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Abstract

Resonant linear and nonlinear properties in terahertz range of 2D materials gra-
phene and silicene placed into a bias magnetic field are investigated theoretically
on the base of the quasi-classical kinetic theory. When the electromagnetic fre-
quency is close to the cyclotron one, the linear conductivity increases two orders.
Under the resonant frequencies nonlinearity becomes essential at low magni-
tudes of terahertz electric fields. In absence of a bias magnetic field the nonlinear
dependences of the surface electric currents on terahertz electric field are prac-
tically the same simulated from kinetics and electron hydrodynamics with non-
zero “kinetic” electron effective mass. Graphene possesses higher values of non-
linearity of the resonant conductivity, whereas in absence of a bias magnetic
field, the electron nonlinearity is higher in silicene.
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1. Introduction

Low dimensional materials [1]-[3] can be used as the basic elements to create the
controlling and nonlinear metamaterial media in terahertz (THz) range [4]-[6]
0.1 - 30 THz. Nowadays there exists a variety of two-dimensional (2D) materials
like graphene, silicene, germanene etc. [1]-[3]. The layered metamaterial struc-
tures “dielectric - 2D material -dielectric...” and the periodic sets of graphene
strips on dielectric substrates are perspective to realize nonlinear wave propaga-
tion and interaction in THz range, like frequency conversion and generation of
higher harmonics 7] [8], self-action, switching [9]-[12], and solitons [13] [14]. In
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THz range under the temperatures 7'> 20 K in graphene and silicene the nonlin-
earity is due to pseudo relativistic dispersion law [7] [10] [11] [14] [15] of elec-
trons. It is important for applications that in these materials the dynamic nonlin-
earity in THz range possesses the reactive, or non-dissipative, character [7], and
the collision frequencies are small there v = 10'> — 5.10'* s™'. The following ine-
quality is valid: v< @, where @ > 10" s! is the circular frequency of the electro-
magnetic (EM) fields in THz range.

It is interesting to compare the properties of 2D electron gas in graphene and
silicene in THz range. The band structure in these materials is similar near the
Dirac cone, but the Fermi velocity is essentially smaller in the silicene [1] [2],
whereas usually the collision frequency is smaller in the graphene [2].

The application of external magnetic fields to the structures with the solid-state
plasmas changes qualitatively the wave propagation and yields additional possi-
bilities to realize linear and nonlinear resonant phenomena. Due to the electron
band structure, in graphene and silicone the cyclotron frequencies are in THz
range wp = 10" — 10™ s™! when the bias magnetic field is about 0.5 - 2 T [12] [15].
In 2D materials the cyclotron frequencies depend not only on the bias magnetic
field but also on 2D electron concentrations [12].

There are different methods to analyze the electron properties of 2D materials
in THz range. They are the direct quantum kinetic approach, including the Kubo
one [14], the quasi-classical kinetics based on the Boltzmann equation [7] [8] [11],
and the electron hydrodynamics [8]. At the temperatures 7> 20 K the simulations
on the base of the Boltzmann equation are adequate to investigate the conductivity
in 2D materials [7] [8].

In this paper, the resonant linear and nonlinear properties of 2D electron gas in
graphene and silicene are investigated. Based on the Boltzmann kinetic approach,
the linear and nonlinear expressions for the 2D tensor conductivity are derived.
The quasi-linear method is used to analyze nonlinear resonant conductivity when
the bias magnetic field is applied. For realistic values of 2D electron concentra-
tions and collision frequencies, the values of the resonant conductivity coincide
with ones obtained from the simpler hydrodynamic approach. In addition, the
nonlinear dependences of the surface density of the electric current on THz elec-
tric field practically coincide when obtained both from the kinetics and from the
hydrodynamics in the absence of a bias magnetic field. This makes possible to use
the simpler hydrodynamic method to analyze the nonlinear propagation of THz
EM waves through the layered structures “dielectric-graphene or silicene—dielec-

tric”.
2. Basic Equations

The consideration is based on the Boltzmann kinetic equation [7] [8] [11] [12]

[15] for the electron distribution function £ SI units:

0 0 0
i+v-i+e(E+va)-i:St{f}. (1)
ot or op
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Here pis the electron quasi-momentum, SH{ £ is the collision integral that below is
considered within the collision frequency v approximation St{f}=-v(/f - /),
oo is the equilibrium Fermi distribution function. The bias magnetic field B, is di-
rected along OZaxis. This equation is valid in THz range, where the inequality takes
place: v< @; @ > 5-10" s! is the frequency of EM field, v = 10" — 5:10"* s* is the
electron collision frequency. In THz range it is possible to neglect by interband elec-
tron transitions when the 2D electron concentration is o > 10" cm™. The effects
due to the quantizing magnetic field are not considered here, so the bias magnetic
field is not high: By <2 T.

Below the case of the two-component THz electric field is considered in the
XOYplane: E= (E, E; 0). The kinetic Equation (1) is rewritten as:

0 0 0 0 0
ai[EaiEaL]B(aiai)(fm @

X X

The stationary solution of Equation (1) is the Fermi distribution function:

foo(p):(Hexp(%D_l. (3)

T

Here E, is the Fermi energy in equilibrium, E(p) is the electron energy,
E, =k,T , Tis a temperature in Kelvins. Our goal is to derive the dependence of
the surface density of the electric current on THz electric field.

The following notations are used:

Pr=—"> Pr=—""7s m*=_>mg’ Wp =—". (4)
m

Here pris the Fermi momentum, m’ is so-called “kinetic” effective mass,
which is utilized below, ws is the electron cyclotron frequency.

The equation for pris:

4 +00 +00
o= | [ fn(P)Ep. ©)

Here, my = 10" - 10" cm™ is the steady 2D concentration of the electron gas.

The dispersion law for 2D electrons in the graphene and silicene is [1] [2] [7]:

112
E:VF(pz"‘p;) , pzzpiﬁ-pi; ©)

.
Dy =M Vp.

Here, vris so-called the Fermi velocity, it is vy~ 10° m/s for graphene and vy~
4.5-10° m/s for silicene [2]. For the sake of generality, the small effective mass mZ
<0.001m.is introduced in Equation (6). The nonzero effective mass m; can oc-
cur in 2D materials placed onto some substrates, like SiO,.

The electron velocity for the quasi-classical electron motion is obtained as:
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OF OF Ve D,y
v=——; v =_—=—""
PP (pn)
VeD,
Vy=ﬁ, P =pitp; (7)
(r*+p})

P, =p-CcosQ, p, =p-sing.

Below the quasi-linear approach is applied [16] to derive the nonlinear conduc-

tivity. The solution of Equation (2) is searched in the form:

f=r (f,p)+%(j;(p,(p)~eXp(—ia)t)+c.c.);
_ (8)

E, = %(Ew exp(—iot )+ c.c.).

Here £ is the almost constant, or basic, part of the distribution function. An-
other part of it oscillates with the frequency w. In the quasi-linear approach, the
inverse action of the high-frequency oscillations to the basic part of the wave func-
tion £ is taken into account. The generation of higher harmonics is not considered
because it is essential under satisfying matching conditions, which are realized in
a specified geometry [8].

From Equation (2) there is the following equation for f :

B 1/2%"'VJ;:_E(E“UX+Eypy)af0(p)'
(p*+p}) 9 p op

g

(9)

E-p=p .(E+ exp(—ip)+E_ exp(i(p)),

E. = (E, i)

+,

The equation for the perturbation of the distribution function can be rewritten

as:
A 0%+ p? 12 3
—ia)+v——w3 (2PF zpf/z) ai S
(p*+p7) v (10)
=P} -exp(—ip)+E_-exp(ip _afo(p).
P (. -oxp(cip)+ £ -exp(io)| 2
The expression for the surface density of the electric current is [7]:
] de +90 +00
i =3 LLV“f (p)d’p. (11)

Then in Equation (11) the solution of Equation (10) in 2D case is used, and the

formula for the surface density of current is:

ieva _ o p2 6f
i, =——"1E —=2dp
nh’ " (p2+p2)1/2(a)+iv)—a)3(p§+p§)l/2 op
(12)

+o0 2

= p oL

+E 5 V2 - 5 S\V2 -a—odp .

o(p +pg) (a)+zv)+wB(pF+pg) P
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The analogous expression is for ;.
It is possible to release in the surface current density the resonant part i, and

the non-resonant one i;. for EM fields of different circular polarizations:

=0 E +opE =i, +i;

1 (13)
isv = _O-BSEX + Gls y = _.(is+ _isf)'
’ i
The quasi-linear equation for £ is:
%+ 8f +E, L+cc +v-(fy— 1) =0. (14)
ot 4 apx apy

Then the following relation is used that results from relation for £, , Equation
(9), the last line:

o F 1= 0[ =
(et gord o

Here ( . > is the symbol of averaging over the oscillation period 21/ .
As a result, the equation for £ is:

5

%+i iebii p@fo . E, | tec +v-(fy—fo)=0. (16)
ot 4p op\~ Op w—iv—w,-Q

The following notation is used:

2 2
_Pr + D, 17)
- 2 2"
2y 2
Thus, the equation for £ is:
o Bl o] o v

- 5 (fo—Sp)=0. (18)
ot 2p Op|  Op (a)_CUBQI/2) e v (f f)

This equation possesses the diffusive character in the space of quasi-momenta
[16]. The boundary conditions for £ are [16]:

fo(p—>+oo)—>0 afo(p 0) 0. (19)

The expressions for the resonant and non-resonant surface conductivities are:

G.H = O-ls _laBs; o, = O-ls + lo—Bs' (20)

5

From Equation (12), the following expression for the resonant surface conduc-
tivity is written down:
2
.2 +00 p
ie'vy op

dp. (21)
T (a)+lV o, Q1/2)< 2+p§)l/2 \p

O-S+

In the limiting case 7"— 0 there are simplified expressions from the kinetic
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theory for the linear 2D conductivity components [12] that coincide with ones

obtained from the hydrodynamic approximation with the “kinetic” effective mass

*

m"
_ieznzo-(a)+iv). _ ERWOR )
1S_(a)+iv)2 o o= (a)+iv)2 o’
—Ws —Ws
22
" (22)
o - e
Y -y +iv

The nonzero “kinetic” effective mass m” used in Equations (22) is taken from
Equation (6).
In the hydrodynamic approach the surface density of current is expressed
through the hydrodynamic velocity v[12]:
. 1 .
lgoy = €MV, 5V, EE(V. tiv ,);

(23)

ls+ = en20v+ = O-s+E+'

In the kinetic approach the expression for oy, can be written down by means of
complex integrals, Equation (21). It possesses the resonant dependence on fre-
quency . In the hydrodynamic approach the linear formula for oy, is simple and

is obtained from the equation for the electron velocity:

(miw+v)v, +iwzv, = ¢

t

+9

(24)

o 3

eSH

(—ia)+v)v_ —iwyy_ =~ —

It is seen that EM wave with the circular polarization EZ is subject to the res-
onant interaction with 2D electron gas; another EM wave with the non-resonant
circular polarization E_ is not considered here.

Therefore, the hydrodynamic expression for the linear resonant conductivity is

)
ie'n 1
o, r—— (25)
m 0—o,+iv
Here wp = eBy/m’ is the cyclotron frequency for a particle with the “kinetic”

effective mass 111’, also see Equation 4.

3. Simulations
3.1. Linear Resonant Conductivity

In this Subsection, the linear conductivity of graphene and silicene has been simu-
lated. The dependences of the resonant component of the linear surface conductiv-
ity oy on frequency w for graphene and silicene have been calculated with using
Equations (21), (25) for the kinetics and the hydrodynamics correspondingly. In the
linear case, the distribution function £ is equilibrium one, % = %,, Equation (3).
The typical dependences are presented in Figure 1 and Figure 2. The bias mag-
netic field is By =1 T, the electron collision frequency is v=2-10"2s™". The results do
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not change when mZ <0.001 m., see Equation (6). Parts a) are the dependences
for the graphene, b) are ones for the silicene.

In Figure 1, 2D electron concentration is 1m0 = 5-10'° cm™. The curves 1, 2, 3
are at 7'= 20, 30, and 50 K simulated from the kinetic approach. The curves 4, 5
are from the hydrodynamic approach 7'= 0, the collision frequency is the same
for curve 4 v=2-10" 57!, but it is increased v = 4.8-10"? s™! for curve 5. It is seen
that the resonant frequencies are @ = 3.93-10" s™* for the graphene and @ »
1.79-10" s! for the silicene there. They coincide with the cyclotron frequency ws,
Equations (4), (25).

0.002, 0.0008+

0.00064
0.001 0.0004
0.00024

0.0001 0.00004

-0.00024

-0.001 : - : : -0.0004
13 13 13 13 T T T 1
0.0 2.0x10 4.0X10_1 6.0x10 8.0x10 0 1X1013 2X1013.1 3X1013 4X1013
w, S ®, S

Figure 1. Dependences of the linear components of the resonant surface tensor conductiv-
ity o5, namely the real (o5, solid lines) and imaginary (os.; dot lines) parts, on frequency
o for graphene and silicene in the bias magnetic field B = 1 T. The surface electron con-
centration is mo = 5-10'° cm™?, the collision frequency is v=2:10"* 57/, except for the curve
5. Curves 1, 2, 3 are from kinetics, ones 4, 5 are from the hydrodynamics. Curves 1, 2, 3 are
at the temperatures 7'=20 K, 30 K, and 50 K, correspondingly. Curve 5 is for the increased
collision frequency v = 4.8-10'? s™!. Part (a) is for graphene, (b) is for silicene.

In Figure 2, 2D electron concentration is higher, m = 3-10"' cm™. The curves
1,2, 3 are at 7'= 30, 50, 80 K, the kinetic approach. The resonant frequencies are
o= wp~ 1.62:10" s7* for the graphene and @~ 0.73-10" s”'for the silicene. There
is a good coincidence with curves 1 and 5, namely the last one is from the hydro-

dynamic approach with the slightly increased collision frequency v= 2.5-10"s7%,

c,o0. ,S (@)
0.004
0.0015
0.002] 0.0010
0.0005
0.000 0.0000
: 20,0005 ..,
-0.002— T ) T T T 1 -00010_ T T T 1
0 1x10” 2x10" 3x10™ 4x10” 5x10” 0.0 50x10"” 1.0x10”_1.5x10” 2.0x10"
@, S @, S

Figure 2. The same as in Figure 1, but the surface electron concentration is higher, mo =
3-10" cm™2, and the temperatures ate 7'= 30 K, 50 K, and 80 K. Curve 5 is from the hydro-
dynamic approach, but for the increased collision frequency v=2.5-10"s7.
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The results of our simulations have shown that both in graphene and in silicene
the dependences of the components of the linear resonant conductivity simulated
from the hydrodynamic approach are of good agreement with ones obtained from
the kinetics, when 2D electron concentrations are 1z > 310" cm™ and the colli-
sion frequencies are v>5-10" s™'. The absolute values of the resonant components
of conductivity increase 2100 times near the cyclotron frequency ws, see Equation
(25). Because the Fermi velocity vrin silicene is smaller than one in graphene, the
resonant frequencies are smaller in the silicene, when the 2D electron concentra-
tion 1m0 and the bias magnetic field B, are the same.

Our simulations have demonstrated that at smaller values of 2D electron con-
centrations 1 < 1.5-10" cm™ there is an essential discrepancy between the values
of the resonant surface conductivity calculated from kinetic and hydrodynamic
approaches. But a comparison of curves 1 and 5 in Figure 1 shows that they prac-
tically coincide when the hydrodynamic approach is used with the increased value

of the collision frequency.

3.2. Nonlinear Resonant Conductivity

In this Subsection, the quasi-linear approach is used to simulate the nonlinear de-
pendences of the resonant 2D conductivity. The resulting equation for the basic dis-
tribution function £ is one with the nonlinear diffusion, Equations (18), (19). The
following qualitative result is mentioned. Due to the nonlinearity, ie. an influence of
THz electric field |E,

curs, which is equivalent to increasing the effective “kinetic” mass m"

on the basic distribution function £, the smoothing of £ oc-

In Figure 3 and Figure 4, there are the dependences of the basic distribution
function £ on the quasi-momentum p at different values of THz electric field
|E+| . The parameters correspond to ones used in Figure 1 and Figure 2; the cho-
sen THz frequencies are equal to the resonant ones in Figure 1 and Figure 2,
namely to the cyclotron frequency ws The quasi-momentum p is normalized to
P see Equation (4). In the nonlinear cases the stationary distribution function £
is presented at the time moment £= 107" s > v,

In Figure 3 and Figure 4, curve 1 is the equilibrium distribution function .

Curves 2, 3, 4 are for the values of THz electric field |E,| = 10*V/m, 3-10* V/m,

and 10° V/m, correspondingly.

An influence of THz electric field |E,| results in the difference of the basic

distribution function £ from the equilibrium one £, under relatively small values

of |E+| > 10* V/m and, thus, in essential electron nonlinearity under the cyclo-
tron resonance condition @ = ws.

Dependences of the resonant surface conductivity on THz electric field are pre-
sented in Figure 5 and Figure 6. Curves 1 - 4 correspond to ones in Figure 3 and
Figure 4. Note that curves 1 in Figure 1 and Figure 2 coincide with curves 1 in
Figure 5 and Figure 6; it is the same linear case.

From Figure 5 and Figure 6, it is seen that under the cyclotron resonance con-
ditions the electron nonlinearity is higher in graphene under equal 2D electron

concentrations 1. The nonlinearity is more essential at smaller values of m,,
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compare Figure 5 and Figure 6.

(a) (b)

1.04
0.84
0.6
0.4

0.24

0.0 T v ; ) 0.0 T : T )
0 10 20 30 40 0 5 10 15 20
p/p, p/p,

Figure 3. Dependences of the basic component of the distribution function £ on the quasi-
momentum for graphene and silicene in the magnetic field B = 1 T. The surface electron
concentration is mo = 5-10'° cm™, the THz frequency is @=3.93-10"* s™! for graphene and
1.79-10" s7! for silicene. The collision frequency is v = 2-10"> s7%. The initial electron tem-
perature is 7'= 20 K. Curve 1 is the equilibrium distribution function £, 2 is £ at the THz

fields |E | =10 V/m, 3 is at E| =310 V/m, 4 is at E | =10°V/m. Part (a) is for

+ + +

graphene, (b) is for silicene.

(@ f (b)

0.89

0.6

0.4

0.2

O % 38 40 86 6o 003 10 20 30
PP, p/p,

Figure 4. The same as in Figure 3, but mo = 3-10" cm™, 7= 30 K. The frequencies are
1.62-10" s7! for graphene and 0.73-10" s™! for silicene.

Ops Oy s S (b)
0.0006 0.0003
0.0004 0.0002
0.0002 0.00011
0.00004 0.0000
-0.00021 00001] 1.
-0.0004 -0.00021
00  20x10™ 4.0x10°,6.0x10" 8.0x10" 0 1x10™ 2x10" 3x10"314x10" 5x10"
w S @ S

Figure 5. Nonlinear dependences of the resonant surface conductivity os.. The real parts
are given in solid lines, the imaginary ones in dot lines. The surface electron concentration
is mo = 5-10'° cm™, the THz frequency is @=3.93-10"* s! for graphene and 1.79-10"* s™* for
silicene. Curve 1 is for the linear case; 2, ,3, 4 are for the values of THz electric field 10*
V/m, 3-10* V/m, and 10° V/m. Part (a) is for graphene, (b) is for silicene.
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" (a)
0003] Fs+7 Osr? S 0.0015,
0.0010
0.0021
0,001 0.0005-

e

0.000] 0.00001
-0.0014 -0.00053 ...~
-0.002 o : : . : :
0 110" 2x10"™_-13x10"  4x10" 0 1x10°% 4 2x10"
@ S w, S

Figure 6. The same as in Figure 5, but mo = 3-10" cm™, 7= 30 K. The frequencies are
1.62-10" s7! for graphene and 0.73-10" s! for silicene.

3.3. Fully Nonlinear Approach without Bias Magnetic Field

Here, the nonlinear properties of graphene and silicene are compared under non-
resonant conditions in the absence of a bias magnetic field B = 0. THz EM field
possesses the linear polarization E. The values of the frequency w of THz electric
field correspond to the resonant cases presented in Figure 1 and Figure 2.

The nonlinear properties of graphene and silicene have been investigated by
means of both the kinetic approach [7] and the quantum one [14]. In the colli-
sionless approximation the solution of the kinetic equation can be obtained by the

method of characteristics [7]:

f(p)=1fi(p—p4); pi=eA, g,

=
1o(p) =[1+eXp£%1jl‘

T

(26)

Then the nonlinear dependence of the surface current density has been simu-
lated from Equation (11) by means of direct integration [11].

To compare the results of the kinetics, also the direct quantum approach has
been applied. The following expressions for the surface density of current in gra-
phene were derived [14] from the fully quantum consideration at 7'= 0, ie. when

2D electron gas is fully degenerated:

2
i _(P_j tanh ;¥ = 4. @7)
T\ h Pr

It is possible to approximate this dependence as [14]:

2
P z&(p_j L/ (28)
TR (1+9?)

Equation (28) also can be derived from the nonlinear hydrodynamic equation
for the quasi-particles with the “kinetic” effective mass m’, Equation (4), and the
pseudo-relativistic dispersion law where the role of the velocity of light takes the

Fermi velocity vz[11] [14].
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The nonlinear dependences of the surface current density are presented in Fig-
ure 7. These dependences are given for the resonant frequencies @ = ws where the
maximum values of the real parts of the linear surface conductivity have been ob-
tained in the presence of the bias magnetic field given in Figure 2. In Figure 7, 2D
electron concentration is o = 3-10"! cm™ The curves 1, 2, 3 are simulated from
the kinetic approach at the electron temperatures 7= 30, 50, and 80 K. Curve 4 is
obtained from the quantum approach, Equation (27), curve 5 is from the simpli-
fied Equation (28).

600; i, A/m (@ 30 i, Am (b)

5001

4004 200

3001

2001 100

1004
0 . , . . . 0 . , , . ,
0 1x10° 2x10° 3x10° 4x10° 5x10° 0 1x10° 2x10° 3x10° 4x10° 5x10°

’ Vim » V/m

Figure 7. Nonlinear dependences of the density of the surface electric current on THz elec-
tric field Ex for graphene, part a), and silicene, part b), in the absence of a bias magnetic
field. The THz frequencies are @ = 1.62-10"* s7}, part a), and @ = 0.73-10% s7}, part b). 2D
electron concentration is 720 = 3-10'! cm™. Curves 1, 2, 3 are obtained from the kinetic ap-
proach under the temperatures 7= 30 K, 50 K, and 80 K; curve 4 is from the quantum
approach, Equation (27); curve 5 is from the quantum approach, simplified formula, Equa-
tion (28).

The nonlinear dependences of the surface current densities on THz electric field
are sharper in the silicene than in the graphene. Therefore, in the absence of a bias
magnetic field the electron nonlinearity can be higher in silicene. But the non-
resonant nonlinearity manifests at the magnitudes of THz electric fields of about
10° V/m, 2 orders higher than for the resonant nonlinearity in the bias magnetic
fields.

Thus, the simpler hydrodynamic approach can be used to investigate the reso-
nant nonlinear propagation of THz EM waves in the layered structures “dielectric-
graphene (silicene)-dielectric...”, when the values of 2D electron concentrations
are not small 1 > 3-10" cm™. Our simulations have shown that it is valid at the
electron temperatures 7'<'120 K.

4. Discussion

Our simulations have demonstrated that in the bias magnetic field both graphene
and silicene possess a strong resonant dependence of the surface conductivity on
frequency and essential nonlinearity at low magnitudes of THz electric fields of
about 100 V/cm. As a nonlinear material, graphene is preferential there. The non-
resonant nonlinearity in the absence of a bias magnetic field is more expressed in

silicene, due to lower values of the Fermi velocity. Nonlinearity cannot be
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considered moderate in all cases.

Now photonic crystals, metamaterials, and other layered structures, which are
designed for nonlinear applications in THz range, use 2D materials like graphene
and silicene. It is of interest to combine the resonant nonlinearity due to a bias
magnetic field with the geometrical resonances due to the thicknesses of dielectric
layers. Various approaches can be used to analyze these complex structures. Due
to the complexity, simple but adequate methods are needed to study essentially
nonlinear phenomena there. The most suitable approach is the quasi-classical ki-
netic one, but also the application of simpler methods like electron hydrodynam-

ics can be useful.

5. Conclusion

Expressions of resonant linear dependences of the surface conductivity in gra-
phene and silicene at terahertz frequencies have been simulated from the kinetic
approach, where the finite temperatures of 2D electron gas are considered. These
dependences practically coincide with those obtained from a simpler hydrody-
namic approach with the nonzero electron “kinetic” effective mass. This “kinetic”
mass can be obtained from the direct quantum approach. At the resonant frequen-
cies the essential nonlinearity occurs both in graphene and silicene at low magni-
tudes of terahertz electric fields of circular polarization, but the resonant nonlin-
earity in graphene is higher. In absence of a bias magnetic field nonlinear depend-
ences of surface current densities on the terahertz electric field can also be ob-
tained from the hydrodynamic approach, where the pseudo-relativistic depend-
ence of the “kinetic” effective mass on the electron velocity is used. The Fermi
velocity plays the role of the speed of light. The non-resonant nonlinearity is

higher in silicene.
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