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Abstract 
In this paper, we study an optimal insurance problem, which allows the in-
sured and the insurer to have heterogeneous probability beliefs in the distri-
bution of potential losses, on the basis of which we maximize the expected 
utility of the insured’s final wealth. In order to reduce ex-post moral hazard, 
we assume that the alternative insurance contract follows the principle of in-
demnity and incentive compatibility constraints. Under the assumption of 
Wang’s premium principle, we derive a necessary and sufficient condition for 
the optimal solution. Then we discuss some particular characteristics of the 
optimal solution and the optimality of no insurance and full insurance. 
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1. Introduction 

The research on insurance began in 1960s. Since the seminal work of (Arrow, 
1963), the optimal insurance strategy has aroused great interest in research and 
practice, and has laid significant foundation in insurance economics. (Arrow, 
1963) first studied this issue from the perspective of the insured, who seeks to 
maximize the expected utility of the final wealth. Assuming the insurance pre-
mium is calculated according to the expected value principle, the author showed 
that the stop loss treaty is the optimal, and this conclusion is known as Arrow’s 
deductible theorem. 

In recent years, with the rapid development of insurance industry and the im-
provement of economic level, people’s insurance awareness is gradually im-
proving, and more and more people have accepted insurance. When facing huge 
risks, the insured can choose to share the risk with the insurance company by 
purchasing the insurance contract. In the study of optimal insurance, optimal 
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forms of insurance depend on premium principles and optimization criteria. 
There are many different premium principles and optimization criteria to 
choose from, which stimulate different research flows. For example, (Young, 
1999) studied the relatively complicated principle of Wang’s premium. In the 
past decade, one optimization criteria commonly used in the study of optimal 
insurance is minimizing the risk measure of a company’s risk, for example, (Cai 
& Tan, 2007), (Chi & Lin, 2014), (Cheung, 2010), and references therein, studied 
the optimal insurance or reinsurance under the value-at-risk (VaR) and the con-
ditional tail expectation (CTE) risk measures. In addition, some literatures stu-
died the optimal insurance by maximizing the non-expected utility preference, 
for example, (Xu, Zhou, & Zhuang, 2019) established the optimal insurance 
model when the preference of the insured is rank dependent utility type. 

It should be noted that in these studies, both parties of the insurance contract 
have the same probability belief on potential loss distribution. However, this as-
sumption has been questioned in insurance economics. In fact, information 
asymmetry is also universal existence in the insurance practice. (Gollier, 2013) 
pointed out that even if information is symmetrical, people still have differences 
in the distribution of risk. And before that, (Savage, 1972) mainly showed that 
the insured and the insurer will make decisions according to their own views 
and emphasized that the insured and the insurer usually make decisions based 
on personal probability view, so it is normal for them to have different views on 
the distribution of potential losses. 

As far as we know, (Marshall, 1992) was the first to study the optimal insur-
ance problem with belief heterogeneity, and obtained some interesting results. 
The author proved that the optimal insurance contract with nonnegative indem-
nity constraint can have any form of expression through heuristic analysis, and 
then introduced a very special form of belief heterogeneity. This particularity is 
mainly reflected in the case of non-zero loss, both parties of the contract have 
the same conditional distribution, and the probability quality of zero loss of the 
insured is less than that of the insurer. However, this is a rather restrictive ap-
proach to belief heterogeneity, which does not have universality. In addition, the 
optimal solution does not follow the principle of indemnity, that is, indemnity 
must be nonnegative and less than the loss itself. 

Then (Gollier, 2013) considered another new form of heterogeneous belief, 
assuming that the insured is more optimistic about the insurable loss than the 
insurer in the sense of monotone likelihood ratio (MLR). Although the expres-
sion of the optimal solution was not derived, the author proved that the optimal 
marginal indemnity should be less than 1 and can be negative. On the premise 
that belief heterogeneity is compatible and the insurance contract satisfies the 
principle of indemnity, (Ghossoub, 2016) and (Ghossoub, 2017) obtained the 
optimality of variable deductible insurance. The author proved that when the 
compensation of the optimal solution increases in the loss, the optimal marginal 
compensation can be strictly greater than 1. According to the research of 
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(Huberman, Mayers, & Smith Jr., 1983), when the marginal compensation is 
negative or strictly greater than 1, the optimal insurance policy will lead toex 
post moral hazard. (Jiang, Ren, Yang, & Hong, 2019) studied the optimal rein-
surance problem of cooperative game under the heterogeneous belief and mainly 
established a Pareto optimal model to give the most beneficial insurance policy 
for both parties. But a similar problem appeared, that is, the optimal insurance 
policy did not ex-post moral hazard. Therefore, in order to solve this problem, 
(Huberman, Mayers, & Smith Jr., 1983) suggested that the alternative insurance 
contract should meet the incentive compatibility condition in addition to the 
indemnity principle. In other words, the insurer and the insured are required to 
pay more for the insurable loss. This is equivalent to that marginal indemnity 
should be non-negative and less than 1. For details, please refer to literature (Liu, 
Zhao, Liu, & Chen, 2017). In addition, (Chi, 2019) gave the optimality of stop 
loss insurance under belief heterogeneity. In the MHR sense, when the insurer is 
more optimistic about the conditional distribution of non-zero loss than the in-
sured, they obtained the optimality of the deductible insurance. By comparing 
(Chi, 2019) and (Ghossoub, 2017), we find that applying incentive compatibility 
constraint can change from variable deductible to stop loss insurance contract. 

It should be noted here that the above research on belief heterogeneity is li-
mited to some special forms. Recently, (Chi & Zhuang, 2020) studied optimal 
insurance according to the principle of the expected value under the heteroge-
neous belief, explored some properties of the optimal solution, and obtained the 
optimal strategy for the special form of heterogeneous belief. However, the op-
timal insurance problem with belief heterogeneity and incentive compatibility is 
far from fully solved. Based on this paper, we extend the expected value pre-
mium principle to the more complex Wang’s premium principle and establish 
some new conclusions. 

The rest of the paper is organized as follows. In the second section, we intro-
duce an optimal insurance model with heterogeneous belief, in which the insur-
ance contract satisfies the principle of indemnity and incentive compatibility 
constraints, and prove the existence and uniqueness of the optimal solution. In 
the third section, we establish a sufficient and necessary condition of the optimal 
solution. Then, we further explore some properties of the optimal solution ac-
cording to this condition. In addition, we discuss the optimality of no insurance 
and full insurance in detail, and give the specific numerical analysis. In the 
fourth section, we give a summary description and point out the follow-up re-
search directions and problems. 

2. Model 

Suppose for a fixed time period, let Ω  be the set of states, 0W  be the initial 
wealth of the insured, X be the random loss faced by the insured, where X is a 
nonnegative bounded random variable defined in probability space ( ), , PΩ   
with ( ) 0P XΕ >  and ( )0 1P X W< = . Denote by   the sigma algebra gen-
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erated by X, and by P the subjective probability measure of the insured. In order 
to reduce the damage caused by huge claims, the insured usually purchase in-
surance to share part of the risk. We suppose that ( )f X  is the ceded loss of 
the insured, then the retained loss is ( ) ( )fR X X f X= − , where ( )f x  is the 
so-called ceded loss function. 

The principle of indemnity is a widely accepted principle in insurance, which 
requires that the ceded loss function is nonnegative and less than the loss itself. 
Mathematically, we describe it as ( ) ( )0 f x x≤ ≤ . However, (Huberman, May-
ers, & Smith Jr., 1983) pointed out that ex-post moral hazard may be caused in 
this case. Therefore, in order to eliminate ex-post moral hazard, we assume that 
the ceded loss function must satisfy the incentive compatibility condition, that is 
to say, both the ceded loss function and the retained loss function are increasing 
functions, which is further equivalent to ( )0 1f x′≤ ≤  almost everywhere, 
where ( )f x′  is the derivative of ( )f x . In this article, we follow the method of 
(Huberman, Mayers, & Smith Jr., 1983) to study the optimal ceded loss function 
in set 

( ) ( ){ }: 0 : 0 1f x x f x′= ≤ ≤ ≤ ≤ . 

In this paper, we assume that the insurance premium is calculated by Wang’s 
premium principle. For any nonnegative random variable Z, there are 

( ) ( )( ) ( )
0

d Q
gZ g Q Z z z Zπ

∞
= > = Ε∫ , 

where ( )π ⋅  is the principle of insurance premium, Q is the subjective probabil-
ity measure of the insurer defined in ( ),Ω  , ( )g ⋅  is a nondecreasing distor-
tion function satisfying ( )0 0g = , ( )1 1g = . But it should be noted that Q may 
not equal to P. This model reflects the different probability beliefs about poten-
tial loss between insured and insurer. 

In the case of the insurance contract with ( )f X , we make ( )fW X  
represent the insured’s final wealth, we have 

( ) ( ) ( )( )0
Q

f gW X W X f X f X= − + −Ε . 

In this paper, we further assume that the insured is risk averse. According to 
(Arrow, 1963), we use the expected utility theory to describe the insured’s prefe-
rence, that is, the insured wants to maximize the expected utility of its final 
wealth. Then, our optimal insurance problem is described as 

( )
( )( )max P

ff X
U W X

∈
 Ε  



,                   (2.1) 

where ( )U ⋅  is the utility function of the insured and satisfies ( ) ( )0, 0U U′ ′′⋅ > ⋅ < . 
Before solving the problem, we prove the existence and uniqueness of the op-

timal solution of Problem (2.1) by using the similar method in (Chi & Zhuang, 
2020). 

Lemma 2.1 (1) There are solutions to Problem (2.1). 
(2) If 0 belongs to the support of X under probability measure P, that is to say, 

there is ( ) 0P X ε> >  for any 0ε > , then the Problem (2.1) has a unique op-
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timal solution. 
In order to prove lemma 2.1, we give a well-known Arzelà-Ascoli theorem. 

Before stating it, we shall introduce the definitions of uniform boundedness and 
equicontinuity. 

Definition 2.1. A sequence of real valued continuous functions { }n n N
f

∈
 de-

fined on an interval [ ],a b  is uniformly bounded if there is a number B such 
that ( )nf x B≤  for every n and [ ],x a b∈ . 

Definition 2.2. A sequence of real valued continuous functions { }n n N
f

∈
 is 

said to be equicontinuous, if, for every 0ε >  and x, there exists a 0δ >  such 
that ( ) ( )n nf x f y ε− <  whenever x y δ− <  for all functions nf . 

It’s worth noting that, for any sequence of ceded loss functions from the ad-
missible set  , it is easy to see that this sequence is uniformly bounded and 
equicontinuous. Next, we will introduce this important theorem, see Theorem 
2.3. 

Theorem 2.3 (Arzelà-Ascoli theorem) Consider a sequence of realvalued 
continuous functions { }n n N

f
∈

 real valued continuous functions { }n n N
f

∈
 de-

fined on a closed and bounded interval [ ],a b  of the real line. If this sequence is 
uniformly bounded and equicontinuous, then there exists a subsequence { }knf  
that converges uniformly to a continuous function on [ ],a b . 

Then, we continue to prove lemma 2.1. 
Proof. Since X is a nonnegative bounded random variable, we suppose  
[ ]0,X M∈ . Note that the ceded loss function belongs to set   and satisfies 

Lipschitz continuity, then { } 1n n
f

≥
 must be uniformly bounded and equiconti-

nuous. Then according to Theorem 2.3, there must be a sequence { }
1kn k

f
≥

 un-
iformly converging to { }nf . Therefore, the optimal solution of Problem (2.1) 
exists. 

Next, we prove the uniqueness of the optimal solution. First, suppose 1f  and 

2f  are the optimal solutions of the Problem (2.1), then 

( )( ) ( )( )1 2
: P P

f fm U W X U W X   = Ε = Ε    . 

Define ( ) ( ) ( ) ( )1 21pf X pf X p f X= + −  for any [ ]0,1p∈ . It’s easy to get 

( )pf X ∈  and ( )( )p

P
fm U W X ≥ Ε  

, then according to the concavity of 

( )U ⋅ , we can get 

( )( ) ( )( ) ( ) ( )( )1 2
1

p

P P P
f f fU W X p U W X p U W X m     Ε ≥ Ε + − Ε =    

. 

Therefore, we have 

( )( ) ( )( ) ( )( )1 2 p

P P P
f f fU W X U W X U W X m    Ε = Ε = Ε =     

, 

and because of inequality ( ) 0U ′′ ⋅ ≤ , we can get ( ) ( ) ( )
2 1pf f fW X W X W X= =  

almost surely under P. Note that ( )0 0, 1, 2if i= = , If 0 belongs to the support of X 

under probability measure P, then when 0X →  has ( )( ) ( )( )1 2
Q Q
g gf X f XΕ = Ε , 

it means that ( ) ( )1 2f X f X= , that is ( ) ( )( )1 2 1P f X f X= = . So the unique-
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ness is proved. 
Remark 2.4. It should be noted that the probability of zero loss in practice is 

usually positive. For details, see (Smith, 1968). It is worth noting that the main 
difference between the result of ours and (Chi & Zhuang, 2020) is that ( )π ⋅  
does not satisfy the additivity under Wang’s premium principle, so even if Q is 
absolutely continuous with respect to P, we cannot derive the uniqueness of the 
optimal solution. 

3. Main Results 

Next, we establish a necessary and sufficient condition for the ceded loss func-
tion to be the optimal solution in the following theorem. 

Theorem 3.1. The ceded loss function ( )f t∗  is the optimal solution of the 
Problem (2.1) if and only if it satisfies 

( )
( )

( ) ( )
( )

1, 0,

, 0,

0, 0,

L t

f t k t L t

L t

∗

>
′ = =
 <

                   (3.1) 

where ( )k t  is bounded almost everywhere in [ ]0,1 , ( )L t  is defined as 

( )
( )( ) { }

( )( )
( )( ) { }( )

( )( )
:

X t

P QP
gX t ff

P P
f f

U W XU W X
L t

U W X U W X

∗∗ >

∗ ∗

>
   ′′ Ε ⋅Ε ΙΕ ⋅ Ι      = −

   ′ ′Ε Ε      

.  (3.2) 

for any [ ]0,t∈ ∞ , here AΙ  represents an indicator function of event A. 
Proof. We first assume that ( )f t∗  is the optimal solution of the Problem 

(2.1). For any insurance contract ( )f t , we define 

( ) ( ) ( ) ( ): 1f t f t f tθ θ θ∗= − +  and ( ) ( )( )P
fU W X
θ

θ  Φ = Ε   . 

It is obvious that we have ( )f tθ ∈  and ( )θΦ  is concave with respect to 
θ . Then according to the concavity of ( )U ⋅  and the optimality of ( )f t∗ , we 
have 

( ) ( ) ( )( ) ( )( )

( )( ) ( ) ( ) ( ) ( )( ){ }
( )( ) ( ) ( ) ( ) ( )( ){ }

( )( ) { } ( ) ( )( ) { } ( ) ( )( )( ){ }
( )( ) ( ) ( ) ( )( )

0

0 0

0

0

d d

d 0

P P
f f

P Q
f g

P Q
gf

P Q
gX t X tf

P
f

U W X U W X

U W X f X f X f X f X

U W X f X f X f X f X

U W X f t f t t f t f t t

U W X L t f t f t t

θ

θ

θ

θ
θ θ

∗

∗

∗

∗

∗ ∗

↓ ∗ ∗

∞ ∞∗ ∗
> >

∞ ∗

  Ε −ΕΦ −Φ     =

 ′= Ε ⋅ − −Ε − 

 ′→Ε ⋅ − −Ε − 

 ′ ′′ ′ ′= Ε ⋅ Ι − −Ε Ι −  

  ′′ ′= Ε ⋅ − ≤  

∫ ∫

∫  
where ( )L t  is defined in(3.2), the third equation is based on  

( ) { } ( )
0

dx tf x f t t
∞

> ′= Ι∫  for any 0x ≥ . It is noted that 
( ) ( )0

0
θ
θ

Φ −Φ
≤  is 

true, so the above inequality holds for any ceded loss function ( )f X ∈ . After 
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verification, ( )f t∗′  meets (3.1). 

Conversely, if the ceded loss function ( )f t∗′  satisfies (3.1), then for any 
( )f X ∈ , there are 

( )( ) ( )( )
( )( ) ( ) ( ) ( )( ) ( )( ){ }
( )( ) ( ) ( ) ( )( )0

d 0

P P
ff

P Q Q
g gf

P
f

U W X U W X

U W X f X f X f X f X

U W X L t f t f t t

∗

∗

∗

∗ ∗

∞ ∗

   ′ ′Ε −Ε    

 ′≥ Ε ⋅ − −Ε + Ε 

  ′′ ′= Ε ⋅ ⋅ − ≥   ∫  
Thus, ( )f t∗  is the optimal solution of the Problem (2.1). 
Theorem 3.1 gives the general form of the optimal solution of Problem (2.1). 

Specifically, the marginal indemnity of ( )f t∗′  should be 0 or 1, and there are 
some irregularities at the critical point of ( ) 0L t = . Moreover, Theorem 3.1 can 
be used to identify the optimality of any given acceptable ceded loss function. So 
as to further explore the properties of the optimal solution. 

3.1. Properties of the Optimal Solution 

First, we introduce PM  and QM , which are the essential supremum of X un-
der P and Q. 

The mathematical expression can be expressed as follows: 

( ) ( ){ }: inf : 1PM x x P X x= ≤ = , 

( ) ( ){ }: inf : 1QM x x Q X x= ≤ = . 

Proposition 3.1. We have ( ) 0f t∗′ = , when any 0t ≥  satisfies { } 1Q
g X t>
 Ε Ι >  . 

Further, when P QM M<  for any ),P Qt M M∈  , there is ( ) 0f t∗′ = . 

Proof. When { } 1Q
g X t>
 Ε Ι >  , we have 

( )( ) { }( ) ( )( )P Q P
g X tf f

U W X U W X∗ ∗>
   ′ ′Ε ⋅Ε Ι > Ε      

, 

this shows that 

( )
( )( ) { }

( )( )
( )( ) { }( )

( )( )
0

P P Q
gX t X tf f

P P
f f

U W X U W X
L t

U W X U W X

∗ ∗

∗ ∗

> >
   ′ ′Ε ⋅ Ι Ε ⋅Ε Ι      = − <

   ′ ′Ε Ε      

. (3.3) 

Therefore, according to Theorem 3.1, we have ( ) 0f t∗′ =  for any 0t ≥  sa-

tisfies { } 1Q
g X t>
 Ε Ι >  . 

Moreover, if P QM M<  for any ),P Qt M M∈  , we have ( ) 0P X t> = , then

( )L t  can be rewritten as 

( )
( )( ) { }( )

( )( )
0

P Q
g X tf

P
f

U W X
L t

U W X

∗

∗

>
 ′Ε ⋅Ε Ι  = − <

 ′Ε   

. 
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So we have ( ) 0f t∗′ =  for any ),P Qt M M∈  . 
The above proposition gives the point where the optimal marginal indemnity 

is 0. Then according to the similar method, we discuss the point where the op-
timal marginal indemnity is 1. See the following proposition. 

Proposition 3.2. If ( )
( )( ) { }( )

( )( )
0

P Q
g X tf

P
f

U W X
P X t

U W X

∗

∗

>
 ′Ε ⋅Ε Ι  > − >

 ′Ε   

 for any

0t ≥ , then ( ) 1f t∗′ = . In particular, when the distortion function ( )g x x=  

and Q PM M< , there is ( ) 1f t∗′ = . 

Proof. According to ( ) 0U ′′ ⋅ < , we can get that ( )( )f
U W X∗′  is comono-

tonic with { }X t>Ι , Which shows 

( )
( )( ) { }

( )( )
( )( ) { }( )

( )( )

( )
( )( ) { }( )

( )( )
0

P P Q
gX t X tf f

P P
f f

P Q
g X tf

P
f

U W X U W X
L t

U W X U W X

U W X
P X t

U W X

∗ ∗

∗ ∗

∗

∗

> >

>

   ′ ′Ε Ι Ε ⋅Ε Ι      = −
   ′ ′Ε Ε      

 ′Ε ⋅Ε Ι  ≥ > − >
 ′Ε   

   (3.4) 

Therefore, we have ( ) 1f t∗′ =  for any 0t ≥  because of Theorem 3.1. 
On the other hand, if ( )g x x= , then { }( ) { } ( )Q Q

g X t X t Q X t> >
 Ε Ι = Ε Ι = >   

for any ),Q Pt M M∈  , that is to say ( ) 0Q X t> = , which in turn implies 

( ) ( )
( )( ) ( )

( )( )
( ) 0

P
f

P
f

U W X Q X t
L t P X t P X t

U W X

∗

∗

 ′Ε ⋅ >  ≥ > − = > >
 ′Ε   

. 

Therefore, we have ( ) 1f t∗′ = . 
In this case, the conclusion is consistent with (Chi & Zhuang, 2020), who uses 

the expected value principle to establish the condition that the optimal marginal 
indemnity is 1 when the safety loading coefficient exists. 

3.2. Optimality of Full Insurance and No Insurance 

The optimality of full insurance and no insurance has always been a hot topic in 
the research of demand theory in insurance economics. In this section, we will 
use Theorem 3.1 to discuss their optimality. 

Proposition 3.3. Full insurance is an optimal solution to Problem (2.1) if and 
only if 

( ) { }( )P Q
g X tP X t >

 > > Ε Ε Ι 
 

holds for any 0t ≥ . 
Proof. According to Theorem 3.1, full insurance is an optimal solution if and 

only if ( ) 0L t ≥ , where ( )L t  can be described as 
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( )
( ) { }

( )
( ) { }( )

( )

( ) { }( )

P QP
g X tX t

P P

P Q
g X t

U WU W
L t

U W U W

P X t E

ππ

π π

>>

>

   ′Ε − ⋅Ε Ι′Ε − ⋅ Ι   = −
′ ′Ε − Ε −      

 = > − Ε Ι 

 

Obviously, this conclusion has been proved to be complete. 
Proposition 3.4. No insurance is an optimal solution to Problem (2.1) if and 

only if 

( ) { } ( ) { }( )P P Q
gX t X tU W X U W X> >

  ′ ′Ε − Ι ≤ Ε − ⋅Ε Ι   
.       (3.5) 

Proof. According to Theorem 3.1, no insurance is the optimal solution of 
Problem (2.1) if and only if ( ) 0L t ≤ . So the conclusion is proved. 

Next, we use a specific example to further illustrate the case that no insurance 
is optimal. 

Example 3.5. In this example, suppose that random loss X follows a truncated 
exponential distribution under probability measure P, and the probability den-
sity function is 

( ) { }2020

e
1 e

x

xf x I
−

≤−
=

−
, 0x∀ ≥ . 

We let 0 20W = , ( ) e sU s −= − , { } { }18Q X t P X t> = ⋅ > , distortion func-
tion ( )g x x= . 

After a series of calculations, we have 

( ) { }

( )
0 10

0

1
2

P
X

P

U W X

U W X
>

 ′Ε − ⋅ Ι  =
′ Ε − 

. 

And because ( )g x x= , then { } { }Q
g X t Q X t>
 Ε Ι = >  . After calculation, we 

have { } 1
2

Q X t> > , and then we deduce ( ) 0L t ≤ , that is to say, in this case, 

no insurance is optimal. 

4. Concluding 

In conclusion, this paper analyzes an optimal insurance design problem, which 
not only satisfies the incentive compatible conditions according to the require-
ments of (Huberman, Mayers, & Smith Jr., 1983), but also allows both parties to 
have different probability beliefs about the insurance random loss. Under the 
assumption of general heterogeneous belief, a necessary and sufficient condition 
for the optimal ceded loss function is established. Then we discuss some inter-
esting properties of the optimal solution then under this condition. Next, we 
discuss in detail the optimal problem of no insurance and full insurance which 
are of great significance in insurance economics, and give the specific numerical 
analysis in the case of no insurance, which supports our conclusion. 

It is worth mentioning that our model is similar to the one of (Boonen, 2016). 
The difference is that (Boonen, 2016) takes minimizing the distorted risk mea-
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surement of the insured’s risk exposure as the objective function, while we take 
maximizing the expected utility of the insured’s final wealth as the objective 
function. 

We also wish to point out that further research on this topic is needed. First, 
the research on one insurer can be extended to two or more insurers to establish 
the optimal solution. Secondly, we do not derive the explicit optimal solution for 
the general form of belief heterogeneity, but it’s an interesting topic to consider 
some other ways to achieve the optimal strategy. We hope that these two impor-
tant open problems can be addressed in future research. 
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