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Abstract

In the present work, we are interested in studying the joint distributions of
pairs of the monthly maxima of the pollutants used by the environmental au-
thorities in Mexico City to classify the air quality in the metropolitan area. In
order to obtain the joint distributions a copula will be considered. Since we
are analyzing the monthly maxima, the extreme value distributions of Wei-
bull and Fréchet are taken into account. Using these two distributions as mar-
ginal distributions in the copula a Bayesian inference was made in order to
estimate the parameters of both distributions and also the association para-
meters appearing in the copula model. The pollutants taken into account are
ozone, nitrogen dioxide, sulphur dioxide, carbon monoxide, and particulate
matter with diameters smaller than 10 and 2.5 microns obtained from the
Mexico City monitoring network. The estimation was performed by taking
samples of the parameters generated through a Markov chain Monte Carlo
algorithm implemented using the software OpenBugs. Once the algorithm is
implemented it is applied to the pairs of pollutants where one of the coordi-
nates of the pair is ozone and the other varies on the set of the remaining
pollutants. Depending on the pollutant and the region where they were col-
lected, different results were obtained. Hence, in some cases we have that the
best model is that where we have a Fréchet distribution as the marginal dis-
tribution for the measurements of both pollutants and in others the most
suitable model is the one assuming a Fréchet for ozone and a Weibull for the
other pollutant. Results show that, in the present case, the estimated associa-
tion parameter is a good representation to the correlation parameters be-
tween the pair of pollutants analyzed. Additionally, it is a straightforward task
to obtain these correlation parameters from the corresponding association
parameters.

DOI: 10.4236/jep.2024.157046

Jul. 24,2024 796

Journal of Environmental Protection


https://www.scirp.org/journal/jep
https://doi.org/10.4236/jep.2024.157046
https://www.scirp.org/
https://doi.org/10.4236/jep.2024.157046
http://creativecommons.org/licenses/by/4.0/

J. A. Vazquez-Morales et al.

Keywords

Copula, Extreme Value Distribution, Bayesian Inference, Air Pollution,
Mexico City

1. Introduction

High levels of air pollution are a recurrent problem in many cities/regions
around the world (see, for instance, [1] [2]). This may produce harmful effects
on the population’s health, as well as the environment. Among the many pollu-
tants measured in Mexico City’s monitoring network are ozone (Os), sulphur
dioxide (SO,), carbon monoxide (CO), nitrogen dioxide (NO,), particulate mat-
ter with a diameter smaller than 10 microns (PMj,) and those with a diameter
smaller than 2.5 (PM,;). Pollutant concentrations are measured in parts per mil-
lion (ppm) in the cases of O;, SO,, NO,, and CO, and in micrograms per cubic
meter (ug/m®) when we consider PMj, and PM,s. These pollutants are also
known as the criterion pollutants which are used to establish the air quality in-
dices in the city. They are chosen because of their possible harmful impact on
human health, as well as the environment ([3] [4]). For instance, if we have
ozone levels above 0.11 ppm, the ill, newborn, and elderly may experience se-
rious health deterioration (see, for example, [5]-[8], among others). We also
know that sulphur and nitrogen dioxides, when in contact with the right level of
humidity in the atmosphere, may produce acid rain ([9] [10]). Additionally, ex-
posure of pregnant women to CO, PM,o, and PM,s may produce adverse effects
on the newborn ([11]-[13]), and exposure to PM,, and PM,s may cause cardi-
ovascular problems in the population in general and an increase in mortality in
at-risk groups ([14]-[17]). Therefore, it is very important to study the behavior
of these and other pollutants. It is possible to find in the literature several works
studying pollution behavior using data from several regions of the world.
Among them are [18]-[20], in particular, it is of interest to study the behavior of
concentrations that present extreme values when compared to the remaining
measurements. One way of studying this is to use extreme value models.
Extreme value theory ([21]-[23]) has been applied in many areas ([24]) in-
cluding the study of several environmental problems. For instance, we have [25]
where these models are used to study air pollution with application to the Istan-
bul data [26], in which they are used to study the ozone extreme trends using
data from one monitoring station in Mexico City [27], where they are used to
predict air pollution threshold exceedances with an application to NO,, O;, and
CO data obtained from monitoring sites located in Queensland, Australia [28],
which studies the impact of climate change on global flood and precipitation
[29], where trends in temperature extremes in some cities in Mexico are ana-
lyzed, and [30] where extreme sea levels in coastal China are studied. In the

present study, we are interested in analyzing the joint behavior of pairs of pollu-
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tants extreme measurements.

When it comes to studying the distribution of multivariate data we may con-
sider, for instance, the direct use of the multivariate distributions when they are
available ([31]) or to use of copulas ([32]) to obtain the expressions for the corres-
ponding distributions. Copulas have also been used in works where multivariate
extreme value models are considered to study environmental problems, for instance,
in [33] a copula approach was considered to study multivariate multi-parameter
extreme value models with an application to annual flooding data from the Spey
basin in the north of Scotland [34], where a copula model is used to analyze the
ranking of the paired data (PM,o, CO), (PMiy, NO,), (PMio, Os), and (PM;o, SO,)
with a generalized Pareto distribution and data from the Klang City, Malaysia.

In the present study we consider an extreme value model and a copula to
study the association and correlation between pairs of pollutants obtained from
the Mexico City monitoring network. We consider the bivariate analysis of the
pairs (NO,, O3), (SO,, 03), (CO, Os), (PM,o, Os), and (PM,s, Os). The copula
used is the Gumbel-Hougaard ([35] [36]) considering two extreme value distri-
butions, namely, the Weibull and Fréchet as possible marginal distributions. The
novelties are the copula used, as well as the data sets. The differences from pre-
vious works also using data from Mexico City are the observational period, the
copula used, the data taken into account, and the regional analysis performed.

This work is organized as follows. In Section 2, we present the mathematical
and the Bayesian formulations of the model. Section 3 gives an application to the
case of Mexico City’s monthly maximum measurements of the six criterion pol-
lutants. In Section 4, a discussion of the results, as well as some additional com-
ments are given. Finally, in Section 5 we conclude. An Appendix placed after the
list of references, presents the one-dimensional analysis of the monthly maxima
for all pollutants and regions considered in this work, some tables and figures
mentioned in the main text, the explicit form of the likelihood functions, and

some of the computational details.

2. The Mathematical and Bayesian Models

Let d>1 and N>1 be natural numbers representing, respectively, the num-
ber of pollutants considered in the analysis and the number of observations of
each one of them during the observational period [0,T], T>0. Denote by
Zl(i) the measurement of the ith pollutant at time 4 i=1,2,---,d; t=1,2,---,T.
Let Z" :{Zt(i) :t=1,2,---,T} be the process recording the ith pollutant con-
centration values throughout the observational period, i=1,2,---,d . We assume
that the ith pollutant has, respectively, distribution and density functions F ()
and f(-); i=1,2,--,d . Denote by F;(.-) and f;(-) the joint distribution
and density functions of the #th and jth pollutants, respectively, i, j=1,2,---,d ;
i#]. We assume that F; (,) is given by a copula function denoted by
Cy(~-) with F(-) and F;(-) the marginal distributions, Ze.

Fij(~,~):C0(Fi(~),Fj ()), i#]j; i,j=1,2,---,d. Due to the nature of the cor-
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relation between pairs of measurements, in the present case we assume a Gum-
bel-Hougaard ([35]-[38]) copula for the pairs of distribution functions. Hence,

we take
Cg(u,v)=exp(—[(—logu)‘9+(—Iogv)1wj, (1)

where O e [1,00) is the association parameter. (Note that when =1 we have
independence of the two random variables whose joint distribution we are trying
to model).

Remark. Even though there are many different types of copula, we have de-
cided to use the Gumbel-Hougaard because this copula is suitable when we have
a positive sample correlation between the two sets of measurements we are stud-
ying. This is the case here (see Figure Al in Appendix A).

When F; (~, ) is given by (1), the corresponding joint density function

fi(--) is given by

fi (% ¥)= £ (x) 5 (¥)c, (F (). F; (¥)), 2)
where

~ (~logu)"*(~logv)”" !

¢, (u,v)= exp{—[(—logu)g +(—Iogv)'g}"]

X([(_Iogu)g +(~logv)’ ng + (9—1)[(409“)9 +(~log V)HJ;ZJ.

In the present study we are using the monthly maximum measurements,
hence two well known extreme values distributions will be considered when us-
ing a copula in order to obtain the joint distributions of pairs of maxima. These
distributions are the Fréchet (a, 0) (F) and the Weibull (a, o) (W) which are
given as follows ([39] [40]). Random variables X and Y are said to have Fréchet
(a, 0) and Weibull (a, 0) distributions, respectively, if their distribution and

density functions are of the following forms,

Ff)(x):exp{—(éj_a} and fﬁ(x):%(gj_a_lexp{—[gjﬂ, G)
FY(W)(y)zl—exp{—(gja} and f}w)(y)=%(gja1exp|:—(§ja}, (4)

with X,y,a,0>0. Taking b:(],/o-)a we may rewrite (4) in the equivalent

and

form,
R (y)=1-exp [—b y“] and ") (y)=bay** exp[—b y* :l (5)

The latter will be considered in the computer codes used to estimate the pa-
rameters of the models. In both distributions, the vector of parameters to be es-

timated is @ = (0!,0') .
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Denote by (Zt(i),Zt(j)) the random vector recording the joint pollutants con-
centrations, i, j=1,2,---,d; i# j; t=1,2,---,T . In the present work, (Zt(i),Zt(j))
will record the monthly maximum concentrations of pollutants 7 and ;. Let
(¢,0,) and (a i ,o-j) denote the vector of parameters of the distribution
functions F(-) and F;(-), respectively. We also assume that F;(--) is given
by the copula (1) with f; (,) the associated density function. Hence, the vec-
tor of parameters to be estimated is ¢ = (ai 103, 0,0 ,6?).

Estimation of the parameters will be performed under the Bayesian point of
view ([41]) using information provided by the so-called posterior distribution of
the vector of parameters. If @ is the vector of parameters of a model describing
a data set D, then the posterior distribution of ¢, denoted by P(¢| D) is
such that P(#|D)ocL(D|#)P(¢), where L(D|§) and P(g) are, respec-
tively, the likelihood function of the model and the so-called prior distribution
of ¢@. Estimation of the parameters is made easier by using the software Open-
Bugs ([42] [43]) since we only need to specify the likelihood function of the
model and the prior distributions of the parameters.

In the present case the observed data are given by
Dty :{(zt(i),zt“)),t :1,2,"',T} , 1,J=1,2,--,d; i# J. The prior distributions
of the parameters will be specified when the model is applied to the Mexico City
data. In all cases we will assume prior independence of the parameters. The like-
lihood function when the sth and jth pollutants are taken into account is

T

L(D(i’j) |(0)= 1 fi (Zt(i)’zt(j))u

-

with f; (,) the appropriate joint density function given by the copula. The
particular forms of the bivariate density functions obtained using the copula are
given in Appendix B.

Several versions of the model will be considered. Hence, several criteria will be
used to aid in the selection of the best model to describe the data. One of them is
the deviance information criterion (DIC) ([44]) and another is the Bayes factor
([45]) through the marginal likelihood function (MLF). They are described as
follows. The deviance information criterion is given by DIC = D(q? )+ 2P »
with D (5) =-2log [ L(D | 5)} +C the deviance evaluated at the posterior mean
¢ of the parameter @, Ca constant, and p, the effective number of para-
meters in the model which is given by p, = D(¢)- D(J ) , with
D(¢)= E[D(¢):| the posterior mean deviance. The smaller the value of the
DIC the better suited is the model to describe a data set D. The Bayes discrim-
ination method may be described as follows. From [45] the marginal likelihood
function of a data set D for Model 1, 1=1,2,---,J, is given by
V, = J. L(D | ¢(')) P(¢(I))d¢(l) , where ¢['] is the vector of parameters for Model

I and P(@m) is the joint prior distribution of ¢('). The Bayes discrimination
method prefers model 7to model jif V;/V; <1.
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Remark. For completeness, in Appendix we also present an individual analy-
sis of each criterion pollutant considered here. In this case only the univariate
distributions are taken into account. Hence, in the univariate analysis we will be
modeling one set of data at time. Hence, in this case the process is z0 s
i=1,2,--,d, and the vector of parameters to be estimated is just @ =(a,0') )
and the observed data are denoted by the set DY = {Zl(i) t :l,2,---,T}. In addi-
tion to the selection criteria described above, in the one-dimensional case we will
also use the graphical fit between estimated and empirical density functions as-
sociated with a data set, as well as the p-value of the Kolmogorov-Smirnov test.
The likelihood function of the model when we are using the zth pollutant data is
given by L(D(i) |¢7) = HLl f, (Zt(i)) , where ¢ is the vector of parameters of ei-
ther the Fréchet or the Weibull distribution with f, () the corresponding den-

)

sity function and DY is the set of the monthly maxima of the pollutant taken

into account.

3. Application to Mexico City Data

Application will be made to measurements of so-called criterion pollutants col-
lected at Mexico City monitoring network
(http://www.aire.cdmx.gob.mx/default.php?opc=%27aKBh%27). This network
comprises several monitoring stations placed throughout the metropolitan area.
Measurements in each monitoring station are obtained minute by minute and
the averaged hourly result is reported at each station. The data actually used in
the application are the monthly maximum measurements. Depending on the
pollutant we have an observational period. Hence, in the cases of ozone, NO,,
SO,, and CO the data used were collected from January 1990 to December 2021
giving a total of T =384 monthly maxima; from January 1995 to December
2021 in the case of PMy, giving a total of T =324 measurements; and from
August 2003 to December 2021 for the PM, s data with a total of T =221 values.
When pollutants with different observational periods are used in the bivariate
study, the observational period taken into account is the intersection of the ob-
servational periods of the pollutants involved. Whenever necessary we will asso-
ciate the pollutants Os, NO,, SO,, CO, PM,y, and PM, ;s with the integer numbers
1, 2,3, 4,5, and 6, respectively.

3.1. Data Analysis

Since the metropolitan area of Mexico City is divided into five regions: north-
west (NW), northeast (NE), centre (CE), southwest (SW), and southeast (SE), we
will analyze data from each region separately. The monthly maximum mea-
surements in a given region in a given month are the maximum over the values
reported in all stations located at that region during that month. In Table 1 we
have, for all regions, the means and standard deviations (indicated by SD) of the

monthly maxima of the pollutants considered in the present study.
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Table 1. Means and standard deviations (indicated by SD) of the monthly maxima for all pollutants and regions in ppm in the
cases of O3, NO3, SOz, and CO, and in pg/m? in the cases of PMio and PM.s.

NwW NE CE SE SwW
Mean SD Mean SD Mean SD Mean SD Mean SD

O3 0.187 0.0641 0.153 0.038 0.185 0.06 0.176 0.049 0.205 0.069
NO:2 0.141 0.0696 0.112 0.432 0.142 0.058 0.127 0.051 0.121 0.055
SOz 0.186 0.824 0.178 0.871 0.117 0.062 0.083 0.046 0.086 0.045
CO 9.857 7.947 9.238 5.907 9.217 6.432 6.987 4.321 7.434 5.138
PMio 295.272 150.856  447.343  242.234 265.35 177.69 318.988 189.788  211.333 113.746
PM:s 106.42 61.336 159.104 120.743 105.792 60.838 108.729 52.912 98.9 51.339

Looking at Table 1, we see that the highest average of the monthly ozone
maxima is achieved in region SW. The largest NO, monthly maxima occurs in
region CE. In the cases of SO, and CO the largest average values are in region
NW, and the highest values for PM;, and PM, s occur in region NE. The highest
value of the ozone monthly maximum average in region SW may be explained
by the fact that some of the ozone precursors are produced in regions NE and
CE (see values of the averages of the monthly maxima in the cases of NO,, SO,,
and CO observed in those regions) and are transported to region SW by the
predominant wind direction which is from NE to SW. Those precursors form
ozone during their atmospheric travels and ozone stays in region SW trapped by
the surrounding mountains which occupy the southwest part of that region. In
the case of SO, and CO, the high values of the means of the monthly maxima in
region NW could be the product of the heavy truck traffic in that region since it
is one of the gateways to the northern part of Mexico. The high level of carbon
monoxide may also be explained by the high number of cars circulating in that
area in addition to the truck volume. Note that in region NE there is a large
number of factories, hence, this may affect the concentration values of particu-
late matter, in particular, PM;, and PM, . If we look at the values associated with
region CE we also see high average values for O;, CO, and PM,s. We would also
like to call attention to the fact that in that region, there is a large amount of cars
and busses circulating. Therefore, we are bound to have higher mean values for

the monthly maxima of those pollutants.

3.2. Results

Several combinations of the two extreme value distributions considered here are
assumed in the copula (1). Due to computational issues when using the ozone,
NO,, and SO, data, the parts per billion unit of measure is used when running
the OpenBugs software in the estimation of the parameters present in the mod-
els.

Looking at Table 1 we see that the average monthly maximum value of ozone
is slightly above the double of the Mexican ozone standard (0.095 ppm [46]) va-
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lid at the end of the observational period. Additionally, under the new rule to as-
sign the hourly air quality indices in Mexico City, the pollutant ozone contri-
butes a significant amount of times in the assignation of these air quality indices
[19] [47]. Hence, it would be interesting to know how the other criterion pollu-
tants associate with ozone. In order to do that we consider the copula given by (1)
and study the pairs of pollutants where ozone is fixed and we vary the other pol-
lutant through the set of the remaining criterion pollutants. Hence, in the
present case we have the following pairs (NO,, Os), (SO,, Os), (CO, Os), (PMj,,
03), and (PM,s, Os). In Figure Al given in Appendix A, we have the plots of
each of these pairs of measurements against each other for each region and pair.
Looking at Figure A1, we see that for all pairs of pollutants considered here we
have a positive correlation (some on a small scale and others in a clearer way).
Hence, the Gumbel-Hougaard copula is suitable for analyzing the pairs of pollu-
tants taken into account in this study.

We consider the cases where we have both pollutants with either the Fréchet
(denoted by F-F) or the Weibull (denoted by W-W) distribution, and the case
where O; has Fréchet distribution and the other pollutant has a Weibull (W-F).
In some cases, i.e., PM, 5 and regions CE, NW, and SW, we also consider the case
where ozone has a Weibull distribution and PM, s has a Fréchet (F-W). Selection
of the models that best fit the data will be performed using the DIC and the MLF,
and also the results of the univariate model (given in Appendix C), ie, if the
selected density function in the univariate model we have that ozone has a
Fréchet distribution and, for instance, PM,s has a Weibull, we consider the pair
W-F as one possible model. If a tie occurs, ie., each criterion chooses a different
combination of the marginal distributions, then the tie break is performed by
selecting the model suggested by the MLF criterion.

The prior distributions of the parameters, burn-in periods, sampling gap, and
sample sizes are given in Appendix D. Table 2 gives the values of the DIC and
marginal likelihood functions (MLF) in all cases.

Looking at Table 2 we see that if the DIC is used to choose the model, then
the selected models are those that assume a Weibull distributions for both pol-
lutants in all pairs of pollutants and all regions. When we use the MLF criterion
to select the model we have that, in most of the cases, the model assuming
Fréchet distributions for both pollutants is chosen. The exceptions are the pair
(SO;, O3) in all regions and (CO, O;) in regions CE and SW where the W-F
model assuming a Weibull distribution for SO, and CO, and a Fréchet for ozone
is selected.

If we take into account the corresponding selected density function for each
pollutant in the unidimensional analysis (see Appendix C), we have a more he-
terogeneous assignation. Hence, we have a F-F model in the cases of (NO,, O;)
and regions NW, SE, and SW; (SO,, O;) in region NE; (CO, Os) in region SE;
(PMyo, O3) in all regions with the exception of region NE; and (PM,s, O;) and
regions SE and SW. In the remaining cases the model assuming a Fréchet for
ozone and Weibull for the other pollutant is the selected model.

DOI: 10.4236/jep.2024.157046

803 Journal of Environmental Protection


https://doi.org/10.4236/jep.2024.157046

J. A. Vazquez-Morales et al.

Table 2. Values of the DIC and marginal likelihood functions (MLF) for all pairs of
pollutants, regions, and pairs of distribution functions considered in the present study.
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Using the tie break criterion in the cases where a tie has occurred, we have
that the selected models are F-F for the pairs (NO,, O3), (PMio, O3), and (PM,5,
05) for all regions and the pair (CO, Os) in all regions with the exception of re-
gions CE and SW. In the remaining cases the selected model is the one assuming
a Fréchet distribution for ozone and a Weibull distribution for the other pollu-
tant.

In Table 3 we report the estimated parameters in all the selected models.
(Note that, even though we use the same notation a and o for the parameters, in
some cases they correspond to the Weibull distribution and in others to the
Fréchet).

4. Discussion and Comments

In this work we have used a copula model to study the joint behavior of the
monthly maximum measurements of pairs of pollutants in terms of their joint
density functions. Two distribution functions are assumed as possible marginal
distributions to be considered in the copula. They are the Fréchet and the Wei-
bull distributions. We consider a two-dimensional model in order to establish
the association between the criterion pollutants and ozone. Results have shown
that the selected distributions depend on the pollutants, as well as the region in
the Mexico City metropolitan area where they are measured.

When we look at Table 3 we see that of the association parameters € present
in the selected models, higher values are given by the pair (CO, Os) in all regions.
The highest is in region NW, followed by regions CE, SW, SE, and NE. Recall
that region NW is a region with an extremely high number of cars, buses, and
trucks circulation, hence, the CO levels are bound to be high and that has effects
on the ozone concentration. Smaller values of the association parameters are
found mostly when the pair (PM,s, Os) is taken into account with the lowest value
occurring when data from region CE is considered followed closely by the value in
region SW. Note that region SW is the one with the lowest PM, s monthly maxi-
mum mean. Hence, it seems the concentration present in that region is not high
enough to produce any effect on the ozone monthly maxima. The second lowest
PM, s monthly maximum average occurs in region CE.

Another information the model provides is that we may obtain, from the as-
sociation parameter & present in the copula, the Spearman’s p correlation be-

tween each element of the pair of pollutants using either the formula ([48] [49])

:Ef [t(l_t)}%_l dt—3,

1
90 :|0

1
{1 +17 +(1-t)
or integrating directly using the copula function, Ze, using (see [32])

R

p=12J':J':C(u,v)dudv—3
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Table 3. Estimated means, standard deviations (indicated by SD), and Monte Carlo errors (indicate by MC Error) of
the parameters in all selected two-dimensional models for all regions and pairs of pollutants considered in the analysis.
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where, in the present case, C(-, ) is the Gumbel-Hougaard copula given by (1).
The values of p, for the selected models, obtained using the software
MATHEMATICA by Wolfram, are given in Table 4 together with the values of
the sample correlation for each pair of pollutants and all regions. (To make it
easier to compare with the association parameters 8 we repeat their values in the

cases of the selected models).

Table 4. Values of the association parameters 6, the Spearman’s p obtained from them
and the sample correlations oA'i1 , 1=2,3,4,5,6, for all pairs of pollutants considered and

all regions and selected models.

NW NE CE SE SW

0 1.685 1.7 1.884 1.849 1.726

(NO», O3) P 0.571 0.577 0.647 0.635 0.588
o 0.561 0.541 0.64 0.641 0.572

0 1.126 1.257 1.352 1.243 1.26

(SO, O3) P 0.166 0.2997 0.378 0.287 0.302

Gy 0.241 0.351 0.411 0.395 0.385

0 2.865 2.142 2.582 2.259 2274

(CO, 03) P 0.835 0.719 0.8 0.745 0.784

Gy 0.8598 0.72 0.829 0.768 0.825

6 1.299 1.608 1.49 1.567 1.413

(PMys, O3) P 0.336 0.535 0.471 0.514 0.422
Gy 0.31 0.52 0.457 0.538 0.413

0 1.228 1.363 1.052 1.153 1.059

(PMas, O3) P 0.273 0.386 0.074 0.201 0.083
o 0.318 0.419 0.061 0.217 0.054

Looking at Table 4 we see that, in general, the association parameters provide
a good insight on the behavior of the correlation between pairs of pollutants. For
instance, in the case of (CO, O;) which has higher association parameters, also
has higher sample correlations (higher than 0.7 in all regions) and higher
Spearman’s p.

We would also like to call attention to the fact that in the present case not al-
ways the most suitable two-dimensional model using copula corresponds to the
case where the marginal distributions are the ones selected in the unidimension-
al analysis. For example, in the case of CO and O; and region NE, we have that
the respective one-dimensional distributions are Weibull and Fréchet (see Ap-
pendix C). However, when the two-dimensional model is considered we have

that the model assuming Fréchet distribution for both pollutants is the selected
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model for that region. That could be explained by the fact that the Fréchet dis-
tribution also represents well the behavior of CO monthly maximum values in
region NE with larger values for the density function when compared to those
given by the Weibull distribution.

In order to see how the results given in the one-dimensional case presented in
Appendix C may be used, we could, for instance, consider the estimated distri-
butions to generate future values. One way of doing so is for each future month
we generate a sample and use the mean of this sample to represent the future
monthly maxima. We may also use the theoretical means to obtain information
on what to expect in the future. Hence, in Table 5, we present the theoretical es-
timated means, medians and mode ([50]) of the selected distributions for each
dataset and the observed means of the monthly maxima from January 2022 to
April 2023, whose values were not used in the estimation of the parameters.
Looking at Table 5, we have that in all cases the estimated mode is a more suita-
ble theoretical estimator for the observed future mean values since their values
are very close. Therefore, even though the estimated parameters of the selected
models are such that the means of the corresponding one dimensional distribu-
tions, most of the time, produce an overestimation of future values, we may see

that the modes may perform this estimation to a good degree.

Table 5. Theoretical estimated means, medians, and modes of the selected models, as well
as the observed means of the monthly maximum measurements for the period ranging
from January 2022 to April 2023.

NwW NE CE SE SW
mean 0.193 0.156 0.189 0.178 0.21
median 0.167 0.143 0.167 0.162 0.184
© mode 0.14 0.127 0.142 0.143 0.156
obs_mean 0.129 0.124 0.139 0.133 0.17
mean 0.149 0.111 0.142 0.138 0.133
median 0.119 0.109 0.138 0.112 0.104
NO:
mode 0.091 0.104 0.131 0.087 0.079
obs_mean 0.087 0.078 0.094 0.08 0.068
mean 0.186 0.178 0.117 0.083 0.086
median 0.18 0.169 0.11 0.077 0.081
50 mode 0.166 0.15 0.094 0.063 0.068
obs_mean 0.072 0.094 0.041 0.28 0.031
mean 9.94 9.29 9.26 8.89 7.45
median 8.3 8.33 8.05 5.38 6.46
CO
mode 4.11 5.98 4.99 3.4 3.96
obs_mean 3.23 3.37 2.47 3.18 1.67
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Continued

mean 325 447 289 371 234
median 247 417 204 254 172

PMio
mode 183 347 143 173 125
obs_mean 266 304 149 236 141
mean 106 160 106 112 100
median 98 140 97 93 85

PM;s
mode 78 87 78 75 70
obs_mean 83 102 85 116 91

Selected two-dimensional models provided, in most cases, good approxima-
tions, through the Spearman’s p, to the sample correlations of the pairs of pollu-
tants (see Table 4). Even in the fewer cases where the approximations are not
optimal, their differences are not too large. Hence, they provide information re-
garding some ozone precursors that have a larger influence on its concentration.
For instance, in the case of CO, in all regions, we have large correlations with O;.
Therefore, decreasing its emission could result in a decrease in the ozone levels
in all regions. On the other hand, the influence of SO,, even though relevant,
seems to be not as serious as that of CO in all regions.

Besides estimating future correlations between pairs of pollutants and, hence,
how much correlation they might have in the future behavior of the data if no
changes occur, we may also obtain the probability that their measurements be-
long to a given set. For, instance, take the pair (CO, Os) and region SW. Suppose
we are interested in knowing the probability of having CO in the interval [11.00;
13.00] which corresponds to having bad air quality in the region according to
the “Air and Health” quality index ([47]) and of having O; in the interval [0.154;
0.204] which corresponds to the interval of Phase II of environmental emergen-

cy in Mexico City ([51]). Therefore, we need to obtain,
P((CO,0;)€[11.00;13.00]x[0.154;0.204]) =1.99E—2.
This is the result of the following properties. For a <b y a, <b,, real

numbers and F (,) the joint distribution of the two random variables X and Y,

we have,
P(a, <X <b,a, <Y <h,)=F(b,b,)-F(a.b,)-F(b,a,)+F(a.a,).

Hence, if the joint distribution is given by a copula, as it is in our case, we may

write,
P((X.Y)e[a.b)x[a,.b,])
_C( ( )Fv(bz)) ( ( )'FY(bZ))
_C( ()’Fv(az)) ( (ai)’FY(aZ))’

where F, () and F,(-) are the appropriate marginal distribution functions.
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In the present example we have that F,(-) and F,(-) are either Fréchet or
Weibull.

5. Conclusions

In the present work we have studied the behavior of five pairs of pollutants ob-
tained from the Mexico City monitoring network. The data modeled were the
paired ozone monthly maximum measurements and the monthly maxima of
four other pollutants part of the so-called criterion pollutants which are used to
classify the air quality of the Mexico City metropolitan area. In order to study
the joint behavior of these pairs of pollutants a two-dimensional distribution was
constructed using a copula. Additionally, analysis was performed using the data
collected in the different areas of Mexico City. Results show that depending on
the region and pair of pollutants, different marginal distributions should be
used.

We may see by the results that the estimated distributions, as well as the esti-
mated association parameters are good approximations to the empirical/observed
behavior of the data. Given this good approximation, the probabilities of interest
may be approximated by a good degree. Hence, obtaining the odds of having
exceedances of certain environmental thresholds (such as those used to declare
environmental alerts in the city) and therefore, the possibility of an alert may be
made with good accuracy.

The model used here could be considered as a first exploratory action in order
to evaluate the air quality in future days and hence, evaluate the measures that
could be taken in order to possibly avoid environmental emergencies, as well as

inform the population of the risks.
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Appendix

A. Plots of the pairs of measurements considered

In this appendix we present the plots of the monthly maxima of five of the
criterion pollutants against the ozone monthly maxima, ie., the CO, NO,, SO,,
PM,, and PM, s monthly maxima plotted against the ozone’s.

B. The particular forms of the likelihood functions

In this appendix we present the expressions for the likelihood functions in the
cases where both F,() and Fj () are Fréchet (a, o) distributions; both are
Weibull (a, o) distributions; and the case where F,() is Weibull (a, o) and
F; (-) is Fréchet (a, o).

Both F,(-) and F;(-) are Fréchet (g, 0) distributions

In the case where F () and Fj () are both Fréchet (a, o) distributions, let
(ai ,O'i) and (a O j) be their respective parameters. Their expressions are
given by (3). Since the joint distribution function is given by the copula (1), the
joint density given by (2) is

aao —a;j-1 —aj-1 -a;i0 ~ajd %
ven- (a3 (e G
i i j i j

Both F,(-) and F;(-) are Weibull (a, 5) distributions

In the case where F(-) and F;(-) are both Weibull (g, &) distributions, let
(ai b, ) and (a i ,bj) be their respective parameters. Their expressions are
given by (5). Since the joint distribution function is given by the copula (1), the
joint density given by (2) is

f (x.y) = (@e; ) (bb; )(Xai_lyarl)EXp<_bixai —byy” )

o e ]
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Figure Al. Monthly maximum measurements of the criterion pollutants CO, NOz, SOz, PMio, and PM2s (from left to right) plot-
ted against the ozone monthly maximum measurements for regions NW (from (a) to (e)), NE (from (f) to (j)), CE (from (k) to
(0)), SE (from (p) to (t)), and SW (from (u) to (y)).

with b =c ., k=i,j.

Fi(-) is a Weibull (a;, b,) distribution and F, (-) is a Fréchet (e,
o;)

In the case where F, () is a Weibull (a, b) distribution and F; () is a
Fréchet (a, 0), let (ai ,bi) and (aj ,o-j) be their respective parameters. Their
expressions are given by (5) and (3), respectively. Since the joint distribution

function is given by the copula (1), the joint density given by (2) is

: [oofie ]
fij(x,y): % (Xfli’ly—aw—l)exp<—bixai) . e_bix"’i
; _
1
0 -ajf |g
exp| — (—Iog[l—e’b”ai }) + Gl
j
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+(0-1) (—Iog[l—e’bixai J)9+(%j_aja . ,

with b, =o, ¥, k=i,j.

C. One-dimensional model

In this appendix we present the models, computational details, results, as well
as the observed (empirical) and estimated density functions for all pollutants
and regions in the one-dimensional models. In all cases, both Fréchet (a, 0) and
Weibull (a, o) distributions were assumed to describe the behavior of the
monthly maximum measurements. Once the parameters have been estimated
the graphical representation of the density functions, DIC, MLF, and p-value
were used to select the distribution that best fit the observed data.

The prior distributions of the parameters of the models are given as follows.
In the cases of both Fréchet and Weibull distributions, the parameter a has as a
prior distribution a uniform U(0, 10) in all cases. When we consider the para-
meter bin the Weibull distribution, it has as a prior distribution a U(0, 10) in all
cases. If we take into account the parameter o of the Fréchet distribution, the
values of the hyperparameters of the prior distribution are more heterogeneous.
Hence, when we have CO, in all regions, the parameters o will have as prior dis-
tribution a uniform U(0, 10). It has a uniform U(0, 100) in the cases of SO, and
regions CE, SE, and SW; and of PM,; in all regions with the exception of region
NE. The uniform prior distribution U(0, 150) is used in the cases of NO, in all
regions; and SO, and PM, s in region NE. In the case of ozone in all regions the
prior distribution of ois a U(0, 200) which is the same distribution used in the
cases of SO, in region NW and PM, in regions CE and SW. If we take into ac-
count PM, in regions NW and SE the prior distribution assigned to ois a U(0,
250) and it is a U(0, 350) in region NE.

Estimation of the parameters was performed in most of the cases by samples
of size 8000 collected after a burn-in period of 20,000 iterations. The exceptions
are when the Weibull distribution was used to study ozone in regions NW and
SW; NO,; in regions CE, NE, and SE; SO, in regions NE and NW; PM, in region
NW, where we have burn-in periods of 25,000 steps and samples of 17,500 val-
ues; Weibull distribution and NO, in region SW and CO in region NE where the
sample sizes are equal to 7000; and ozone in regions CE with sample size 16,000
and in regions NE and SE with sample size 25,000.

Table Al gives the values of the DIC, MLF, and the p-value in all cases.

Looking at Table A1 we see that when using the DIC to select the models in
all cases the Weibull distribution is chosen. If we consider the MLF criterion,

then the Fréchet model is selected in all cases with the exception of SO, in all
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Table Al. Values of the DIC, marginal likelihood functions (ML), and p-values for all pollutants, regions and models.
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regions; CO in regions NE, CE, and SW; and PM, in region NE where the Wei-
bull distribution is the selected one. If the p-value criterion is used to select the
model, in the majority of the selected models, the Fréchet distribution as the
most suitable. The exceptions are SO, in all regions; NO, in region CE; CO in
regions CE and SW; and PM;, in region NE.

In Figures A2-A6, we have the plots of the estimated and empirical density
functions for each region, pollutant, and extreme value distribution in the un-
ivariate analysis. In these figures continuous and dashed lines represent the es-
timated Fréchet and Weibull distribution, respectively, and the blocks are the
observed (empirical) density functions. In all figures we have that the results re-
lated to pollutant CO are given in panel (a), those related to NO; are in panel (b),
the SO, is given in panel (c), in panel (d) we have those related to O;, and in
panel (e) and (f) we have the results related to the pollutants PM,, and PM,, re-
spectively. Figure A2 and Figure A3 are the plots related to regions NW and NE,
respectively, in Figure A4 are the plots when data from region CE are used, and
in Figure A5 and Figure A6 are the plots related to data from regions SE and
SW, respectively. In what follows we present and describe the contents of each
figure.

Figure A2 conveys the results when data from the region northwest are used.

Looking at Figure A2 we may see that depending on the pollutant sometimes
a Weibull density function fits better the observed data (for instance, in the cases
of CO - panel (a), SO, - panel (c), and PM,; - panel (f)), and in other occasions
the Fréchet is the most adequate (for instance, in the case of ozone - panel (d)
and NO, - panel (b)).

Figure A3 presents the results in the case of region NE. The disposition of the
panels follows that used in Figure A2.

When we look at Figure A3 displaying the case of region NE, we see that the
Weiibull density function adjusts better in the case CO and NO, - panels (a) and
(b), respectively, and PM,s - panel (f), respectively. In some other cases, the bet-
ter fit is given by the Fréchet density function as in the case of PM,, - panel (e).

Next, in Figure A4, we give the plots related to the data collected from region
CE. As before the disposition of the panels follows that used in Figure A2.

Looking at Figure A4 we see that, as in the previous figures, depending on the
pollutant, different density functions may fit better the data. In the present figure
we see that the Weibull density function fits well in most of the cases, we may
also see that in the case of ozone - panel (d), the Fréchet density function also
gives a good fit as it does in the case of PM,, - panel (e).

Figure A5 gives the adjustment of the estimated density function to the ob-
served in the case of region SE.

In this figure behavior similar to those described in Figures A2-A4 may also
be detected in Figure A5 with the difference that in the case of ozone - panel (d)
it seems that the Weibull density function does not provide a better fit than
those presented in the previous figures. However, the overall adjustment is better

when we consider this density function.
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Figure A2. Observed (blocks) and estimated density functions when the Fréchet (continuous lines) and Weibull (dashed lines)
distributions are taken into account and pollutants CO (panel (a)), NO: (panel (b)), SO: (panel (c)), Os (panel (d)), PMio (panel
(e)), and PMz; (panel (f)) from region NW are used.

In Figure A6 we have the plots when data from region SW are used.

It is possible to see by looking at Figure A6 that in the case of region SW,
both estimated density functions provide good fits with the Weibull in practical-
ly all case (with the exception of ozone - panel (d)) given better adjustment to
the observed density function.

When the information provided by the graphical fit is taken into account
(Figures A2-A6), we have that the Weibull distribution is selected in the cases of
CO and regions NW, NE, and CE; NO, and regions NE and CE; SO, in all re-
gions with the exception of region NE where the Fréchet distribution is selected;
and PM,; and regions NW, NE, and CE. In all the remaining cases the Fréchet
distribution is selected.
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Figure A3. Observed (blocks) and estimated density functions when the Fréchet (continuous lines) and Weibull (dashed lines)
distributions are taken into account and pollutants CO (panel (a)), NO: (panel (b)), SO: (panel (c)), Os (panel (d)), PMio (panel
(e)), and PM: s (panel (f)) from region NE are used.

It is possible to see that in some cases we have two selection criteria for
choosing a given extreme value distribution whereas the other two select another.
In those cases we use the graphical fit as a tie break. We have decided to use the
graphical fit, because when quantities of interest (such as mean and variance) are
needed, if the estimated density function represents well the observed, then these
quantities are well specified. Therefore, the chosen density in the univariate
model is the Fréchet in the cases of ozone in all regions; NO, in regions NW, SE,
and SW; CO in region SE; in all regions, with the exception of region NE, in the
case of PM;p; and when we consider PM,s and regions SE and SW. In the re-
maining cases the selected distribution is the Weibull. Table A2 gives the esti-
mated parameters in all the selected models. (Note that the parameters a and o

in some cases are related to the Fréchet distribution and in others related to the
Weibull).
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Figure A4. Observed (blocks) and estimated density functions when the Fréchet (continuous lines) and Weibull (dashed lines)
distributions are taken into account and pollutants CO (panel (a)), NO. (panel (b)), SO: (panel (c)), Os (panel (d)), PMio (panel
(e)), and PMzs (panel (f)) from region CE are used.

D. Computational details

In this section we present the prior distributions used in each version of the
two-dimensional model, as well as information related to the burn-in periods,
sampling gaps, and sample sizes. In some cases we have run five chains and in
others, due to slow convergence, we have run only three chains. In all cases the
sampling gap is 50.

In the bivariate case the parameter #has a uniform U(1, 15) prior distribution
in all cases and the prior distributions of a, cand b are as in the univariate ver-

sion.
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Figure A5. Observed (blocks) and estimated density functions when the Fréchet (continuous lines) and Weibull (dashed lines)

distributions are taken into account and pollutants CO (panel (a)), NO: (panel (b)), SOz (panel (c)), Os (panel (d)), PMio (panel
(e)), and PM: s (panel (f)) from region SE are used.

Depending on the pair of pollutants, model considered, and region, different

burn-in periods, number of chains run, and sample sizes were used. Hence, we

have a burn-in period of 20,000 steps and samples of size 8000 drawn from five

chains in the case of model F-F in all regions for all pairs of pollutants with the
exception of the pair (PM, Os) in region SE where we have a burn-in period of
30,000 steps with a sample of size 7000. We also have a burn-in period of 20,000
iterations with a sample of size 8000 drawn from five chains in the case of model
W-F and the pair (CO, O;) in all regions. A burn-in of 20,000 steps and a sample
of size 4800 obtained from three chains, were also used in the cases of model
W-F and the pair (NO,, Os) in all regions with the exception of region NE and
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Figure A6. Observed (blocks) and estimated density functions when the Fréchet (continuous lines) and Weibull (dashed lines)
distributions are taken into account and pollutants CO (panel (a)), NO. (panel (b)), SO: (panel (c)), Os (panel (d)), PMio (panel
(e)), and PM: 5 (panel (f)) from region SW are used.

NW where we have a burn-in period of 40,000 with sample size 3600; the pair
(PM.s, Os) in regions CE, NE, and SE; and (PM,,, O;) in regions NW and SW.
These same burn-in period and sample size were also used in the case of model
W-W and the pair (CO, Os) in regions CE, SW, and SE; and (SO,, O;) in region
SW.

Five chains were also used when considering the model W-F for some of the
pairs of pollutants in some of the regions. However, the burn-in periods and
sample sizes were more heterogeneous. Hence, we have that for the pairs (SO,
03) in regions SE and CE; (PM,s, O;) in region SW; and (PM,, Os) in region SW,

we have a burn-in period of 25,000 iterations and a sample of size 17,500.
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Table A2. Estimated means, standard deviations (indicated by SD), and Monte Carlo errors (indicated by MC Error) of

the parameters in the selected one-dimensional models for all regions and pollutants considered in the analysis.
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In the remaining cases we have run only three chains due to computational
constraints. Different burn-in periods and sample sizes were also present in this
case. Hence, a burn-in period of 50,000 iterations and a sample size of 9000 were
used in the cases of model W-W and (CO, Os) in regions NE, NW, and SE;
(PMyo, Os) in region NE; (PM;s, Os) in regions NW and CE; and (NO,, Os) in
region CE. The same burn-in period and sample size were also used in the case
of model F-W with the pair (PM,s, O;) in regions NW and CE. Burn-in periods
of 40,000 steps with samples with 3600 values were used in the cases of model
W-W and (SO;, O;) in all regions with the exception of region SW; (PM;,, O3) in
regions SE, CE, and SE; and (NO,, O;) in region NW. These values were also
used in the case of model W-F and (PM,s, O;) in region SE. When we consider
model W-W and the pairs (NO,, O;) and (PM,, Os) in regions NE and NW, re-
spectively, and model W-F using the pair (SO,, O;) in regions NE and NW;
(PMyo, O3) and (PM,;5, O3) in regions NE and NW, respectively, the burn-in pe-
riod was of 30,000 iterations and the sample size was 4200.

In the remaining cases we have model W-W applied to the pair (PM,s, O;) in
regions SE and NE where we have burn-in periods of 60,000 and 100,000 steps,
respectively, with corresponding sample sizes 8400 and 12,000; and also the pair
(NO,, O5) in region SW with a burn-in period of 35,000 steps with a sample size
3900. Finally, we have model F-W applied to the pair (PM,s, Os) in region SW
with a burn-in period of 60,000 iterations and a sample of size 8400.
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