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Abstract 
The Friedmann-Lemaître-Robertson-Walker (FLRW) metric is an exact solu-
tion of the Einstein field equations and it describes a homogeneous, isotropic 
and expanding universe. The FLRW metric and the Friedmann equations 
form the basis of the ΛCDM model. In this article, a metric which is based on 
the FLRW metric and that includes a space scale factor and a newly introduced 
time scale factor ( )t  is elaborated. The assumption is that the expansion 

or contraction of the dimensions of space and time in a homogeneous and 
isotropic universe depend on the energy density. The Christoffel symbols, 
Ricci tensor and Ricci scalar are derived. By evaluating the results using Ein-
stein’s field equations and the energy momentum tensor, a hypothetical mod-
ified cosmological model is obtained. This theoretical model provides for a 
cosmic inflation, the accelerated expansion of spacetime as well avoids the flat-
ness and fine-tuning problems. 
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1. Introduction 

According to the Friedmann-Lemaître-Robertson-Walker (FLRW) metric and the 
Friedmann equations, the development of spacetime is represented by the cosmo-
logical scale factor, which is usually denoted by ( )a t  or ( )R t . The FLRW-uni-
verse is spatially homogeneous and isotropic and evolves over time. However, 
time in the FLRW metric is of Newtonian nature as it “flows equably without re-
gard to anything external”. The question arises as to whether the dimension of 
time in a metric describing an isotropic and homogeneous universe is also affected 
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[1] by the gravitational effect of energy and mass1. Let us therefore make the fol-
lowing assumptions and accept the listed principles and postulates:  

1) The cosmological principle: The universe is homogeneous and isotropic 
when viewed on a sufficiently large scale (hereinafter referred to as the “Cosmo-
logical Principle”). 

2) The constant light speed postulate: The light speed c is constant when meas-
ured in any inertial frame of reference. 

3) The assumption of the variability of time flow: The time flow in a homoge-
neous and isotropic universe depends on energy density and pressure. 

By adopting the constant light speed postulate, the proposal contemplated 
herein is not based on variable speed of light (VSL) theories (see for VSL theories 
e.g. [2]-[4]). The assumption of variable time flow is a more fundamental ap-
proach. 

2. Spacetime Scale Factors and Spacetime Parameters 

Let us consider a sufficiently short time interval ( ) ( )2 1Δ :et t e t e= − , for example 
a photon with a period amounting to Δe eT t=  measured at the time of its emis-
sion ( )2t e  and accordingly a sufficiently short time interval ( ) ( )0 2 1Δ :t t a t a= − , 
for example said photon with a period amounting to 0 0ΔT t=  measured today 
at the time of its absorption ( )2t a . Let us consider a variable time flow between 
the time of photon emission ( )2t e  and its absorption at ( )2t a . A dimensionless 
time scale factor ( )t  is defined as the ratio between the proper time interval 
Δ et  and comoving time interval of today 0Δt : 

 ( ) ( ) ( )0
0

Δ: , with 0 : 1,
Δ e

tt t t
t

= ≠ ∧ =    (1) 

The notation e  for ( )et  (etc.) will be used. In a universe with a variable 
time flow but without an expansion or contraction of space, the photon is red- or 
blue-shifted when emitted ( ( ) ec Tτ ) in the reference frame e and measured today 
on the basis of ( ) 0c Tτ . If the period of the photon increases, that is 0 eT T> , then 
the photon is redshifted. 

The space scale factor ( )t  is introduced as the ratio between the proper dis-
tance 

2 1
Δ e e ex x x= −  at time et  and the comoving distance 

2 10Δ a ax x x= −  
measured today ( 0t ) in an expanding or contracting space. It is defined as follows: 

 ( ) ( ) ( )0
0

Δ: , with 0 : 1.
Δ

ext t t
x

= ≠ ∧ =    (2) 

In the last step, the spacetime parameters represented by the time parameter 
( )t  and the space parameter ( )t  are defined as follows: 

 ( ) : ,t =
�




 (3) 

 ( ) : .t =
�




 (4) 

 

 

1In [1] a metric with a variable time flow as an alternative to dark energy was proposed. Unfortunately, 
the paper was withdrawn. 

https://doi.org/10.4236/jhepgc.2024.104084


R. Gramigna 
 

 

DOI: 10.4236/jhepgc.2024.104084 1516 Journal of High Energy Physics, Gravitation and Cosmology 
 

The “over-dot” is used as a notation for the first time derivative (e.g. � ), and 
correspondingly for the second time derivative (e.g. �� ). The space scale factor 
  and space parameter   will be used in the context of the proposed metric 
and cosmological model with variable time flow, and, for clarity, the cosmological 
scale factor denoted as R or a and the Hubble parameter H will be used in the 
context of the FLRW metric and Friedmann equations. 

3. The Dynamic Metric 

The FLRW metric 2 2 2 2 2 2 2 2 2 2
2

1d d d d sin d
1

s c t R r r r
kr

θ θ φ = − + + + − 
 (see e.g. 

[5]) shall be extended by the time scale factor ( )t  and the cosmological scale 
factor a shall be replaced by the space scale factor ( )t . It is expected (see for the 
FLRW metric e.g. [6], p. 382) that the spacetime is of the form T ×Σ , where T 
represents the time direction and Σ is a maximally symmetric three-manifold. It 
seems to be necessary that the partial derivatives of a position vector have to be 
determined. Based on these results, the covariant basis vectors and co- and con-
travariant metric tensors can be derived. If spacetime is of the form T ×Σ , the 
transformation of the metric to pseudo-spherical coordinates is straightforward. 

Let us consider a four-dimensional manifold with a signature of the form 
( ), , ,− + + +  and an event in spacetime ( ), , ,E ct x y z . Let us further consider the 
scale factors e  and e  in the reference frame e as well as a sufficiently short 
time interval d et  and a distance d ex . With Equations (1) and (2), the transfor-
mation rules d de et t=   for the time dimension and d 1 d

a ei e ix x=   for the 
space dimension , ,i x y z=  are obtained. To obtain the basis vectors, the partial 
derivatives of the position vector E  can be calculated. For the partial time-de-
rivative in direction of e the notation t∂�  is used. Further, we apply the chain rule, 
consider the Cosmological Principle and obtain: 

 1 , , , .e e e
et t x x y y z z

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= = = =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂� � � �
  


 (5) 

Based on these results, the covariant basis vectors and the covariant metric ten-
sor of the signature ( ), , ,− + + +  can be calculated using the dot product  
gµν µ ν= ⋅e e . If the indices in e  and e  are omitted, the covariant metric ten-
sor yields ( )2 2 2 2diag , , ,gµν

−=     . This further leads to the contravariant 
metric tensor as the inverse of the covariant form g gµσ σ

µν νδ=  yielding  

( )2 2 2 2diag , , ,gµν − − −=     . Indeed, the expectation according to which the 
spacetime is of the form T ×Σ  is valid, so the metric can be transformed using 
the usual transformation rules (see e.g. [5] p. 7), which then reads 

 ( )
2

2 2 2 2 2 2 2 2 2
2d d d d sin d .cs t r r rθ θ ϕ= − + + +


 (6) 

Accordingly, if a parameter for a constant curvature k is introduced (see for 
details [6], p. 329-332), the following dynamic metric yields: 
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2 2

2 2 2 2 2 2 2 2
2 2

dd d d sin d .
1

c rs t r r
kr

θ θ ϕ
 

= − + + + − 



 (7) 

An extended FLRW metric was obtained from these calculations. The only dif-
ference in relation to the FLRW metric is that the time direction is scaled by the 
time scale factor. This metric describes a homogeneous, isotropic, expanding (or 
otherwise, contracting) universe. I am of the opinion that the variable time flow 
reflected by this metric does not contradict the Cosmological Principle. In the 
FLRW metric, the spatial dimensions of the universe’s spacetime may be con-
tracted or expanded in scale, in the metric derived above, the dimensions of space 
and/or time may be contracted or expanded. 

4. The Christoffel Symbols (of the Second Kind) 

The relation between the metric tensor and the Christoffel symbols (of the second 
kind) is given ([5], see Section 1.3 on p. 2) by: 

 1 , whereas
2

g g g gµ µρ µ µ
νλ λ νρ ν ρλ ρ νλ νλ λν Γ = ∂ + ∂ − ∂ Γ = Γ   (8) 

With the metric tensor (Equation (7)), the non-zero components of the contra- 
and covariant metric tensors are 

 
2

2 2 2 2 2
00 11 22 332 2

1 , , , sin ,
1

g g g r g r
kr

θ= − = = =
−


 


 (9) 

and 

 
2

00 2 11 22 33
2 2 2 2 2 2

1 1 1, , , .
sin

krg g g g
r r θ

−
= − = = =

  
 (10) 

The detailed step-by-step calculation of all Christoffel symbols is set out in the 
supplemental material2. The index 0 is used equivalently to the index t, and con-
sequently 1 for r, 2 for θ  and 3 for ϕ . 

 0
00 ,

 
t
tt c

Γ = Γ = −
�


 (11) 

 ( )
2

0
11 2

,
1

t
rr c kr

Γ = Γ =
−

� 
 (12) 

 
2 2

0
22 ,t r

cθθΓ = Γ =
� 

 (13) 

 
2 2 2

0
33

sin ,t r
cϕϕ

θ
Γ = Γ =

� 
 (14) 

 1 1
01 10 ,

 
r r
tr rt c

Γ = Γ = Γ = Γ =
�


 (15) 

 1
11 2 ,

1
r
rr

kr
kr

Γ = Γ =
−

 (16) 

 ( )1 2
22 1 ,r r krθθΓ = Γ = −  (17) 

 

 

2The supplemental material is made available by the author on request. 
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 ( )1 2 2
33 1 sin ,r r krϕϕ θΓ = Γ = −  (18) 

 2 2
02 20 ,

 t t c
θ θ
θ θΓ = Γ = Γ = Γ =

�


 (19) 

 2 2
12 21

1 ,r r r
θ θ
θ θΓ = Γ = Γ = Γ =  (20) 

 2
33 sin cos ,θ

ϕϕ θ θΓ = Γ = −  (21) 

 3 3
03 30 ,

 t t c
ϕ ϕ
ϕ ϕΓ = Γ = Γ = Γ =

�


 (22) 

 3 3
13 31

1 ,r r r
ϕ ϕ
ϕ ϕΓ = Γ = Γ = Γ =  (23) 

 3 3
23 32 cot .ϕ ϕ

θϕ ϕθ θΓ = Γ = Γ = Γ =  (24) 

The Christoffel symbols of the dynamic metric proposed herein have, in com-
parison with the FLRW metric, an additional term t

ttΓ . The Christoffel symbols 
t
rrΓ , t

θθΓ  as well t
ϕϕΓ  also contain a factor of 2 . All other Christoffel sym-

bols remain unchanged compared to the FLRW metric. If it is assumed that the 
time scale factor is constant ( 1= ), and consequently the derivative of the time 
scale factor becomes zero ( 0=� ), all the Christoffel symbols listed above will 
become the Christoffel symbols of the FLRW metric. This is true for most of the 
equations in this paper. 

5. Ricci Tensor and Ricci Scalar 

Detailed step-by-step calculations of the Ricci tensor and Ricci scalar are pre-
sented in the supplemental material. The relation between the Riemann and the 
Ricci tensor is in accordance with ([5], Equations 1.2.2, 1.3.5 and 1.3.9 on p. 2): 

 .R Rρ ρ ρ ρ λ ρ λ
µν µρν ρ µν ν µρ λρ µν λν ρµ= = ∂ Γ − ∂ Γ + Γ Γ − Γ Γ  (25) 

The non-zero components of the Ricci tensor are as follows: 

 2
3 ,ttR
c
 

= − + 
 

� ��� 
 

 (26) 

 
2 2 2 2

2 2 2 2 2
2 12 ,

1rr
c kR

c kr
 

= + + +  − 

�� � � �    
    

 (27) 

 
2 2 2 2

2
2 2 2 2

22 ,c kR r
cθθ

 
= + + + 

 

� � ���    
    

 (28) 

 
2 2 2 2

2 2
2 2 2 2

22 sin .c kR r
cϕϕ θ

 
= + + + 

 

� � � ��    
    

 (29) 

The Ricci scalar (or scalar curvature) is the contraction of the Ricci tensor (see 
[5], Equations 1.3.10 on p. 2): 

 ,R g Rµν
µν=  (30) 

which results in: 
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2 2 2

2 2 2 26 .kcR
c

 
= + + + 

 

� � ���   
    

 (31) 

6. Energy Momentum Tensor and Energy Density 

In order to be able to solve the field equations, we will have to take a closer look 
at the energy-momentum tensor. The approach is the same as that for the FLRW 
metric where a perfect and continuous fluid is considered (see [6], p. 35, 117-119). 

 ( ) ,T p U U pgµν µ ν µνρ= + +  (32) 

where ( )tρ  is the energy density, ( )p t  is the pressure and U µ  is the four-
velocity of the perfect fluid. With the inverse of the Minkowski metric, the energy-
momentum tensor becomes ( )diag , , ,T p p pµν ρ= . 

By applying the contravariant (Equation (9)) and covariant (Equation (10)) 
metric tensors, the components of the tensor yield 

 
( )

( )
( )

2 2

2 2

2

2

0 0 0

0 1 0 0
.

0 0 0

0 0 0 sin

c

p kr
T

p r

p r

µν

ρ

θ

−

−

−

 
 

− 
=  
 
 
  









 (33) 

The trace is accordingly 3g T pµν
µν ρ= − + . Now, the divergence of the en-

ergy-momentum tensor can be examined. The starting point is the conservation 
equation ([6], p. 118): 

 !Γ Γ 0.T T T Tµν µν µ λν ν µλ
µ µ µλ µλ∇ = ∂ + + =  (34) 

In a first step, the components of the terms 0ν =  are calculated: 

 
2

0 00
0

2 .T T
c c

µ
µ ρ ρ∂ = ∂ = + ��

  (35) 

For the second term, the Christoffel symbols obtained in Section 4 can be ap-
plied: 

 ( )
0 00

0

0 1 2 3 00
00 01 02 03

2

Γ Γ

Γ Γ Γ Γ

3 ,

T T

T

c

µ λ µ
µλ µ

ρ

=

= + + +

 
= − + 

 

� �  
 

 (36) 

and the third term results in 

 
( )

0 0 00 0 11 0 22 0 33
00 11 22 33

2 2 2
2 2

2 2 22

2 2 2
2 2 2

2

1 1 1
1

1 1sin
sin

3 .

T T T T T

krp r
c c rc kr

r p
c r

p
c

µλ
µλ

ρ

θ
θ

ρ

Γ = Γ + Γ + Γ + Γ

−
= − + +

−

+

 
= − + 

 

� �
�

�

� �

   
 

  

 


  
 

 (37) 
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The calculation of the spatial components of the energy-momentum tensor is 
provided in the supplemental material. Partial derivatives are given as follows: 
 0.i p∂ =  (38) 

We now can derive the overall result: 

 
2 2 2 !2 3 3 0,T p

c c c c
µν

µ ρ ρ ρ ρ
   

∇ = + + − + + − + =   
   

� �� ���      


   
 (39) 

which amounts to 

 ( )3 .pρ ρ= − +
�

� 


 (40) 

The next step is to introduce the equation of state to express the relationship 
between the energy density and pressure for radiation and mass ([6], p. 334): 

 { }, with ,i i ip i rad mω ρ= =  (41) 

where rad stands for radiation and m for mass (Table 1).  
 
Table 1. Energy density—pressure relationship. 

i iω  
iω

ρ  

rad 1/3 radρ  

m 0 mρ  

 
Finally, we obtain from Equation (40), considering Equation (41) and the defi-

nition 4: 

 ( )3 1 .ρ ω
ρ
= − +
�

  (42) 

To solve this equation, it is required that ω  must be constant (see [6], p. 334). 
By integrating Equation (41) we obtain ( ) ( )( )ln ln . 3 1 lnconstρ ω+ ∝ − +   and 
therefore ( ) ( )( )3 1.const ωρ − +∝  . If we normalize the scale factor to the value 
for today 0 1= , the constant becomes 1

0ρ
− , which finally results in 

 ( ) ( )( )3 1
0 .ωρ ρ − +∝   (43) 

Finally, considering the values for ω , we obtain  

 ,0 ,0
4 3, .rad m

rad m
ρ ρ

ρ ρ= =
 

 (44) 

7. Einstein’s Field Equations and the Modified Cosmological 
Model 

Now, we can solve Einstein’s field equations in their general forms. 

 4
1 8 ,
2

GR Rg T
cµν µν µν
π

− =  (45) 

In a first step, the equation will be solved for 
2

00 2
cT ρ

=


: 
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 00 00 004
1 8 ,
2

GR Rg T
c
π

− =  (46) 

 
2 2 2 2

2 2 2 2 2 2 4 2
3 1 1 86 ,

2
kc G c

c c c
ρ    π ⇒ − + − + + + − =    

    

�� � ���� � �     
        

 (47) 

 
2 2

2 2 2 2
8 .

3
G kcρπ

⇒ = −
�
   

 (48) 

This is the modified first Friedmann equation. It contains an additional term 
2−  on the right-hand side. If the time scale factor is set to 1, it is reduced to the  

original Friedmann equation. Now, the field equations for 
2

11 21
T p

kr
=

−


 are as-

sessed: 

 11 00 114
1 8 ,
2

GR Rg T
c
π

− =  (49) 

 

2 2 2 2

2 2 2 2 2

2 2 2 2 2

2 2 2 2 2 4 2

2 12
1

1 86 ,
2 1 1

c k
c kr

kc G p
c kr c kr

 
⇒ + + +  − 

  π
− + + + =  − − 

� � �

� �

��

�� �

    
    

     
    

 (50) 

 
2 2

2 2 2 2
82 2 .G p kc
c

  π
⇒ − − − = + 

 

�� � � �  
     

 (51) 

These two results constitute the conditions for the development of the 
spacetime parameters. The results for 22R  and 33R  are equal to 11R . If we plug 
the result obtained into Equation (48) and eliminate 2 , we obtain  

 
2

2 2
4 3 .
3

G c p
c

ρ  π +
− + = 
 

��� � 
  

 (52) 

Equation (52) is the modified second Friedmann equation. It contains an addi-
tional term 2−  on the right-hand side and the product of   and   on the 
left-hand side. If the time scale factor is set to constant 1 and, consequently,   
becomes zero, it reduces to the original Friedmann equation. 

8. Redshift 

To derive the redshift, the geodesic equation for a light wave travelling radially 
( d d 0θ ϕ= = ) is used, which is according to Equation (7): 

 
2

2 2 2 2
2 2

1 d0 d d .
1

rs c t
kr

 
= = − +  − 




 (53) 

The crest of the light wave, observed at position ar r=  and time at t= , was 
emitted at time et t=  in the past and at a distant position er r= . Integrating 
over the path in both space and time that the light wave travels results in: 

 
2

d d .
1

a a

e e

t r

t r

t rc
kr

= −
−

∫ ∫
 (54) 
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The next crest is emitted at e
et t

c
λ

= +  and observed at a
at t

c
λ

= + . Integrat-

ing over path and time yields: 

 
2

d d .
1

a
a a

e ee

t r
c

rt
c

t rc
kr

λ

λ

+

+
= −

−
∫ ∫

 (55) 

Equations (54) and (55) can be combined to:  

 d d0
a

aa

ee e

tt
c

t t
c

t tc c
λ

λ

+

+
= −∫ ∫ 

 (56) 

 d d dae ae a
e ee e e

tt t
cc

t t tc c

t t tc c c
λλ

λ λ

++

+ +
= + −∫ ∫ ∫  

 (57) 

 d d dae e ae e

ee a e

tt t
cc c

t t t
c

t t tc c c
λλ λ

λ

++ +

+
= − −∫ ∫ ∫  

 (58) 

 
d d .

e a
e a

e a

t t
c c

t t

t tc c
λ λ

+ +
= −∫ ∫ 

 (59) 

Let us assume that e

c
λ  and a

c
λ  are sufficiently small enough, thus the above 

result is  

 a a a e e e

a a a a e e e e

t c t t c tλ λ+ +
− = −

       
 (60) 

 a a a

e e e

λ
λ

⇒ =
 
 

 (61) 

 1 1, with 1.a a
e e

z⇒ = − = 
 

 (62) 

Let us define a component of the redshift related to the time scale factor 

 1 1: 1, ,
1

z
z

= − =
+






 (63) 

and accordingly the component of the redshift related to the space scale factor: 

 1 1: 1, .
1

z
z

= − =
+






 (64) 

Without any further restriction, let us consider a photon with a wavelength 0λ  
at the beginning, moving through the dynamic spacetime and experiencing two 
causes for a redshift. The first cause results in a redshift 1z  and 1λ  and the sec-
ond cause results in 2z  and 2λ . For the resulting redshift 3z  we conclude that: 

 1 2 2
1 2 3

0 1 0

1, 1, 1.z z zλ λ λ
λ λ λ

= − = − = −  (65) 

The second equation can be rearranged to obtain the result for 1λ  which is 
then plugged into the first equation:  

 
( ) ( ) ( )2

1 2 0 2 1
2 0

1 1 1 .
1

z z z
z
λ λ λ

λ
= − ⇒ = + +

+
 (66) 
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The result for 2λ  from Equation (66) is now used to calculate 3z  given in 
Equation (65): 

 ( ) ( )3 1 21 1 1,z z z= + + −  (67) 

which then can be combined with Equations (65) and (66): 

 1 1.z = −


 (68) 

This is the result of Equation (62). An observed redshift obsz  composed of one 
component z  related to the space scale factor and another component z  re-
lated to the time scale factor can be denoted as: 

 ( ) ( )1 1 1 .obsz z z+ = + +   (69) 

This result is also, with the exception of the redshifting by the expansion of 
space, in line with the outcome of the Schwarzschild-metric, where the energy of 
a photon emitted at time et  and received today can be expected to yield 

 
0 0 ,tt

ph eE h h gν ν= = −  (70) 

where the frequency is denoted as ν  and h is the Planck constant. 

9. Distances and Revised Hubble Law 

In the FLRW metric, the Hubble law can be derived by calculating the proper dis-
tance and assuming a flat geometry with 0k =  (see [7], p. 571-576; [8]). In the 
dynamic metric (Equation (7)), we start with Equation (54): 

 0

0 2

d d ,
1et

dt t rc
kr

=
−

∫ ∫
 (71) 

Let ( ) ( ) ( ):u t t t=   . With 

 d ,
d
u
t
= + ��   (72) 

Equation (71) becomes 

 
( )

0

0 2

1 dd .
1e

u

u

d rc u
kr

=
+ −

∫ ∫��  
 (73) 

Finally, with 

 2 2
d 1 ,
d
u
z
= −
 

 (74) 

we obtain 

 
( ) ( )0 0 2

1 dd .
1

z d rc z
z z kr

=
+ −

∫ ∫ 
 (75) 

In a flat universe ( 0k = ) and assuming ( ) ( ) 0 0z z+ = +     are constant 
for 0.1z�  and can therefore be moved outside the integral, this yields 

 
0 0

.czd =
+ 

 (76) 
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This result is in line with the expectations based on Section 1, according to 
which a change in the time scale factor leads to a change in the wavelength of a 
photon. Consequently, if the distance is calculated based on an observed redshift 
z, the time scale factor must be considered because the space parameter and the 
time parameter interfere with each other. It could even result that no redshift is 
observed, although space expands, particularly if the time dimension was or were 
contracted to the same extent as space expands. In a time-like static universe, 
where the time “flows equably without regard to anything external”, the redshift 
depends solely on the development of the space scale factor since the emission of 
the photon. In the proposed model, the values based on redshift will be diluted; 
however, in a slightly different way than in the Friedmann universe, as can be seen 
from Equations (48) and (52). Conservation of the energy of photons means that 
all of the photons emitted by the source will eventually pass through a sphere at 
comoving distance x from the emitter ([6], p. 346). The flux is diluted by the fol-
lowing additional effects: the individual photons redshift by a factor ( ) 1− , and 
the photons hit the sphere less frequently, because two photons emitted a time 

tδ  apart will be measured at a time ( ) 1 tδ−  apart. If the calculation of a dis-
tance involves the observed redshift, only the portion of the redshift caused by the 
expansion of space is to be considered, that is, the observed redshift will have to 
be corrected by the following factor: 

 
1 1.
1

obszz
z

+
= −

+


 (77) 

The distance in the model discussed herein is larger than the distance in the 
FLRW universe if the observed redshift is to be corrected by the blueshift portion 
caused by the contraction of the time dimension. 

10. On the Dynamic of the Model 

In order to further analyze the dynamic of the model discussed herein, let us re-
write Equation (48) by defining the critical densities as  

 
2
0

2
3 3: , : ,
8 8c k

k
G G

ρ ρ= = −
π π



 (78) 

and, considering Equation (43), the density parameters for mass, radiation and 
curvature as 

 ,0 ,0 ,0 2 2
0

: , : , : .rad m
rad m k

c c

kρ ρ
ρ ρ

Ω = Ω = Ω = −
 

 (79) 

Equation (48) can now be written to yield 

 ( )2 2 2 4 3 2
0 ,0 ,0 ,0 ,rad m k

− − − −= Ω +Ω +Ω       (80) 

which reveals a different dynamic than the ΛCDM model (see for the latter [6], p. 
337): 

( )2 2 4 3 2
0 ,0 ,0 ,0 ,0 ,0, with : , : .

8rad m k
c

H H a a a
G

ρρ
ρ

− − − Λ
Λ Λ Λ

Λ
= Ω +Ω +Ω +Ω = Ω =

π
(81) 
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For the further analysis, let us now assume a matter-dominated universe and 
rewrite Equation (52) using (44): 

 0,
3 2

4 ,
3

mG ρ  π
− + = 
 

��� � 
   

 (82) 

which can be written as 

 ( )2
0,

4 .
3 m
G ρπ

− + =� ���     (83) 

The right-hand side of the equation is constant with 0 0ρ ≥ , which can be cho-
sen to represent today’s energy density or the density at any other point in time. 
As it can be seen from Equation (83), �  is negative, when ��  is positive and 
��  is negative, when �  is positive. In this paper, only the cases of  

0 0> ∧ >   of the four possible configurations given by the combinations of 
0  and 0  will be examined. Consequently, there are three sub-cases 

( 0>�� , 0=��  and 0=�� ): 
 
Table 2. Cases of configuration I: 0 0> ∧ >  . 

0 0 0> ⇒ > ∧ < − <� ��� �� ��     

if 0 0> ⇒ <��   

A: accelerated expansion of space 

if 0 0< ⇒ >��   

B: accelerated contraction of space 

0 0 0= ⇒ = ∧ < − =� ��� �� ��     

if 0 0> ⇒ <��   

C: continuous expansion of space 

if 0 0< ⇒ >��   

D: continuous contraction of space 

0 0< ⇒ < ∧ < −� �� ���� �     

0>�  

E: decelerated expansion of space 

0<�  

F: decelerated contraction of space 

 
An accelerated expansion of the universe requires that the derivative of the time 

scale factor and, consequently, the time parameter is negative (case A in Table 2). 
As can be seen from the table, the model permits all cases of accelerated, contin-
uous, and decelerated expansion or contraction of space. However, it does not 
allow a steady state of space, because 0≠�� , if 0=� . 

11. The Inflationary Universe 

The second Friedmann equation implies that the acceleration of the expansion is 
always negative, unless the cosmological constant with an energy density—pres-
sure relationship of 1ωΛ = −  is introduced. Let us now assume a completely ra-
diation-dominated universe and rewrite Equation (52) using 44: 
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 0,
4 2

8 ,
3

radG ρ  π
− + = 
 

��� � 
   

 (84) 

The right-hand side of the equation is constant with 0 0ρ ≥ , which can be cho-
sen to represent today’s energy density or the density at any other point in time. 
Considering configuration I with 0 0> ∧ >   and the three sub-cases  
( 0>�� , 0=��  and 0=�� ) depicted in Section 1, it can be concluded that 
�  must be negative and � �  must be less than − ��  (see Table 2, case A), if 
��  shall cause an accelerated expansion of space (hence 0 0> ∧ >� ��  ). Equation 

(84) can be rewritten as follows:  

 0,
3 2

8 .
3

radG ρπ
= − −�� 

 
 (85) 

As long as the term on the right side of the equation is greater than zero, the 
(space-like) expansion is accelerated:  

 

0,
4 2

0,
4 2

0,
4 2

80 for
3

80 for
3

80 for
3

rad

rad

rad

G

G

G

ρπ

ρπ

ρπ


> − >

= − =


< − <


��


 

 
 


 

 (86) 

If the term becomes equal to or less than zero, the inflation epoch ends. A neg-
ative time parameter ( 0< ) implies a blueshift by a factor  . An accelerated 
expansion of space, such as inflation, therefore has the consequence that 1) the 
energy density dilutes by a factor of 4 , 2) but at the same time, that the density 
increases by a factor of  . If e.g. the time parameter   is “starting” at a value 
of the inverse of Planck time and is observed at the end of the inflationary epoch 
with 1= , the energy density increased by a factor of 1.85 × 1043. This consid-
erable energy burst was diluted by the expansion of space ( 4− ); as a result, in our 
example, an expansion of space by a factor of 6.56 × 1010 would conserve the initial 
energy density. Nothing prevents us from assuming an arbitrarily large  , which 
implies that the vehemence of inflation depends not only on the initial energy 
density, but mainly on the initial value of the time scale factor  . However, de-
pending on the initial conditions and the development of the space and time pa-
rameters, the blueshift caused by the contraction of the time dimension either in-
creased the energy density at the beginning of the inflationary epoch, or, at least, 
delayed the dilution of the energy density and the end of the inflation. 

12. A Solution to the Flatness and Fine-Tuning Problems 

Evaluating the Friedmann equations, the flatness or fine-tuning problems arise 
because the universe has an observed density parameter that is very close to 1. In 
other words, the universe is close to the critical density. The problem is that for 
the universe to be very close to the critical density after its expansion and evolu-
tion, it must have been even closer at earlier times according to the Friedmann 
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equations. There is no known reason for the density of the universe to be close to 
the critical density, and this appears to be a strange coincidence. Many attempts 
have been made to explain the flatness problem, and modern theories now include 
the idea of inflation (see e.g. [9] [10]) which predicts the observed flatness of the 
Universe. In view of the modified cosmological model, we start with Equation (48) 
and define the critical density and the density parameter as follows: 

 
23: .

8c G
ρ =

π


 (87) 

 : .
c

ρ
ρ

Ω =  (88) 

The critical density and its parameters may change over time. Equation 48 can 
be rearranged as follows: 

 
2

2
2 2 2

8 .
3

G kcρπ
− = −
  

 (89) 

 
2

2
2 2 2 2

81 .
3

G kcρπ ⇒ − = − 
 


   

 (90) 

 
2

2
2 2 21 .

c

kcρ
ρ

 
⇒ − = − 

 


  
 (91) 

 
2

2
2 .kc

⇒ −Ω = − �


 (92) 

It can be seen that the time scale factor compensates any deviation of the energy 
density parameter from 1. In other words, if the current curvature is near zero, it 
is not necessary that the critical density at earlier times (when 0� � ) must have 
been closer to 0 than today, if or because it was compensated by the time scale 
factor. The outcome is also in line with what was derived for the inflationary uni-
verse; it was expected that inflation would require that 0<�  and therefore the 
time scale factor would decrease. 

13. Discussion 

In the ΛCDM model, the observeation of distant supernovae beeing fainter than 
expected [11]-[13], led to the conclsuion that the expansion of the universe is ac-
celerating with time [14]. The driving force behind the acceleration is unknown. 
Some suggestions attribute the observations to vacuum energy. In view of the 
herein discussed theoretical model, the difference between the expected distance 
calculated on the basis of the flux density and the redshift can be traced back to 
two effects: the first effect results from the redshift respectively blueshift z  
caused by the contracted, respectively, the expanded time dimension at time of 
emission of the light and the second of a decreased flux caused by the accelerated 
expansion of space. As it could be seen from Equation (83), �  is negative, when 
��  is positive and vice-versa. Given the observation, the model allows the conclu-

sion that the time scale factor   at the time of emission of the light of the 

https://doi.org/10.4236/jhepgc.2024.104084


R. Gramigna 
 

 

DOI: 10.4236/jhepgc.2024.104084 1528 Journal of High Energy Physics, Gravitation and Cosmology 
 

observed supernovae was greater than 1 and dropped to today’s value of 1. Further, 
it was shown in section 2 that the expansion of space requires a contraction of the 
time dimension. However, it is not yet possible to conclude whether the the time 
scale factor dropped below 1 at the end of the inflationary epoch and increased to 
became greater than 1 at 1.5z =  to 0.1z = . This brought together, leads to the 
following predictions: 

1) The Hubble parameter—as determined on the basis of geometrical or other 
measures that do not involve the redshift—will differ from the Hubble parameter 
if determined on the basis of redshit. In the first case, the value of Hubble param-
eter corresponds to the space parameter; in the second case, the Hubble parameter 
includes the portion of the redshift, respectively of the blueshift, caused by the 
time parameter (see Equation (75)). 

2) A small difference between the expectation values of the distances 1) based 
on geometrical or other measures that do not involve the redshift and, 2) based 
on the redshift, should also be observable for redshifts 0.1z < .  

3) It can be expected that this difference of the distances is either smaller or 
greater in relation of ultrahigh-redshift supernovae than it is predicted by the 
ΛCDM model. In the case of a slighter difference of the expectation values at 
higher redshift would reveal an acceleration of the expansion of space increasing 
with time. If ultrahigh-redshift supernovae are brighter than expected, it could be 
conluded that the time scale factor was below 1 at this time.  

With the cosmological model discussed herein, it seems possible to explain the 
accelerated expansion of spacetime, the inflationary period and the problems of 
flatness and fine-tuning. A (time-) dynamic development of the time dimension 
is postulated at the metric level. As has already been shown [15], it does not seem 
possible at present to realise a consistent quantum theory of gravity that leads to 
the unification of gravity with the other forces. With a view to the Extended The-
ories of Gravity (see [15]), quantum and also post-quantum theories (see [16] 
[17]), it does not seem unreasonable (and not only for symmetry considerations) 
to introduce—a priori—a dynamisation, i.e. a variability of the dimension of time 
on the one hand and to allow necessary a-posteriori-adaptations in this respect on 
the other. The metrics for describing the gravitational fields of rotating or non-
rotating, charged or uncharged masses, i.e. the Schwarschild, Kerr, Reissner-
Nordström and Kerr-Newman metrics, already presuppose a spatially dynamic 
time dimension. 

14. Conclusion 

A dimensionless time scale factor ( )t  was introduced and a dynamic metric 
and hypothecial modified cosmological model were elaborated which describe the 
expansion and contraction of the space and time dimensions in a homogeneous 
and isotropic model of the universe. It was shown that a variable flow of time may 
provide answers to some cosmological problems. The modified cosmological 
model includes an alternative to the standard inflationary theory, and further 
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resolves classical cosmological constant and flatness questions. At a technical level, 
the theoretical model is not yet as well developed as the standard ΛCDM model 
and many topics of high importance have not yet been addressed. 
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