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Abstract

This article has two objectives. The first is to develop an R script that performs
Mardia’s K? test for assessing multivariate normality (MVN), using both its
original asymptotic formulation and a bootstrap method. Unlike previous
studies that rely on Monte Carlo simulations to obtain critical values, the boot-
strap approach focuses on resampling from sample data while preserving its
correlational structure. The second objective is to compare both variants of K?
test with Royston’s H test in terms of hit rate and statistical power. A total of
200 samples were generated from MVN distributions and another 200 from
multivariate t distributions with five degrees of freedom, varying sample size
(7 levels), number of variables (5 levels), and homogeneous correlation among
variables (5 levels). The script computes the K? and H test statistics, their p-
values, and statistical power, and also provides graphical representations of
the sampling distribution of the K? statistic. Two worked examples, one based
on a randomly generated sample from an MVN distribution and another
based on an empirical sample without an MVN distribution, demonstrate the
script’s functionality. The sampling distribution of the bootstrap K statistic is
less peaked and exhibits a heavier right tail than the distribution implied by
the asymptotic approximation, which is defined by a weighted sum of corre-
lated chi-squared variables. When the null hypothesis was retained (Z.e., under
multivariate normality), the H test showed slightly better performance in
terms of correct retention. In contrast, when the null hypothesis was violated,
both variants of Mardia’s K? test outperformed the H test; in this context, the
asymptotic variant generally performed better than the bootstrap variant. In
samples drawn from a multivariate t distribution, as well as in analyses aggre-
gated across both distributions, the asymptotic K* variant achieved the highest
mean power. In multivariate normal samples, however, the bootstrap K* vari-
ant showed superior performance, followed by the asymptotic variant, with
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the H test performing worst. This new variant is a robust option for assessing
MVN, and its use and further exploration are recommended.
Keywords

Multivariate Normal Distribution, Statistical Hypothesis Testing, Statistical
Power, Multivariate Skewness, Multivariate Kurtosis

1. Introduction

In 1970, Mardia [1] introduced two measures for assessing the shape of multivar-
iate distributions: one for skewness (B;) and another for kurtosis (B,). He also
developed corresponding significance tests for each measure (Q and Z, respec-
tively). In 1974, he proposed a small-sample correction for the significance test
(Q.) associated with the B; skewness measure [2]. Later, in 1980, he introduced an
omnibus test (K?> = Q + Z2), which combines both measures to evaluate multivar-
iate normality [3]. Years afterward, Urzua [4] revisited the omnibus K? statistic
and computed critical values for sample sizes of 10, 20, 50, 100, 200, and oo using
Monte Carlo simulation. Koizumi ez a/. [5] also explored this topic through Monte
Carlo simulation.

Mardia [1] [2] demonstrated that the asymptotic sampling distribution of the
test statistics Q and Q. follows a chi-square distribution with degrees of freedom
given by k(4 + 1)(k + 2)/6, while the asymptotic distribution of the Z statistic fol-
lows a standard normal distribution. Since these two statistics are asymptotically
independent, the asymptotic distribution of the omnibus statistic K* is a chi-
square distribution with degrees of freedom 1 + k(k + 1)(k + 2)/6.

The asymptotic approximation improves with larger sample sizes (e.g., n =
1000), fewer variables (typically 2 - 4), and low inter-variable correlations (p <
0.30). Conversely, in small samples with many highly correlated variables, the chi-
square approximation becomes inadequate, and the distribution of K* more
closely resembles a generalized chi-square distribution [6]. An approximation to
this generalized distribution can be obtained using the Bootstrap method [7].

The departure of K* from a standard chi-square distribution arises because the
skewness and kurtosis components of Mardia’s test are not independent in finite
samples, especially when the variables are strongly correlated. In such conditions,
the joint variability of Q (skewness) and Z (kurtosis) is affected by their non-neg-
ligible covariance, producing a weighted sum of correlated quadratic forms rather
than the independent sum assumed asymptotically. This dependence structure in-
flates the variance of K* and produces heavier right tails, making its empirical dis-
tribution better described by a generalized chi-square variable. As sample size in-
creases or correlations weaken, the covariance between Q and Z diminishes, and
the distribution of K? converges toward its nominal chi-square form.

The first objective of this study is to develop an R script [8] for calculating the
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omnibus K? test using both the asymptotic approach (with a chi-square distribu-
tion and 1 + k(k+ 1)(k+ 2)/6 degrees of freedom, where k denotes the number of
variables assumed to follow a multivariate normal distribution) and the bootstrap
method. This allows for the estimation of critical values, p-values, and statistical
power without relying on the limited critical value tables available in the literature
[4] [5]. The script also computes asymptotic measures and significance tests for
multivariate skewness (B; and Q) and multivariate kurtosis (B, and Z). The main
script is complemented by an auxiliary script that calculates critical values, p-val-
ues, and statistical power using the well-known MVN H-test [9]. The implemen-
tation of these scripts is illustrated with two examples. The first uses a dataset of
61 observations comprising 3-tuples that represent the D scores from aptitude
tests administered to applicants for a master’s program in architecture. The sec-
ond example uses real-world data collected with four 7-point Likert-type scales.
The first dataset is based on a randomly generated sample from an MVN distri-
bution, whereas the second relies on an empirical sample without an MVN distri-
bution. R was chosen because it is one of the most comprehensive statistical soft-
ware environments, offering free and open access. Moreover, it is continuously
developed and reviewed by the statistical and mathematical community [10] [11].

The second objective of this statistical-methodological study is to compare the
performance of the asymptotic and bootstrap variants of the K test with Royston’s
H test in terms of hit rate and statistical power. To this end, 200 random samples
are generated from multivariate normal distributions (MVN) and 200 from mul-
tivariate Student’s t-distributions (MVT) with five degrees of freedom, varying the
sample size (50, 75, 100, 125, 150, 200, 250, and 500), the number of variables (2,
3,4, 5, and 6), and the homogeneous correlation among variables (0, 0.3, 0.5, 0.7,
and 0.9). The study was limited to two distributions for the sake of simplicity: one
in which the null hypothesis should be retained (MVN) and one in which it should
be rejected (MVT). The multivariate t-distribution with five degrees of freedom
was chosen as the primary alternative to normality because its pronounced lepto-
kurtosis, resulting from heavy tails, represents a common and substantial devia-
tion from the multivariate normal distribution. For simplicity, the study focused
on only alternative for multivariate non-normality. The three sample configura-
tion variables (sample size, number of variables, and homogeneous correlation)
are known determinants of statistical power in multivariate tests [12]. Royston’s
H test was selected as the comparison benchmark because it is one of the most

widely used and powerful tests for assessing multivariate normality [13] [14].

2. Method
2.1. For the First Objective

The R script consists of two sections, each included in a different appendix, and is
available as a Word file (Appendices_with_R_Scripts.docx) in a GitHub reposi-
tory:

https://github.com/josemoraldelarubia579/R _script-

DOI: 10.4236/jdaip.2026.141006

85 Journal of Data Analysis and Information Processing


https://doi.org/10.4236/jdaip.2026.141006
https://github.com/josemoraldelarubia579/R_script-for_MVN_K2_and_H_tests.git

Moral de la Rubia, J.

for MVN K2 and H tests.git.

Appendix 1 presents the script for computing the multivariate skewness coeffi-

cient (B,) and its asymptotic significance test (Q), the multivariate kurtosis coef-
ficient (B,) and its asymptotic significance test (Z), as well as the K? statistic and
its significance tests using both asymptotic and bootstrap approaches. The asymp-
totic significance of the K? statistic represents the probability of obtaining a value
greater than or equal to the observed one under a chi-square distribution with 1
+ k(k + 1)(k + 2)/6 degrees of freedom.

For the bootstrap approach, both the normative bootstrap distribution and the
empirical bootstrap distribution are generated. Let us begin with the normative
bootstrap distribution. Given a sample of size n composed of & correlated varia-
bles, a normative sample of the same size and dimension is generated to follow a
multivariate normal distribution with the same correlational structure. This pro-
cess begins by creating a square matrix of k independent variables with standard
normal distribution, each consisting of 1 observations. These values are obtained
using the probit (quantile) function of the standard normal distribution. First,
equally spaced quantile orders are generated, ranging from 0.5/nto 1 — 0.5/12. The
quantile orders are then randomly permuted for each variable using a fixed seed
(123) to ensure reproducibility [8]. In this way, each of the k variables shares the
same set of quantile orders in a different sequence, forming mutually independent
vectors.

The resulting matrix of independent Gaussian vectors is multiplied by the lower
triangular matrix from the Cholesky decomposition of the original sample’s cor-
relation matrix [15], yielding a normative sample with the same correlational
structure as the original. From this sample, 1000 samples are randomly drawn
with replacement by rows—not by columns—in order to preserve the correla-
tional structure. The K? statistic is computed for each resample. These 1000 values
constitute the normative bootstrap distribution. In this distribution, which re-
places the theoretical chi-square distribution with 1 + &(k+ 1)(k + 2)/6 degrees of
freedom, the probability of observing the original sample’s K? statistic is calculated
using the right tail. This yields the bootstrap p-value. The 95th percentile of the
distribution serves as the normative bootstrap critical value, which is then used to
estimate statistical power.

In contrast, the empirical bootstrap distribution is generated by drawing with
replacement 1000 samples directly from the original sample, again using row-wise
resampling to preserve the correlational structure. The K statistic is calculated for
each resample, and these 1000 values form the empirical bootstrap distribution.
Using the normative bootstrap critical value (Z e, the 95th percentile), the propor-
tion of resamples in which the null hypothesis of multivariate normality is rejected
(i.e, when the K? estimate exceeds the critical value) is calculated. This proportion
represents the bootstrap estimate of statistical power at the 5% significance level.
If the null hypothesis of multivariate normality holds, power should be below 0.5,
preferably under 0.2. Conversely, if the null hypothesis is false, power should ex-
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ceed 0.5, preferably above 0.8. Otherwise, the result may be considered ambiguous
or questionable.

Finally, the script enables visualization of the sampling distribution of the K*
statistic through a figure that displays several components. The empirical boot-
strap distribution is presented as a histogram with an overlaid smooth density
curve, estimated using kernel density estimation via the density() function in R’s
base Stats package. By default, this function employs a Gaussian kernel and deter-
mines the bandwidth with the nrd0 method, an adaptation of Silverman’s rule of
thumb (Silverman, 1986). The normative bootstrap and chi-square distributions
(with 1 + &(k+ 1)(k+ 2)/6 degrees of freedom) are represented by smooth density
curves computed in the same way. In addition, the observed value of the K* statis-
tic and the critical values from both the normative bootstrap and chi-square dis-
tributions are indicated with vertical lines.

Appendix 2 provides the R script for computing Royston’s MVN H-test. Using
an asymptotic approach, the script calculates both the p-value and statistical
power at a 5% significance level. This test is included as a comparative or comple-
mentary method for assessing multivariate normality. The aim is to evaluate the
consistency of results across the asymptotic and bootstrap variants of the K? test
and the H test in terms of retaining or rejecting the null hypothesis of multivariate
normality.

The operation of the script is illustrated using two examples. The first example
is executed with data generated from a multivariate normal distribution; the code
used to generate these data is provided in Script 1 (Appendix 1), and the resulting
sample is shown in Script 2 (Appendix 2). The second example is executed using

the non-normal data provided in Appendix 3.

2.2. For the Second Objective

A total of 200 samples—each consisting of 50, 75, 100, 125, 150, 200, 250, or 500
observations and 2, 3, 4, 5, or 6 variables with homogeneous correlations of 0, 0.3,
0.5, 0.7, or 0.9—were drawn from a multivariate t-distribution with five degrees
of freedom (MVTD). An additional set of 200 samples with identical characteris-
tics was drawn from a multivariate normal distribution (MVND). For both sets,
two variants of the K test (K’>_a and K*_b), along with Royston’s H test, were
computed. The R package mvtnorm was used to generate the 400 samples [16]. A
single random seed (123) was set at the beginning of each simulation condition to
ensure reproducibility [8]. The random number generator state was allowed to
advance naturally across successive data generations, so that the 200 samples cor-
respond to independent realizations rather than identical repetitions. The corre-
lation matrices were specified using a compound symmetry (equicorrelation)
structure, with unit variances and a common off-diagonal correlation coefficient
p. Further details can be found in Appendix 4, which is also accessible in the
GitHub repository:

https://github.com/josemoraldelarubia579/R _script-
for MVN K2 and H tests.git.
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Since the samples were generated using the same seed, the hit rate and statistical
power data for the three multivariate normality tests represent repeated measure-
ments. Therefore, statistical tests appropriate for repeated measures were applied.

Confidence intervals for the hit rates were calculated using the Wilson method
with continuity correction [17]. Differences in hit rates among the five multivari-
ate normality tests were assessed using Cochran’s Q test [18]. Effect size was meas-
ured with the eta-squared coefficient [19]. Pairwise comparisons of hit rates were
conducted using the paired z-test with an estimated common standard error [20].
Bonferroni correction was applied to control the familywise error rate [21]. Effect
size for pairwise comparisons was calculated using a z-based analogue of Cohen’s
d: d=z/\/n [20]. The resulting d values were interpreted according to Cohen’s
thresholds: [0, 0.2) = trivial, [0.2, 0.5) = small, [0.5, 0.8) = medium, and >0.8 =
large (Cohen, 1988) [22]. All omnibus and pairwise comparisons were performed
using SPSS version 27 [23].

The comparison of mean statistical power (based on the 200 samples from the
MVT distribution) and its complement (based on the 200 samples from the MVN
distribution) was conducted using repeated measures ANOVA. Sample size, num-
ber of variables, and homogeneous correlation among variables were included as
covariates in the general linear model (GLM), with distribution type (MVT vs.
MVN) as a between-subjects factor. The assumption of sphericity—i.e, homoge-
neity of variances of the differences between all possible pairs of repeated
measures—was tested using Mauchly’s test [24]. When this assumption was vio-
lated, a multivariate approach to within-subject effects was employed using Pillai’s
trace [25], as recommended for repeated measures ANOVA [26]. Effect sizes for
each model component were estimated using partial eta-squared coefficients.

Pairwise comparisons were performed using the paired-samples Student’s t-test
with Bonferroni correction. Cohen’s d [22], with the Hedges—Olkin correction
[27], was used to quantify the effect size. The 95% confidence intervals for the
mean statistical power of the three MVN tests, as well as the correlations between
statistical power and the three cofactors (in the GLM), were computed using the
bias-corrected and accelerated (BCa) percentile method based on 1000 bootstrap
samples [7]. The reported correlations correspond to Pearson product-moment
coefficients. These analyses were executed using SPSS version 27 [23].

In addition to the violation of the sphericity assumption, the assumption of
multivariate normality in the repeated measures component (MVN tests), as-
sessed using Royston’s H test [9], and the assumption of univariate normality in
the distribution of residuals for each repeated measure, assessed using Shapiro-
Wilk’s W test [28] [29], were not satisfied. Therefore, a nonparametric repeated
measures ANOVA [30] was also applied. Pairwise comparisons were conducted
using the rank-sum test [31]. Effect size in the omnibus test was estimated using
Kendall’s W coefficient [32], and in pairwise comparisons using the rank-biserial
correlation [33]. The JASP program version 0.19.2 [34] was used to perform these

power comparisons.
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3. Results
3.1. Example with Multivariate Normality

Three psychometric aptitude scales—assessing mechanical, spatial, and numerical
reasoning—were administered to 61 applicants for a Master of Architecture de-
gree. It is assumed that the sample composed of 61 observations of 3-uples follows
a multivariate normal distribution. This assumption is tested using both the as-
ymptotic and bootstrap variants of the Mardia’s K? test, as well as Royston’s H
test.

The sample was generated using an R script provided in Appendix 1, which also
includes the code for running the asymptotic and bootstrap versions of K? test.
Appendix 2 presents the three scoring vectors and the code for performing H test.

At a 0.05 significance level, the multivariate distribution—based on 61 obser-
vations of 3-tuples—shows symmetry and mesokurtosis, as confirmed by Mar-
dia’s tests. Both versions of the K> test support the assumption of multivariate
normality, although the bootstrap variant exhibits lower power (¢ = 0.016 < 0.2)
compared to the asymptotic one (¢ = 0.2516 < 0.5). Royston’s H test also supports
multivariate normality, with low power (¢ = 0.1216 < 0.2). Notably, when the null
hypothesis is not rejected, statistical power should fall below 0.5—ideally under
0.2. Otherwise, the result is contradictory or questionable.

Figure 1 shows that the three sampling distributions associated with the K2
test—namely, the asymptotic (chi-square) distribution in green, the normative
bootstrap distribution in red, and the empirical bootstrap distribution in yellow—
are similar in overall shape. Among them, the normative bootstrap distribution is
the least peaked and exhibits the greatest positive skewness. This divergence indi-
cates that the correlation between multivariate skewness and kurtosis in the em-
pirical data inflates the variability of the K? statistic, causing it to behave more like
a generalized chi-square variable with substantial tail weight than like the nominal
chi-square distribution.

Sample size: n= 61.

Number of variables in the original sample: &= 3.

Significance level: a = 0.05.

Average of the correlation among variables: 72(Rs.s) = 0.6846.

Mardia’s multivariate skewness and kurtosis tests

Mardia’s multivariate skewness statistic: B; = 4.5598.

Two-tailed p-value for the null hypothesis of multivariate symmetry: p =
0.9186.

Mardia’s multivariate kurtosis statistic: B, = —0.5925.

Two-tailed p-value for the null hypothesis of multivariate mesokurtosis:

p=0.5535,

Asymptotic variant of the MVN K-square test

Mardia’s multivariate normality statistic: MVN K-square = 4.9108.

Degrees of freedom: df= 11

Critical value: 0.95x* [11] = 19.6751
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Figure 1. Histogram (yellow) with density curves for the empirical bootstrap (yellow), nor-
mative bootstrap (red), and chi-square (green) distributions. The value of the k-square sta-
tistic is indicated by a blue vertical line (K? = 4.9108), the critical value of the normative
bootstrap distribution by a red vertical line (0.95 quantile: 0.95gboot = 24.0928), and the
critical value of the chi-square distribution with 11 degrees of freedom by a green vertical
line (0.95x2 [11] = 19.6751).

Right-tailed p-value under a chi-square distribution with 11 degrees of free-
dom:

p=0.9354,

H, (multivariate normality) is maintained at the 0.05 level based on the asymp-
totic p-value (chi-2 distribution).

Asymptotic statistical power for the K-square statistic: ¢ = 0.2516 < 0.5.

If the null hypothesis is rejected, statistical power should exceed 0.5—preferably
0.8 or higher. If the null hypothesis is not rejected, statistical power should be
below 0.5—preferably under 0.2. Otherwise, the result is contradictory.

Bootstrap variant of the MVN K-square test

Bootstrap critical value (0.95 quantile): 0.95qboot = 24.0928.

Bootstrap p-value: pboot = 0.9790.

H, (multivariate normality) is maintained at the 0.05 level based on the boot-
strap p-value.

Bootstrap power: ¢ = 0.016 < 0.2.

Royston’s multivariate normality H test

H statistic: A= 1.7955.

Degrees of freedom: df= 2.6596.

p-value for the null hypothesis of multivariate normality: p = 0.5498.

Statistical power of the H test at a significance level of 0.05: ¢ = 0.1844 < 0.2.

3.2. Example without Multivariate Normality

Next, an illustrative example is presented using real-world data with characteris-
tics typical of psychology studies. A non-probability sampling method was em-
ployed, resulting in an incidental sample of 509 participants, including 300
women (59%) and 209 men (41%). The questionnaire was administered digitally

and began with a request for informed consent. The Subjective Happiness Scale
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[35], adapted for Mexico and validated in the general Mexican population by Que-
zada et al [36], was used as the measurement instrument. Appendix 3 provides
the list of variables used in this example, which is available in the GitHub reposi-
tory at

https://github.com/josemoraldelarubia579/R_script-
for MVN K2 and H tests.git. It consists of four Likert-type items, that is, ordi-

nal variables with seven ordered categories. The data frame only needs to be mod-
ified to include these four variables —original data <- data.frame(x1, x2, x3, x4)—
and no further changes are required in the scripts presented in Appendices 1 and
2.

The results clearly reject the null hypothesis of multivariate normality, both for
the K? test under its asymptotic and bootstrap approaches, and for Royston’s H
test under its asymptotic or standard approach, which is the only one considered.
Figure 2 displays the histogram with density curves corresponding to the empir-
ical bootstrap, the normative bootstrap, and the chi-square distributions for the
K2 test.

© T T
e qM |
| !
i [ |
z 34 :
= o
2 i I
a [ I
SR |
= I 1
— |
] |
s - ! T |
0 500 1000 150(
K_square_values

Figure 2. Histogram (yellow) with density curves for the empirical bootstrap (yellow), nor-
mative bootstrap (red), and chi-square (green) distributions. The value of the k-square sta-
tistic is indicated by a blue vertical line (k-square = 507.174), the critical value of the nor-
mative bootstrap distribution by a red vertical line (0.95gboot = 62.1757), and the critical
value of the chi-square distribution with 21 degrees of freedom by a green vertical line
(0.95x%[21] = 32.6706).

Compared to Figure 1, which shows the sampling distribution of the K? statistic
with three variables following a multivariate normal distribution, the empirical
distribution is much more leptokurtic and positively skewed. This arises because
the four items were negatively asymmetric, and two of them were leptokurtic.

A further aspect worth noting is the marked difference in scale between Figure
1 and Figure 2. In Figure 1, the sampling distribution of the K* statistic is con-
centrated within a narrow range, and the empirical, normative-bootstrap, and chi-
square curves overlap closely. By contrast, in Figure 2 the empirical K? values ex-
tend over a much wider range, with extreme values far exceeding those expected

under multivariate normality. This stretching of the horizontal axis reflects the
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strong departure from normality, while the clear separation between the three
density curves shows that neither the chi-square approximation nor the normative
bootstrap can capture the heavy-tailed behaviour of the empirical bootstrap.

Sample size: n= 509.

Number of variables in the original sample: &= 4.

Significance level: a = 0.05.

Average of the correlation among variables: m(R) = 0.4281.

Mardia’s multivariate skewness and kurtosis tests

Mardia’s multivariate skewness statistic: B1 = 261.5066.

Two-tailed p-value for the null hypothesis of multivariate symmetry: p= 0.

Mardia’s multivariate kurtosis statistic: B2 = 15.6738.

Two-tailed p-value for the null hypothesis of multivariate mesokurtosis: p = 0.

Asymptotic variant of the MVN K-square test

Mardia’s multivariate normality statistic: MVN K-square = 507.174.

Degrees of freedom: df= 21.

Critical value: 0.95 _chi-sq[21] = 32.6706.

Right-tailed p-value under a chi-square distribution with 21 degrees of free-
dom:

p_value = 0.

H_0 (multivariate normality) is rejected at the level 0.05 based on the asymp-
totic p-value (chi-2 distribution).

Asymptotic statistical power for the K-square statistic: phi = 1.

If the null hypothesis is rejected, the statistical power should exceed 0.5, prefer-
ably 0.8 or higher.

If the null hypothesis is not rejected, the statistical power should be below 0.5,
preferably under 0.2.

Otherwise, the result is contradictory or questionable.

Bootstrap variant of the MVN K-square test

Bootstrap critical value (0.95 quantile): q_boot(0.95) = 62.1757.

Bootstrap p-value: p_boot = 0.

H_0 (multivariate normality) is rejected at the level 0.05 based on the bootstrap
p-value.

Bootstrap power: phi_boot = 1.

Royston’s multivariate normality H test:

H statistic: /= 281.542.

Degrees of freedom: df= 3.9544.

p-value for the null hypothesis of multivariate normality: p < 0.0001.

Statistical power of the H test at a significance level of 0.05: phi = 1.

3.3. Hit Rate Comparisons

In the 200 samples drawn from the multivariate t distribution, the hit rate (HR)
of the H test was the lowest, and its confidence interval lay entirely below those of

the two variants of the Q test, whose intervals overlapped (Table 1 and Figure 3).
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Figure 3. Diagram of the hit rates of the three MVN tests based on 200 samples drawn from
multivariate t-distributions, 200 samples drawn from multivariate normal distributions,
and a combined sample of 400 observations.

Table 1. Hit rates and 95% continuity-corrected Wilson confidence intervals based on 200
samples from multivariate t distributions, 200 samples from multivariate normal distribu-
tions, and a combined sample of 400 observations.

MVN MTD MND Combined
tests HR(LL, UL) HR(LL, UL) HR(LL, UL)

H 0.915 (0.865, 0.948) 0.990 (0.961, 0.998) 0.953 (0.926, 0.970)
K% a 1(0.977,1) 0.925 (0.877, 0.956) 0.963 (0.938, 0.978)
K%b 1(0.977,1) 0.975 (0.939, 0.991) 0.988 (0.969, 0.995)

Note. Distribution: MTD = 200 samples drawn from multivariate t distribution, MND =
200 samples drawn from multivariate normal distribution, and combined = 400 samples
drawn MTV or MND. MVN test: H = Royston’s H test, K*_a = asymptotic variant of the Q
test, and K?_b = bootstrap variant of Q test. Statistic: AR = hit rate, LZL = lower limit and
UL = upper limit of a 95% continuity-corrected Wilson confidence interval.

When comparing HRs among the three MVN tests, a significant difference was
found using Cochran’s Q test (X?[2, N = 200] = 34, p < 0.001), with a medium
effect size (0.06 < 77 = 0.085 < 0.14). According to Bonferroni-adjusted paired z
tests, the HRs of both Q test variants were significantly higher than that of the H
test, although the effect sizes were small (Table 2).

In the combined sample, the HRs of the three MVN tests overlapped (Table 1
and Figure 3). However, when comparing HRs among the three MVN tests, a
significant difference was found (X*[2, N =400] = 9.176, p < 0.010), with a small
effect size (0.01 < 77 = 0.011 < 0.06). After applying Bonferroni’s correction, only
one significant difference remained: the HR of the bootstrap variant of the Q test
was significantly higher than that of the H test, although the effect size was trivial
(Table 2).

The HR of the H test was significantly higher for samples drawn from multi-
variate normal distributions than from multivariate t-distributions (d = —0.075,
se = 0.021, z= -3.526, p < 0.001). In contrast, the HRs of both the asymptotic
variant (d= 0.075, se= 0.019, z= 3.948, p < 0.001) and the bootstrap variant (d =
0.025, se = 0.011, z= 2.250, p = 0.024) of the K* test were significantly higher for
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samples drawn from MVT than from MVN distributions.

Table 2. Pairwise comparisons of hit rates using Bonferroni-adjusted paired z-tests on 200
samples from multivariate t-distributions, 200 samples from multivariate normal distribu-
tions, and a combined sample of 400 observations.

Distribution Testl - Test2 — md se z P PBonf d

K’a-H 0.085 0.017 5.050 <0.001 <0.001 0.357

MTD Kb-H 0.085 0.017 5.050 <0.001 <0.001 0.357
K2 - Kb 0 0.017 0 1 1 0
K’a-H -0.065 0.017 -3.862  <0.001 <0.001 -0.273

MND Kb -H -0.015 0.017 -0.891 0.373 1 -0.063

K?a-K*» -0.050 0.017 -2.970 0.003 0.009 -0.210

K’ -H 0.010 0.012 0.84 0.401 1 0.042
Combined Kb-H 0.035 0.012 2.941 0.003 0.010 0.147
Kfa-K» -0.025 0.012 -2.100 0.036 0.107 -0.105

Note. md = mean difference in hit rate between MVN test 1 and MVN test 2, se = standard
error, z = paired z statistic, p = two-tailed p-value, ppont = Bonferroni-adjusted two-tailed
p-value, d= Cohen’s d (effect size measure).

3.4. Mean Statistical Power Comparison

3.4.1. In Samples Drawn from MVT Distributions

In the 200 samples drawn from the MVT distributions, the asymptotic variant of
the K? test exhibited the highest mean statistical power, while the H test showed
the lowest. However, the 95% BCa confidence intervals for the mean power over-
lapped across the three MVN tests (Table 3 and Figure 4).

Table 3. Mean statistical powers and 95% BCa confidence intervals based on 200 samples
from multivariate t distributions, 200 samples from multivariate normal distributions, and
a combined sample of 400 observations.

MVN tests MTD MND Combined
H 0.950 (0.906, 1) 0.732 (0.709, 0.755) 0.841 (0.814, 0.872)
K a 0.994 (0.989, 0.998) 0.765 (0.731, 0.798) 0.880 (0.860, 0.898)
K> b 0.963 (0.951, 0.974) 0.766 (0.735, 0.799) 0.864 (0.844, 0.885)

Note. Point estimates and 95% BCa confidence intervals for the average statistical power
(its complement for 200 samples drawn from multivariate normal distributions) based on
1000 simulations.

The sphericity assumption was strongly violated (Mauchly W= 0.075, X*[2, N
= 200] = 504.182, p < 0.001); therefore, a Huynh-Feldt epsilon correction (¢ =
0.528 < 0.7) was applied to adjust the degrees of freedom in the analysis of within-
subject effects. Additionally, a multivariate test was included, as it is more appro-

priate when the sphericity assumption is not met.
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Figure 4. Diagram of the mean statistical power (its complement of the statistical power
for 200 samples drawn from multivariate normal distributions) of the three MVN tests.

The effect of the MVN test type was not significant (F[1.056, 206.928] = 1.591,
p = 0.209, ;7 = 0.008, ¢ = 0.247), nor were its interactions with sample size
(F[1.056,206.928] = 1.4, p=0.240, 177 = 0.007, ¢ = 0.223), the number of variables
(F[1.056, 206.928] = 1.424, p = 0.236, i = 0.007, ¢ = 0.226), or the homogeneous
correlation among variables (F1.056, 206.928] = 1.881, p=0.171, 77 < 0.010, ¢ =
0.283).

In contrast to these results, the multivariate test of within-subject effects re-
vealed a significant main effect of the MVN test type (Pillai’s A = 0.158; F[2, 195]
=18.316, p< 0.001; 7 = 0.158; ¢ = 1), as were its significant interactions with two
of the three cofactors (Pillai’s A = 0.072; F[2, 195] = 7.610, p = 0.001; 77 = 0.072;
¢ = 0.944 with sample size and Pillai’s A = 0.062; F[2, 195] = 6.465, p = 0.002; 1/
= 0.062; ¢ = 0.902 with number of variables). The effect size of the MVN test type
on power was large, and the effect sizes of the interactions were medium. How-
ever, the interaction between the MVN test type and the homogeneous correlation
among variables was not significant (Pillai’s A = 0.010; £{2, 195] = 0.964, p= 0.383;
7 =0.010; ¢ = 0.216).

Based on Pearson’s product-moment correlation, with confidence intervals ob-
tained using the BCa method, the statistical power of the three MVN tests was
independent of the homogeneous correlation among variables. However, power
was positively correlated with sample size. Additionally, the power of both K> test
variants was positively correlated with the number of variables. The strength of
association was low for the H test and the asymptotic variant of the K? test, and
moderate for the bootstrap variant (see Table 4).

In the pairwise comparisons, only one of the three differences was significant
both before and after applying the Bonferroni correction. The asymptotic variant
of the K? test showed significantly higher mean power than its bootstrap variant,
with a small effect size (Hedges-Olkin g = 0.455, 95% asymptotic CZ 0.310, 0.600).
See Table 5.

Apart from the failure to comply with the assumption of sphericity, the assump-
tion of multivariate normality across the three repeated measures was not met
(Royston’s test: H = 342.06, df=3.013, p < 0.001, ¢ = 1). Additionally, univariate
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Table 4. Correlations between the mean statistical powers of the three MVN tests and the
three cofactors based on 200 samples drawn from multivariate t distributions.

MYVN tests n k r
H 0.109* (0.028, 0.333)  0.114 (-0.060, 0.213)  —0.095 (=0.303, —0.033)
K>a 0.196* (0.132,0.249)  0.252* (0.160, 0.327) —3.71 x 10"77 (-=0.128, 0.150)
K2_b 0.300* (0.238, 0.370)  0.302* (0.225,0.381) 2.06 x 10"V (~=0.135, 0.138)

Note. ¢ = average statistical power (its complement for 200 samples drawn from multivar-
iate normal distributions); ZL = lower limit, and UL = upper limit of the 95% BCa confi-
dence interval based on 1000 simulations.

Table 5. Post hoc pairwise comparisons of mean statistical power between MVN tests
(Bonferroni-adjusted) based on 200 samples from multivariate t distributions.

Testl - Test2 md se z p PBonf
H-K% —0.044 (-0.113, 0.024) 0.028 —1.564 0.119 0.358
H-K% —0.013 (—0.080, 0.054) 0.028 -0.474 0.636 1

K% - K% 0.031 (0.020, 0.042) 0.005 6.835 <0.001 <0.001

Note. md = mean difference in statistical power between Test 1 and Test 2 (LL = lower
limit, and UL = upper limit, of the 95% asymptotic confidence interval adjusted using Bon-
ferroni correction to control the Type I error rate for an alpha level of 0.05); se = asymptotic
standard error; t[df] = paired t-test statistic [degrees of freedom = 196]; p = two-tailed
asymptotic p-value; peont = two-tailed Bonferroni-adjusted asymptotic p-value.

normality was violated in the residuals for each dependent variable (Shapiro-Wilk
W=0.312, p< 0.001 for H; W= 0.472, p < 0.001 for K?_a; W= 0.724, p < 0.001
for K*>_b). Consequently, the result of the analysis of variance should be inter-
preted with caution.

The Friedman test revealed a statistically significant difference in the central
tendency of statistical power among the three MVN tests (X*[2, N = 200] =
174.162, p < 0.001), with a medium effect size for the MVN test type on statistical
power (Kendall W= 0.435).

Table 6. Pairwise comparisons of statistical power using the Conover rank-sum test (Bon-
ferroni-adjusted) based on 200 samples from multivariate t distributions.

T1-T2 Wi W 14 p DBonf | £
H-K%a 334 528.5 15.308 <0.001 <0.001 0.964
H-K% 334 337.5 0.275 0.783 1 0.011
K%a - K*b 528.5 337.5 15.033 <0.001 <0.001 1

Note. w; = sum of ranks for Test 1, w; = sum of ranks for Test 2, |{ = absolute value of the
t-test statistic (degrees of freedom: df = 398), p = asymptotic two-tailed p-value, pponr =
Bonferroni-adjusted p-value for an alpha level of 0.05, |s| = absolute value of the rank-
biserial correlation, used as a measure of effect size.

Pairwise comparisons using the Conover rank sum test indicated that two of
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the three differences were statistically significant, even after applying the Bonfer-
roni correction, with a large effect size based on biserial rank correlation. The cen-
tral tendency of statistical power for the asymptotic variant of the K? test was sig-
nificantly higher than that of both its bootstrap variant and the H test (Table 6).

3.4.2. In Samples Drawn from MVN Distributions

In the 200 samples drawn from the MVN distribution, the two variants of the K?
test exhibited the lowest mean statistical power (HR = 0.235, 95% BCa CF. 0.202,
0.266 for asymptotic variant and AR = 0.234, 95% BCa CF: 0.203, 0.265), while H
test showed the highest (HR = 0.268, 95% BCa CI 0.244, 0.290). Since the null
hypothesis should be retained in these 200 tests, the closer the statistical power is
to 0, the better the test performs. However, the 95% BCa confidence intervals for
the mean statistical power of the three MVT tests overlapped.

The sphericity assumption was violated (Mauchly W= 0.869, X* [2, N=200] =
27.456, p < 0.001); therefore, a Huynh-Feldt epsilon correction (¢ = 0.884 > 0.7)
was applied to adjust the degrees of freedom in the analysis of within-subject ef-
fects. Additionally, the multivariate test was included.

The effect of the MVN type of test was significant (F[1.768, 346.492] = 34.591,
p<0.001, 77 = 0.150, ¢ = 1), as were its interactions with sample size (F1.768,
346.492] = 11.54, p < 0.001, 77 = 0.056, ¢ = 0.988) and the number of variables
(F[1.768, 346.492] = 94.702, p < 0.001, 7 = 0.326, ¢ = 1). The effect size was large
for the main effect and the interaction with the number of variables, while it was
small for the interaction with sample size. However, the interaction between the
MVN type of test and the homogeneous correlation among variables was not sig-
nificant (F1.768, 346.492] = 1.843, p = 0.165, 77 = 0.009, ¢ = 0.360).

The multivariate test for the analysis of within-subject effects yielded very sim-
ilar results. The effect of the MVN test type was significant (Pillai’s A = 0.350; F2,
195] = 52.423, p < 0.001; 77 = 0.350; ¢ = 1) as were its interactions with sample
size (Pillai’s A = 0.091; F2, 195] = 9.706, p < 0.001; 7# = 0.091; ¢ = 0.981) and
number of variables (Pillai’s A = 0.588; F[2, 195] = 139.404, p < 0.001; 77 = 0.588;
¢ = 1). The effect size was large for both the main effect and the interaction with
number of variables, while it was medium for the interaction with sample size.
However, the interaction between the MVN test type and the homogeneous cor-
relation among variables was not significant at the 5% level of significance, though
it was significant at the 10% level (A of Pillai = 0.029; F[2, 394] = 2.871, p = 0.059;
17 =0.029; ¢ = 0.557).

Based on Pearson’s product-moment correlations, with confidence intervals
obtained using the BCa method, the statistical power of the two variants of the Q
test was independent of the homogeneous correlation among variables. This co-
factor was only negatively correlated with the power of the H test, and the strength
of this association was small. Sample size was negatively correlated with the power
of both the H test and the bootstrap variant of the K? test, and positively correlated
with the power of the asymptotic variant. In all three cases, the strength of associ-
ation was small. The number of variables was negatively correlated with the power
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of both K? test variants, showing a strong association with the asymptotic variant
and a moderate association with the bootstrap variant; in contrast, it was posi-
tively correlated with the power of the H test, with a moderate strength of associ-
ation (Table 7).

Table 7. Correlations between the mean statistical powers of the three MVN tests and the
three cofactors based on 200 samples drawn from multivariate normal distributions.

MVN
tests

H  -0.188* (—0.289, -0.076)  0.375* (0.257, 0.483)  —0.184* (=0.327, —0.026)

n k r

K2a  0.146* (-0.028, 0.328) —0.795* (—0.829, —0.760) 0 (—0.162, 0.146)
K2b —0.221* (=0.309, —0.121) —0.412* (=0.515, —0.307) =9.16 X 10~'* (—0.145, 0.148)

Note. n = sample size, kK = number of variables, and r = homogeneous correlation among
variables. *An asterisk superscript indicates statistical significance at the 0.05 confidence
level, as the confidence interval obtained via the BCa method (based on 1000 simulations)
includes zero.

In the pairwise comparisons, two significant differences were observed before
applying the Bonferroni correction. Both variants of the K* test showed lower
mean statistical power than the H test. However, the effect sizes were trivial and
not statistically significant (Hedges-Olkin g = 0.098, 95% asymptotic CI: —0.041,
0.237 for H - K*_a; and g= 0.120, 95% asymptotic CL —0.019, 0.259 for H - K*_b).
After applying the Bonferroni correction, neither of these two differences re-

mained statistically significant (Table 8).

Table 8. Post hoc pairwise comparisons of mean statistical power between MVN tests
(Bonferroni-adjusted) based on 200 samples from multivariate normal distributions.

T1-T2 md se t[196] p PBonf
H-K?%a 0.033 (—0.005, 0.072) 0.016 2.096 0.037 0.112
H-K% 0.034 (-0.007, 0.074) 0.017 2.022 0.045 0.134
K% - Kb 0.0003 (—0.050, 0.051) 0.021 0.014 0.989 1

Note. md = mean difference in statistical power between Test 1 and Test 2 (LL = lower
limit, and UL = upper limit, of the 95% asymptotic confidence interval adjusted using Bon-
ferroni correction to control the Type I error rate for an alpha level of 0.05); se = asymptotic
standard error; t[df] = paired t-test statistic [degrees of freedom = 196]; p = two-tailed
asymptotic p-value; peont = two-tailed Bonferroni-adjusted asymptotic p-value.

Apart from the violation of the sphericity assumption, the assumption of mul-
tivariate normality across the three repeated measures was not met (Royston’s test:
H=132.84, df=2.939, p<0.001, ¢ = 1). Additionally, univariate normality was
violated in the residuals for each dependent variable (Shapiro-Wilk: W= 0.966, p
< 0.001 for H; W= 0.939, p < 0.001 for K> a; W= 0.960, p < 0.001 for K2_b).

Although these deviations are smaller than those observed in the general linear
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model based on 200 samples drawn from multivariate t-distributions, the results
of the analysis of variance should still be interpreted with caution.

The Friedman test revealed a statistically significant difference in the central
tendency of statistical power among the three MVN tests (X?[2, N=200] = 275.16,
P <0.001), with a large effect size of test type on power (Kendall W= 0.688).

In pairwise comparisons using the Conover rank sum test, all three differences
in central tendency were statistically significant, even after applying the Bonfer-
roni correction. Based on the rank-biserial correlation, the effect size was large in
both comparisons involving the H test, and small in the comparison between the
two K? test variants. The H test had the highest sum of ranks (Table 9).

Table 9. Pairwise comparisons of statistical power using the Conover rank-sum test (Bon-
ferroni-adjusted) based on 200 samples from multivariate normal distributions.

T1-T2 Wi W |4 p PBonf | 710

H-K%a 590 326 23.569 <0.001 <0.001 0.995
H-K% 590 284 27.318 <0.001 <0.001 0.996
K% - K% 326 284 3.750 <0.001 <0.001 0.174

Note. w; = sum of ranks for Test 1, w; = sum of ranks for Test 2, |{ = absolute value of the
t-test statistic (degrees of freedom: df'= 398), p = asymptotic two-tailed p-value, pBonf =
Bonferroni-adjusted p-value for an alpha level of 0.05, |ss| = absolute value of the rank-

biserial correlation, used as a measure of effect size.

Table 10. Critical values for the K? test at the 10% and 5% significance levels.

Sanple Critical value at 10% Critical value at 5%

k n Urzua Boot Chi-2 Urzua Boot Chi-2
50 7.83 6.06 9.24 11.57 7.09 11.07
100 7.98 8.10 11.20 9.91
200 7.88 11.14 10.94 13.29

3 50 11.35 22.02 17.28 16.62 24.14 19.68
100 11.12 27.16 15.24 30.15
200 11.01 2241 14.37 24.94

4 50 14.81 35.25 29.62 20.43 38.05 32.67
100 14.69 45.19 19.16 49.16
200 14.00 36.37 18.21 39.46

5 50 18.06 61.87 47.21 23.95 65.52 51
100 17.60 71.90 2291 76.47
200 17.00 70.94 21.25 78.03 11.07

Note. k= number of variables; n= sample size. Urzua = critical values for the K test at the
10% and 5% significance levels, based on Urzua (1997, p. 352); Boot = bootstrap critical
value (Ze., the 0.90 or 0.95 quantile of the normative bootstrap distribution); Chi-2 = 0.90
or 0.95 quantile of the chi-squared distribution with 1 + k(X + 1))(k + 2)/6 degrees of free-
dom.
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The 10% and 5% critical values reported by Urzua (1997, p. 352) [3], based on
Monte Carlo simulations, were lower than the corresponding critical values from
both the chi-square distribution with 1 + A(4k+ 1)(4+ 2)/6 degrees of freedom and
those generated by the script used in this study (from the normative bootstrap
distribution). The latter were the highest.

The average absolute difference between Urzua’s critical values and those from
the chi-square distribution was 12.31, while the difference with the critical values
obtained by the script was 10.01 (Table 10).

3.4.3. In the Combined Sample of 400 Observations

In the combined sample, the asymptotic variant of the K? test exhibited the highest
mean power, while the H test showed the lowest. However, the 95% BCa confi-
dence intervals for the mean statistical power overlapped among the three tests
(Table 3 and Figure 4).

The sphericity assumption was violated (Mauchly W= 0.758, X*[2, N = 400] =
109.11, p< 0.001); therefore, a Greenhouse-Geisser epsilon factor (e = 0.805 > 0.7)
was applied to adjust the degrees of freedom in the analysis of within-subject ef-
fects and the multivariate test was included.

The effect of the MVN test type was significant (F[1.61, 636.127] = 6.652, p =
0.003, 77 = 0.017, ¢ = 0.864), as were its interactions with sample size (F[1.61,
636.127] = 7.062, p=0.002, 7 = 0.018, ¢ = 0.884) and number of variables (#]1.61,
636.127] = 22.406, p < 0.001, 77 = 0.054, ¢ = 1). In all three cases, the effect size
was small. However, the interaction between MVN test type and homogeneous
correlation among variables was not significant (#1.61, 636.127] = 0.055, p =
0.914, 77 < 0.001, ¢ = 0.058), nor was the interaction with distribution type (F1.61,
636.127] = 0.526, p=0.552, 77 = 0.001, ¢ = 0.128).

The multivariate test for the analysis of within-subject effects yielded the same
result. The effect of the MVN test type was significant (Pillai’s A = 0.022; F2, 394]
=4.479, p=0.012; 77 = 0.022; ¢ = 0.765) as were its interactions with sample size
(Pillai’s A = 0.052; F[2, 394] = 10.700, p < 0.001; 7# = 0.052; ¢ = 0.99) and number
of variables (Pillai’s A = 0.082; F]2, 394] = 17.639, p< 0.001; 7 = 0.082; ¢ = 1). All
three significant effects were small. The other two interactions involving the MVN
test type were not significant: neither with homogeneous correlation among vari-
ables (Pillai’s A = 0; F[2, 394] = 0.037, p = 0.963; 77 = 0; ¢ = 0.056), nor with
distribution type (Pillai’s A = 0.005; F[2, 394] = 1.026, p = 0.359; i = 0.005; ¢ =
0.229).

Based on Pearson’s product-moment correlation, with confidence intervals ob-
tained using the BCa method, the statistical power of the three tests was independ-
ent of the homogeneous correlation among variables. The statistical power of the
H test correlated positively with sample size, with a small strength of association
(r=0.114, 95% BCa CF: 0.034, 0.270). The statistical power of the asymptotic var-
iant of the K? test correlated positively with the number of variables, with a mod-
erate strength of association. The statistical power of the bootstrap variant of the

K? test correlated positively with both sample size and number of variables, with
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a small strength of association in each case (Table 11).

Table 11. Correlations between the statistical powers of the three MVN tests and the three
cofactors based on a combined sample of 400 observations.

MVN
n k r
tests
H 0.114* (0.034, 0.270) —-0.022 (-0.189, 0.065) —-0.014 (-0.110, 0.063)

K>a  —0.069 (—0.204, 0.045)  0.477* (0.420, 0.539)  4.55 x 10-' (—0.104, 0.101)
K2b  0.187%(0.122,0.245) 0.296* (0.214, 0.387)  4.65 x 10718 (=0.093, 0.094)

Note. n = sample size, k= number of variables, and r = homogeneous correlation among
variables. * An asterisk superscript indicates statistical significance at the 0.05 confidence
level, as the confidence interval obtained via the BCa method (based on 1000 simulations)
includes zero.

In the pairwise comparisons, only one of the three differences was statistically
significant before applying the Bonferroni correction. The asymptotic approxima-
tion of the K? test showed significantly higher mean power than the H test, with a
trivial effect size (Hedges-Olkin g= —0.104, 95% asymptotic CL —0.202, —0.006).
However, after applying the Bonferroni correction, none of the differences re-

mained statistically significant (see Table 12).

Table 12. Post hoc pairwise comparisons of mean statistical power between MVN tests
(Bonferroni-adjusted) based on a combined sample of 400 observations.

T1-T2 md se 196] p PBonf
H-K%a —0.039 (-0.081, 0.004) 0.018 -2.182 395 0.030
H- K% —0.023 (-0.064, 0.017) 0.017 —1.388 395 0.166
K% - Kb 0.015 (-0.011, 0.042) 0.011 1.382 395 0.168

Note. md = mean difference in statistical power (its complement for 200 samples drawn
from multivariate normal distributions) between Test 1 and Test 2 (LL = lower limit, and
UL = upper limit, of the 95% asymptotic confidence interval adjusted using Bonferroni
correction to control the Type I error rate for an alpha level of 0.05); se = asymptotic stand-
ard error; f{df] = paired t-test statistic [degrees of freedom = 395]; p = two-tailed asymp-
totic p-value; peont= two-tailed Bonferroni-adjusted asymptotic p-value.

It should be noted that the assumption of homogeneity across the matrices of
observed covariances of the dependent variables was not met (Box M = 987.872,
H6,1147681.811] = 163.3, p < 0.001), nor was the assumption of homogeneity of
variance between the residuals of two dependent variables ({1, 398] = 30.373, p
< 0.001 for K> a and H1, 398] = 109.609, p < 0.001 for K*>_b). However, this as-
sumption was met for the H test (1, 398] = 0.044, p = 0.833). Additionally, the
assumption of multivariate normality was violated across the three repeated
measures (Royston’s test: H = 368.72, df= 3.003, p < 0.001, ¢ = 1), as well as the
univariate normality in the residuals for each dependent variable (Shapiro-Wilk
W=0.377, p < 0.001 for H; W= 0.905, p < 0.001 for K?_a; W= 0.947, p < 0.001
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for K?_b). Consequently, the results of the analysis of variance should be inter-
preted with caution.

The Friedman test revealed a statistically significant difference in the central
tendency of statistical power among the three MVN tests (X?[2, N=400] = 84.241,
P < 0.001), with a small effect size of test type on statistical power (Kendall W=
0.105).

In the pairwise comparisons using the Conover rank sum test, all three differ-
ences in central tendency were significant, even after applying the Bonferroni cor-
rection. The effect size was medium for the comparison between the asymptotic
variant of the K? test and the H test, and small for the other two comparisons,

based on rank-biserial correlation (Table 13).

Table 13. Pairwise comparisons of statistical power using the Conover rank-sum test (Bon-
ferroni-adjusted) based on a combined sample of 400 observations.

T1-T2 Wi wj |4 P PBonf | 710

H-K%a 692.5 929.5 9.568 <0.001 <0.001 0.388
H-K% 692.5 778 3.452 <0.001 0.002 0.165
K% - Kb 929.5 778 6.116 <0.001 <0.001 0.155

Note. w; = sum of ranks for Test 1, w; = sum of ranks for Test 2, |{ = absolute value of the
t-test statistic (degrees of freedom: df'= 798), p = asymptotic two-tailed p-value, ppont =
Bonferroni-adjusted p-value for an alpha level of 0.05, | 5| = absolute value of the rank-
biserial correlation, used as a measure of effect size.

4. Discussion

The R program successfully met the study’s first objective: automating the com-
putation of Mardia’s K? test using both the original asymptotic approach [3] and
a novel bootstrap method, while also incorporating Royston’s H test as a comple-
mentary tool for assessing multivariate normality. Running the R script on a da-
taset of 61 D-scores from three correlated variables generated under an MVN dis-
tribution, as well as on an empirical dataset of 509 Likert-type scores from four
correlated variables that do not follow an MVN distribution, demonstrated how
straightforward it is to interpret the results based on the p-value, the critical value,
and the statistical power.

Additionally, the script generates a graph depicting the sampling distribution
of the K2 statistic, estimated using both the asymptotic approach (a chi-square
distribution with 1 + A(k + 1)(k+ 2)/6 degrees of freedom) and resampling meth-
ods (empirical and normative bootstrap distributions). These density curves tend
to converge when the original sample is drawn from a multivariate normal distri-
bution, especially when inter-variable correlations are low. The greater the devia-
tion from normality, the more pronounced the discrepancies among the three
curves.

Given that the hypothesis pertains to the distribution (Z.e., multivariate normal-

ity), a normative sampling distribution can be generated to replace the asymptotic

DOI: 10.4236/jdaip.2026.141006

102 Journal of Data Analysis and Information Processing


https://doi.org/10.4236/jdaip.2026.141006

Moral de la Rubia, J.

approximation (chi-square) for computing the p-value. This also allows for the
determination of a critical value to evaluate the rejection rate within the empirical
bootstrap distribution, thereby estimating statistical power (i.e., the proportion of
estimates exceeding the critical value). The normative bootstrap distribution is
less peaked and exhibits a heavier right tail than the chi-square distribution, re-
sembling a generalized chi-square distribution—typical of quadratic forms in-
volving correlated Gaussian variables [6], as illustrated in the example. For the K?
statistic, this behavior reflects the correlation between multivariate skewness and
[1] [37]. To preserve the original interdependence among variables, the lower tri-
angular matrix from the Cholesky decomposition of the correlation matrix is used
to generate the normative sample [38], and resampling is performed by rows [39].

Psychological theory holds that intellectual abilities are normally distributed
and highly correlated, forming the basis for a general factor [40]. Beyond demon-
strating the script’s correct execution with an example where all three MVN
tests—and the convergence of the sampling distribution curves—supported the
multivariate normality of intellectual abilities, the study’s second objective was to
compare the performance of the two K? test variants with that of Royston’s H test.

Two hundred samples were simulated under the null hypothesis of multivariate
normality, and another 200 under non-normal conditions using a multivariate t-
distribution with five degrees of freedom. The number of variables (ranging from
2to 6), sample size (50, 75, 100, 125, 150, 200, 250, and 500), and the homogeneous
correlation among variables were systematically varied. These three factors—
number of variables, sample size, and inter-variable correlation—were treated as
cofactors, as they are quantitative variables that influence statistical power in hy-
pothesis testing (Jobst e al, 2023). To simplify the simulation, homogeneous cor-
relations were used (0, 0.3, 0.5, 0.7, and 0.9). Combining the two sample sets
yielded a dataset of 400 observations, with a “distribution type” variable including
two categories (MVT and MVN). As both sample sets were generated using the
same random seed (123), they were analyzed using repeated measures statistical
methods [31].

To assess the performance of each MVN test, two indicators were considered:
hit rate and statistical power [41]. When rejecting the null hypothesis, power
should exceed 0.5—ideally reaching 0.8 or 0.9—when 200 samples are drawn from
a multivariate t-distribution with five degrees of freedom. Conversely, when the
null hypothesis is true (Ze, the 200 samples are from a multivariate normal distri-
bution), power should remain below 0.5, ideally under 0.2 or 0.1 [42]. Because of
this inverse directionality, when comparing the power of the three MVN tests in
the combined sample, the complement of power (Ze, the type II error rate) was
used for the MVN samples.

All three MVN tests demonstrated high hit rates, exceeding 0.9. When the null
hypothesis was retained, the H test showed the best performance, whereas when
it was rejected, the two K? variants outperformed the H test. In the combined sam-

ple, the bootstrap variant of the K? test demonstrated superior performance com-
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pared to the H test.

Mean comparisons were conducted among the MVN tests with respect to sta-
tistical power. The distributions of statistical power were non-normal, both uni-
variately and multivariately. Likewise, the residuals from the general linear models
violated the assumption of normality. Assumptions of sphericity (e, equality of
variances in pairwise differences) and homogeneity of observed covariance matri-
ces across dependent variables were also violated. In these models, the powers of
the MVN tests were treated as correlated or repeated dependent variables, with
sample size, number of variables, and homogeneous correlation as cofactors. Ad-
ditionally, distribution type served as a between-subjects factor defining two in-
dependent groups in the combined model.

As a result, the repeated measures ANOVA results must be interpreted with
caution. For this reason, nonparametric tests—specifically the Friedman test and
pairwise Conover comparisons—were used. Moreover, Pearson correlations be-
tween statistical power and the cofactors were computed, with confidence inter-
vals and significance levels estimated using the bootstrap BCa method. Confi-
dence intervals including zero (ie., with bounds of opposite signs) were inter-
preted as indicating non-significant correlations [43].

In the multivariate t-distribution samples, the mean statistical power of the as-
ymptotic K? variant was significantly higher than that of both the bootstrap vari-
ant and the H test. In the multivariate normal samples, the bootstrap variant
showed the best performance, followed by the asymptotic K? variant, with the H
test performing worst. In the combined sample, the asymptotic variant exhibited
the highest mean power, followed by the bootstrap variant, while the H test had
the lowest.

Although the asymptotic variant of Mardia’s K* test consistently achieved
higher mean power under non-normal conditions, this advantage must be inter-
preted in light of its comparatively weaker control of Type I error under multivar-
iate normality. In hypothesis testing, higher power does not necessarily imply su-
perior overall performance if it is accompanied by an inflated rejection rate when
the null hypothesis is true [44]. In this sense, the bootstrap variant represents a
more balanced compromise between sensitivity to departures from normality and
adherence to the nominal significance level [7].

This trade-off reflects a well-known distinction between asymptotic and
resampling-based procedures [45]. Asymptotic tests tend to gain power more rap-
idly with increasing dimensionality and sample size, but may rely on distribu-
tional approximations that are less accurate in finite samples. In contrast, boot-
strap calibration adapts the critical values to the empirical sampling distribution,
improving Type I error control at the cost of a modest reduction in power under
certain alternatives.

Accordingly, the choice between the asymptotic and bootstrap variants of the
K? test should be guided by the primary inferential goal. When sensitivity to non-

normality is paramount and moderate deviations from the nominal Type I error
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rate are acceptable, the asymptotic variant may be preferred. Conversely, when
strict control of the significance level is required—particularly in confirmatory
analyses—the bootstrap variant provides a more robust and reliable option.

In terms of hit rate (AR > 0.90) and statistical power (high for rejection—¢ =
0.8—and low for retention—¢ < 0.2), Mardia’s test slightly outperformed the H
test, consistent with Anis et al [13], who emphasized Type II error and power.
Specifically, the current power comparison found that the K? test outperformed
the H test, particularly in its bootstrap variant. However, Moral [46] found that
the asymptotic form of the K* test performed worse than both the H test and the
chi-square approximation of the Q-test in a study involving a broader range of
non-normal distributions and greater variability in sample sizes. Notably, this dis-
advantage was not observed for a multivariate t-distribution with 100 degrees of
freedom, and the bootstrap variant of the K? test was not included in that study.
Therefore, no inconsistency exists between the two findings.

Analyses of within-subject effects in the repeated measures ANOVA and cor-
relation results revealed an interaction between sample size and MVN test type.
Larger sample sizes increased statistical power, with the bootstrap K* variant ben-
efiting most from the increase—although the strength of association was moder-
ate to low. In contrast, the H test benefited least.

The number of variables also interacted with MVN test type. A larger number
of variables increased statistical power, particularly for the asymptotic K* variant.
The H test showed the smallest benefit, and its improvement was mainly evident
in samples drawn from a multivariate normal distribution.

Homogeneous correlation did not interact with MVN test type. The statistical
power of both K? variants was entirely unaffected by homogeneous correlation
among variables. Only in multivariate normal samples did higher correlations
slightly enhance the H test’s power, with a small effect size.

The invariance of Mardia’s tests—for multivariate skewness, kurtosis, and their
combined K? statistic—across varying levels of homogeneous or heterogeneous
correlation is due to their reliance on standardized central moments, which re-
move the effects of scale and correlation, rendering the K statistic insensitive to
correlation magnitude.

When comparing the critical values obtained in this study (asymptotic and
bootstrap) with those derived from Urzua’s Monte Carlo simulation [4], the latter
were consistently lower—even compared to the asymptotic chi-square values
(with 1 + &(k + 1)(k + 2)/6 degrees of freedom). This discrepancy arises from
differences in simulation procedures. The present study conditioned simulations
on both the empirical sample (original data) and a normative sample (perfectly
symmetric and normally distributed), each consisting of correlated variables pre-
serving the original correlational structure. This design preserved not only the
number of variables and observations but also their distributional and correla-
tional characteristics, thus more closely approximating the sampling distribution

of the statistic.
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In contrast, Monte Carlo simulations—where b independent samples of size n
are generated from a MVN distribution with zero correlation—condition the sam-
pling distribution on an idealized scenario. While this minimizes error and leads
to lower critical values, it sacrifices representativeness of empirical conditions
[47].

This study has several limitations related to the scope of a simulation design.
Only two generating distributions were considered—a multivariate normal distri-
bution under the null hypothesis and a symmetric but leptokurtic multivariate t
distribution with five degrees of freedom—excluding other relevant families such
as asymmetric, mesokurtic, or near-normal alternatives.

In addition, the range of sample sizes was restricted, omitting very small and
very large samples. The simulations were based on 400 parameter datasets span-
ning combinations of sample size, dimensionality, and homogeneous correlation,
which allowed performance to be assessed on average but did not permit precise
estimation of type-I error or power for specific parameter configurations; this lim-
itation could be addressed in future work by generating multiple samples per con-
dition.

Finally, all datasets assumed homogeneous correlations, whereas extending the
analysis to heterogeneous dependence structures—using, for example, random
positive-definite covariance models—would substantially broaden the applicabil-
ity of the results and provide a more comprehensive evaluation of the robustness

of the bootstrap and asymptotic procedures.

5. Conclusions

The developed R script enables the execution of Mardia’s K test using either an
asymptotic or bootstrap approach. Unlike previous studies, the bootstrap method
focuses on the sample data while preserving its correlational structure. The script
allows for the computation of the test statistic, its p-value, and statistical power,
as well as the graphical representation of the sampling distribution of the K? sta-
tistic. Both variants of the Mardia test included in the script are complemented by
Royston’s H test.

A simulation study comparing two multivariate normality tests—one of which
includes two variants—under two types of distributions (one favoring the null hy-
pothesis and the other opposing it) revealed that no single MVN test uniformly
dominates across all conditions. The H test performs best for retaining normality,
whereas Mardia’s K* test—particularly its bootstrap variant—shows superior per-
formance for detecting departures from normality. Consequently, the bootstrap
K? test is recommended when the primary objective is sensitivity to non-normal-
ity, while acknowledging that its advantage depends on sample size, dimensional-
ity, and the underlying distribution.

The sample distribution resulting from the bootstrap approach is less peaked
and exhibits a heavier right tail compared to the distribution obtained from the

asymptotic approximation. This distribution corresponds to a generalized chi-
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square, which is typical of sums of squares of correlated normal variables.

6. Suggestions

It is recommended to use the script (available as a Word file in a GitHub reposi-
tory at

https://github.com/josemoraldelarubia579/R _script-
for MVN K2 and H tests.git) when testing for multivariate normality and to

further investigate the bootstrap variant of Mardia’s K? test across various distri-
butions, as well as in comparison with other tests, such as the Henze-Zirkler test
[48], which is available in R [49].
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Appendix 1

# Asymptotic and bootstrap variants of Mardia’s MVN K? test for samples of at

least 20 observations of k-tuples

# Define the multivariate random sample
library(mvtnorm)

# Parameters

n<-61

k<-3

# Correlation matrix

sigma <- matrix(c(1, 0.8, 0.7,
0.8, 1, 0.6,

0.7,0.6, 1),

nrow = k, byrow = TRUE)

# Data simulation
set.seed(4567)

mvn_data <- rmvnorm(n = n, sigma = sigma)

# Scaling and rounding

x1 <- round(20 * mvn_data[, 1] + 65, 0) # Mechanical reasoning D-scores
x2 <- round(20 * mvn_datal, 2] + 60, 0) # Spatial reasoning D-scores

x3 <- round(20 * mvn_data[, 3] + 68, 0) # Numerical reasoning D-scores
# Database

original_data <- data.frame(x1, x2, x3)

# print(original_data)

# R package required
library(MVN)

# Sample size, number of variables, and average of the correlation among variables
n <- length(x1)

cat("\nSample size: n =", n, ".\n")

k <- length(original_data)

cat("Number of variables in the original sample: k =", k, ".\n")

alpha <- 0.05

cat("Significance level: a =", alpha, ".\n")

COR <- cor(original_data)

LT_COR <- COR[lower.tri(COR)]

cat("Average of the correlation among variables: m(R) =", round(mean(LT_COR),

4),".\n")

# Mardia's multivariate skewness (B1) and multivariate kurtosis (B2) tests

mardia <- mvn(original_data, subset = NULL, mvnTest = "mardia")
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skew <- as.numeric(as.character(mardia$multivariateNormality$Statistic[1]))
kurt <- as.numeric(as.character(mardia$multivariateNormality$Statistic[2]))
p_skew <- as.numeric(as.character(mardia$multivariateNormality$p[1]))

p_kurt <- as.numeric(as.character(mardia$multivariateNormality$p[2]))
cat("\nMardia’s multivariate skewness and kurtosis tests\n")

cat("Mardia's multivariate skewness statistic: B1 =", round(skew, 4), ".\n")
cat("Two-tailed p-value for the null hypothesis of multivariate symmetry: p =",
round(p_skew, 4), ".\n")

cat("Mardia's multivariate kurtosis statistic: B2 =", round(kurt, 4), ".\n")
cat("Two-tailed p-value for the null hypothesis of multivariate mesokurtosis: p =",
round(p_kurt, 4), ".\n")

# Mardia's MVN K test

# Function to calculate K? statistic

calculate_k2 <- function(data) {

mardia <- mvn(data, mvnTest = "mardia")

skew <- as.numeric(as.character(mardia$multivariateNormality$Statistic[1]))
kurt <- as.numeric(as.character(mardia$multivariateNormality$Statistic[2]))
p_skew <- as.numeric(as.character(mardia$multivariateNormality$p[1]))
p_kurt <- as.numeric(as.character(mardia$multivariateNormality$p[2]))
k2_stat <- skew + kurt/A2

return(k2_stat)

}

# Statistic observed in the original sample

k2_stat <- calculate_k2(original_data)

df mardia<-1+(k*(k+1)*(k+2))/6

p_val <- pchisq(k2_stat, df = df_mardia, lower.tail = FALSE)

asymp_crit_value <- qchisq(1 - alpha, df = df_mardia, lower.tail = TRUE)
asymp_power <- 1 - pchisq(asymp_crit_value, df = df mardia, ncp = k2_stat,
lower.tail = TRUE)

# Interpretation from asymptotic approach

cat("\nAsymptotic variant of the MVN K-square test\n")

cat("Mardia's multivariate normality statistic: MVN K-square =", round(k2_stat,
4),"\n")

cat("Degrees of freedom: df =", df_mardia, ".\n")

"

cat("Critical value:", 1-alpha, "_chi-sq[", df mardia, "] ="
round(asymp_crit_value, 4), ".\n")

cat("Right-tailed p-value under a chi-square distribution with", df mardia, "de-
grees of freedom: p_value =", round(p_val, 4), ".\n")

if (p_val < alpha) {

cat("H_0 (multivariate normality) is rejected at the level", alpha, "based on the

DOI: 10.4236/jdaip.2026.141006

112 Journal of Data Analysis and Information Processing


https://doi.org/10.4236/jdaip.2026.141006

Moral de la Rubia, J.

asymptotic p-value (chi-2 distribution).\n")

} else {cat("H_O0 (multivariate normality) is maintained at the level", alpha, " as-
ymptotic p-value (chi-2 distribution).\n")}

cat("Asymptotic statistical power for the K-square statisticc phi =",
round(asymp_power, 4), ".\n")

cat("\nIf the null hypothesis is rejected, the statistical power should exceed 0.5,
preferably 0.8 or higher.\n")

cat("If the null hypothesis is not rejected, the statistical power should be below 0.5,
preferably under 0.2.\n")

cat("Otherwise, the result is contradictory or questionable.\n")

# Normative sample (with the original correlations)

p <-seq(0.5/n,1-0.5/n, length.out = n)

independent_data <- matrix(NA, nrow = n, ncol = k)

set.seed(123)

for (j in 1:k) {

independent_data[, j] <- qnorm(sample(p))} # Resampling with replacement by
row

cor_matrix <- cor(original_data)

chol_matrix <- chol(cor_matrix)

normative_data <- independent_data %*% chol_matrix

# Bootstrap normative distribution

B <- 1000

k2_boot_norm_vals <- replicate(B, {

indices <- sample(1:n, size = n, replace = TRUE)

calculate_k2(normative_data[indices, ])})

# Empirical bootstrap distribution. Resampling with replacement by row
n <- nrow(original data)

set.seed(123)

k2_boot_vals <- replicate(B, {

indices <- sample(1:n, size = n, replace = TRUE)

boot_data <- original_data[indices, ]

calculate_k2(boot_data)})

# Bootstrap critical value, p-value, and power
boot_crit_value <- quantile(k2_boot_norm_vals, probs = 0.95, type = 8)
boot_p_value <- mean(k2_boot_norm_vals >=k2_stat)

boot_power <- mean(k2_boot_vals > boot_crit_value)

# Interpretation from bootstrap approach

cat("\nBootstrap variant of the MVN K-square test\n")
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"

cat("Bootstrap  critical  value (0.95  quantile): q_boot(0.95) ="
round(boot_crit_value, 4),".\n")

cat("Bootstrap p-value: p_boot =", round(boot_p_value, 4), "\n")

if (boot_p_value < alpha) {

cat("H_O (multivariate normality) is rejected at the level", alpha, "based on the
bootstrap p-value.\n")

} else {cat("H_0 (multivariate normality) is maintained at the level", alpha, "based
on the bootstrap p-value.\n")}

cat("Bootstrap power: phi_boot =", boot_power, ".\n")

# Representation of empirical and normative bootstrap sampling distributions

# Remove the preceding hashtag symbols to save as a JPEG or TIFF file

# jpeg("Hist_dens_curves.jpeg", width = 1200, height = 900, units = "px", res = 300)
# tiff("Hist_dens_curves.tiff", width = 1200, height = 900, units = "px", res = 300)
# par(mar = c(4.5, 4.5, 0.5, 0.5), cex.axis = 0.8)

# Green density curve of the chi-square distribution as the base graph

x_seq <- seq(0, max(qchisq(0.999, df = df mardia), max(k2_boot_norm_vals) +
1, k2_stat + 1, max(k2_boot_vals) + 1), length.out = 1000)

y_chi_sq <- dchisq(x_seq, df = df _mardia)

plot(x_seq, y_chi_sq, type = "I", Iwd = 3, col = "darkgreen",

main =", xlab = "K_square_values", ylab = "Density",

xlim = ¢(0, max(qchisq(0.999, df = df_mardia), max(k2_boot_norm_vals) + 1,
k2_stat + 1, max(k2_boot_vals) + 1)),

ylim = ¢(0, max(density(k2_boot_vals)$y, y_chi_sq)))

# Yellow histogram of the empirical bootstrap distribution of the K-square test
statistic

hist(k2_boot_vals, breaks = 20, freq = FALSE, col = rgb(1, 1, 0, 0.5), border =
"yellow2", add = TRUE)

# Yellow density curve of the empirical bootstrap distribution of the K-square sta-
tistic

lines(density(k2_boot_vals), col = "yellow", lwd = 2)

# Red density curve of the normative bootstrap distribution of the K-square sta-
tistic

lines(density(k2_boot_norm_vals), col = "red", lwd = 2)

# Blue vertical line for the observed K-square statistic value

abline(v = k2_stat, col = "darkblue", lwd = 2, Ity = 2)

# Red vertical line for the normative bootstrap critical value

abline(v = boot_crit_value, col = "red", Iwd = 2, Ity = 2)

# Green vertical line for the asymptotic critical value

abline(v = qchisq(1-alpha, df = df mardia), col = "darkgreen", lwd = 2, Ity = 2)

# dev.off() # Remove the preceding hashtag symbol to save the figure

cat("\nFigure. Histogram (yellow) with density curves for the empirical bootstrap
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(yellow), normative bootstrap (red), and chi-square (green) distributions. The
value of the k-square statistic is indicated by a blue vertical line (k-square =",
round(k2_stat, 4), "), the critical value of the normative bootstrap distribution by
a red vertical line (", 1-alpha, "q_boot =", round(boot_crit_value, 4), "), and the
critical value of the chi-square distribution with", df_mardia, "degrees of freedom

by a green vertical line (", 1 - alpha, "Chi-square[", df mardia, "] =",

round(asymp_crit_value, 4), ").\n")

Appendix 2

# Royston’s multivariate normality H test for samples size from 10 to 2000 with

k-tuples of measurements

# Load required R package
library(MVN)

# List of original variables

x1 <- ¢(47, 97, 72, 112, 63, 79, 26, 66, 104, 68, 90, 85, 49, 64, 71, 73, 69, 96, 64, 65,
57,91, 108, 45, 37, 45, 38, 71, 75, 46, 48, 61, 80, 93, 35, 70, 73, 72, 71, 111, 77, 56,
54, 43, 40, 67, 59, 29, 83, 64, 46, 72, 49, 44, 59, 65, 94, 48, 53, 66, 71)

x2 <-¢(39, 97, 66, 106, 64, 71, 22, 61, 94, 61, 70, 79, 52, 51, 50, 68, 51, 102, 55, 58,
59, 83,121, 41, 33, 58, 22, 70, 65, 57, 33, 65, 82, 75, 35, 49, 86, 44, 89, 88, 67, 36, 62,
55, 35, 73, 58, 50, 97, 39, 35, 85, 58, 35, 44, 40, 87, 43, 52, 78, 73)

x3 <- ¢(63, 108, 66, 108, 69, 89, 53, 79, 85, 64, 70, 61, 62, 71, 78, 63, 38, 68, 58, 69,
77,99, 91, 53, 44, 73, 58, 73, 67, 44, 61, 85, 72, 60, 73, 88, 78, 49, 70, 88, 75, 54, 42,
47,58, 71, 76, 23, 55, 84, 47, 87, 78, 46, 65, 78, 91, 47, 42, 73, 62)

original_data <- data.frame(x1, x2, x3)

n <- length(x1)
k <- length(original_data)
alpha <- 0.05

result <- mvn(original_data, subset = NULL, mvnTest = "royston")

# Statistical power for H test

R <- cor(original_data)

lambda <- 5

mu <- 0.715

In_n <- log(n)

v_n <-0.21364 + 0.015124 * In_n~2 - 0.0018034 * In_nA3
r_ij <- R[lower.tri(R)]

c_ij <- r_ijAlambda * (1 - (mu / v_n) * (1 - r_ij)Amu)
¢_bar <- mean(c_ij)

df H<-k/(1+ (k-1)*c_bar)

power_H <- 1 - pchisq(qchisq(1-alpha, df = df H), df = df H, ncp = result$mul-
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tivariateNormality$H, lower.tail = TRUE)

# Display results

cat("\nSample size: n =", n, ".\n")

cat("Number of variables in the original sample: k =", k, ".\n")

cat("Arithmetic mean of the Pearson's product-moment correlation coefficients
between the variables: m(R) =", round(mean(r_ij), 4), ".\n")

cat("\nRoyston's multivariate normality H test:\n")

cat("H statistic: H =", round(result$multivariateNormality$H, 4), ".\n")
cat("Degrees of freedom: df =", round(df_H, 4), ".\n")

cat("p-value for the null hypothesis of multivariate normality: p =", round(re-
sult$multivariateNormality$p, 4), ".\n")

cat("Statistical power of the H test at a significance level of", alpha, ": phi =",
round(power_H, 4), ".\n")

cat("\nlf the null hypothesis is rejected, the statistical power should exceed 0.5,
preferably 0.8 or higher.\n")

cat("If the null hypothesis is not rejected, the statistical power should be below 0.5,
preferably under 0.2.\n")

Appendix 3. Dataset for Example 2

# List of original variables
x1<-¢4,3,4,55,4,3,6,5,5,5,5,7,6,6,6,6,5,6,6,7,7,6,7,6,6,6,6,7,6,6,
7,7,7,7,6,7,57,7,7,7,6,7,6,7,7,3,1,4,6,4,4,5,3,3,3,4,4,3,5,4,4,4,4, 5,
5,4,4,5,55,54,5,55,5,54,5,54,6,5,5,6,6,4, 6,6, 6,6, 5, 6,6, 6,6, 6,5, 5,
6,6,5,6,6,6,6,5,5,6,6,5,5,6,6,5,7,6,6,6,6,6,6,6,6,6,6,6,6,6,5,6,7,7,7,
6,6,6,5,6,6,6,6,7,6,7,6,6,6,6,5,5,6,7,7,6,6,6,6,6,6,6,6,6,6,7,7,7,6,6,
6,7,6,7,7,6,7,6,6,7,7,7,4,4,4,5,5,6,5,6,6,7,6,6,6,6,6,7,7,7,7,7,6,4, 4,
55,56,1,5,5,3,6,7,7,7,6,7,6,6,6,6,7,7,7,4,5,6,7,6,7,7,3,6,7,6,7,7, 6,
3,3,56,7,5,5,3,6,6,6,7,2,5,6,6,4,5,6,6,4,6,7,7,7,7,7,6,6,6,6,3, 3, 5,6,
6,3,4,6,6,7,5,6,6,6,4,57,7,7,4,4,7,4,5,3,4,7,6,5,6,5,4,4,5,6,5,5,6, 7,
7,2,2,55,56,6,6,4,4,4,5,5,3,3,5,7,6,3,5,6,7,4,4,4,5, 6, 5,6, 6,6, 6, 6,6,
6,5,6,6,6,7,1,6,5,6,5,6,6,7,7,5,4,4,5,5,6,6,7,4,5,4,5,5,5,5,5,4,4,6, 5,
6,6,5,6,6,6,6,6,5,6,7,7,6,6,5,7,5,6,6,6,6,6,6,5,7,6,6,6,6,7,7,7,6,7,7,
6,6,6,7,6,6,7,7,7,7,7,7,7,6,7,7,7,7,7,6,7,7,7,7,7,7,7,7,6,7, 6,4, 4,5, 5,
5,7,56,6,6,7,6,5,6,6,5,7,7,6,6,5,6,7,5,7,6,5,5,4,6,4,6,5,6, 5,6, 5,7, 6,
5,6,7,6,5,4,6,7,6,2,5,3,5,5,6,5,3,5,3,6,4, 6, 6)
x2<-¢(3,2,3,4,3,4,4,5,4,5,4,5,6,4,5,5,5,5,6,5,6,6,7,5,5,5,7, 6, 6, 6, 6,
6,6,7,7,6,7,6,7,6,7,7,6,6,6,6,7,2,1,3,1,3,2,2,4,3,3,3,4,4,4,3,4,4,4, 4,
4,5,4,4,4,4,5,5,54,5,54,6,6,5,5,5,5,5,4,4,4,6,5,6,6, 5,6,6, 5,5, 5,5, 4,
4,5,7,5,6,5,6,5,5,6,6,4,6,4,5,5,7,4,6,6,6,5,5,5,7,4,6,6,6,5,6,4,7,7, 5,
7,6,5,6,5,5,6,5,7,6,4,6,5,5,5,6,6,5,5,5,6,6,6,5,5,6,6,6,6,6,7,6,6,7,7,
7,4,7,6,6,7,7,7,7,7,7,7,3,3,3,4,4,4,4,6,5,5,5,6,6,6,6,6,7,6,6,7,4, 4, 5,
55,4,57,6,5,6,5,7,7,7,6,7,7,6,6,7,6,7,7,4,6,7,7,7,7,6,1,5,6,4,7,7, 7,
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2,2,4,5,7,54,3,4,7,5,7,2,6,5,6,3,4,6,6,4,6,6,7,4,6,7,6,5,4,6,4, 3, 5, 4,
6,2,4,6,6,6,4,6,5,7,4,5,7,5,7,4,4,6,4,4,3,4,7,7,5,7,4,4,5,4,6,4,5,7, 7,
2,2,3,4,3,6,6,55,3,4,4,4,4,5,5,5,7,7,3,4,6,7,4,4,4,4,5,6, 5,6, 6,5, 5, 5,
5,5,6,57,7,6,6,5,5,5,4,6,7,6,4,3,3,5,5,4,6,7,4,4,4,5,4,4,6,5,4,4,5,5,
55,56,5,6,6,5,5,6,5,6,6,5,6,6,6,6,6,4,4,6,7,6,6,4,5,6,7,7,6,6,6,7,6,
7,7,7,7,6,6,7,7,6,5,7,7,6,6,6,7,7,7,6,7,7,7,7,7,7,7,7,7,4,4,7,4,5, 6, 4,
5,7,6,4,6,6,7,7,6,6,5,6,7,6,5,6,5,4,6,5,5,6,4,5,7,6,7,6,5,5,5,5,5,7,6,
5,5,4,55,4,5,6,6,3,4,2,5,5,4,4,3,4,3,5,5,5,7)

x3<-¢(4,2,3,4,4,2,4,2,4,4,3,4,4,4,6,5,6,3,5,5,5,5,5,6,4,6,6,7, 6, 5,6,
6,5,6,6,6,7,6,6,6,7,7,6,7,6,7,6,1,1,2,3,2,3,4,3,3,3,4,3,3,4,4,4,3,4, 4,
4,4,4,4,4,4,4,6,4,4,4,4,4,6,4,4,5,5,6,5,5,4,5,5,5,5,4,6,5,5,5,4,4, 5,5,
5,4,4,3,6,4,5,5,5,5,5,6,6,5,6,6,7,5,6,6,5,5,5,5,5,6,6,5,5,5,5,6,7,7,6,
4,5,6,5,6,6,6,6,7,5,6,6,6,5,5,5,5,6,5,5,6,6,6,7,6,6,6,5,5,5,7,7,6, 6, 6,
6,7,6,7,7,6,7,7,7,7,7,7,3,4,4,3,5,4,5,3,4,5,5,5,5,5,5,6,5,6,6,7,2,4, 4,
5,5,5,6,6,6,5,5,5,7,7,7,6,5,4,5,6,5,6,7,7,4,7,7,5,6,6,6,3,5,6,6,5,6, 7,
1,2,3,5,5,4,5,3,5,5,6,7,2,6,5,5,4,3,4,7,2,3,7,7,2,6,6,5,5,6,7, 3,5, 4, 2,
52,356,4,4,56,7,4,5,7,6,7,4,4,6,4,4,3,1,6,7,4,6,3,6,4,4,5,5,4,6, 7,
2,1,33,2,55,6,7,5,4,4,4,5,5,5,4,6,7,5,5,4,7,3,3,5,6,7,6,5,5,6,4, 5, 5,
6,6,6,6,7,7,6,4,5,6,5,6,5,6,7,6,1,3,5,4,5,7,7,3,3,5,4,5,3,4,5,4,6, 5, 4,
5,4,4,5,4,6,5,5,4,5,5,7,4,4,5,4,4,5, 6,6, 6,6,6,6,5,6,6,6,5,6,6,5,6, 5,6,
5,6,6,7,6,7,6,6,7,7,7,5,6,7,7,6,6,6,7,7,7,7,7,7,7,7,7,7,4,5,7, 2,5, 5, 5,
5,6,575,5,5,6,5,7,6,5,6,6,5,5,4,4,6,5,6,6,5,3,5,2,5,5,4,6,5,1,5,7,6,
5,5,6,55,1,6,6,6,3,5,3,4,4,6,5,3,6,7,5,6,5,6)

x4<-¢(2,7,5,3,4,6,5,4,4,4,6,4,1,5,2,3,2,6,2,3,1,1,1,1,4,3,1, 1, 1, 3, 2,
1,31,1,4,1,52,3,1,1,5,3,6,57,2,7,2,1,2,3,1,3,4,4,3,3,5,2,4,4,5,4, 3,
3,4,5,4,4,4,4,3,4,5,4,4,5,2,4,5,5,3,3,4,4,5,6,2,3,3,4,4,3,3,4,5,5, 5,6,
5,6,57,3,6,4,6,6,4,4,6,4,6,4,5,1,7,4,4,5,6,6,6,4,6,4,5,5,6,6,6,1, 1,4,
5,55,6,6,6,5,6,2,6,6,5,6,7,7,7,7,7,7,7,6,6,6,6,7,6,6,7,7,7,4, 5,6, 6,6,
6,7,6,6,6,7,6,7,7,7,7,7,3,3,5,4,3,4,5,4,5,4,5,6,6,6,7,7,7,7,7,7,2, 4, 4,
2,3,53,6,4,6,7,51,1,2,6,5,7,7,6,7,7,7,7,2,6,6,7,7,7,6,1,3,7,7,6,7, 2,
1,1,3,3,4,4,2,3,4,6,7,7,1,6,7,5,5,3,4,4,3,6,6,5,3,6,6,5,6,6, 2, 3,4, 3, 1,
6,1,4,6,7,4,5,3,6,6,4,7,7,7,6,4,4,7,4,4,2,4,2,6,2,2,3,3,4,4,3,6,7, 3,4,
1,1,2,3,52,1,3,5,2,4,4,4,3,5,5,4,2,6,5,2,3,2,3,3,3,2,1,3,4,3,3,6, 6, 6,
6,7,56,7,7,6,4,6,5,2,6,6,7,7,5,4,5,3,6,5,1,1,3,3,4,3,4,6, 3, 3,6, 5, 3, 5,
4,5,6,3,52,3,4,6,3,3,1,5,6,5,4,6,5,4,6,6,5,4,6,5,7,7,6, 6,4, 5,6,6, 5,5,
6,6,6,4,7,7,6,6,6,7,57,7,7,7,7,7,7,7,7,6,7,7,7,7,7,7,7,7, 7,7, 7, 5, 3, 5,
4,1,5,4,6,6,6,4,3,6,6,1,1,7,3,6,7,4,7,7,6,6,4,5,6,3,6,5,4,3,6,2,4, 1,6,
53,4,4,3,4,4,4,3,2,3,6,4,6,6,5,4,2,7,6,4, 6, 6)

# Database

original_data <- data.frame(x1, x2, x3, x4)

Appendix 4. Generation of MVT and MVN samples

# Sample of 50 observations in two variables, with a correlation coefficient of 0,

DOI: 10.4236/jdaip.2026.141006 117 Journal of Data Analysis and Information Processing


https://doi.org/10.4236/jdaip.2026.141006

Moral de la Rubia, J.

drawn from a multivariate t-distribution with five degrees of freedom.
library(mvtnorm)

n <- 50 # Number of participants

k <- 2 # Number of variables

df <- 5 # Degrees of freedom for MVT distribution

rho <- 0 # Homogeneous correlation

sigma <- matrix(rho, nrow =k, ncol = k) # Correlation matrix
diag(sigma) <- 1 # Correlation matrix

set.seed(123) # Seed is set for reproducibility

mvt_data_2v <- rmvt(n = n, sigma = sigma, df = df)

x1 <- mvt_data_2v[,1]

x2 <- mvt_data_2v[,2]

original data <- data.frame(x1, x2) # sample data

print(original_data)

# Sample of 50 observations in two variables, with a correlation coefficient of 0,
drawn from a multivariate standard normal distribution.

library(mvtnorm)

n <- 50 # Number of observations

k <- 2 # Number of variables

rho <- 0 # Homogeneous correlation

sigma <- matrix(rho, nrow = k, ncol = k) # Correlation matrix (compound sym-
metry)

diag(sigma) <- 1 # Correlation matrix

set.seed(123) # Seed is set for reproducibility

mvn_data <- rmvnorm(n = n, sigma = sigma)

x1 <- mvn_data[,1]

x2 <- mvn_data[,2]

original_data <- data.frame(x1, x2)

print(original_data)
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