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Abstract

In recent years, digital investment portfolios have become a significant area of
interest in the field of machine learning. To tackle the issue of neglecting the
momentum effect in risk asset prices within the follow-the-winner strategy
and to evaluate the significance of this effect, a novel measure of risk asset
price momentum trend is introduced for online investment portfolio research.
Firstly, a novel approach is introduced to quantify the momentum trend effect,
which is determined by the product of the slope of the linear regression model
and the absolute value of the linear correlation coefficient. Secondly, a new
investment portfolio optimization problem is established based on the predic-
tion of future returns. Thirdly, the Lagrange multiplier method is used to ob-
tain the analytical solution of the optimization model, and the soft projection
optimization algorithm is used to map the analytical solution to obtain the
investment portfolio of the model. Finally, experiments are conducted on five
benchmark datasets and compared with popular investment portfolio algo-
rithms. The empirical findings indicate that the algorithm we are introduced
is capable of generating higher investment returns, thereby establishing its ef-
ficacy for the management of the online investment portfolios.

Keywords

Machine Learning, Online Portfolio Selection, Momentum, Effect Significance,
Algorithmic Trading

1. Introduction

Investment fund allocation in portfolio selection aims to seek excess returns by
investing in a variety of risky assets [1]-[3]. In 1993, Jegadeesh and Titman ob-
served that investor buys winner portfolios with high returns in the past can achieve

significant excess returns in the future [4]. Subsequently, researchers conducted
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research on financial markets and found that momentum strategies can achieve

significant positive returns. Momentum strategy refers to analyzing the historical

prices of risky assets, establishing momentum indicators that can measure price
changes, and then selecting a portfolio of risky assets with good historical perfor-
mance, known as the winner portfolios [5]. Some typical algorithms based on the

follow-the-winner strategy include the Universal Portfolios (UP) algorithm [6]

and the Exponential Gradient (EG) algorithm [7]. The advantage of both algo-

rithms lies in their ability to make decisions based on historical price analysis of
risky assets, without necessitating stringent statistical assumptions. Nevertheless,
the investment returns yielded by these two algorithms are not satisfactory [8]. In

2018, Lai ef al analyzed the prices of risk assets and proposed the concept of the

relative peak price of risk assets as the potential maximum value that a risk asset

may reach in the future period. Tracking the relative peak price can yield signifi-
cant excess returns, and they developed a Peak Price Tracking (PPT) algorithm
for online investment portfolio management [9]. In 2022, Dai et al analyzed fi-
nancial anomalies and identified three price trend states of risk assets: momen-
tum, persistence, and reversal. They established an indicator to identify price mo-
mentum and reversal of risk assets and used the indicator to judge future perfor-
mance. They proposed the Trend Promote Price Tracing (TPPT) algorithm for
risk asset investment decision-making [10]. Manujakshi et a/ use moving average

indicators to identify upward trends in stock prices [11].

Overall, these momentum trends are based on price information of risk assets.
However, these algorithms ignore the significance of momentum trend during
window period. When we use relative peak prices or moving averages to measure
the price trend of risk assets, it is not judged whether the measurement effect is
significant. Therefore, in this study, we explore this issue, and propose a novel
price momentum measurement indicator ﬂcorr for pricing momentum trends of
risk assets, which is calculated as the product of the slope g obtained from the
linear regression model of a given risk assets price and time over a specific window
period, times the absolute value of the linear correlation coefficient between the
price of the risk asset and trading window period. By optimizing the momentum
indicator [, , we propose an online portfolio investment algorithm based on
momentum strategy called OLM- S, . Our approach differs from prior research
in that our momentum indicator [, is affected by the return and periods se-
ries in past. The primary innovative contributions can be outlined as follows:

e A novel price momentum metric [, has been designed. We use the mag-
nitude of the beta coefficient from a linear regression model to represent the
linear momentum trend of risky assets’ prices and use the absolute value of the
linear correlation coefficient to measure the linear trend effect. In contrast to
previous studies, our momentum metric takes into account both historical
prices and trading period.

e A new portfolio optimization model has been constructed. We set thresholds

for expected returns and beta and aim to minimize the adjustment between
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the current and next-period portfolios, optimizing the current portfolio to ob-
tain the next-period portfolio.

e A new online portfolio OLM- B, algorithm has been proposed. We use the
Lagrangian multiplier method to obtain an analytical solution to the portfolio
optimization model and the soft projection optimization algorithm to map the
analytical solution onto the simplex, obtaining the portfolio for each period.
Compared to classical portfolio algorithms, the proposed algorithm provides
competitive experimental results on benchmark datasets.

The subsequent sections of this paper are structured as follows: Section 2 offers

a comprehensive review of pertinent literature. Section 3 describes the issues of

online investment portfolios, introducing our novel online portfolio selection al-

gorithm. Within this segment, we elucidate the proposed model for online port-
folio optimization and delineate the methodology for deriving its analytical solu-
tion. Section 4 assesses the performance of the algorithm using real-world data
sets. Conclusively, Section 5 encapsulates the study’s conclusions, acknowledges

its limitations, and suggests avenues for future inquiry.

2. Literature Review

2.1. Portfolio Selection

The research on investment portfolios focuses on how to distribute funds among
different asset classes to achieve lower investment risk and higher returns [12]. An
effective investment portfolio should consider the price fluctuation trends of risky
assets [13], the number of risky assets [14], the trading periods [15], and invest-
ment risk management [16]. Markowitz proposed the mean-variance portfolio
model, which was the first to quantify the returns and investment risks of risky assets
and has been widely applied in research [17]. However, the mean-variance model
assumes that the return rate of risk assets follows a normal distribution, which may
not always be applicable in actual securities markets [18]. Kelly proposed the theory
of capital growth. Researchers have extended this theory and combined it with ma-
chine learning techniques to propose online portfolio research [19].

At present, online portfolio algorithm strategies can be categorized to a certain
degree into several types [20], including benchmark strategies [21], follow-the-
winner strategies [22], follow-the-loser strategies [23], pattern-matching strate-
gies [24], and meta-learning algorithms [25]. The typical algorithms for bench-
mark strategies include Uniform Buy-and-Hold strategy (UBAH), Best Constant
Rebalanced Portfolios (BCRP) and Uniform Constant Rebalanced Portfolios
(UCRP) [26]. These algorithms are commonly utilized to compare the favorable
and unfavorable scenarios with respect to new algorithms [21]. The meta-learning
algorithm, considered a new research area in investment portfolio, shares similar-
ities with ensemble learning algorithms [27]. The strategy in question integrates
various fundamental algorithms to synthesize a novel approach [28]. The remain-
ing three strategies emerges from the field of behavioral finance research, which

has uncovered a multitude of financial occurrences in the securities market that
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defy the efficient market hypothesis. Furthermore, it has shown that the future
performance of risky assets is not entirely without predictability. The follow-the-
winner strategy contends that the prices of risky assets exhibit momentum effects,
with well-performing assets in the past continuing to show good value in the fu-
ture. Conversely, the follow-the-loser strategy claims that investors can increase
the proportion of investment in under-performing risky assets to attain excess re-
turns in the future. The pattern-matching strategy posits that momentum and re-
versal effects can coexist in the price of risky assets, with the core algorithm fo-
cusing on identifying price patterns. Evidently, this approach better exploits his-
torical price information for risky assets. However, it also comes with high time

complexity, making it unsuitable for application in actual markets.

2.2. Momentum Effect

The momentum effect describes a market phenomenon: assets which have exhib-
ited positive performance historically are inclined to sustain their upward trajec-
tory in subsequent periods; if the assets have demonstrated subpar results, the ex-
pectation is that their downward movement will carry on. This reflects investors’
tendency to follow market trends, known as “buying high and selling low”. In the
field of behavioral finance, the BSV model [29] and the DHS model [30] provide
psychological and behavioral theoretical support for the momentum effect. The
BSV model highlights the irrational processing biases of investors when facing
new information, such as representative heuristics and conservatism biases, which
lead to a slow reaction to new information. The DHS model further explores the
process of information dissemination and belief updating, explaining the phe-
nomenon of market trends continuing excessively. In investment practice, one
application of the momentum effect is the “follow the winner” strategy. This strat-
egy is based on the momentum effect, identifying and investing in assets that show
strong price growth, aiming to achieve excess market returns.

The Universal Portfolios (UP) algorithm and Exponential Gradient (EG) al-
gorithm are the most typical online portfolio algorithms that follow the winner
strategy. Cover first proposed the UP algorithm in 1991, which aims to boost the
investment share of high-yield assets with positive past performance for future
periods. In contrast to traditional mean-variance portfolio algorithms, the most
notable feature of the UP algorithm is the absence of strict statistical assumptions
[31]. In 1996, Helmbold investigated the UP algorithm and discovered that it fre-
quently requires adjustments to the portfolio proportions, resulting in redundant
computational complexity and high transaction expenses. As a remedy, Helmbold
introduced the EG algorithm which introduces a regularization term during the
calculation of new investment decisions. The objective is to align the new invest-
ment decisions with those made in the previous period, thereby decreasing the

flow rate of funds across various risk assets and reducing transaction costs [7].

2.3. Price Tracking

The research core of online portfolio investment algorithm based on the follow-
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the-winner strategy is how to quantify the momentum trend of risk assets. The
phenomenon of momentum trend in financial markets was observed and studied
in the early 1990s, commonly through Relative Strength Index (RSI) [32] and Mov-
ing Average (MA) [33] based on stock prices. These momentum methods have
become widely used tools in portfolio investment research. Researchers have tried
to quantify the momentum effect of risk assets from different perspectives in the
past [34]. In 2021, Sini et al analyzed the decaying factor of the moving average
and proposed the Adaptive Online Moving Average method (AOLMA) to meas-
ure the future of risk assets [35]. In 2022, Manujakshi et al use moving average
indicators to identify upward trends in stock prices [11]. Nazir combined the dy-
namic moving model and benchmark index to propose an online investment port-
folio algorithm and achieved superior results on benchmark datasets [36]. Dai et
al. analyzed the complex securities market environment and pointed out that the
market not only includes various price trends such as momentum, but also con-
structed a new identifiable pricing momentum trend indicator for securities mar-
kets and proposed the Trend Promote Price Tracing (TPPT) algorithm [10]. In
2023, Cheoljun and Jong analyzed the common features of cross-sectional momen-
tum, moving-average momentum, and time-series momentum, and proposed the
principal component momentum (PMOM) [37]. In 2024, Lai et al. designed an
online adaptive asset tracking algorithm (OAAT). The algorithm not only utilizes
relative peak prices to asset the momentum trend of risk asset but also considers
additional asset information, effectively adjusting the role of these asset details

through online learning methods [38].

3. A Momentum-Based Online Portfolio Algorithm

3.1. Problem Formulation

The objective of online portfolio research is to maximize the profitability of in-
vestments and to manage risk by developing and implementing effective invest-
ment models and strategies. Using advanced data analysis methods and models,
online portfolio research can help investors understand market dynamics and
trends to make better investment decisions.

We assume the presence of s investment assets within the market. Simultane-
ously, there are p trading periods throughout the portfolio process. The invest-
ment strategy pertains to the proportion of investors’ funds allocated to risky
assets during each period. In the &t period, it is represented by the vector
u, = (ui U2, Ul Ul )T ,where U, corresponds to the proportion of the portfo-
lio allocated to the /* asset, 1=1,2,3,---,s, and K=1,2,3,---,p. The relative

price of all risky assets is expressed as vectors g, = (qi , qf,q§,~~~,q§), which is

. Vv
derived from the formula g, =—*, where v, = (vﬁvafvlf) represents
Vv
k1

the closing prices of the risky assets for the &" period, and V, represents the

closing price of the /* asset during that period. The return on the asset allocation
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for k* period is given by the product (U, . Ultimately, without taking into ac-
count transaction costs, the total wealth accumulated from the beginning of the

investment to the end of period can be represented as follows:
p s
cw, =[x au =] Tau. (1)

It is evident that transaction fees must be taken into account for real-world
trades. Additionally, the strategy of short selling is prohibited throughout the in-

vestment process. Consequently, the portfolio vector can be delineated as:
Up +UZ+US +--+Uf =1, k=123, p, 2)

where 0<uy, <1, u, :(ui,uf,uf,---,ui)T,Uk eA.

At the onset of each trading phase, the portfolio vector is realigned to reflect
market price movements. Therefore, U,_; develops into U,_; at the end of phase
k —1, where

(I
o, =t o030, 3)
O-1Yk
Consequently, assuming that there is the transaction rate (¢), after p periods,
the cumulative wealth is computed by the following formula:
p

cw, :]_[(qkuk —%§|u'k —U,'HU. (4)

k=1

Algorithm 1 describes the process of the online portfolio in detail. Initially, the
portfolio algorithm learns the estimated proportions of the portfolio for the cur-
rent period using historical data. Later, at the end of each p period, the investor
calculates the relative price vector. Ultimately, the strategy incorporates real mar-
ket conditions and estimated portfolio vector to assess the performance of accu-
mulated wealth, thereby evaluating the strategy’s effectiveness. In this article, the
following assumptions are made:

1) Transaction costs: Taxes are not considered;

2) Market liquidity: It is presumed that assets can be freely traded at the closing
price without restriction;

3) Market impact: Any OLPS model cannot influence market behavior.

Algorithm 1 OLP(v, u1, CWyp)

Require: Historical price sequence: vzf ; Initial wealth: C'Wy; Initial port-
folio: uj.
Ensure: Final cumulative wealth: CW),
1: Fork=1top
2:  Gain the portfolio vector uy.
3:  Calculate the close price relative vector qy.
4:  Update the cumulative wealth CWj.

3.2. Establishment and Solution of Portfolio Optimization

3.2.1. Expected Relative Price

The expected relative price dk refers to the expected performance of assets. It
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reflects future price movements with the following expression:
f(vl’V27V3""7vk—1)ZQk (5)

We used the Simple Moving Average (SAM) over « periods to calculate the
relative price ak , as shown below:

.1 .V,
Vi =— D) V,_, =— (6)
k a); k-t Ok Vi,

3.2.2. Momentum Measure
Based on a new perspective, this paper measures the momentum trend of risk asset

prices and refers to itas [, , as shown below:
ﬁcorr é rk—l = f ({Vk—t }:):1 '{k _t}thl) = ﬂk—l 2 pk—l' (7)

Here,

| Ve T W 2
ﬁk—l = 2 1 (8)

Vk—t

Z(U th:l

1| Ykt T
t=1 @

ST R

t=1| k-t © 2
Pra = . €

® 2 2
3 v Vi 2:01[t _(1“"))“"}

3 D Vi [t_ (1+ a))xa)j

w 2

Specifically, I, is the trend effect at the end of the (k fl)lh period, which
is calculated as follows: first, at the end of (k —1)th period, we calculate the slope
L of the least-squares linear regression model to represent the linear momen-
tum trend of risky assets’ prices, using @ periods of relative prices and time,
denotedas g, , = ( B Bl p’lf_l) ; second, we calculate the absolute value of
the linear correlation coefficient between relative prices and time over @ peri-
ods to measure the linear trend effect, denoted as p,_;, where
Py = ( Prr P plf—l) ; finally, we calculate their element-wise product:

l.1 = B1 X P - The symbol “x” denotes the element-wise product of two vectors.

3.2.3. Optimization Model
Assume that the investor needs to make investment decisions in a total of p periods
with srisky assets. To effectively monitor the price trend of risky asset and map it to

the investment portfolio rationally, the following optimization model is established:

_ 1
G, =argmin=|lu—u,_[*, (10)
u 2
subjectto U(, 2 &, (11)
ur, ¢, (12)
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ul=1. (13)

The objective of the optimization model (10)-(13) is to obtain the portfolio vec-
tor U, in period & Here, ak is the predicted relative price in period & I
represents the trend effect of the risky asset; ¢ and ¢ are the threshold for in-
vestment return and the threshold for trend effect. The optimization problem is
constrained by the L, norm, in order to drive similarity of portfolio vector be-
tween adjacent periods and reduce transaction costs. Under the constraint
ur,_, > ¢, the portfolio vector tends to increase the proportion of risky assets with

larger trend effects.

3.2.4. Solving Optimization Model

We use the Lagrange multiplier method to solve optimization models with con-
straints, by introducing Lagrange multipliers A4, & ,and v,where 1 and u
are non-negative. We construct the Lagrangian auxiliary function L(u; A V)

as follows:
L(UA,puv)= %"u— uk_1||2 +A(e-uf )+ u(&—ur)+v(ul-1), (14)

Taking the partial derivative of L£(U;4,,v) withrespectto u and setting it

to zero yields:

oL -
a:u—ukfl—ﬂbqk —ur_,+vl=0, (15)

We have,
U= Uy +AG +ur ;- vl (16)
Multiplying both sides of the equation by 1", we obtain the following dot product:
1=1+AG, -1+ a1, -1-vs, (17)

We have,

V:lqk_l_klurk*—ll

) (18)
S S

Combining Equations (16) and (18), we obtain:

. 17§ 1,
u:uk1+/1[qk— sqk 1J+y[rkl— skil ] (19)

2

Substituting (19) into (14), we obtain:
1
L (/1, y) ==

. 17§ 1
5 ﬂ[qk S : 1J+ﬂ(r“_ sk llj
TA T
+ﬂ£g—[ukl+i(ﬁk —1%1]+y[r“—1 2"1 1)]%} (20)
TA T
+#[§—(Uk1+ﬂ(ﬁk LG 1J+ﬂ[rk1_1 ft 1]] rkl]-
S s

Taking partial derivatives of the equation with respect to A, and setting
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them equal to zero, we obtain:

OL(A, A
M=(g—uk_lqk)—ﬂB—yA=O, (21)
oA
OL(A,
M#Uk,ﬂk,l—/;)—iC—ﬂA:O, (22)
ou
Hence,
A 17§
A=0qr, _%(rk—l '1)’ (23)
T A
B=lo -tk (24)
T
c=|r  ~Tleq| (25)
S
Since 4 and u are non-negative, we have:
Cle-u_q.)-A(u_,r_ -
24— maxlo, (8 k—lqk) (2 k-1Tk-1 é’) , (26)
BC-A
A (uk—lrk—l - 4) - 8(5 - uk—ldk )
=max+ 0, , 27
u { BC_AZ (27)
Therefore, we obtain the analytical solution as follows:
3 . 174 1r
Uy :Uk1+/1(Qk_ qu 1J+ﬂ[rk1_ Sk - J (28)

U, is the analytical solution of the optimization model. Then, we use a soft
projection optimization method to map U, to A, to obtain U, .

Figure 1 shows the procedure of the proposed algorithm. Input the historical

7, @ o
{Vi—e}tz1 Proj. Uy
/’/
{vg—t}g;l ‘ s ul?i
4
{Uk—t}?;l IB Lagr. uﬁ

X
X //
X\ S
/ //
/ / Bcorr
Uj
/ corr
6

{vg—t}g;l Uy

5
7

Figure 1. OLM- g

corr

system.
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price of each risk asset {VI[_t }:V:l , W=6. Firstly, based on the input,A the momen-
tum measure fy,, (Le. I ;) and the predicted relative price 0, are calcu-
lated. Then, an analytical solution U is obtained by Lagrange auxiliary function.
Finally, 0, is mapped to the Simplex, and the investment portfolio vector U,
is gained.

Algorithm 2 details the calculation process of the OLM- f3,,, algorithm, ex-
plicitly computing the steps to obtain its analytical solution.

Algorithm 2 OLM'ﬁcm"r'( €, Ca Qka re_1,0-1 )

Require: Thresholds: ¢, (; Predicted relative prices: q; the trend effects
at the end of the current period: rp_1; the investment portfolio for the
current period: ug_1.

Ensure: The investment portfolio for the next period: ug.

1: Calculate: A = q;rp—1 — 174, (rp—1-1).

17q ’ 2
S E1[%

2: Calculate: B = ||q; —
1Tr_1 412

3: Calculate: C = ||rp_y — =——=1||°.

4: Calculate: A\ = max{0, C(E_uk‘lqugfjgk‘lr’“‘l_o }.

5: Calculate: p = max{0, A(uk*lrk*lgccl:g(e_uk”q’ﬁ) 1.

6: Calculate: Gy = ug_1 + A(qy — 1y 1) + p(rp—1 — %1)

S
7: Project: up = argmingen, || u—uy ||%

3.3. Complexity Analysis

The cost of computation is a vital matter that must be taken into account when
implementing a learning system in practical scenarios. With an upsurge in the
duration of investment periods and the diversity of assets, some learning systems
demand an extensive computational workload. Table 1 presents the time com-
plexity of the OLM- f3,,; algorithm alongside other online portfolio algorithms.
Observing the results, it is evident that the OLM- 3, algorithm exhibits a time
complexity characterized by 0(sp). The algorithm’s time complexity is straight-
forward, underscoring its suitability for large-scale applications [20].

Table 1. Datasets overview from securities firms.

Strategy Algorithm Complexity

Benchmark [35] Market 0 (S + p)
Benchmark [35] UCRP (Uniform Constant Rebalanced Portfolios) o(sp)
Benchmark [35] BCRP (Best Constant Rebalanced Portfolios) o(sp)
Aggressive [6] UP (Universal Portfolios) 0( p° )
Aggressive [7] EG (Exponential Gradient) o(sp)
Aggressive OLM- :Bcorr o(sp)
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4. Experimental Results

To verify the effectiveness of the OLM- f3,, algorithm, we evaluate its perfor-
mance across five benchmark datasets. We compare the OLM- B, algorithm
with benchmark strategy algorithms Market, UCRP and BCRP, as well as the fol-
low-the-winner strategies UP and EG, by conducting experiments with appropri-
ate parameters. Additionally, we compute and analyze several performance met-
rics including cumulative wealth, mean excess return, Sharpe ratio, and Calmar
ratio for each algorithm. Statistical verification is performed specifically on cumu-

lative wealth and the Calmar ratio to further substantiate our findings.

4.1. Datasets

We have chosen five distinct benchmark datasets, namely MSCI, TSE, SP500,
NYSE-O, and NYSE-N, as shown in Table 2. These datasets are designed to ensure
comprehensive coverage of various market environments and investment condi-
tions. They are classic data sets for online portfolio algorithms and are widely used
in multiple academic studies. These datasets span from 1962 to 2010 and encom-
pass key financial episodes such as the Internet bubble of 1995-2000 and the global
financial crisis of 2007-2009. Such time spans and event coverage allow us to an-
alyze in depth how strategies perform under different market pressures. To be
specific, the MSCI dataset comprises the MSCI World Index, which includes data
from various global equity indices. On the other hand, the TSE dataset is gathered
from the Canadian stock market and consists of data from 88 stocks. Lastly, the
remaining three datasets are all derived from the U.S. stock market, reflecting the
historical returns of the stocks. The stock data we have selected primarily focuses
on those with larger market capitalizations to meet the requirements of the re-

search hypotheses [20].

Table 2. Datasets overview from securities firms.

Dataset Region Time Frame Periods Assets
MSCI Global 04/01/2006-03/31/2010 1043 24
TSE CA 01/04/1994-12/31/1998 1259 88
SP500 Us 01/01/1998-01/31/2003 1276 25
NYSE-O Us 07/03/1962-12/31/1984 5651 36
NYSE-N [N 01/01/1985-06/30/2010 6431 23

4.2. Parameter Setting

The window period @ is set to 5, the threshold value of expected return ¢ is
set to 5, and the threshold value of the trend effect ¢ issetto 0.5 [9] [10]. Except
for the transaction cost « which is set to 0.001, the parameters of these algo-
rithms used for comparison are set to default values [20] [35]. Within this con-

trolled setting, the efficacy and potency of the OLM- B, can be precisely
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assessed and compared with those of other prevailing algorithms within the do-
main of algorithmic trading.

4.3. Evaluation

4.3.1. Cumulative Wealth (CW)

Cumulative Wealth serves as a metric for measuring the overall capital apprecia-
tion realized by a trading strategy throughout its duration. It is derived by dividing
the final total capital by the initial total capital and can be described as:

s, s [T (b %) (29)

-
by Xo

The cumulative wealth of six online portfolio algorithms on five datasets is
shown in Figure 2 and Table 3. This orange curve is the cumulative wealth trend
chart of the proposed algorithm. Obviously, apart from the dataset SP500, the

proposed algorithm has the most advantageous cumulative wealth trend.

= Market Market
6 — ucre 800 1 Uz;:
— BCRP 700 1 — BCRP
PR — up s
= EG < 600 =1
] 3 EG b
) OLM-Beorr £ 500 OLM-Bcorr H
e p 2
3 2 400 4 =
23 K] 2
] =
E g 300 4 E
=1 S =1
© 21 “ 200 °
14 . e s it ~ 100 4
. et
04
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1013 | = Market
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Figure 2. CWs on five datasets.
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Compared with Market, UCRP, and BCRP, the OLM- f3,,, algorithm achieve
the highest cumulative wealth values except for the SP500 dataset. Compared with
the follow-the-winner strategies UP and EG algorithm, the OLM- S, algorithm
achieve the highest cumulative wealth values. Notably, the proposed algorithm
achieves significantly higher cumulative wealth values on the MSCI, TSE, NYSE-
O, and NYSE-N datasets with values of 6.05, 814.88, 7.76 x 10'3, and 1.76 x 103,
respectively. This is significantly higher than the optimal values obtained by the
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comparison algorithms, which are 1.50, 6.28, 235.07, and 115.66, respectively.
Therefore, the OLM- B, algorithm is an effective online portfolio investment
algorithm with significant advantages in terms of cumulative wealth values on the
MSCI, TSE, NYSE-O, and NYSE-N datasets.

Table 3. CWs of six algorithms on five datasets.

Algorithm MSCI TSE SP500 NYSE-O NYSE-N
Market 0.9059 1.6121 1.341 14.4901 18.0475
UCRP 0.9224 1.5803 1.6317 26.1898 30.334
BCRP 1.5033 6.2761 4.0344 235.0688 115.6646

UP 0.9111 1.5587 1.6183 25.0305 29.1177
EG 0.9218 1.5793 1.6172 26.2398 29.8672
OLM- g, 6.0518 814.8839 3.7321 7.7551x 10 1.7606x10°

4.3.2. Mean Excess Returns (MER)
Mean excess returns (MER) refer to the daily average return obtained from in-
vesting in risk assets under a specific strategy, which exceeds the level of daily
average market return. Here, market return specifically denotes the returns achieved
through the UBAH strategy, and UBAH is also referred to as the market strategy
in this article. MER can be expressed as:
MER=§9£ﬁ£=Q—5- (30)
k=t P
Table 4 presents the mean excess returns of these algorithms on five datasets.
The table shows that the OLM- 3, algorithm achieves the highest mean excess
returns on all datasets. These results demonstrate that the OLM- f,, algorithm

performs well in terms of daily returns.

Table 4. MERs of six algorithms on five datasets.

Algorithm MSCI TSE SP500 NYSE-O  NYSE-N
UCRP 0.00002 ~0.00002 0.00013 0.00010 0.00009
BCRP 0.00044 0.00169 0.00110 0.00063 0.00035

UpP 0.00001 ~0.00003 0.00013 0.00009 0.00008
EG 0.00002 ~0.00002 0.00013 0.00010 0.00009
OLM- fyy  0.00200 0.00605 0.00126 0.00577 0.00116

4.3.3. Sharpe Ratio (SR)
In portfolio optimization, it is essential to take into account both risk and return
in a holistic manner. The Sharpe Ratio (SR) quantifies the excess return for the
per unit of risk undertaken and can be formulated as follows:

sr=2-9 (31)

o
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Here, (; is the risk-free rate, which we have set at 0.04, and & is the stand-
ard deviation of the portfolio’s excess returns. A higher SR indicates the portfolio
yields a greater excess return for each unit of risk taken on above the risk-free
asset.

The SR of the six algorithms is presented in Table 5, and the OLM- f3,, algo-
rithm gain the peak performance on MSCI, TSE and NYSE-O datasets. The OLM-
B algorithm obtains the second highest Sharpe of 0.58763 on the NYSE-N
dataset, which is very close to the first-ranked value of 0.65584. This means that
the OLM- f3,, algorithm exhibits a relative advantage in terms of Sharpe ratios
across the five datasets, underscoring its proficiency in effectively diversifying in-

vestment risks.

Table 5. SRs of six algorithms on five datasets.

Algorithm MSCI TSE SP500 NYSE-O NYSE-N
Market ~0.25840 0.46424 0.08115 0.58261 0.44824
UCRP -0.23584 0.42982 0.27930 0.86882 0.53866
BCRP 0.32669 0.73059 0.65431 0.76929 0.65584

UP -0.24752 0.40630 0.27122 0.85159 0.52913
EG -0.23678 0.42928 0.26945 0.86459 0.53777
OLM- g, 1.29661 3.65237 0.47415 5.54938 0.58763

4.3.4. Calmar Ratio (CR)
The Calmar Ratio emphasizes the importance of downside risk to fund investors,
distinguishing itself from the Sharpe Ratio by focusing on the maximum draw-

down as a metric for downside risk. CR can be formulated as follows:

_ Qnet

- MDD’ (32)

where Qnet is defined as the daily average net profit margin [35]. MDD is defined

as the maximum drawdown of return and it can be expressed:
MDD:\/EZE_lmin{Qk 10" .
p k=

The Calmar ratios of all algorithms on the five datasets are shown in Table 6.
Except for the SP500 dataset, the OLM- 3, algorithm achieves the highest val-

ues of Calmar ratios on all datasets. On the SP500 dataset, this algorithm achieves

the Calmar ratios of 0.47, securing the second position in performance, just be-
hind the BCRP algorithm which has the Calmar ratios of 0.65. This indicates that

the OLM- S, algorithm achieves superior excess returns and volatility control.

4.4. Statistical Comparison of Results and Analysis

The experimental results present earlier demonstrate that the cumulative wealth,

mean excess returns, and Calmar ratios of the OLM- B, algorithm does not
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Table 6. Calmar ratios of six algorithms across five datasets.

Algorithm MSCI TSE SP500 NYSE-O NYSE-N
Market -0.03916 0.32014 0.12765 0.30239 0.22498
UCRP -0.03274 0.27443 0.32006 0.42410 0.22229
BCRP 0.24899 0.64827 0.62185 0.40952 0.42115
UP -0.03713 0.26441 0.31291 0.41557 0.21926
EG —-0.03298 0.27524 0.30932 0.42335 0.22344
OLM- g, 0.86640 4.17662 0.47826 6.53230 0.43299

achieve the highest values among the six algorithms tested on five datasets. To
further assess its overall performance, we conduct Friedman tests and Bonferroni-
Dunn tests for cuamulative wealth and Calmar ratios [39] [40]. Initially, the Fried-
man test is employed to individually rank all algorithms across each dataset. Let
z) be the ranking of the y algorithm in the x* data set. The test then assesses

1 X

the Average Ranks (Ave.R) of each algorithm, calculated as Z,=— ).

x=1"X
We assume that the variations in the average ranks (Z, ) among 2cile algorithms
are random, as all algorithms are considered to be equivalent. Under the null hy-

pothesis, the Friedman test statistic is given by the following formula:

X —1) ¢
F- XL (33)
X (Y —1)- 47
which is distributed according to the Fdistribution with Y =1 and
Y (Y +1)°
(Y =1)(X —1) degrees of freedom [41], e 2% Z;:lzﬁ —% .

Currently, we are comparing the outcomes of the proposed OLM- f3,,, algo-
rithm against those of established online portfolio algorithms. According to the
results from Table 7 and based on Equation (33), the F statistic with respect to
cumulative wealth is calculated as 19.65. Since the probability

p ( F (5, 20) > 19.65) < 0.05, it shows that the values of cumulative wealth for the
six algorithms on the five datasets are significantly different at the level of signifi-

cance of 0.05.

Table 7. Results of the cumulative wealth statistical test.

Algorithm MSCI TSE SP500 NYSE-O NYSE-N Ave.R Difference

Market 6 3 6 6 6 5.4 4.2
UCRP 3 4 3 4 3 34 2.2
BCRP 2 2 1 2 2 1.8 0.6
UP 5 6 4 5 5 5 3.8
EG 4 5 5 3 4 4.2 3
OLM- 3. 1 1 2 1 1 1.2 -
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Similarly, according to the results from Table 8 and based on equation (33), the

F statistic with respect to Calmar ratio is calculated as 6.29. Since the probability

p(F (5,20) > 6.29) < 0.05, it shows that the values of Calmar ratio for the six

algorithms on the five datasets are significantly different at the level of significance
of 0.05.

Table 8. Results of the Calmar ratio statistical test.

Algorithm  MSCI TSE SP500 NYSE-O NYSE-N AveR Difference

Market 6 3 6 6 3 4.8 3.6

UCRP 3 5 3 2 5 3.6 2.4

BCRP 2 2 1 5 2 2.4 1.2

UP 5 6 4 4 6 5 3.8

EG 4 4 5 3 4 4 2.8
OLM- g 1 1 2 1 1 1.2 -

Furthermore, a Bonferroni-Dunn test is carried out on the cumulative wealth
and Calmar Ratio. The critical difference is 3.05. Table 7 and Table 8 show that
the differences in the metrics of cumulative wealth and Calmar Ratio between the
Market, UP algorithms and the OLM- f3,, algorithm are greater than 3.05. This
indicates that these algorithms perform slightly worse than the OLM- f3,, algo-
rithm. Although the differences for the UCRP, BCRP, and EG algorithms are
smaller than 3.05, their average rankings are not superior to that of the OLM-
Beorr algorithm.

Overall, this suggests that the OLM- [, algorithm is an effective and robust

online investment strategy, striking a balance between returns and risk effectively.

4.5. Parameter Sensitivity

Parameter sensitivity design refers to the process of analyzing how changes in one
or more input parameters affect the output of a system or model [42]. This is an
important step in the development and evaluation of models, as it helps to identify
which parameters are most critical to the performance of the model or system
[43]. In parameter sensitivity design, different values are assigned to the input pa-
rameters, and the resulting outputs are observed and compared. This can be par-
ticularly useful in the design of experiments, optimization, and decision-making
processes.

The OLM- B, algorithm has five parameters that affect the results, and in
order to enhance the applicability and robustness, we need to examine its sensi-
tivity to these parameters. We demonstrate the performance of accumulated wealth
across varying parameters, as depicted in Figure 3. Specifically, we evaluate the
stability concerning the following parameters: transaction cost « , momentum
threshold ¢, profit threshold &, momentum calculation window ﬂw , and

profit calculation window R, .
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Figure 3. CWs of OLM- ﬂcorr with respect to parameters.

Initially, we evaluate the stability concerning the transaction cost « . We set
£ =05, ¢=5, f,=5, R, =5,and observe the changes in cumulative wealth
for « ranging from 0 to 0.87. Specifically, we set « to be 0, 0.001, 0.005,
0.006, 0.012, 0.023, 0.041, 0.076, 0.14, 0.257, 0.473, and 0.87, and record the
changes in cumulative wealth. Secondly, we evaluate the stability concerning the
momentum threshold ¢. We set a=0.001, £=5, B,=5, R, =5, and ob-
serve the changes in cumulative wealth for ¢ ranging from 0 to 1.1. Specifically,
we set ¢ tobe0, 0.1, 0.2 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, and 1.1, and record
the changes in cumulative wealth. Thirdly, we evaluate the stability concerning
the profit threshold &. We set @ =0.001, ¢ =0.5, B,=5,and R, =5, and
observe the changes in cumulative wealth for ¢ ranging from 0 to 144. Specifi-
cally, we set & tobe0, 1,2, 3, 5, 8, 13, 21, 34, 55, 89, and 144, and record the
changes in cumulative wealth. Fourthly, we evaluate the stability concerning the
momentum calculation window f,. We set «=0.001, =05, £€=5,
R, =5, and observe the changes in cumulative wealth for f§, ranging from 5 to
115. Specifically, we set f, to be 5, 15, 25, 35, 45, 55, 65, 75, 85, 95, 105, and 115,
and record the changes in cumulative wealth. Finally, we evaluate the stability
concerning the profit calculation window R,. We set «=0.001, ¢ =05,
£=5, B, =5, and observe the changes in cumulative wealth for R, ranging
from 5 to 115. Specifically, we set R, tobe5, 15, 25, 35, 45, 55, 65, 75, 85, 95, 105,
and 115, and record the changes in cumulative wealth.
The cumulative wealth with o =0 in datasets NYSE-O and NYSE-N signifi-

cantly exceed that with o =0.001, which is not shown for convenience. The
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cumulative wealth diminished as the « increased. Clearly, the cumulative
wealth of all datasets approached 0 when the « increased to 0.023. The curve of
¢ remained almost flat across all datasets. Similarly, & initially shows a trend
of increasing or decreasing before flattening across all datasets. For f3,, a clear
upward trend emerges beyond S, =65 in dataset NYSE-N. For R, both up-
ward and downward trends are slight transformations on MSCI, SP500, and
NYSE-N, while a downward trend is observed in datasets TSE and NYSE-O. These
parameter tests indicate that using ¢ =05, £¢=5, f,=5,and R,=5 is
sub-optimal, and better performance can be achieved by further adjusting param-

eters.

5. Conclusion and Prospects

In this study, we propose a novel risk asset price momentum measure for online
portfolio optimization algorithms. Our approach introduces a novel index de-
signed to quantify momentum trend effect and construct a novel portfolio opti-
mization model. We evaluate the performance of our approach by comparing it
with popular online investment algorithms, and our findings demonstrate its ef-
fectiveness. To measure the future performance of risk asset prices, we utilize the
simple moving average technique. Our algorithm is straightforward to implement
and can be executed effectively at scale.

The current model relies heavily on recent closing price data, which may not
fully capture the true volatility of the market. To improve the predictive accuracy
of the model, future research should expand data sources to include, but not lim-
ited to, key factors such as economic indicators, policy changes, and industry
news. This additional information will provide the model with a more compre-

hensive view of the market and thus more effectively predict market shocks.
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