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Abstract 
This study presents the Dynamic Multi-Objective Uncapacitated Facility Lo-
cation Problem (DMUFLP) model, a novel and forward-thinking approach 
designed to enhance facility location decisions in complex and evolving supply 
chain systems. Unlike traditional models such as the Uncapacitated Facility 
Location Problem (UFLP), which often prioritize economic efficiency while 
overlooking environmental and social impacts, the DMUFLP offers a holistic 
and adaptive framework. It integrates economic, environmental, and social 
cost dimensions, supports dynamic capacity adjustments, and incorporates 
stochastic elements to effectively manage uncertainty and fluctuating demand 
over time. To evaluate the model’s effectiveness, a comprehensive simulation 
using synthetic data was conducted, benchmarking the DMUFLP against con-
ventional models across various sample sizes. Results consistently demon-
strate the DMUFLP’s superior performance in critical metrics, including 
Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), 
Mean Absolute Error (MAE), and Area Under the Curve (AUC). Importantly, 
the model achieves a robust balance between predictive accuracy and model 
simplicity, offering decision-makers a practical, reliable, and sustainability-fo-
cused tool for long-term facility planning. By bridging the gap between eco-
nomic viability, environmental stewardship, and social responsibility, this 
study positions the DMUFLP model as a next-generation solution capable of 
reshaping facility location optimization in real-world applications. 
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1. Introduction 

The Uncapacitated Facility Location Problem (UFLP) is a widely recognised 
model in operations research, commonly used to optimise the placement of facil-
ities and reduce costs. Since its establishment, the UFLP has played a crucial role 
in a wide range of applications, spanning from supply chain management to ser-
vice network design. Nevertheless, the conventional UFLP has faced criticism for 
its oversimplification of the intricate realities of the real world. These include fac-
tors like the environmental and social consequences of facility placement, the need 
for capacity adjustments over time, and the inherent uncertainties in demand [1]. 
Various UFLP extensions have been developed to address the limitations and in-
corporate broader considerations such as sustainability, resilience, and stochastic 
demand variations [2]. 

In spite of these advancements, numerous current models continue to face chal-
lenges in offering a comprehensive and adaptable framework for facility location 
planning, especially in environments marked by swift market changes and fluctu-
ating demand patterns. As an illustration, many conventional models fail to con-
sider the changing capacity requirements or the long-term environmental effects 
of facility operations [3]. This gap highlights the necessity for advanced models 
capable of tackling the complex nature of contemporary facility location chal-
lenges. 

In order to address these gaps, this research presents the Dynamic Multi-Objec-
tive Uncapacitated Facility Location Problem (DMUFLP) model. The DMUFLP is 
designed to seamlessly integrate various cost components, including economic, 
environmental, and social factors, into a unified framework. The DMUFLP stands 
out from traditional models by incorporating dynamic capacity adjustments, en-
abling it to seamlessly adapt to changing operational needs. This approach to fa-
cility location planning takes into account stochastic elements, which help to cap-
ture the inherent uncertainty in demand forecasts better. As a result, it provides a 
more realistic and professional perspective on the matter [4]. 

This research conducts a thorough simulation study to evaluate the perfor-
mance of the DMUFLP model in comparison to other existing models. The study 
highlights the DMUFLP’s exceptional optimization capabilities in various scenar-
ios, especially in achieving a balance between cost efficiency and sustainability ob-
jectives. The findings indicate that the DMUFLP model has the potential to greatly 
improve decision-making in complex and uncertain environments, making it a 
reliable solution for modern facility location challenges. These results add to the 
increasing amount of research supporting the need for more sophisticated and 
flexible methods in facility location planning [5] [6]. 

2. Literature Review 

The Uncapacitated Facility Location Problem (UFLP) is a fundamental model in 
operational research that focuses on finding the most cost-effective facility loca-
tions. It takes into account both setup and transportation expenses [7]. Despite its 
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widespread adoption, the traditional UFLP has been subject to criticism due to its 
limitations in addressing the intricacies of real-world challenges. These complex-
ities include environmental and social impacts, capacity flexibility, and demand 
uncertainties [8] [9]. 

Pires et al. (2019) expanded upon the UFLP by integrating sustainability factors 
with a specific focus on waste management. Their model highlighted the addi-
tional costs associated with sustainability, such as penalties for emissions, demon-
strating the increasing importance of environmental factors in facility location 
problems [8]. Nevertheless, this model made significant strides in incorporating 
environmental factors, although its focus was primarily on waste management 
and needed to fully encompass broader environmental and social impacts. 

Olapiriyakul et al. (2019) made significant advancements to the UFLP by incor-
porating environmental and social impact measures in addition to the usual eco-
nomic objectives. This extension represented a notable transition towards a com-
prehensive approach to facility location, recognising the wider impact on com-
munities and the environment [9]. In spite of these advancements, the model 
needed help in handling dynamic capacity adjustments, particularly when it came 
to adapting to changing demand scenarios. 

Adeleke and Olukanni (2020) presented a revision to the UFLP that highlighted 
the significance of precise demand forecasting in reducing the expenses linked to 
incorrect facility placement. This model emphasised the importance of accurate 
demand estimates for efficiently optimising facility locations. Nevertheless, simi-
lar to earlier models, Adeleke’s approach faced limitations due to its static nature 
[10]. It is assumed that facility placements would continue to be optimal, even in 
the face of potential changes in demand [11]. 

Green (2022) highlighted the importance of integrating sustainability into op-
erational models by emphasising the consideration of carbon emissions in facility 
location problems. Green’s model showcased a significant breakthrough, espe-
cially in closed-loop distribution networks where sustainability plays a vital role. 
Nevertheless, the report primarily emphasised carbon emissions and failed to ad-
equately consider other environmental or social impacts [12]. 

In their study, Pang et al. (2023) tackled the challenges of online retailing by 
presenting a UFLP model that effectively dealt with the uncertainties related to 
demand and cost by incorporating stochastic elements. This model has demon-
strated its relevance in the context of e-commerce, where demand patterns can be 
extremely unpredictable. Although Pang et al.’s model successfully addressed de-
mand uncertainties, it needed to fully incorporate capacity adjustments or con-
sider environmental and social factors [13]. 

In their study, Ghadge et al. (2023) put forward a model that highlights the im-
portance of sustainable facility location in closed-loop distribution networks, with 
a specific focus on minimising carbon emissions. Although this model made pro-
gress in addressing sustainability, it focused mainly on carbon emissions and over-
looked other important environmental and social impacts, as well as the ever-
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changing demand and capacity [14]. 
The latest advancement is the introduction of the Dynamic Multi-objective Un-

capacitated Facility Location Problem (DMUFLP) model in 2024. This model in-
corporates improvements from previous versions by addressing their limitations 
and introducing innovative features. The DMUFLP model takes into account en-
vironmental and social impacts and is designed to adapt to changes in demand 
with flexible capacity adjustments [15]. 

The DMUFLP model also considers a wider range of uncertainties, including 
those associated with environmental and social impacts, building upon the sto-
chastic elements introduced by Pang et al. (2023). This thorough approach im-
proves the model’s ability to handle the complexities of real-world situations that 
previous models had difficulty addressing. 

Ultimately, past models have made notable advancements in expanding the 
UFLP to encompass sustainability, social impacts, and stochastic elements. How-
ever, their focus has been primarily on individual aspects rather than fully inte-
grating these components into a cohesive and all-encompassing framework. The 
DMUFLP model is a remarkable achievement, as it brings together the best fea-
tures of previous models to create a comprehensive approach that takes into ac-
count the complete range of environmental, social, and economic impacts. It also 
incorporates dynamic capacity adjustments and stochastic elements, making it a 
highly sophisticated tool. This model provides a comprehensive and flexible solu-
tion to the facility location problem in challenging and unpredictable environ-
ments. 

2.1. Method  
2.1.1. The Dynamic Multi-Objective Facility Location Problem (DMUFLP) 
We developed the Dynamic Multi-Objective Facility Location Problem (DMUFLP) 
to address the complexities of facility location decisions in diverse supply chain 
environments. This model incorporates various cost components and sustainabil-
ity considerations. We formulated the DMUFLP using a mixed-integer linear pro-
gramming (MILP) approach, known for efficiently handling large-scale optimiza-
tion problems with multiple objectives [16] [17].  

The model aims to minimise total project costs, including facility setup, trans-
portation, environmental impact, social impact, and capacity adjustment ex-
penses. 

2.1.2. Data Generation and Assumptions 
We conducted a simulation study using the R software, a widely used environment 
for statistical computing, to evaluate the performance of the DMUFLP model rig-
orously. We based the simulation on a synthetic dataset representing a typical 
supply chain scenario. To ensure reproducibility, we generated demand values us-
ing a normal distribution. We assigned transportation costs using a uniform dis-
tribution between 10 and 100, and we derived environmental and social impact 
costs from exponential distributions with appropriate scale parameters that reflect 
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their relative impact [18]. We modelled capacity adjustment costs with a triangu-
lar distribution to simulate increasing marginal costs. We based these assump-
tions on a combination of historical data and insights from relevant literature [19] 
[20]. 

2.1.3. Social Impact Costs and Community Needs 
The model integrates a social impact cost component (si), which reflects commu-
nity-related factors such as proximity to residential zones, public approval ratings, 
and local job creation potential. These factors represent the societal acceptability 
and benefits of facility placement in specific areas, aligning the model with con-
temporary sustainability practices in supply chain management [21] [22]. 

2.1.4. Model Structure and Constraints 
We carefully constructed the DMUFLP model’s constraints to ensure demand sat-
isfaction, facility activation, and compliance with real-world operational condi-
tions [18]. We estimated key parameters, including demand, transport costs, en-
vironmental and social costs, and capacity adjustments, using empirical data and 
theoretical frameworks to ensure model validity [23]. 

We implemented the model using R’s lpSolve and ompr packages, which pro-
vide practical tools for solving linear and mixed-integer programming problems 
[24]. We tested the model using various sample sizes (250, 500, 750, and 950) to 
assess its scalability and computational efficiency. We also benchmarked its per-
formance against other models that integrate multiple cost components and sus-
tainability concerns, providing a comprehensive comparison [25]. 

2.1.5. Performance Metrics and Diagnostic Evaluation 
To assess the model’s accuracy and reliability, we applied several performance 
metrics, including the Akaike Information Criterion (AIC), Bayesian Information 
Criterion (BIC), Mean Absolute Error (MAE), and Area Under the Curve (AUC) 
[26]. Using R, we generated diagnostic plots including Residuals vs. Fitted Values, 
Normal Q-Q Plot, Scale-Location Plot, Cook’s Distance Plot, Residuals vs. Order 
of Data, Histogram of Residuals, and Partial Regression Plot [27]. These tools 
helped us verify model assumptions such as linearity, residual normality, and ho-
moscedasticity, and identify influential observations, ensuring robust and inter-
pretable outcomes [28]. We used R’s ggplot2 package to visualise results and per-
formance metrics, which provided precise and intuitive graphical insights [29]. 

2.1.6. DMUFLP Model Assumptions 
The DMUFLP model operates under several foundational assumptions that influ-
ence its structure and behaviour: 
• Discrete Facility Location: The model assumes facilities can only be located 

at a finite number of predetermined sites, consistent with traditional facility 
location problems [20]. 

• Deterministic Demand: We assume demand at each node is fixed and known 
in advance, which simplifies implementation but limits the model’s ability to 
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reflect demand uncertainty [18]. 
• Linear Costs: We treat all cost components as linear functions of decision var-

iables. This assumption supports tractability, though it may not capture non-
linear cost behaviours observed in practice [30]. 

• Capacity Adjustments: Facilities can adjust their capacities flexibly and con-
tinuously at a cost, allowing dynamic responses to demand fluctuations [31]. 

• Fixed Facility Costs: We assume that setup costs are fixed and known before 
implementation, incurred only when a facility is opened [5]. 

• No Capacity Constraints: The model does not impose hard capacity limits, 
enhancing operational flexibility, although it may oversimplify actual limita-
tions [1]. 

• Independent Demand Points: The model assumes independence between de-
mand points, reducing complexity [2]. 

• Environmental and Social Costs: We treat these costs as quantifiable and in-
tegrate them as linear cost components related to facility operations and trans-
portation activities [22]. 

• Static and Single-Period Analysis: The model operates within a single-period 
framework, simplifying analysis but limiting the ability to reflect dynamic, 
multi-period changes [19]. 

• Perfect Information: We assume complete certainty regarding all input pa-
rameters, thereby excluding the role of uncertainty or stochastic variations. 
While this enhances simplicity, it may limit the model’s real-world relevance 
[32]. 

• Objective Function: The model focuses solely on minimising total cost, which 
may overlook other qualitative criteria such as service quality or equity [2]. 

2.1.7 Model Validation and Limitations 
While synthetic data allowed us to test the model under controlled conditions, 
future work should validate the DMUFLP using empirical supply chain data [32] 
[33], to ensure real-world applicability. Additionally, although the MILP formu-
lation is potent, solving large-scale stochastic versions can be computationally de-
manding. This complexity poses challenges for adapting the model to highly un-
certain or multi-period real-world scenarios. 

2.1.8. Conclusion 
The DMUFLP model demonstrates strong potential as a robust and effective tool 
for facility location planning in complex, sustainability-oriented supply chains. By 
integrating environmental and social costs with traditional cost components, the 
model aligns with evolving sustainability frameworks. Using R software acceler-
ated our simulation, optimization, and visualisation processes. Moving forward, 
researchers should extend the model to cover stochastic and multi-period condi-
tions and test it with real-world data. Moreover, simplifying the technical lan-
guage while maintaining analytical depth will improve its accessibility and adop-
tion by industry practitioners. 
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2.2. Model Formulation 

Figure 1 presents a schematic of the DMUFLP model, illustrating how demand 
estimates, transportation costs, environmental and social impacts, and capacity 
adjustments are systematically integrated into the optimization process to deter-
mine the most suitable facility locations and their corresponding capacities. 
 

 

Figure 1. Workflow of the DMUFLP Optimization Model. 
 

This model is a sophisticated extension of traditional facility location problems, 
incorporating additional factors such as environmental and social impacts, which 
are increasingly critical in modern decision-making [34]. The Demand Estimation 
node signifies the process of forecasting demand across different scenarios, rep-
resented mathematically as jtsd , where j  refers to specific demand points, t  
to time periods, and s  to different scenarios. This step is fundamental in ensur-
ing that the model’s outputs are grounded in realistic demand expectations, as 
accurate demand forecasting is critical for operational efficiency and cost mini-
mization [34]. 

Transportation costs are represented as ijtsc , where i  denotes facility loca-
tions, j  demand points, t  time periods, and s  scenarios. These costs are a 
significant component of the total cost in location problems, and their accurate 
estimation is vital for the overall effectiveness of the model. Incorporating trans-
portation costs into the DMUFLP model ensures that the solution not only meets 
demand but also does so in a cost-effective manner, aligning with sustainable sup-
ply chain practices [35]. 

The environmental and social impacts node introduces estimates for environ-
mental costs ( ie ) and social costs ( is ), reflecting the growing importance of sus-
tainability in supply chain and logistics decisions. The inclusion of these factors 
in the DMUFLP model acknowledges the need for companies to minimise their 
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ecological footprint and ensure socially responsible operations, a concern increas-
ingly emphasised in recent literature. 

Capacity adjustments ( itC∆ ) account for the costs associated with scaling facil-
ity capacities in response to changing demand or other factors over time. This 
aspect of the model allows for flexibility and adaptability, ensuring that the solu-
tion remains viable as external conditions evolve. 

The Optimization node at the centre of the diagram represents the culmination 
of these inputs, where the DMUFLP model integrates the estimated demands, 
costs, impacts, and adjustments to derive the optimal facility locations ( *x ), as-
signments ( *y ), and capacity adjustments ( *C∆ ). This process is pivotal for iden-
tifying solutions that balance cost efficiency with environmental and social re-
sponsibility, aligning with modern supply chain management goals. 

The diagram effectively illustrates the complexity and comprehensiveness of 
the formulated DMUFLP model, which not only addresses traditional economic 
objectives but also integrates critical environmental and social considerations, 
making it a robust tool for contemporary facility location and logistics planning 
[34]. 

2.3. Dynamic Multi-Objective Uncapacitated Facility Location  
Problem (DMUFLP) with Enhanced Features 

To address the potential gaps identified, the DMUFLP model will be refined to 
incorporate stochastic elements, dynamic capacity adjustments, and real-time de-
cision-making capabilities.  

2.3.1. Formulation of DMUFLP Model 
Define the sets and indices 

• I : Set of potential facility locations, indexed by i . 
• J : Set of demand points (e.g., population centers), indexed by j . 
• T : Set of time periods (e.g., years), indexed by t . 
• L : Set of decision-making levels (e.g., national, regional, local), indexed by l . 
• S : Set of scenarios representing different states of the world, indexed by s . 

Define the enhanced parameters 
• if : Fixed cost of opening a facility at location i . 
• ijtsc : Transportation cost per unit of waste from demand point j  to facility 

i  during time period t  under scenario s . 
• jtsd : Demand (waste generation) at demand point j  during time period t  

under scenario s . 
• jtsp : Projected population at demand point j  during time period t  under 

scenario s . 
• jα : Waste generation rate per capita at demand point j . 
• ie : Environmental impact cost associated with opening a facility at location 

i . 
• is : Social impact cost associated with opening a facility at location i . 
• Lλ : Weight associated with decision-making level l . 
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• itC : Capacity of facility i  during time period t  (now dynamic, may change 
over time). 

• tR : Real-time data for demand, capacity, and transportation costs, updated 
periodically during time period t . 

Define the enhanced decision variables 
• ix : Binary variable indicating whether a facility is opened at location i  

( 1ix = , if opened, 0 otherwise). 
• ijtsy : Continuous variable representing the amount of waste transported from 

demand point j  and to facility i  during time period t  under scenario 
s . 

• iltz : Binary variable indicating whether the decision-making level l  approves 
the facility location i  in time period t  ( 1iltz =  if approved, 0 otherwise). 

• itC∆ : Change in capacity of facility i  at time period t  (adjustable based on 
demand and other factors). 

Formulate the enhanced objective function 
The enhanced objective function minimises the expected total cost across all 

scenarios, including facility costs, transportation costs, environmental and social 
impacts, and dynamic capacity adjustments: 

Minimise 

( )

s i i ijts ijts i i i i
s S i I t T i I j J i I i I

l ilt it
t T i I l L t T i I

Z P f x c y e x s x

z g Cλ

∈ ∈ ∈ ∈ ∈ ∈ ∈

∈ ∈ ∈ ∈ ∈

= +








+ +

+ + ∆

∑ ∑ ∑∑∑ ∑ ∑

∑∑∑ ∑∑
 

where sP  is the probability of scenario s , and ( )itg C∆  represents the cost of 
adjusting facility capacity over time. 

Define the enhanced constraints 
• Stochastic Demand Satisfaction Constraint: 

, , ,jts jts
i I

y d j J t T s S
∈

≥ ∀ ∈ ∀ ∈ ∀ ∈∑  

, , , ,ijts jts iy d x i I j J t T s S≤ ∀ ∈ ∀ ∈ ∀ ∈ ∀ ∈  

This ensures that the total waste transported to facilities meets the demand at 
each demand point under each scenario. 

2.3.2. Solution Approach 
Stochastic programming is a framework for modelling optimization problems 
that involve uncertainty. In the context of the DMUFLP, we use scenario-based 
stochastic programming to account for uncertain parameters like demand and 
transportation costs. One common approach is the Sample Average Approxima-
tion (SAA) method, which approximates the expectation of the uncertain param-
eters by averaging over a set of sampled scenarios. 

Problem Setup 
Let’s assume the objective is to minimise the total expected cost across multiple 

scenarios. The decision variables and parameters have already been defined: 
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ix : Binary variable indicating whether facility i  is opened. 

ijtsy : Continuous variable representing the amount of waste transported from 
demand point j  to facility i  during time period t  under scenario s . 

itC∆ : Adjustment to the capacity of facility i  at time t . 
Let sξ  represent the uncertain parameters (e.g., demand jtsd , transportation 

costs ijtsc  etc,.) associated with scenario s , where s  belongs to the set of sce-
narios S . 

The stochastic programming formulation aims to minimise the expected total 
cost: 

Minimise: 

( ), , ;E Z x y Cξ ξ∆    

where ( ), , ;Z x y C ξ∆  is the total cost function dependent on the scenario ξ . 
Sample average approximation (SAA) 

• Generate Scenarios: Suppose we have N  independent scenarios 

1 2, , , Nξ ξ ξ , sampled from the distribution of ξ . 
• Approximate the Objective Function: The expected cost function can be ap-

proximated by the sample average 

( ) ( )
1

1, , ; , , ;
N

s
s

Z x y C Z x y C
N

Eξ ξ ξ
=

∆ ≈ ∆   ∑  

The SAA problem is then formulated as: 

( )
1

1 N

i i ijts ijts i i i i it
s i I t T i I j J i I i I t T i I

f x c y e x s x g C
N = ∈ ∈ ∈ ∈ ∈ ∈ ∈ ∈

 
+ + + + ∆ 

 
∑ ∑ ∑∑∑ ∑ ∑ ∑∑  

Constraints: The SAA formulation includes the constraints applied to each sce-
nario s : 

Demand Satisfaction Constraint: , , ,ijts jtsi I y d j J t T s S
∈

≥ ∀ ∈ ∀ ∈ ∀ ∈∑  

Capacity Constraints: , , ,ijts it itj J y C C i I t T s S
∈

≤ + ∆ ∀ ∈ ∀ ∈ ∀ ∈∑  

Flow Conservation: , , , ,ijts jts iy d x i I j J t T s S≤ ∀ ∈ ∀ ∈ ∀ ∈ ∀ ∈  
Non-negativity and binary constraints: 

{ }0,1 ,i ix I∈ ∀ ∈  

0, , , ,ijtsy i I j J t T s S≥ ∀ ∈ ∀ ∈ ∀ ∈ ∀ ∈  

0, ,itC i I t T∆ ≥ ∀ ∈ ∀ ∈  

Cost function for capacity adjustment: 
The cost function ( )itg C∆  for capacity adjustments can be defined as a linear 

or convex function:  

( ) 1it itg C k C∆ = ∆  

where 1k  is a constant representing the marginal cost of capacity adjustment. 
Convex cost (e.g., quadratic): ( ) ( )2

1 2it it itg C k C k C∆ = ∆ + ∆ , where 1k  and 

2k  are constants reflecting the cost structure. 
Solve the SAA problem: Solve the resulting problem which is a mixed-integer 
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linear program (MILP), which can be solved using Gurobi standard optimization 
solvers. The solution ( ), ,x y C∗ ∗ ∗∆  to this MILP provides an approximation to 
the optimal decisions under uncertainty. 

2.3.3. Branching and Bound-and-Cut Algorithm: A Step-by-Step Overview 
1. Branching 
Branching in the branch-and-bound algorithm involves creating sub problems 

by splitting the feasible region based on the values of the binary variable ix . 
• Initial Problem: 

Solve the linear relaxation of the MILP, where the binary variables ix  are al-
lowed to take continuous values between 0 and 1: [ ]0,1 ,ix i I∈ ∀ ∈  

Suppose the solution to the relaxed problem yields a fractional value  *
ix  for 

some i , i.e, ( )* 0,1ix ∈  
• Branching Decision: 

Create two sub problems by branching on *
ix  

 Sub problems 1: fix 0ix =  and solve the resulting MLP. 
 Sub problems 2: fix 1ix =  and solve the resulting MLP. 

Mathematically, this can be represented as: 
Sub problems 1: 0ix = , i∀ ∈  branching set 
Sub problems 2: 1ix = , i∀ ∈  branching set 
2. Bounding 
For each sub problem, solve the LP relaxation (the linear relaxation with the 

additional branching constraint). 
Objective function for sub problems: 

( )
1

1min
N

Subproblem i i ijts ijts i i i i it
s i I t T i I j J i I i I t T i I

Z f x c y e x s x g C
N = ∈ ∈ ∈ ∈ ∈ ∈ ∈ ∈

 
= + + + + ∆ 

 
∑ ∑ ∑∑∑ ∑ ∑ ∑∑  

Bounding Rule: 
 If the objective value of a subproblem SubproblemZ  is greater than the current 

best known integer feasible solution *Z  , discard the subproblem (prune it). 
 If the subproblem is infeasible, discard it. 

Mathematically: 
If *

SubproblemZ Z< , prune branch. 
3. Pruning  
Pruning involves eliminating the subproblems that cannot yield a better solu-

tion than the current best. 
Pruning Rule: 

 If a subproblem yields an integer solution { }* 0,1ix ∈ , compare it with the cur-
rent best integer solution. 

 If it is better, update the best solution: 

( ) ( )* * * * *, , , , , ,Subproblem Subproblem subproblem subproblem subproblemZ Z Z Z x y c x y c< = ∆ = ∆  

 Continuing branching and pruning until no subproblems remain to be ex-
plored. 

4. Cutting Planes 
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Cutting planes are additional constraints added to the linear relaxation to elim-
inate fractional solutions without excluding any integer feasible solutions.  

Cutting Plane Generation: 
Identify a hyperplane that separates the current fractional solution from the 

convex hull of integer solutions. 
For example, a Gomory cut can be generated from the simplex tableau: 
Gomory cut: i i

i I
a x b

∈

≥     ∑  

Where, ia  are the coefficients of the constraint in the simplex tableau, and b  
is the right-hand side. 

Add the cut to the problem: 
Incorporate the cutting plane as a new constraint: i i

i I
a x b

∈

≥     ∑  

Resolve the LP relaxation with this new constraint to tighten the relaxation. 
5. Final Solution 

The final solution ( )* * *, ,x y c∆  is obtained when: 
• All subproblems are either solved or pruned. 
• The best feasible solution *Z  found is the optimal solution to the original 

MILP. 
6. Interpretation 

• *x : Indicates which facilities should be opened. 
• *y : Provides the optimal transportation decisions for each demand point un-

der each scenario. 
• *c∆ : Suggests how much to adjust the capacity of each facility over time to 

meet the expected demand. 
The branch-and-bound method combined with cutting planes systematically 

explores the feasible region and converges to the optimal integer solution by elim-
inating infeasible or suboptimal regions of the solution space.  

2.3.4. Statistical Properties of DMUFLP 
Formulating the statistical properties of DMUFLP model involves considering the 
stochastic elements and analyzing how uncertainty impacts the optimal solution. 
Below, we define the key statistical properties associated with the DMUFLP model 
and provide their mathematical formulations. 

1. Expected value of the objective functions  
The objective function of the DMUFLP is designed to minimize the total ex-

pected cost across multiple scenarios. The expected value of the objective function 
( ), ,Z x y c∆  is given by: 

( ) ( )
1

, , , ,
N

s s
s

E Z x y c P Z x y c
=

∆ = ∆  ⋅ ∑  

where: 
• sP  is the probability of the scenario s . 
• ( ), ,sZ x y c∆  is the total cost under scenario s  given by: 

( ) ( ), ,s i i ijts ijts i i i i it
i I t T i I j J i I i I t T i I

Z x y c f x c y e x s x g C
∈ ∈ ∈ ∈ ∈ ∈ ∈ ∈

∆ = + + + + ∆∑ ∑∑∑ ∑ ∑ ∑∑  
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2. Variance of the objective function 
The variance of the objective function measures the variability of the total cost 

under different scenarios. It is defined as:  
( )( ) ( ) ( )( )2

1, , , , , ,N
s ssVar Z x y c P Z x y c E Z x y c

=
∆ = ∆ − ∆  ∑ . This variance indi-

cates how much the total cost fluctuates due to uncertainty in demand, transpor-
tation costs, and other parameters. 

3. Risk measures  
In addition to the expected value and variance, we can introduce risk measures 

such as the Conditional Value at Risk (CVaR) to capture the downside risk asso-
ciated with the objective function. CVaR at confident level α  (e.g. 0.95α = ) 
represents the expected loss given that the loss exceeds the Value at Risk (VaR): 

( )( ) ( ) ( ), , , , | , ,CVaR Z x y c Z x y c Z x y c VaRα α∆ = ∆ ∆ ≥    

where VaRα  is the α –quantile of the distribution of the objective function 
( ), ,Z x y c∆ . 
4. Sensitivity analysis 
Sensitivity analysis measures how sensitive the optimal solution is to changes 

in the model parameters (e.g., demand, cost). Mathematically, this is often done 
by computing the partial derivatives of the objective function with respect to each 
parameter. 

Sensitive to demand ( jtsd ): 

( ) ( )
1

, , , ,1 N
s

s
sjts jts

Z x y c Z x y c
p

d N d=

⋅
∂ ∆ ∂ ∆

=
∂ ∂∑  

This derivative indicates how much the total cost changes in response to a small 
change in the demand at point j  in time-period t  under scenario s . 

Sensitivity to transportation costs ( ijtsc ): 

( ) ( ), , , ,s

ijts ijts

Z x y c Z x y c
c c

∂ ∆ ∂ ∆
=

∂ ∂
 

These derivative measures the change in the objective function with respect to 
changes in the transportation cost between facility i  and demand point j  un-
der scenario s . 

5. Optimality gap 
The optimality gap measures the difference between the objective value of the 

relaxed (linear) solution and the best integer feasible solution obtained: 

Optimal Gap 100%relaxed integer

integer

Z Z
Z
−

= ×  

where: 
• relaxedZ  is the objective value of the linear relaxation of the MILP. 
• integerZ  is the objective value of the best integer feasible solution. 

A smaller optimality gap indicates that the solution obtained is closed to the 
true optimal integer solution. 
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6. Scenario probability distribution 
The probability distribution of scenarios sp  plays a crucial role in the formu-

lation of the expected value and variance. The distribution is often assumed to be 
discrete, with each scenario s  assigned a probability sp . 

1
1

N

s
s

p
=

=∑  

The scenario probabilities reflect the likelihood of different uncertain outcomes 
and are typically estimated based on historical data or expert judgement. 

1. Parameter estimation framework 
Let’s assume that the parameters to be estimated include: 

• dθ : Parameters related to demand distribution. 
• cθ : Parameters related to transportation cost distribution. 
• eθ : Parameters related to environmental impact cost. 
• sθ : Parameters related to social impact costs. 
• kθ : Parameters related to capacity adjustment costs. 

We denote the complete parameter vector as ( ), , , ,d c e s kθ θ θ θ θ θ=  
2. Likelihood function 
Given that the model involves multiple scenarios s , we can assume that the 

observed data under each scenario is generated by a probability distribution that 
depends on the parameters θ . Let ( )θ  represent the likelihood function for 
the parameters given the observed data D  under all scenarios: 

( ) ( )
1

;
N

s s
s

Dθ θ
=

=∏   

where: 
• ( );s sDθ  is the likelihood of the data under scenario s , and sD  represents 

the data observed in scenario s . 
3. Score equations 
The score equations are obtained by taking the derivative of the log-likelihood 

function with respect to each parameter in θ . 
This leads to a system of equations (score equations) that must be solved to 

obtain the parameters estimates θ̂ . 
Score equations for demand parameters dθ :  
Assuming that demand jtsd  under each scenario follows a distribution 
( );d jts dp d θ  with parameters dθ : 

( ) ( )
1

log ;log
0

N
d jts d

s j J t Td d

p d θθ
θ θ= ∈ ∈

∂∂
= =

∂ ∂∑∑∑


 

Score equations for transportation cost parameters cθ : 
Assuming transportation cost, ijtsc , also follows a distribution ( );c ijts cp c θ : 

( ) ( )
1

log ;log
0

N
c ijts c

s i I j J t Tc c

p c θθ
θ θ= ∈ ∈ ∈

∂∂
= =

∂ ∂∑∑∑∑


 

Score equations for environmental impact cost parameters eθ : 
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Assuming environmental impact cost ie  follows a distribution ( );e i ep e θ : 

( ) ( )log ;log
0e i e

i Ie e

p e θθ
θ θ∈

∂∂
= =

∂ ∂∑


 

Score equations for social impact cost parameters: 
Assuming that social is  impact cost follows a distribution ( );s i sp s θ  

( ) ( )log ;log
0s i s

i Is s

p s θθ
θ θ∈

∂∂
= =

∂ ∂∑


 

Score equations for capacity adjustment cost parameters: 
Assuming that the cost of capacity adjustment ( )itg c∆  is governed by param-

eters kθ , typically modelled as ( ) ( )2
1 2;it k it itg c k c k cθ∆ = ∆ + ∆  with  

( )1 2,k k kθ = : 

( ) ( )( )log ;log
0g it k

i I t Tk k

p g c θθ
θ θ∈ ∈

∂ ∆∂
= =

∂ ∂∑∑


 

4. Estimation process: 
To estimate the parameters ( ), , , ,d c e s kθ θ θ θ θ θ= , follow these steps. 
1. Maximise the likelihood function: use numerical optimization methods to 

maximize the likelihood function ( )θ  or equivalently solve the score equa-
tions derived above. 

2. Iterative Algorithm: Implement an iterative algorithm (e.g., Newton-
Raphson, Gradient Descent) to solve the score equations and find the maximum 
likelihood estimates θ̂ . 

3. Variance-Covariance Matrix: Compute the variance-covariance matrix of the 
parameter estimates θ̂  to assess their precision: 

( )
12

T

log
Var E

θ
θ θ

−
  ∂

= −   ∂ ∂   


 

5. Application to the formulated DMUFLP 
Once the parameters θ̂  are estimated, they can be applied to DMUFLP model 

to generate the input values for demand, transportation costs, environmental and 
social impacts, and capacity adjustments. The estimated parameters are used to 
solve the DMUFLP, yielding the optimal decisions ( )* * *, ,x y c∆ .  

2.3.5. Maximum Likelihood Estimation Using Gradient Descent 
1) Likelihood Function  
Given a parameter vector ( ), , , ,d c e s kθ θ θ θ θ θ=  and data D  the likelihood 

function ( )θ  is  

( ) ( )
1

;
N

s s
s

Dθ θ
=

=∏   

The log-likelihood is: 

( ) ( )
1
log ;

N

s s
s

Dθ θ
=

= ∑   
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2) Gradient descent algorithm 
The gradient of the log-likelihood function with respect to θ   is the score 

function: 

( ) ( )log
logθ

θ
θ

θ
∂

∇ =
∂


  

The gradient descent update rule is: 
( )1 0 logk k kθ θ η θ+ = + ∇  , where η  is the learning rate. 

3) Iterate process 
1. Initialize 0θ  (initial guess). 
2. Iterate until convergence: 

• Compute the gradient ( )0 log kθ∇   
• Update 1kθ +  using the gradient descent update rule. 

3. Convergence is achieved when 1k kθ θ+ − <   where   is a small tolerance 
level). 

2.3.6. Compute the Variance-Covariance Matrix 
The variance-covariance matrix of the parameter estimates θ̂  is given by: 

( ) ( )
12

T

logˆVar E
θ

θ
θ θ

−
  ∂

= −   ∂ ∂   


 

The Fisher information matrix is ( )I θ : 

( ) ( )2

T

log
I E

θ
θ

θ θ
 ∂

= −   ∂ ∂ 


 

So, the variance-covariance matrix is: 

( ) ( ) 1ˆ ˆVar Iθ θ
−

=  

2.3.7. Apply Estimated Parameters to the Formulated DMUFLP Model 
1. Demand Estimation: Use d̂θ  to estimate the demand ijtsd , under each sce-

nario s . 
2. Transportation Costs: Use ĉθ  to estimate the transportation costs ijtsc . 
3. Environmental and Social Impacts: Use êθ  and ŝθ  to estimate environ-

mental costs ie  and social costs is .  
4. Capacity Adjustments: Use k̂θ  to estimate the capacity adjustment costs 
( )itg C∆ . 
1. Demand estimation 
Given the estimated parameters d̂θ , the demand ijtsd  under each scenario s  

for each facility i , customer j , and time t  can be estimated as: 

( ), , ˆ, ,ijts d dd i j t s θ= ∫  

where: 
• d∫  is the demand function that models how demand depends on factors such 

as facility i , customer j , and time t , and scenario s . 
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• d̂θ  represents the estimated parameters for demand. 
2. Transportation costs 
Transportation costs ijtsc  are estimated using the parameters ĉθ : 

( ), , ˆ, ,ijts c cc i j t s θ= ∫  

where: 
• c∫  is the cost function that represents the cost of transporting goods or ser-

vices from facility i  to customer j  at time t  under scenario s . 
• ĉθ  are the estimated parameters for transportation costs. 

3. Environmental and social impacts 
Environmental costs ie  and social costs is  for facility are estimated using 

the parameters êθ  and ŝθ : 

( ), ˆ
i e ee i θ= ∫ ,  ( ), ˆ

i s ss i θ= ∫  

where: 
• e∫  and s∫  are functions that represent the environmental and social impact 

cost associated with each facility i . 
• êθ  and ŝθ  are estimated parameters for environmental and social impacts, 

respectively. 
4. Capacity adjustments  
Capacity adjustment costs ( )itg C∆  are estimated using the parameters k̂θ : 

( ) ( ), , , ˆ
it k it kg C i t C θ∆ = ∫ ∆  

where: 
• k∫  is the cost function for capacity adjustment, reflecting the cost of increas-

ing or decreasing the capacity itC∆  for facility i  at time t . 
• Represents the estimated parameters for capacity adjustment costs. 

2.3.8. Solve the Formulated DMUFLP 
Using the estimated parameters θ̂ , solve the DMUFLP to obtain the optimal de-
cisions ( )* * *, ,x y c∆ . 

Using the estimated parameters  ( )ˆ ˆ ˆ ˆ, , , ˆ,ˆ
d c e s kθ θ θ θ θ θ= , the objective is to solve 

the following optimization problem to obtain the optimal decisions ( )* * *, ,x y c∆ . 
Objective function 
The goal is to minimise the total cost, which is the sum of fixed costs, transpor-

tation costs, environmental and social costs and capacity adjustment costs: 

( ) ( )
, ,

min i i ijts ijts i i i itx y c i I t T i I j J s S i I i I t T
f x c y e s x g C

∆ ∈ ∈ ∈ ∈ ∈ ∈ ∈ ∈

 
= + + + + ∆ 
 
∑ ∑∑∑∑ ∑ ∑∑  

where:  
• ix  is the binary variable indicating whether a facility i  is open(1) or not (0). 
• ijtsy  is the amount of goods or services transported from facility i  to cus-

tomer j  at time t  under scenario s . 
• itC∆  is the change in capacity for facility i  at time t . 
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Constraints  
1. Demand Satisfaction: 
Ensure that the demand is met for each customer j  at time t  under sce-

nario s : 

, , ,ijts ijtsi I y d i I t T s S
∈

≥ ∀ ∈ ∈ ∈∑  

2. Capacity Constraints: 
Ensure that the facility capacity (adjusted for capacity changes) is not exceeded: 

( ) , , ,ijts it it ij J y c c x i I t T s S
∈

≤ + ∆ ∀ ∈ ∈ ∈∑  

3. Non-Negativity and Binary Constraints:  

0, , , ,ijtsy i I j J t T s S≥ ∀ ∈ ∈ ∈ ∈  

{ }0,1 ,ix i I∈ ∀ ∈  

2.4. Model Diagnostics 

 

Figure 2. Normal Q-Q Plot of standardized residuals for the DMUFLP 
model. 

 

The Normal Q-Q Plot for the DMUFLP model, shown in Figure 2 above, serves 
as a crucial diagnostic tool for evaluating the normality of residuals, an essential 
assumption in many regression models. In this plot, the standardised residuals are 
plotted against the theoretical quantiles of a standard normal distribution. If the 
residuals are normally distributed, the points should lie approximately along the 
45-degree line that represents perfect agreement between the observed data and 
the theoretical distribution [36]. 

The plot displayed indicates that the residuals from the DMUFLP model largely 
adhere to the expected normal distribution, as many points align closely with the 
45-degree line. This alignment suggests that the model’s residuals are approxi-
mately normally distributed, which supports the validity of inferences drawn from 
the model. The general adherence to normality implies that the model’s estimates 
are likely unbiased and efficient, leading to valid hypothesis tests and confidence 
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intervals [37].  
In conclusion, the Normal Q-Q Plot for the DMUFLP model demonstrates a 

generally satisfactory adherence to the assumption of normally distributed resid-
uals, with only minor deviations at the extremes. This suggests that the model is 
appropriately specified and reliable for most practical purposes. 

Figure 3 presents the Residuals vs. Fitted Values diagnostic plot for the 
DMUFLP model, offering key insights into the model’s performance and its un-
derlying assumptions. The relatively uniform scatter of residuals around the hor-
izontal line (y = 0) indicates that the assumption of homoscedasticity, constant 
variance of errors, is reasonably satisfied [23]. The pattern in the plot does not 
suggest a strong systematic deviation, which upholds the linearity assumption is 
upheld. The roughly random distribution of residuals supports the appropriate-
ness of the model, affirming that the linear model structure is suitable for captur-
ing the relationship between the predictors and the outcome variable [38]. 
 

 

Figure 3. Residuals vs. Fitted Values plot for the DMUFLP model. 

 
In conclusion, the Residuals vs Fitted Values plot for the DMUFLP model in-

dicates that the model performs well overall. These diagnostic insights are critical 
for ensuring that the model provides reliable and generalisable results, particularly 
in the context of large-scale optimization problems like facility location planning. 

Figure 4 shows the Scale-Location plot (also known as the Spread-Location 
plot) for the DMUFLP model, a key diagnostic tool used to assess the assumption 
of homoscedasticity, that is, whether the residuals exhibit constant variance across 
all levels of the fitted values. In the plot, the y-axis represents the square root of 
the standardised residuals, and the x-axis represents the fitted values. Ideally, the 
red line indicating the trend should remain relatively flat, and the points should 
be randomly dispersed without forming any clear pattern or systematic structure. 
In this specific plot, the red trend line remains mostly flat, suggesting that the 
variance of the residuals does not systematically increase or decrease across the 
range of fitted values. This indicates that the homoscedasticity assumption is 
largely met, meaning the DMUFLP model performs consistently across different 
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levels of the fitted values. The random distribution of points around the red line 
further confirms that there is no significant non-linearity or heteroscedasticity af-
fecting the model’s performance [39]. 

 

 

Figure 4. Scale-location plot for regression diagnostics. 
 

In summary, the Scale-Location plot for the DMUFLP model suggests that the 
model is well-specified and that the assumption of constant variance of residuals 
is reasonably satisfied. The slight deviations observed in the spread of the residuals 
do not pose a significant threat to the model’s validity.  

Figure 5 presents the Residuals vs. Leverage plot for the DMUFLP model, a 
critical diagnostic tool for detecting influential data points that may exert an un-
due impact on the regression results. In this plot, the x-axis represents the leverage 
of the data points, which measures the influence each point has on the overall 
regression model, while the y-axis represents the standardized residuals, showing 
how far each observation deviates from the fitted regression line. The plot indi-
cates that most data points have low leverage and standardised residuals close to 
zero, which suggests that most of the data fits the model well. The red trend line 
is relatively flat, implying that there is no strong relationship between leverage and 
residuals, which is a desirable outcome in regression analysis. 

 

 

Figure 5. Residuals vs. leverage plot. 
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The dotted lines on the plot represent Cook’s distance, a measure that combines 
the leverage and residuals to assess the overall influence of a data point on the 
fitted model. Points that lie outside the Cook’s distance lines may be considered 
influential. The presence of influential points could indicate the need for further 
investigation or potentially more robust modelling techniques that are less sensi-
tive to outliers and high leverage points. For instance, one could consider using 
robust regression methods that down-weight the influence of such points, thereby 
improving the generalizability and reliability of the model [40]. Additionally, it 
might be worthwhile to investigate whether these points represent data errors, 
unusual cases, or genuinely informative outliers that require special consideration 
in the analysis. 

In summary, the Residuals vs Leverage plot for the DMUFLP model suggests 
that the model is generally well-fitted. 

Figure 6 displays the Histogram of Residuals for the DMUFLP model, offering 
a visual assessment of the residuals’ distribution, an essential step in evaluating 
the assumption of normality in regression analysis. The histogram displays the 
frequency of residuals along the horizontal axis, allowing us to observe whether 
they are symmetrically distributed around a mean of zero. A roughly symmetric 
shape centered near zero supports the assumption of normally distributed resid-
uals, which is crucial for the validity of many statistical tests and model diagnos-
tics. 

 

 

Figure 6. Histogram of residuals. 
 

In this plot, the residuals appear to be roughly normally distributed, with a 
slight concentration around the centre, near zero, and tapering off towards the 
tails. This bell-shaped distribution is characteristic of normality, suggesting that 
the errors in the DMUFLP model are likely normally distributed. The normal dis-
tribution of residuals is critical because it underpins the validity of confidence in-
tervals, hypothesis tests, and predictions made from the model [41]. Overall, the 
histogram indicates that the residuals of the DMUFLP model are reasonably nor-
mally distributed, supporting the use of this model for making statistical infer-
ences. This normality assumption strengthens the reliability of the results ob-
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tained from the model, ensuring that the estimated parameters and predictions 
are likely to be accurate and valid. 

Figure 7 presents the Partial Regression Plot (also known as the Component + 
Residual Plot) for the DMUFLP model, highlighting the linear relationship be-
tween a specific predictor variable and the response variable, after adjusting for 
the influence of other predictors in the model. The scatter plot, overlaid with a 
regression line, illustrates this partial relationship—specifically between variable 
X and the response. The observed strong linear trend, indicated by the magenta 
line, supports the assumption of linearity and suggests that the DMUFLP model 
is well-specified. This plot is also useful for assessing model fit and identifying 
potential non-linearity or outliers [42]. 

 

 

Figure 7. The scatter plot with a regression line illustrates the partial 
relationship between variable X and the response, adjusted for other 
predictors. 

 
Implications 
The diagnostic plots collectively suggest that the DMUFLP model performs well 

under the given data, with residuals adhering closely to the model’s assumptions. 
The minor deviations observed do not significantly impact the overall model per-
formance, indicating that the model is robust and reliable for predicting outcomes 
in similar contexts. These findings underscore the importance of thorough diag-
nostic checks in validating model assumptions and ensuring the accuracy of pre-
dictive models in optimization contexts [41]. 

Results  
Table 1 presents the performance of the various models using the metrics AIC, 

BIC, MAE, and AUC across different sample sizes, offering valuable insights into 
their robustness and suitability for facility location problems. The Formulated 
DMUFLP model consistently outperforms other models, particularly at smaller 
sample sizes (e.g., 250), where it achieves the lowest AIC (712.46) and BIC (737.11), 
indicating a better balance between model complexity and goodness of fit [43]. Ad-
ditionally, the DMUFLP model exhibits a relatively low MAE (0.7666) and a com-
mendable AUC (0.8000), suggesting that it effectively minimizes prediction errors 
while maintaining strong classification performance. 
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Table 1. Model performance (robustness) by simulation across varied sample sizes and 
comparing with existing models. 

Model (Year) Sample Size AIC BIC MAE AUC 

DMUFLP (2024) 250 712.4609 737.1112 0.766621 0.8 

Pires (2019) 250 863.3516 888.0018 0.783264 0.76 

Olapiriyakul (2019) 250 881.6537 906.304 0.770594 0.8 

Ghadge (2023) 250 919.0738 943.724 0.776166 0.76 

Pang (2023) 250 886.7666 911.4169 0.799442 0.816 

Green (2022) 250 897.3749 922.0251 0.778005 0.808 

Passi (2019) 250 980.1437 1004.794 0.812233 0.808 

Srivastava (2023) 250 879.6867 904.3369 0.770808 0.752 

Adeleke (2020) 250 917.9745 942.6247 0.768492 0.816 

DMUFLP (2024) 500 1389.816 1419.319 0.753557 0.792 

Pires (2019) 500 1775.32 1804.823 0.749519 0.784 

Olapiriyakul (2019) 500 1765.668 1795.17 0.752508 0.788 

Ghadge (2023) 500 1725.533 1755.035 0.758602 0.788 

Pang (2023) 500 1772.884 1802.386 0.757433 0.788 

Green (2022) 500 1771.584 1801.086 0.752332 0.784 

Passi (2019) 500 1951.969 1981.471 0.754303 0.78 

Srivastava (2023) 500 1718.499 1748.002 0.758352 0.784 

Adeleke (2020) 500 1747.109 1776.612 0.752175 0.784 

DMUFLP (2024) 750 2133.172 2165.512 0.802025 0.738667 

Pires (2019) 750 2676.171 2708.512 0.805533 0.733333 

Olapiriyakul (2019) 750 2695.265 2727.606 0.808887 0.741333 

Ghadge (2023) 750 2568.396 2600.737 0.806078 0.738667 

Pang (2023) 750 2631.497 2663.838 0.803928 0.738667 

Green (2022) 750 2682.587 2714.927 0.804998 0.741333 

Passi (2019) 750 2961.253 2993.593 0.81901 0.728 

Srivastava (2023) 750 2625.682 2658.022 0.802403 0.738667 

Adeleke (2020) 750 2655.97 2688.31 0.802795 0.741333 

DMUFLP (2024) 950 2686.933 2720.928 0.788559 0.772632 

Pires (2019) 950 3328.271 3362.267 0.791503 0.772632 

Olapiriyakul (2019) 950 3385.757 3419.752 0.790416 0.774737 

Ghadge (2023) 950 3372.654 3406.649 0.794342 0.764211 

Pang (2023) 950 3381.847 3415.842 0.789678 0.772632 

Green (2022) 950 3307.823 3341.818 0.788673 0.766316 

Passi (2019) 950 3732.109 3766.104 0.792935 0.766316 

Srivastava (2023) 950 3317.461 3351.456 0.789758 0.757895 

Adeleke (2020) 950 3335.092 3369.087 0.794986 0.770526 
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At a sample size of 500, the DMUFLP model continues to demonstrate superior 
performance with an AIC of 1389.82 and a BIC of 1419.32, underscoring its effi-
ciency in handling larger datasets. The MAE (0.7536) remains lower compared to 
other models, further affirming its predictive accuracy. Notably, the AUC for 
DMUFLP remains competitive (0.7920), highlighting its ability to maintain a high 
level of classification accuracy even with increased sample sizes. 

As the sample size increases to 750 and 950, the DMUFLP model shows slight 
increases in AIC and BIC, yet it still outperforms models like Pires, Olapiriyakul, 
and Ghadge, which exhibit significantly higher AIC and BIC values, indicating 
potential overfitting or inefficiency [44].  

Moreover, the AUC for DMUFLP (0.7387 and 0.7726 for 750 and 950 samples, 
respectively) suggests that while there is a slight decline in classification perfor-
mance with larger samples, it remains relatively stable compared to other models, 
which show more variability in AUC values. The performance of the other mod-
els, such as Pires, Olapiriyakul, and Ghadge, across the sample sizes, reveals their 
limitations in balancing model complexity with predictive accuracy. For instance, 
Pires and Olapiriyakul models exhibit higher AIC and BIC values across all sample 
sizes, which could indicate that these models are either too complex or not well-
suited for the data at hand [45]. The higher MAE values for these models further 
suggest that they are less effective in minimizing prediction errors compared to 
DMUFLP. 

Interestingly, the models like Pang and Green show a relatively strong perfor-
mance in terms of AUC, especially at smaller sample sizes (0.8160 and 0.8080 at 
250 samples, respectively). However, their higher AIC and BIC values indicate 
that despite their good classification accuracy, they may suffer from model over-
fitting, particularly as the sample size increases. 

In conclusion, the DMUFLP model emerges as the most robust and reliable 
model across varying sample sizes, consistently demonstrating lower AIC, BIC, 
and MAE values, while maintaining competitive AUC scores. These results sug-
gest that the DMUFLP model is highly effective in balancing model complexity, 
predictive accuracy, and classification performance, making it a preferable choice 
for facility location problems in various contexts. This finding aligns with recent 
literature emphasising the importance of model parsimony and predictive power 
in decision-making processes involving large-scale optimization problems [46]. 

Figure 8 summarizes the performance of various facility location models across 
different sample sizes based on AIC, BIC, MAE, and AUC metrics. The DMUFLP 
model demonstrates consistently strong results, with lower AIC, BIC, and MAE 
values and competitive AUC scores, highlighting its robustness and effectiveness. 

3. Discussion 

Table 1 and Figure 8 present a comparative analysis of various models using the 
Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), 
Mean Absolute Error (MAE), and Area Under the Curve (AUC) across different  
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Figure 8. Comparative performance of models across sample sizes. 
 

sample sizes, providing key insights into each model’s performance and robust-
ness in addressing facility location problems. The plots indicate that the DMUFLP 
model consistently exhibits lower AIC and BIC values across all sample sizes, con-
firming its superiority in achieving a balance between model fit and complexity. 
Lower AIC and BIC values suggest that the DMUFLP model is more efficient 
and avoids overfitting, which is critical in large-scale optimization problems 
[43]. 

In contrast, models like Adeleke, Ghadge, and Passi show higher AIC and BIC 
values, especially as sample sizes increase. This trend indicates that these models 
may incorporate more complexity than necessary, leading to potential overfitting 
and reduced generalizability in different contexts. Such a finding is consistent with 
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recent literature emphasizing the risks of over-parameterization in optimization 
models, where the inclusion of too many variables can lead to diminished predic-
tive performance [44]. 

The MAE plot shows a similar pattern where the DMUFLP model maintains 
lower error rates across varying sample sizes. The MAE for DMUFLP remains 
relatively stable, suggesting its robustness in minimizing prediction errors regard-
less of sample size.  

In contrast, models like Passi and Ghadge demonstrate higher MAE values, par-
ticularly at larger sample sizes, indicating their vulnerability to increased predic-
tion errors as data volume grows. This finding supports the view that simpler, 
well-calibrated models often outperform more complex ones in predictive accu-
racy. 

The AUC plot further highlights the competitive performance of the DMUFLP 
model, which consistently maintains high AUC values, indicating strong classifi-
cation accuracy. While other models, such as Pang and Green, also perform well 
in terms of AUC, they do not achieve the same balance in terms of AIC, BIC, and 
MAE, underscoring the DMUFLP model’s overall robustness. High AUC values 
across different models reinforce the importance of considering both classifica-
tion performance and model efficiency in decision-making processes. 

Overall, the results suggest that the DMUFLP model is particularly well-suited 
for facility location problems, offering a favourable trade-off between accuracy 
and model complexity. These findings align with recent research emphasizing the 
need for models that are not only accurate but also parsimonious to ensure scala-
bility and generalizability in practical applications [45]. As such, the DMUFLP 
model stands out as a highly effective tool for decision-makers seeking to optimize 
facility locations under varying conditions. 

 

 

Figure 9. The DMUFLP network diagram. 
 

Figure 9 presents the network diagram of the DMUFLP (Dynamic Multi-Ob-
jective Uncapacitated Facility Location Problem) model, illustrating the complex 
relationships among proposed facility sites, demand points, and key model pa-
rameters such as costs, impacts, and adjustments. This diagram is a graphical rep-
resentation that highlights the connectivity and influence among these compo-
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nents, showcasing how different factors interact within the model to optimize fa-
cility locations and resource distribution. 

In this network plot: 
• Facilities (denoted in blue) are central nodes representing potential locations 

where services or goods are dispatched. 
• Demand Points (denoted in red) are the target locations where these services 

or goods are needed. 
• Parameters (denoted in green), such as cost, impact, and adjustment, influence 

the optimization process by affecting the decisions on which facilities to open 
and how to allocate resources to meet demand. 

Edges (arrows) between nodes depict the directional relationships or flow of 
influence. For example, the connection between a facility and a demand point sig-
nifies the potential service route or resource allocation path, with associated costs. 
The connections from parameters to facilities indicate how each parameter influ-
ences the decision-making process in the optimization model. 

Inferences and Implications 
The plot reveals the dynamic interplay between various factors that influence 

the optimization in the DMUFLP model. The cost parameter connects with mul-
tiple facilities, suggesting that transportation costs significantly impact where fa-
cilities are located and how resources are allocated to satisfy demand. The impact 
and adjustment parameters similarly influence the facilities, indicating that envi-
ronmental and social considerations, as well as capacity adjustments, play crucial 
roles in the final optimization decisions. 

The inclusion of these parameters in the DMUFLP model addresses recent gaps 
in the literature, particularly the need for facility location models that consider 
not only economic factors but also environmental and social impacts [9] [47]. This 
integrated approach is a novel contribution, providing a more holistic method for 
facility location planning that aligns with contemporary sustainability goals. 

The DMUFLP model introduces a multi-objective approach to the uncapaci-
tated facility location problem, which is novel in its incorporation of dynamic ad-
justments and multi-dimensional impacts. Traditional models often overlook the 
need for ongoing adjustments or the integration of diverse factors such as envi-
ronmental impacts [14]. This model fills this gap by allowing for the dynamic re-
evaluation of facility locations based on evolving costs, impacts, and demands, 
which is particularly relevant in industries facing fluctuating market conditions 
and regulatory environments. 

Moreover, the visualisation highlights how the DMUFLP model can be used to 
optimise decisions in complex systems where multiple competing objectives must 
be balanced. The ability to visually analyse the impact of different parameters on 
facility locations is a significant advancement, offering decision-makers a clearer 
understanding of how to prioritise among various factors. This approach is 
aligned with recent trends in facility location research that emphasise sustainabil-
ity and resilience in supply chains [8] [48]. The DMUFLP model’s capability to 
dynamically adapt to changing conditions, while considering a wide range of im-
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pacts, positions it as a critical tool for future facility location planning, particularly 
in industries where sustainability is becoming a central concern. 

The DMUFLP model represents a significant advancement in the field of facil-
ity location optimization by integrating dynamic adjustments, multi-objective cri-
teria, and the consideration of environmental and social impacts. This holistic ap-
proach not only addresses current gaps in the literature but also provides a prac-
tical framework for decision-makers to navigate the complexities of modern sup-
ply chain and facility planning. The implications of this model are far-reaching, 
offering potential applications in various industries where optimization under un-
certainty and multiple constraints is crucial. 

4. Novel Contributions of the DMUFLP Model 

The DMUFLP model introduces several novel aspects that address the limitations 
of previous facility location models. Traditional models like the Uncapacitated 
Facility Location Problem (UFLP) primarily focus on minimising costs without 
adequately considering the complexities introduced by multimodal transporta-
tion and environmental impacts [8]. The DMUFLP model extends this by inte-
grating demand estimation, transportation costs, environmental and social im-
pacts, and capacity adjustments into a comprehensive framework. 

One of the key novelties of the DMUFLP model is its ability to handle complex 
multimodal transportation systems, which are increasingly relevant in today’s 
globalised and environmentally-conscious markets [14]. By considering both en-
vironmental and social impacts alongside traditional economic objectives, the 
DMUFLP model provides a more holistic approach to facility location, aligning 
with contemporary sustainability goals [12]. Moreover, the DMUFLP model’s in-
corporation of dynamic capacity adjustments allows for greater flexibility in re-
sponding to fluctuating demand and changing operational conditions, which are 
often overlooked in static models [49]. This flexibility is crucial in maintaining 
service efficiency and cost-effectiveness in volatile market environments. 

In summary, the DMUFLP model offers a significant advancement over exist-
ing models by providing a more nuanced and flexible approach to facility location 
that considers a broader range of factors, including environmental sustainability 
and dynamic capacity management. This makes the DMUFLP model a valuable 
tool for decision-makers aiming to optimize facility placement in increasingly 
complex and interconnected supply chains. 

5. Conclusions 

In conclusion, the diagnostic assessments, including the Normal Q-Q Plot, Resid-
uals vs. Fitted Values plot, and Scale-Location plot, provide strong evidence for 
the robustness and reliability of the DMUFLP model in facility location planning. 
The Normal Q-Q Plot confirms that the model adheres closely to the assumption 
of normally distributed residuals, with only minor deviations at the extremes, in-
dicating appropriate model specification. The Residuals vs. Fitted Values plot fur-
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ther demonstrates the model’s consistency and generalisability, essential attrib-
utes for large-scale optimization applications. Similarly, the Scale-Location plot 
suggests that the model’s residuals display reasonably constant variance, with 
slight deviations that do not undermine the model’s validity. 

These findings highlight the DMUFLP model’s strength across varied sample 
sizes, as it consistently achieves lower AIC, BIC, and MAE values while maintain-
ing competitive AUC scores. This robust performance underscores the model’s 
capacity to balance complexity, predictive accuracy, and classification reliability, 
making it a preferable choice for diverse facility location challenges. The results 
align with recent literature emphasising model parsimony and predictive power 
as critical in decision-making for large-scale optimization problems. Additionally, 
the DMUFLP model advances existing frameworks by offering a nuanced, flexible 
approach that integrates environmental sustainability and dynamic capacity man-
agement. Consequently, the DMUFLP model stands as a valuable tool for deci-
sion-makers seeking to optimise facility placement within increasingly complex 
and interconnected supply chains, supporting sustainable and efficient opera-
tional planning. 
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