. The Existence of the A-B Connection Implies the Existence
of the D Connection

The 2-torus resulting from taking the pre-image by 7 of the north and south
poles of S?, respectively N =(0,0,1) and S=(0,0,-1),

7 ({N,S}) ={(2,0)|z]| =1} u{(0.2,)||z,| =1} = §* xS* = T?, (18)
allows to define the truncated bundle é_,?D of &:
£, 18" o (S\T?)—Es(S2\{N,S})=C", (19)

isomorphic to &, ; through the pair of maps (Id(c* ,l_) , with action of S' on
S®\T? given by the restriction of w,, w,| (Figure 4). One can then apply the
Proposition 6.1 in ref. [16]: given a connection 7 (in our case A, ;)in &, ;
there exist and is unique a connection ® in gED such that the horizontal sub-
spaces of 7 (kernels of 7)in C xS' are mapped into the horizontal sub-
spaces of @ (kernels of @) in S®\T2. In our case, this is done through the

push-forward linear transformation d7 =% . The result is
_ i
L(ker(AA_B))=Ed;(=wD 1(6=7/2) (20)

where @, | is the D connection on &, (ie on S*) restricted to S\T? ie
with §e(0,7) (ref. [14]). The extension of the domain of & from (0,7) to
[0,7] recovers the bundle &, and the D connection on it. This completes the

proof that the A-B connection on ¢, , uniquely determines the D connection

on &p.

TxIdg

(C* x S x 8T (83N T?) x §*
Ya-p | Yol
C* x §' 55 83\ T2
prid Tl
cr ey

Figure 4. Bundle isomorphism &, , — QQD .

7. Conclusion

From its proposal in 1931 by Dirac [2], the abelian magnetic pole has been subject
to intense search, however yet unsuccessful. In contradistinction, the Aharonov-
Bohm effect proposed in 1959 by Aharonov and Bohm [1] was immediately ex-
perimentally verified [6]. Both “phenomena” admit a natural description in terms
of the theory of fiber bundles and connections; moreover, the intimate relation
between the corresponding U (1) -bundles &, and &, g, the “residence” of the
phenomena (Section 4), leads to the proof of the equivalence of the A-B and D
potentials and connections, that is, the existence of A, implies the existence of
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A, 5. (thesamefor @, and @, ;) and vice versa. This pure mathematical re-
sult can be considered, given the physical existence of the A-B effect, a theoretical

support to the present search for finding the magnetic charge.
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