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Abstract

The study examines the electrostatic charge distribution in n-dimensional
conductors. By generalizing Gauss’s law and using hyperspherical coordi-
nates, the ratio of electrostatic potential energies between a uniform distribu-
tion in the volume (Ws) and a uniform distribution on the surface ( Wp) is
calculated. For n < 2, the two distributions are energetically equivalent,
whereas for n > 2, the surface distribution is more favorable, with a ratio
W, /W, = ﬂ,(n) = 2n/(n + 2) . The main conclusion is that the concentration of

charge on the surface constitutes an energetically favorable state only in spaces
with more than two dimensions, revealing a fundamental difference in the be-
havior of electrostatic systems depending on spatial dimensionality. This
study, providing new theoretical insight into the dimensional dependence of
electrostatic equilibrium, could have applications in higher-dimensional the-
ories.
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1. Introduction

It is well known that when a conductor carries an electric charge, this charge is
not distributed throughout its entire volume. On the contrary, it concentrates uni-
formly on its surface, with a density that depends on the local geometry [1]-[3].
This happens because mutual repulsion drives charges as far apart as possible,
which corresponds to the conductor’s surface. Alternatively, this phenomenon
can be explained by the fact that the system achieves greater energy stability. One

way to quantitatively substantiate the above observation is through the calculation
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and comparison of potential energies for two extreme cases: a) uniform distribu-
tion of charge on the surface and b) uniform distribution of charge throughout
the entire volume. The subject of the present work is the investigation of charge
distribution in similar conductor systems with different numbers of dimensions
(one-dimensional, two-dimensional, four-dimensional, etc.).

It should be noted that there is a difference between a) the analysis of the energy
of a circular or linear conductor in three-dimensional space and b) the analysis of
a circle in an imaginary two-dimensional space or a straight segment in an imag-
inary one-dimensional space. The first case has been examined by [4]-[6]. In the
present work, we will examine the second case, namely each shape will be consid-
ered in its corresponding imaginary dimension. Similarly, AL-Jaber [7] also deals
with the second case using the approaches of [8] and [9]. He calculated the elec-
trostatic energy of charged hyperspherical shells and spheres in n-dimensional
space. He showed that the energy presents a minimum at dimension 17 = 9. He
calculates the two energies separately but does not calculate their ratio.

In the present work, a direct comparison of stability is made through the ratio
of energies. The critical dimension n=2 is highlighted, at which the nature of the
comparison changes, and a physical interpretation is provided for the significance
of this particular dimension, which is related to the divergence of integrals. Finally,
for n> 2, a closed analytical formula is proposed: A(n) = 2n/(n + 2) .

The present work is structured in seven parts, including the introduction. In
part 2, the potential energies of the system are examined. In part 3, the hy-
perspherical coordinate system is presented. In part 4, Gauss’s law is formulated
in n dimensions. In part 5, the enclosed charge is analyzed in all cases. In part 6,
the relative ratio is calculated for spaces of (1) dimensions. Finally, in part 7, the

conclusions of the work are presented.

2. Electrostatic Potential Energy of the System

The energy of any distribution ( ) is given by the following equation ([1], p. 95):
g

W ==2(([E%dr 1

all (1)

where &, £, and drare the electric permittivity of vacuum (8.85 x 1072 F/m), the
electric field, and the differential volume element, respectively.

We denote by Wp the potential energy of the system when the charge is uni-
formly distributed throughout its entire volume, and by Wy the potential energy
of the system when the charge is uniformly distributed over its surface. By using
Equation (1) for each of the two cases and integrating over all space, we obtain
Equations (2) and (3):

2

3 q
- 2)
20 nRg,
1 9°
Wy ==—— (3)
8 nRe,
DOI: 10.4236/jemaa.2025.176006 94 Journal of Electromagnetic Analysis and Applications


https://doi.org/10.4236/jemaa.2025.176006

E. G. Papanikos

What is sought is the ratio We/ Wo as a function of the number of dimensions

(n). For n = 3, the value of the ratio is given by Equation (4) and is equal to 1.2.

3¢
%:mzﬁzl_z (4)
Wo 149 5

8 mReg,

To perform the necessary calculations, the well-known formulas of electrostat-
ics, which provide the electric field and the potential in three dimensions, will
need to be generalized to n dimensions. For this purpose, a hyperspherical coor-

dinate system in n dimensions is initially required.

3. Hyperspherical Coordinate System

The hyperspherical coordinate system will consist of 1 coordinates. The first will
be the distance from the origin, while the remaining n — 1 will be angles. Of these,
the first angle will range from 0 to 2m, while the remaining n — 2 will range from

0 to m. For the integrals, the following relation will be used [10] and [11]:
d"x =] dx =r"dr[] " (sing,)" " do, (5)

This hyperspherical coordinate system, for n = 3, reduces to the well-known
spherical coordinate system, while for n = 2 it reduces to the polar coordinate

system.

4. Gauss’s Law in n-Dimensions

In n dimensions, the surface has (n — 1) dimensions, and Gauss’s law is assumed

as follows [7]:

$E-da=Tn ©6)
&o
where:
da =", (smé’ )" “d (7)

In every n-sphere, due to symmetry, E /"7, and therefore, from Equations
(6) and (7), Equation (8) follows:

PEA(sing, ) do, = q'":ER”-qu]‘[ (sing,) " dg, =

&

q 0
=>E= =E= n__ (8)
goRnA@H S|n6’ )n k l €0Rn_l p

where p=§],_(sin6, nk_1d9K=constant

To keep the presentation as simple as possible, we do not include the limits of

integration in Equation (8).

5. Enclosed Charge in All Cases

It now remains to calculate the enclosed charge g, in all cases as in Table 1. It is
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observed that, whether the charge is distributed over the volume or on the surface,
@in is equal to the total charge of the sphere (Q) in both cases when the distance
from the center of the sphere at which we calculate the electric field (z) is greater
than the radius of the sphere R. For r < R, when the charge is only on the surface,

there is no enclosed charge ( . =0). Similarly, when the charge is uniformly

in,O(r<R)
distributed throughout the Volume, the enclosed charge is nonzero.

Table 1. Enclosed charge in all cases.

Surface Charge Volume Charge
rﬂ
r<R ino(r<r) = 0 Oino(r<r) = Q?
r>R qin,O(r>R) = Q qin,@(r>R) = Q

6. Calculation of the Ratio for n-Dimensions

Taking into account Equations (5) and (8) and the data from Table 1, the ratio A

as a function of n1is obtained:

l(n):%zwe(KR) +Woror) :W o(r<r) T Worsr) =W®(r<R) 1
Wo  Worer) +Worrar) 0+Wo(r.g) Wo(rsr)
&

70_[- E2 r<R an
—+1
J.E r<R) d
‘[ qm O(r<R) _1d - n—-k-1
s Ji8 (sm 0.) do,
&
= +1
J'(q'” (> ] rdr L (sin 0.)" " do,
&r"
Y
i QF rdr ing,)"*dg
-[0 gorn J-H S K
+1
( Q J rdr [T, (sin6,)" " do,
gr"p
(anj r"dr
+1
( ) r"dr
R 2.n1
5 j ror"dr
:Rn—z_{_l
I (k) e
_[Rr”*ldr
T'ﬁ‘l
RZnJ' 1—ndr
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The integral of the numerator, for each value of n is equal to:

R
‘[R rn+ldr _ r.n+2 _ Rn+2
0 n+2|, n+2

At this point, it is necessary to examine two cases for the integral of the denom-

inator given by Equation (9):

_[“O r=dr 9)

R

Case 1

If n>22-n<0& lim (I‘)Zfn =0, the value of the antiderivative at infinity

r—-+oo

becomes zero, thus the integral converges:

o0 li 2-n
- r.Z—n r_I)I‘I]OQ(I’) RZ—n RZ—n RZ—n
[rndr= = - =- =
R 2—n|R 2-n 2-n 2-n n-2
Hence,
n+2 —n+2
J rar r? 2 i 2 .. n-2 2n
A(n)=—2— +l=—DNte _j1=-N*te 19— “41=
Rzn.[ rl’”dr Rz,-, R R n+2 n+2
o RAN RAN
n-2 n-2

Therefore, for n>2, the ratio of the two energies depends on the number of di-
mensions as shown in Equation (10):
2n

/I(n):m vn>2 (10)

Case 2
If N<2<2-n>0< lim (r)zfn = 400, the value of the antiderivative at infin-
r—+o00

ity tends to infinity and the integral in the denominator diverges; therefore, the

whole fraction tends to zero and A(n) = 1.

_[OR(r’)r”1 dr’

A(n)=lim ——-———
( ) r—+o RZHJ.Rr(rI)lfn dr!
Rn+2
= lim — 424
r—+o0 RZHIR(rI) dr!
R2—n
= lim 0424
r—+owo A ’
jR(r) dr
RZ—H
= lim 4249
r—+oo AT ’
IR(r) dr
Because
n2-n | 2-n 2-n
. T, . r r R
lim [ (r)"dr'= I|mL = (") =400
r—+o9R r—+0 -n r>+0 2N 2—n
R
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The two cases for 71 <2 and n > 2 are illustrated in Figure 1.
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Figure 1. The ratio A(n) = We/ Wo.

As mentioned in the introduction, Al-Jaber [7] studied the electrostatic energy
of hyperspherical shells and uniformly charged spheres in n dimensions. He ob-
served that both energies exhibit a minimum at 2 = 9. As already noted, the pre-
sent study differs because it examines the ratio We/ Wo for the same system (a
sphere with different distributions). This explains why the critical dimension in
the present analysis is n =2 (where the integral changes its convergence behavior)
rather than n =9 (where the geometry is optimized). The theoretical implication
is that the energy ratio function behaves fundamentally differently from the func-

tions giving absolute energy values in higher dimensions.

7. Conclusions

The present study calculated the ratio of electrostatic energies A(n) = Wo/ Wo be-
tween a uniform volume charge distribution and a uniform surface charge distri-
bution of a hyperspherical conductor in n-dimensional space. By generalizing
Gauss’s law and using hyperspherical coordinates, a two-branched analytical ex-
pression was derived, revealing a difference in the behavior of electrostatic systems
depending on the dimensionality of space.

The main findings of the study can be summarized as follows:

a) For n < 2, the ratio is A(n) = 1, indicating that the two charge distributions
exhibit the same energetic stability. This result arises from the divergence of the
integral when n < 2, which mathematically eliminates the difference between the
two distributions, because when both total energies are infinite, their difference
(which remains finite, being equal to the electrostatic energy inside the sphere)
becomes negligible relative to their magnitude, leading to energetic equivalence.
In one- and two-dimensional space, the concept of a “surface” distribution loses

its energetic advantage.
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b) For 11> 2, the ratio is given by the closed-form expression A(n)= 2n/(n +2),
which is always greater than unity. This demonstrates that the surface distribution
is energetically more favorable in spaces with more than two dimensions.

Applying Equation (10), three characteristic cases can be distinguished:

For n =3 (our physical space): A(3) =6/5=1.2

For n=4: A(4) =4/3~1.33

For n-> oo: A(nn) > 2

The result A(n) - 2 in the limit of many dimensions indicates that the surface
distribution remains consistently more favorable, but the difference does not grow
without bound. The energetic stability of the surface distribution relative to the
volume distribution reaches an asymptotic limit, regardless of how complex the
space becomes.

The critical dimension 1 = 2 expresses a fundamental property of the electro-
static field: only in spaces with 7 > 2 does the field of the surface and volume
distributions of the sphere, as well as the field of a point source, decay rapidly
enough for the total energy to be finite at infinity. In one or two dimensions, the
field decays more slowly, and the electrostatic energy diverges, rendering the two
distributions energetically equivalent.

The present analysis could be extended to: a) deriving explicitly the integral
form of Gauss’s law, Equation (6), using generalizations of the divergence theorem
and Maxwell’s first equation to show how these laws remain invariant in n-di-
mensions; b) deriving Equations (5) and (7) using the findings of [10] and [11]; ¢)
non-uniform charge distributions in higher dimensions; d) dynamic problems
and time evolution in n-dimensional space; e) connections with quantum field
theory; and f) generalization to non-Euclidean geometries (hyperbolic or spheri-

cal space).
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