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Abstract

This study presents a new approach that advances the algorithm of similarity
measures between generalized fuzzy numbers. Following a brief introduction
to some properties of the proposed method, a comparative analysis based on
36 sets of generalized fuzzy numbers was performed, in which the degree of
similarity of the fuzzy numbers was calculated with the proposed method and
seven methods established by previous studies in the literature. The results of
the analytical comparison show that the proposed similarity outperforms the
existing methods by overcoming their drawbacks and yielding accurate out-
comes in all calculations of similarity measures under consideration. Finally,
in a numerical example that involves recommending cars to customers based
on a nine-member linguistic term set, the proposed similarity measure proves
to be competent in addressing fuzzy number recommendation problems.

Keywords

Quadratic-Mean Operator, Generalized Fuzzy Numbers, Similarity
Measures, Fuzzy Number Recommendation

1. Introduction

Numerous approaches for determining the degree of similarity between fuzzy
numbers have been proposed to assist fuzzy decision-making [1]-[3] and fuzzy
risk analysis [4]-[7]. Many of these approaches, however, have limitations in one
way or another. For example, some of them fail to yield results of similarity degree
accurately, especially when the fuzzy numbers are generalized. To address this is-
sue, this study presents a novel technique based on quadratic-mean operators that

measures similarity between generalized fuzzy numbers (GEN). Using 36 sets of
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GFNs, we compare the proposed approach against seven existing methods pre-
sented in [3]-[5], [8]-[10] and [11]. The results show that the proposed method
competently overcomes the drawbacks inherent in the extant methods, and can
be used to solve fuzzy number information retrieval problems.

The remainder of this study is structured as follows. Section II first provides a
definition for quadratic mean and GFN, and subsequently reviews seven existing
measures of similarity between GFNs. Based on analyses of the drawbacks of these
similarity measures, Section 3 presents a new method for calculating the degrees
of similarity between GFNs, and demonstrates some properties of the method.
Section 4 compares the proposed method with existing measures by considering
an example. Section 5 applies the proposed measure of similarity to fuzzy number

recommendation problems. Conclusions are drawn in Section 6.

2. Preliminaries

This section briefly describes the concepts of the quadratic mean of positive real
numbers [12] and GEN [1], [13], as well as seven existing similarity measures of
fuzzy numbers [3]-[5], [8]-[11].

2.1. Quadratic Mean

Quadratic mean, also known as root mean square, is the square root of the average
of the squares of a set of numbers. The quadratic mean of positive numbers aj,

&, ... and a, is defined as

(1

where 1 <7< n[12].

2.2. Generalized Trapezoidal Fuzzy Numbers

Chen [1] [13] denoted a generalized trapezoidal fuzzy number by A= (a,b,c,d;w),
where 0 < w< 1, and 4, b, cand dare real numbers. The GEN A represents a fuzzy
subset of the real line R, whose membership function 4 satisfies the following con-
ditions:

(1) pais a continuous mapping from R onto the closed interval [0, 1],

(2) pi(x) =0, where -0 < x< a,

(3) pi(x) is strictly increasing on [a, 5],

(4) pa(x) = w; where b< x< ¢

(5) pa(x) is strictly decreasing on [¢, d],

(6) pi(x) =0, where d< x < o0,

If w= 1, then the GFN A is a normal trapezoidal fuzzy number that can be
denoted as A = (a,b,c,d). Ifa=bandc=d then A4 isa crisp interval. If b = ¢
then A isa generalized triangular fuzzy number. If 2 = b = ¢ = dand w= 1, then
A isareal number. Figure 1 presents a generalized trapezoidal fuzzy number A,

which may represents a decision-maker’s linguistic opinions denoted by a series of
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ordinal values (e.g., values ranging from very goodto bad). The value wis the degree

of confidence in the decision-maker’s linguistic opinion, where 0 < w< 1.

Membership
Grades

A
1.0

NG

v

a b c d

Figure 1. Generalized trapezoidal fuzzy number 4.

2.3. Review of the Existing Similarity Measures between Fuzzy
Numbers

1) Chen [4] presented a distance-based similarity measure between trapezoidal
fuzzy numbers by considering two trapezoidal fuzzy numbers and B, where
A= (a,,a,,a5,a,) and B= (b,,b,,b;,b,) . The degree of similarity S(;I,é) be-
tween 4 and B is calculated as follows:

4
o ;|ai ~b|
S(A,B):I—T, (2)
where S (;I,E’)e[o,l] ,if A and B are triangular fuzzy numbers, where
A= (a,,a,,a;) and B= (b,,b,,b;), then the degree of similarity S(;I,E) be-
tween 4 and B can be calculated as follows [4]:

3
o ;|“i_bi|
S(A,B):l—T, (3)

A larger value of the § (A, ) indicates a greater similarity between the fuzzy
numbers 4 and B.

2) Lee [3] presented a similarity measure of trapezoidal fuzzy numbers that can
be used to manipulate fuzzy opinions in group decision-making, which involves
calculating the degree of similarity S (;I, é) between trapezoidal fuzzy numbers

;1=(a1,a2,a3,a4) and Z}=(b1,b2,b3,b4) using the following formula:
o A
S(A,[?):l—"T"”x4 7, (4)

where Uis the universe of discourse:

-], =[S -1y ) ®
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And
||U||:max(U)—min(U). (6)

The larger the value S (;1, é) , the greater the similarity between the trapezoi-
dal fuzzy numbers 4 and B.

3) Hsieh and Chen [9] presented a similarity measure that was based on the
graded mean integration-representation distance, which calculates the degree of
similarity § (;1, Z§) between fuzzy numbers A4 B as follows:

S(4.B)=——. 7)
( ) 1+d(A,B)
where d(zzl,é) = ‘P(;I)—P(E’)

integration representations of 4 and B, respectively. If A and B repre-

, and P(;l) and P(I?) are the graded mean

sent triangular fuzzy numbers, then the graded mean integration representations
P(;l) and P (f?) of 4 and B are respectively defined as follows [9]:

p(g)zal““‘++“3, (8)
P(é)=b1+422+b3 , (9)

If A4 and B denote trapezoidal fuzzy numbers, then the graded mean inte-
gration representations P(;l) and P (B) of A and B, respectively, are de-
fined as follows [9]:

=\ _a +2a,+2a;+a,

P(4)= . : (10)
~\ b +2b,+2b; +b,

p(B)= A2t tl (an

The larger the value of S(Z,E) , the greater the similarity between the GFN’s
A and B.

4) Chen and Chen [5] presented an approach for measuring the degree of sim-
ilarity between GFNs using a technique known as the Simple Center of Gravity
Method (SCGM). It first calculates the center of gravity of trapezoidal or triangu-
lar GFNs, and then the degree of similarity between GFNs. The degree of similar-
ity S(;i,l;') between the generalized trapezoidal fuzzy numbers 4 and B,
A= (al,czz,a3,c14;w~ ) and B= (bl,bz,b3,b4;wé ) , is calculated as follows:

A

4
_Z|a,-—b,-| x(l L )B(SA,Sg)Xmin(y;,y;)

S(4,B)=|1-= e , 12
( ) 4 xA xB max(y;,y*é) ( )
where S(;l,f?)e[o,l] and B(Si,SE) is defined as follows:
[ it S, +5, >0,
B(S;"SB)_{O, if S;+S;=0, =

where §. and S, denote thelengths of the bases of the generalized trapezoidal
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fuzzy numbers 4 and B, respectively, and are defined as follows:
S.=a,~a, (14)

S, =b,~b. (15)

The two values y; and x; are calculated as follows:

a,—a
w, x| 2—2+2
a, —a,

y;: 5 , ifa #a,and 0<w; <1, (16)
i ifa, =a,and 0 <w. <1
2 ’ 17— %4 4=
. vilay+a)+(a, +a)(w, -y,
i) (@) (-5 -

A
2wf-1

The values of y; and x; can similarly be calculated using formulae (16) and
(17). The larger the value of S (;1, B ) , the greater the similarity between the GFN's
A and B.

5) Yong et al. [11] introduced an approach for measuring the degree of similar-
ity between GFNs based on the radius of gyration (ROG) to overcome the short-
comings of Chen and Chen’s similarity measure [5]. According to Yong et al’s

method, the degree of similarity § (;1,173) between generalized trapezoidal fuzzy

numbers A4 = (al,az,a3,a4;w/-1) and B= (bl,bz,b3,b4;w5) can be calculated as

follows:

4
Z|a,-—b,-|
1_ i=1

4

A
ry =n

X ———= (18)

>

X(l— )B(SZ’S[;) min(rx/_"rxé)

A B
max(rx 3Ty

~—

where S, and §; denote thelengths of the bases of the generalized trapezoidal

fuzzy numbers A and B, respectively, and are defined as follows:

i | () +(1), +(1),

rx - (19)
\j((cz3 -a,)+(a, —al))><w;1
2
ri _ ’ (1}’ )1 +(1y )2 +(1y )3 (20)
’ \/((“3 —a2)+(a4 —a,))xw;‘
2
where
(az _a1)Wf‘,
L) =—F— 21
(1) =, (21)
(a—a,)w!
(L), === (22)
(a4 —a3)w;
1), =—F7— 23
(L) =", (23)
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(1,),= 44 1,25 i (24)

= ++(a3 —-a, )azzw;1 +(a3 —-a, )2 a,w; (25)

3 2
(]y )3 _ ((14 —Ia;) W;l " ((14 —a;)aiw;i " (614 —a33) LI3WI(—1 (26)

Similarly, rf and ryl§ is calculated using formulae (19) and (20). Again, a
larger S (;1, f?) value indicates a greater similarity between the fuzzy numbers.
6) Chen [8] reported a case that involved using three criteria (i.e., the similarity
of the shapes, spreads of their membership functions, and the relative distance
between the two GFNss) to determine the degree of similarity between two GFN's
A and B . These criteria are also applicable for fuzzy number ranking problems
[14]. Furthermore, a method of measuring the degree of similarity between GFNs
through a geometric-mean averaging operator [8] was also proposed to overcome
the drawbacks of the similarity measure found in the study of Yong et al [11]. The
degree of similarity § ( A, E’) between the generalized trapezoidal fuzzy numbers

A and B, Az(al,az,a3,a4;w;1) and Bz(bl,bz,b3,b4;wé),is calculated as

_— 4 min(y;,y;)
S(A,B){ /];[(2—|al.—b,.|)—1}m, (27)

where y; and y; can be calculated using formula (16). The larger the value of
S (za,é ) , the greater the similarity between the GFNs 4 and B.

7) In an effort to circumvent the pitfall of Chen and Chen’s similarity measure

follows:

[5], Wei and Chen [10] used arithmetic-mean averaging operator and perimeter
of the generalized trapezoidal fuzzy number to measure the degree of similarity

between GFNs, in which, the degree of similarity S (za,é) between the general-

ized trapezoidal fuzzy numbers 4 and B , A=(a],a2,a3,a4;wj) and

B= (b, ,b,,b, ,b4;wé) can be calculated by the following formula:

S(A’B): == 4 Xmax(P(/Nl),P(é))+max(w w ' 29

Vs

24:|al. —b,.| min(P(;I),P(B))+ min(W~ w-)

where P(;I) and P(f? ) represent the perimeters of the two generalized trape-

zoidal fuzzy numbers A and B, respectively, as follows:

P(A)= @ -a ) +w (@ -a,) +w +(a,-a) +(a,-a),  (@9)

P(E))z\/(bl _bZ)z +W12§‘ +\/(b3 _b4)2 +sz§ +(b3 _b2)+(b4 _bl)’ (30)

The larger the value of S(Z,E) , the greater the similarity between the GFN’s
A and B.
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3. New Similarity Measure Between GFNS Based on
Quadratic-Mean Operator

Although all of the seven methods described in the precedent section could calculate
the degree of similarity between fuzzy numbers, they share a common weakness in
that they may fail to obtain the similarity measure accurately in certain situations.
The pitfall of these similarity measures could be elaborated by further examining
the criteria provided in Chen’s [8] method. Consider two sets of GFNs as follows.

The degree of similarity S (;Il A, ) =0.85 and the degree of similarity
S (E’l ,B, ) =0.85 canbe obtained from the Wei and Chen’s similarity measure (e,
formulae (29) - (30)). However, S(;I],le) and S (§1,1§2) should not be identi-
cal. The GFNs B, and B, are more similar thanthe GFNs 4, and A4, because
the shapes of the GFNsin B, and B, areidentical, butthosein 4, and 4, are
not. Consequently, a new method for handling the GFN similarity measure is
needed to overcome these drawbacks. Here we introduce a new similarity measure
based on the quadratic-mean operator to calculate the degree of similarity between
GEFNs, and explicate some properties of the proposed similarity measure.

Unlike the arithmetic mean, which might oversimplify variance, and geometric
mean, which is less sensitive to outlier values, the quadratic mean uniquely amplifies
differences in the spread and shape of fuzzy numbers. This property aligns with the
core requirement of accurately measuring similarity in GFNs. Consider two gener-
alized trapezoidal fuzzy numbers A and B , where A= (al 20y, 05,05 W/i) ,
B=(b,b,,by,bw;) . 0<w;<1, 0<w;<l, 0<q <a,<a<a, <1, and
0<bh <b, <b, <b, <1. The degree of similarity S(;l,l:?) between the general-

ized trapezoidal fuzzy numbers 4 and B can be calculated as follows:

, (31)

The larger the value of S(Z,E) , the greater the similarity between the GFN’s
A and B.

Chen and Chen [5] described three properties of GEN similarity measures that
are denoted hereas 4 and B, as follows:

Property 1: Two GFNs 4 and B are identical if and only if § (/],f)’) =1.

Property 2: S(;i,l:?) = S(B,IZI) .

Property 3: If A= (a,a,a,a;1.0) and B =(b,b,b,b;1.0) denote two real
numbers, then S(;I,E) = 1—|a —b| )

The following proofs show that the proposed similarity measure based on the
quadratic-mean operator satisfies these properties.

Property 1: Two generalized trapezoidal fuzzy numbers 4 and B are iden-
tical if and only if S(IZI,E) =1.

Proof:

()If 4 and B areidentical, then a = by, & = by, a5 = bs, a,= by, and Wy =Wy

The degree of similarity between 4 and B can be calculated as follows:
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This implies that the calculating result of square root function in formula (31)
must be zero, e, a = by, & = by, a = b3, a = by, and w; and w; are equal.
Therefore, the generalized trapezoidal fuzzy numbers 4 and B are identical.

Property 2: S(;I,f?) = S(E’, ;1) .

Proof: Since

i(af_b")z min(w{a,m)

I PR s
S(A’B)_l 1 4 Xmax(w/-l,wé),

4

b—a) .
S(E’IZ): 1_ 12:1:( i al) Xmln(Wé,W/a)’
4 max(wé,wh)

Property 3: If 1:12((1, a,a,a;1.0) and Ez(b, b,b,b;1.0) are two real num-
bers, then S(;I,E’)zl—|a—b|.

Proof: The following is derived from formula (31):

> (a-b) | .
S(le,é): e ><mln(l,l)
4 max (1,1)
{1_ —4(“;”) ]xl (32)
=1-|a-b|.
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Consider the two GFNs A4 = (0.1,0.2,0.3,0.4;1) and B= (0.3,0.4,0.5;1). The
generalized triangular fuzzy number B can be represented by the generalized
trapezoidal fuzzy number B= (0.3,0.4,0.4,0.5;1). The degree of similarity be-
tween the two GFN’s can be computed from formula (31) as follows:

S(?l,l?){l— i(a,.—b,.)z/qu

= max(w/-1 , wé)

= [1 —J(0.1-03)" +(0.2-04)’ +(03-0.4)’ +(0.4—0.5)2/4}><1

=0.8419.

4. Comparing the Proposed Similarity Measure with Existing
Methods

This section compares the proposed similarity measure with seven existing simi-
larity measures [3]-[5], [8]-[10] and [11] using 36 sets of GFNs as listed in Figure
2. Table 1 compares the calculation results of all eight similarity measures. Some
of the 36 sets of GFNs are sourced from [5], [8], [10], [11], and some are extended
from Figure 1 in Section 2. All of these GFNs conform to the three criteria [8]
described in Section 2. Inaccuracies or incongruences resulting from calculations
using existing similarity measures [3]-[5], [8]-[10] and [11] are highlighted in Ta-
ble 1, and the underlying pitfalls are elaborated along with an analytical review of

the results.

A, A, B, B,
1.0 104
: »X »X
A;=(0.1,0.1,0.2,0.3;1) B;=1(0.1,0.2,0.3,0.4;1)
A,=(0.2,0.3,0.4,0.4;1) B,=(0.25, 0.35, 0.45, 0.55.1)

Figure 2. Two sets of GFNs.

Table 1. Calculation results were obtained through various similarity measures.

Lee’s Hsieh-and-Chen’s
Method [3] Method [9]

Set 1 0.9617 1
Set 2 1 1
Set 3 0.5 0.7692
Set 4 0.5 0.7692
Set 5 1 1
Set 6 N/A 1
Set 7 0 0.909

Chen’s  Chen-and-Chen’s Yong etal’s  Chen’s  Weiand Chen’s The Proposed
Method [4] Method [5] Method [11] Method [8] Method [10] Method

0.975 0.8357 0.7954 0.8356 0.95 0.9646
1 1 1 1 1 1
0.7 0.42 0.4028 0.5997 0.68 0.6979
0.7 0.49 0.4931 0.7 0.7 0.7
1 0.8 0.8 0.8 0.8248 0.8
1 1 1 1 1 1
0.9 0.9 0.81 0.9 0.9 0.9
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Continued

Set 8 0.5 0.909 0.9 0.54 0.5754 0.5991 0.8411 0.8775

Set 9 0.6667 0.909 0.9 0.81 0.8112 0.9 0.9 0.9
Set 10  0.8333 1 0.9 0.9 0.8854 0.8974 0.7833 0.8586
Set 11 0.75 1 0.9 0.72 0.6914 0.72 0.8003 0.9
Set 12 0.8 0.9375 0.9 0.78 0.7744 0.8959 0.8289 0.8419
Set 13 0.4 0.7692 0.7 0.49 0.8961 0.6971 0.6222 0.6838
Set 14 0.25 0.7692 0.7 0.49 0.7781 0.7 0.7 0.7
Set 15 0.5 0.7692 0.7 0.49 0.4931 0.7 0.7 0.7
Set 16  0.6407 0.7692 0.7 0.49 0.5622 0.6915 0.5014 0.5617
Set 17 0.5 0.6897 0.55 0.3025 0.309 0.55 0.55 0.55
Set 18  0.3333 0.6897 0.55 0.3025 0.1302 0.5418 0.2464 0.3485
Set 19 0.6 0.8333 0.8 0.5486 0.5905 0.6854 0.7794 0.7969
Set 20 0.6 0.8333 0.8 0.5486 0.5899 0.6854 0.7794 0.7969
Set 21 0.9 0.9091 0.9 0.81 0.8568 0.9 0.9 0.9
Set 22 0.9 0.9091 0.9 0.81 0.8551 0.9 0.9 0.9
Set 23 0.9 1 0.9 0.8077 0.8255 0.8077 0.8055 0.9
Set 24 0.9 1 0.9 0.8028 0.8255 0.8028 0.8012 0.8945
Set 25 1 1 1 0.7 0.7 0.7 0.7209 0.7
Set 26 0.75 1 0.95 0.9048 0.4328 0.9042 0.6215 0.6505
Set 27 0.3 0.7317 0.65 0.4279 0.5394 0.6492 0.65 0.6464
Set 28  0.5333 0.7407 0.65 0.4225 0.5394 0.65 0.65 0.65
Set 29 0.5 0.8571 0.85 0.7296 0.7898 0.8493 0.85 0.8419
Set 30  0.6667 0.87 0.85 0.7225 0.7876 0.85 0.85 0.85
Set 31 0.8571 1 0.9 0.8077 0.8275 0.8077 0.8055 0.9
Set 32 0.8571 0.909 0.9 0.7269 0.7979 0.8053 0.8055 0.8586
Set 33  0.7143 0.8333 0.8 0.5744 0.6725 0.7155 0.716 0.7764
Set34 0.5714 0.7692 0.7 0.4397 0.5562 0.6256 0.6265 0.6838
Set 35 0.5 0.9375 0.95 0.9183 0.9346 0.9494 0.95 0.9293
Set 36  0.6667 0.9524 0.95 0.9025 0.9264 0.95 0.95 0.95

Note: “ N/A ” means that the degree of similarity between GFNs is unattainable with the similarity measure in question; “

means incorrectly yielded results.

»

1) Set 1 of Figure 3 evidently indicates that the two sets of GFNs 4 and B
are not equal because the shapes of the GFNs are different. However, using Hsieh

and Chen’s [9] similarity measure, a value S (2, B ) =1 isincorrectly yielded nev-

ertheless, as depicted in Table 1.
2) The GFNs depicted in Set 3 are clearly different from those depicted in Set 4,
and the two sets of GFNs in Set 4 are more similar to each other in shapes and

spreads than those in Set 3, despite the same relative distance between A4 and
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B in both Set 3 and 4. However, according to Table 1, the methods of Chen [4],
Hsieh and Chen [9], and Lee [3] yield the same degree of similarity for Sets 3 and

4, indicating a potential flaw in these methods.

b
1.0 10 1.0 1.0

0. X 0 LX 0 »X 0 X

0l 02 03 04 01 02 03 04 0.1020304050607 0.1 0.2 0.3 0.4 0.5 0.6 0.7
A=(0.1,0.2,03,0.4; 1.0) A=(0.1,02,03,04; 1.0) A4-{0.1,02,03,04; 1.0) A4=(01,02,03,04;1.0)
B=10.1,0.2502504;1.0) B=1(0.1,02,03,04;1.0) F=1(04,0.55,0.55,07;1.0) B=1(04,05,06,0.7;1.0)

Set 1 Set 2 Set 3 Set 4
4 4 b
1.0 1.0 1.0 1.0
0.8
0 X 0 » X 0 — X 0 X

01 02 03 04 03 02 03 0.1 02 03
A=(0.1,02,03,04;1.0) A=(03,03,03,03; 1.0) A=(02,02,02,0.2; 1.0) A=(0.1,02,0.3; 1.0)
B=1{0.1,02,03,0.4; 08) B=1(0.3,03,03,03;1.0} £=(03,03,03,03; 1L.0) B=(03,03,03;1.0)

Set S Set 6 Set 7 Set 8
1.0 1.0 1.0 / \
0 X 0 X 0 X
01 02 03 04 01 030405 07 02 0304 05 06 03 0405 08
A=(0.1,02,03:1.0) A=(0.1,04,07; 1.0) A=1(02,03,05,06:1.0) A=(04,04,081.0)
B=1(02,03,04;10) B=103,04,05,1.0) B=(03,04,05;1.0) B=1{03,04,05; 1.0)
Set 9 Set 10 Set 11 Set 12
1.0 1. 2
A7 e 4/
0 pX 0 X i X i X

0.3 04 0.5 0.6 0.7 0.8 0.3 0.4 0.5 0.6 0.7 0.1 02 0304 0.5 06 0.7 0.1 0.40.55
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Figure 3. The 36 sets of GFNs.
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3) As evidenced by Table 1, the same result, S (2,3) =1, is yielded with the
methods of Chen [4], Hsieh and Chen [9], and Lee [3], suggesting 4 and B of
Set 5 are identical. This result is, however, incorrectly yielded because, according
to Figure 3, A and B are different, as can be observed from their distinctive
shapes.

4) It can be observed from Set 6 that Lee’s method [3] is inapplicable to calculate
the degree of similarity between two identical real values because the denominator
U of formula (4) would become zero, yielding the incorrect result S (/:1, E) =o0.
Moreover, while Table 1 shows that Lee’s method [3] yields a result S ( A, B ) =0
on Set 7, indicating no similarity exists between the two real numbers contained in
the set, it is clearly observable from Figure 3 that distinguishable similarity
S(;l, f?) does exist.

5) Table 1 indicates that the methods of Chen [4] and Hsieh and Chen [9] yield
the same degree of similarity for Sets 8 and 9, which are apparently different from
each other based on observations of the geometry shown in Figure 3.

6) Sets 10, 11 and 12 are clearly different sets of GFNs. Corresponding results
in Table 1, however, indicate that the same degree of similarity could be yielded
by Chen’s method for each of the GFNs in these sets.

7) Table 1 indicates that Hsieh and Chen’s method [9] yields a result
S (;l, E) =1, indicating the two numbers concerned are identical, which is incorrect
because 4 and B of Set 10 are clearly different, as could be seen from their geo-
metric shapes in Figure 2. Likewise, Set 11 and Table 1 show opposing results when
Hsieh and Chen’s method is applied [9].

8) Set 14 geometrically exhibits a higher degree of similarity than Set 13,
whereas the results calculated using Chen’s [4], Chen and Chen’s [5] and Hsieh
and Chen’s [9]methods are the same, according to Table 1. Additionally, the
methods of Lee [3] and Yong ef al [11] yield an incorrect result, showing Set 13
is more similar than Set 14.

9) Likewise, the numbers of Set 15 are geometrically more similar than those of
Set 16 as far as the shapes of the GFNs are concerned. Yet, according to Table 1,
the methods of Chen [4], Chen and Chen [5], and Hsieh and Chen [9] yield the
same degree of similarity on both sets. Furthermore, the methods of Lee [3] and
Yong et al. [11] yield an incorrect result showing Set 16 is more similar than Set
15, opposite to their geometric shapes.

10) Table 1 indicates that the methods of Chen [4], Chen and Chen [5], and
Hsieh and Chen [9] yield the same degrees of similarity on Sets 17 and 18, despite
distinguishable differences between Set 17 and Set 18.

11) Set 19 is highly homogenous with Set 20, except a minor difference in the
placement of the two numbers within the sets. However, Table 1 indicates that by
Yong et al’s method [11], a result is yielded that falsely demonstrates a larger de-
gree of similarity in Set 19 than that of Set 20.

12) Set 21 is highly similar to Set 22 in terms of relative distance between the
GFNs in both Sets 21 and 22. Additionally, the shapes of the four GFNs in Sets 21
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and 22 are identical. Opposed to this observation, however, the method of Yong
et al. [11] yields a result that shows a larger degree of similarity in Set 21 larger
than in Set 22, as shown in Table 1.

13) Sets 23 and 24 maintain a same relative distance between the GFNs. The
shapes of the GFN 4 in both sets are the same, while the GEN B in Set 24 is
proportionally of a smaller height than that in Set 23. Thus, intuitively, the degree
of similarity in Set 23 is larger than that in Set 24. However, Table 1 indicates that
the methods of Chen [4], Hsieh and Chen [9], Lee [3], and Yong et a/ [11] yield
the same degree of similarity on both sets.

14) Sets 25 and 26 are distinguishably different in their geometric shapes, with
the GFNs in Set 25 of a higher similarity than those in Set 26 because both GFNs
in Set 25 are of a triangular shape, whereas the GFNs in Set 26 are of mixed shapes.
However, the methods of Chen [8] and Chen and Chen [5] yield results that are
incongruent with the geometry, as Table 1 indicates.

15) In Set 25 of Figure 2, A and B are clearly different. However, the meth-
ods of Chen [4], Hsieh and Chen [9], and Lee [3] yield a result S(ZI,}}) =1, sug-
gesting 4 and B areidentical. Similarly, 4 and B in Set26 of Figure 2 are
distinctive numbers. However, Hsieh and Chen’s method [9] yields an incorrect
result S(;l,l:}) =1.

16) Sets 27 and 28 each contains two distinctive sets of GFNs, with Set 28 of a
higher similarity than Set 27. The shapes of the GFNs in Set 28 are identical, but
those in Set 27 are not. Additionally, the relative distance between the GFN’s in Set
28 is shorter than that between the GFNs in Set 27. However, Table 1 indicates
that the methods of Chen [4], Yong ef al [11], and Wei and Chen [10] yield the
same degree of similarity for Sets 27 and 28. Furthermore, Chen and Chen’s
method [5] incorrectly suggests that Set 27 has greater similarity than Set 28.

17) Sets 29 and 30 each contains two distinctive sets of GFNs, with Set 30 of a
higher similarity than Set 29 because the two sets of GFNs in Set 30 are of an
identical geometric shape, while those in Set 29 are of a mirrored shape. However,
Table 1 indicates that the methods of Chen [4], and Wei and Chen [10] yield the
same degree of similarity for Sets 29 and 30. Furthermore, the methods of Chen
and Chen [5] and Yong et al [11] yield an incorrect result that Set 29 has stronger
similarity than Set 30.

18) Sets 31, 32, 33 and 34 each contains two different sets of GFNs. The GFNs
in Set 31 are of a higher degree of similarity than those in Sets 32, 33 and 34 be-
cause of varying relative distances between the GFNs A4 and B . In particular,
the relative distance in Set 31 is shorter than those in the other sets. Despite these
differences, the methods of Lee [3], Chen [4], and Wei and Chen [10] yield the
same degree of similarity for Sets 31 and 32, as could be observed from Table 1.

19) Both Sets 35 and 36 contain two different sets of GFNs. The GFNs in Set 36
are more similar than those in Set 35 because the shapes in Set 36 are identical, while
those in Set 35 are mirrored. However, Table 1 indicates that the methods of Chen
[4] and Wei and Chen [10] yield the same degree of similarity for Sets 29 and 30.
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In sum, all of the seven approaches established in previous studies fall short in
providing accurate or congruent results of similarity measures for GFNs in one
way or another, as is evidenced by Table 1 and Figure 2. In contrast, it is note-
worthy that none of the inaccuracies or incongruences summarized above can be
found in the results calculated by the method proposed in this study, indicating
that the proposed similarity measure could competently overcomes the drawbacks

inherent to the existing methods.

5. A Numerical Example of Fuzzy Recommendation Process

Martinez et al. [15] noted that a recommendation process comprises the following
steps: (a) fusion of human linguistic evaluating values, (b) calculation of the similarity
between user profile and recommended items, and (c) providing a recommendation
for user. We assume 2 different recommended items exist, such that B = {b,, b, ...,
by}, which is described by a set of m features C = {q, &, ..., G}, which in return can
be described by a nine-member linguistic term set as shown in Table 2.

Table 2. A nine-member linguistic term set [5].

Linguistic Terms GFNs
Absolutely-low (0.0, 0.0, 0.0, 0.0; 1.0)
Very low (0.0, 0.0, 0.02, 0.07; 1.0)
Low (0.04, 0.1, 0.18, 0.23; 1.0)
Fairly low (0.17, 0.22, 0.36, 0.42; 1.0)
Medium (0.32, 0.41, 0.58, 0.65; 1.0)
Fairly high (0.58, 0.63, 0.80, 0.86; 1.0)
High (0.72, 0.78, 0.92, 0.97; 1.0)
Very high (0.93, 0.98, 1.0, 1.05 1.0)
Absolutely-high (1.0, 1.0, 1.0, 1.0; 1.0)

The algorithm for recommendation process is detailed as follows.
Step 1: Use the weighted mean method and the GEN arithmetic operations to

fuse the evaluating linguistic values Iéi/. =(r1i].,r2i/.,r3”,r4l./;wfeﬁ) and the real
numbers w;, where Iéii denote the degree of strength and weight of feature ¢ in

item b, 0 < w;< 1,1 <7< mand 1< ;< n, to get the evaluating value ﬁj of the

item b; shown as follows:

> (1+w)®R,
R == (33)

where

(1+M}t)®jéz/ :(1+M/i)®(r1i/‘ar2ija"3ijar4y';wky)
(34)
:[(1-1—wl.)xrw.,(l-i-m)xrzy.,(1+v1/i)x1f3ij,(l+wl.)xr4y.;(l+wl.)x WR@/'J’
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and R , isan GFN.

Step 2: Use the proposed similarity measure to calculate the degree of similarity
between the GFN R . and each linguistic term shown in Table 2. Translate the
GFN R, into alinguistic term shown in Table 2, which has the largest degree of
similarity with respect to R;.

Step 3: The closest item to the user necessities will be recommended.

Assume that a customer is looking for a new car from four different cars avail-
able for selection B = {5y, b, b3, by}, which is described by a set of three features C
={a, o, ¢}, where ¢ is Price, ¢, is Safety; and ¢ is Comfort. There are some eval-
uating values represented by GFNs as shown in Table 3, where Iéﬁ denotes the
degree of strength of feature ¢;in car b, w; denotes the weight of feature ¢ for the
customer, 0 < w;<1,1</<3and 1</<4.

Table 3. Evaluating the values of cars b1, b2, b3 and bu.

wi = 0.3 w2=0.8 ws = 0.6

Cs C2 C3

R, = (Low;0.8) R, = (High;0.9) R, =(Low;1.0)
1
=(0.04, 0.1, 0.18, 0.23; 0.8) = (0.72, 0.78, 0.92, 0.97; 0.9) = (0.04, 0.1, 0.18, 0.23; 1.0)

R, = (Fairly-high; 0.9) R,, = (Low;1.0) R, = (Medium; 1.0)
= (0.58, 0.63, 0.80, 0.86; 0.9) =(0.04, 0.1, 0.18, 0.23; 1.0) = (0.32, 0.41, 0.58, 0.65; 1.0)

R, = (Very-low; 1.0) R,, = (Very-high; 0.8) R,, = (High;0.9)
=(0.0, 0.0, 0.02, 0.07; 1.0) =(0.93,0.98,1.0,1.0;0.8) =(0.72,0.78, 0.92, 0.97; 0.9)

R, =(Medium; 1.0) R,, (High; 1.0) R,, =(Low;0.9)
=(0.32,0.41, 0.58, 0.65; 1.0) = (0.72, 0.78, 0.92, 0.97; 1.0) = (0.04, 0.1, 0.18, 0.23; 0.9)

by

The proposed algorithm is used to address the fuzzy recommendation process
problem:

[Step 1] Based on formulas (33), (34) and Table 3, the evaluating value R, of

car b is calculated as follows:
>(1+w)®R,
kl _ =l -

Z (1 +w, )

i=l1

= (0.3004,0.3604,0.4634,0.5134;0.9064).

Similarly, other evaluating values are obtained: R, = (0.2845, 0.3521, 0.4877,
0.5472; 0.9723), 1§3 = (0.6013, 0.6409, 0.7017, 0.7326; 0.8894) , Ii‘ = (0.3779,
0.4462, 0574, 0.6296; 0.966).

[Step 2] Based on formulas (29) ~ (32) and Table 2, the degrees of similarity
between the evaluating value 13, of car by and the linguistic terms shown in Ta-
ble 2 are obtained as follows:

S( Rl , Absolutely-low) = 0.5276

S(R,, Very low) = 0.5515
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S(R,, Low) = 0.6597

S( R, , Fairly low) = 0.799

S(R,, Medium) = 0.8215

S( R, , Fairly high) = 0.6255

S( R, , High) = 0.509

S(R,, Very high) = 0.3887

S( R, , Absolutely-high) = 0.3657

Because S( R, , Medium) = 0.8215 has the largest value, the evaluating value R,
of car b is translated into the linguistic term “Medium”. Similarly, because the
degree of similarity S( R, , Medium) = 0.8975 is lager than the degrees of similarity
between the evaluating value R, and any other of the linguistic terms shown in
Table 2, the evaluating value R, of car b, is translated into the linguistic term
“Medium”. Likewise, because the degree of similarity S R, , Fairly high) = 0.817
is lager than the degrees of similarity between the evaluating value R, and any
other of the linguistic terms shown in Table 2, the evaluating value R, of car b
is translated into the linguistic term “Fairly high”. Following a same procedure,
the evaluating value R, of car b, is translated into the linguistic term “Medium”.

[Step 3] According to the results of Step 2, car b; is deemed the closest item to
the user necessities, and will be the car model to be recommended.

6. Conclusions

Based on an analytical review of numerous methods in the literature pertaining to
the calculation of similarity between fuzzy numbers, this study presents a new ap-
proach that advances the algorithm of similarity measure between GFNs. Follow-
ing a brief introduction to some properties of the proposed method, a comparative
analysis based on 36 sets of GFNs was performed, in which the degree of similarity
of the GFN pairs was calculated with the proposed method and each of the seven
methods existing in the literature, respectively. The results of the comparison
show that the proposed similarity outperforms the existing similarity measures by
overcoming their drawbacks and yielding accurate outcomes in all calculations for
the degree of similarity between the GFNs under consideration. Finally, the pro-
posed measure of similarity was adopted to advance an algorithm for handling
fuzzy number recommendation problems. A numerical example is supplied that
involves applying the algorithm to recommend cars to customers. The result in-
dicates that the proposed algorithm is competent in determining the most appro-

priate car models to be recommended to satisfy customers’ needs.
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