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Abstract 
A system of differential equations has been used to simulate a model metabolic cycle, containing 
only one initial substrate and 8 irreversible enzymes. The metabolic course of the intermediates 
(products/substrates) was also explored in different situations: changes in the kinetic constants of 
one of the enzymes of the cycle; introduction of one reversible step; consecutive increments in the 
Km values of each enzyme of the cycle and the presence of two initial substrates. A decrease or an 
increase in the Km value of one of the enzymes of the cycle promotes a decrease or an increase in 
the steady state level of its own substrate, respectively; by the contrary, a decrease or an increase 
in the Vmax value promotes, respectively, an increase or a decrease in the stationary level of the 
corresponding substrate. A comparison between a linear and a cyclic metabolic pathway is also 
presented. 
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1. Introduction 
The rate of appearance and disappearance of the intermediate substrates of a linear metabolic pathway (here 
named as their profiles) catalyzed by 5 or 7 consecutive irreversible enzymes was previously reported, simulated 
with the help of the Mathematica Program [1]. These profiles presented different shapes depending on both the 
Vmax and Km values of the enzymes involved, and on the amount of the initial substrate of the pathway. In the 
case of a linear pathway, it was supposed that the initial substrate was consumed and totally converted into a final 
product with the concomitant appearance and disappearance of the intermediate substrates of the pathway [2].  
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It seemed to us that a similar approach could be followed to analyze a metabolic cycle where continuous and 
consecutive transformations among different substrates catalyzed by different enzymes are taking place. It is 
common knowledge that the biochemical machinery of a cell, or of any organism as a whole, is partially based 
on the occurrence of linear, branched and circled pathways, interrelated among them by metabolic crossroads 
and by diverse control mechanisms [3]-[7]. The resulting panorama is so complex that, both experimental and 
mathematical treatments [2] [8] [9] might be necessary to apprehend even particular zones of this complex or-
ganization. 

Whereas simulations of linear pathways are widely documented [2], similar studies on metabolic cycles are, 
to our knowledge, rather scarce in spite of the crucial relevance of some of these cycles in biochemical processes. 
In this work, diverse aspects of a particular example of a model metabolic cycle composed of 8 enzymes have 
been explored. Similar studies could be performed with cycles composed by a different number of substrates/ 
enzymes. The effect of changing the kinetic constants (Vmax and Km values) of one or several enzymes of the 
cycle has been also examined. The Vmax and Km values are two parameters widely used in the study of enzyme 
kinetics [3] [4]. As shown below, the metabolic situation generated by a group of enzymes acting linearly or 
forming a cycle presents both similar and different metabolic consequences.  

2. Experimental Procedures 
Computation 
The Mathematica Program 9.0 [10] was used throughout this work to solve the differential equations describing 
metabolic pathways (see Table 1), with the following main commands: derivatives, D[f(x), x]; plot representa-
tions, Plot[f(x), x, xmin, xmax]; solution of a system of differential equations, NDSolve [eqns, vars]. In the Ma-
thematica Program: a’[t], b’[t], etc., correspond to da/dt, db/dt, etc.; one space is equivalent to a multiplication 
sign; x = y is an imperative statement that actually causes an assignment to be done; x = y merely tests whether 
x and y are equal and causes no explicit action. The model cycle containing 8 substrates is schematically 
represented in Figure 1, and its mathematical treatment listed in Table 1.  
 
Table 1. Mathematica protocol used to simulate a cyclic or linear pathway, with potential changes in enzyme kinetic con-
stants. More details are in Figure 1 and in the Text.                                                             

1) v1 = Vmax1 a [t]/(a[t] + km1); 

v2 = Vmax2 b [t]/(b[t] + km2);  

v3 = Vmax3 c [t]/(b[t] + km3); 

v4 = Vmax4 d [t]/(d[t] + km4); v4N = (Vmax4f*d[t]/(km4f) − Vmax4r*e[t]/(km4r))/(1 + d[t]/(km4f) + e[t]/(km4r)); 

v5 = Vmax5 e[t]/(e[t] + km5); 

v6 = Vmax6 f[t]/(f[t] + km6); 

v7 = Vmax7 q[t]/(q[t] + km7); 

v8 = Vmax8 h[t]/(h@t) + km8); 

2) Vmax1 = 1; km1 = 1; Vmax2 = 1; km2 = 1; Vmax3 = 1; km3 = 1; Vmax4 = 1; km4 = 1; Vmax4f = 1; km4f = 1; 

Vmax4r = 1; km4r = 1; Vmax5 = 1; km5 = 1; Vmax6 = 1; km6 = 1; Vmax7 = 1; km7 = 1; Vmax8 = 1; km8 = 1; 

3) NDSolve[{a'[t] == v8 − v1, b' [t] == v1 − v2, c' [t] == v2 − v3, 

d'[t] == v3 − v4, e'[t] == v4 − v5, f'[t] == v5 − v6, q'[t] == v6 − v7, 

h'[t] == v7 − v8, a[0] == 1, b[0] == 0, c[0] == 0, d[0] == 0, e[0] ==0, 

f[0] == 0, q[0] == 0, h[0] == 0}, {a, b, c, d, e, f, q, h}, {t, 0, 15}]; 

4) Plot[{Evaluate[a[t] /. %], Evaluate[b[t] /. %], 

Evaluate[c[t]/. %], Evaluate[d[t]/. %], Evaluate[e[t]/. %], 

Evaluate[f[t]/. %], Evaluate[q[t]/. %], Evaluate[h[t]/. %]}, 

{t, 0, 15}, PlotRange ⇒ {0, 1}, PlotStyle ⇒ {Gray, Thickness[0.01], Dashed, Thickness[0.01], Dashed, Thickness[0.01], Dashed, Gray}] 
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Figure 1. Biochemical cycle, Schematic representation of a biochemical 
cycle composed of 8 different substrates a- > b- > c- > d- > e- > f- > q- > h- > 
a and by 8 enzymes: E1a, E2b, E3c, E4d, E5e, E6f, E7q, E8h. The transfor-
mation of this cyclic into a linear pathway is mathematically obtained by 
simply eliminating enzyme E8h (i.e. E8h = 0) from the cycle. In this case the 
transformation h- > a does not take place, and (a) and (h) are then the first and 
the last substrates of the linear pathway, respectively. Note as: i) because of 
problems with the correct recognition of the letter “g” by the Mathematica 
Program, “q” replaces letter “g” in the sequence of substrates of the cycle; ii) 
the substrates will be indicated in parentheses, hence (a) is simultaneously the 
first and the last substrate of the cycle; iii) the enzymes (E) are numbered with 
two sub-indexes: indicating their order in the reaction (from 1 to 8) and the 
corresponding substrate. For example E5e, stands for the fifth enzyme of the 
sequence acting on substrate (e); iv) substrate (a) is marked in the figure to 
indicate that it is the first substrate of the cycle; v) in two particular cases: 
substrate (a) and (d) were considered as initial substrates of the cycle, and 
step 4 was considered reversible.                                      

 
To facilitate the presentation of the model (Figure 1), the enzymes (E) are named, in general, as E1 to E8 or, 

more specifically, as E1a, E2b, E3c, E4d, E5e, E6f, E7q, E8h; the sub indexes representing the order (from 1 to 8) 
and the sequence of the reactions (from a to h): a- > b- > c- > d- > e- > f- > q- > h- > a; because a problem of ade- 
quate recognition of letter “g” by the Mathematica Program, this letter was replaced by “q” as a substrate of the cycle  

(Figure 1). In one particular case, the reaction catalyzed by enzyme E4d was considered reversible 
4E dR

d e⇐⇒ ,  
and the enzyme named as E4dR, with the following kinetic constants: in the forward (f) and reverse direction (r), 
Km4f, Vmax4f , Km4r, Vmax4r (Table 1). The equation velocity v4N (N, for Net velocity) between the two 
substrates (d and e) is shown in Table 1 and in Equation (2) (see below). Note as: i) when convenient, the name 
of the substrates are indicated in the text, between brackets; ii) the substrate (a) is simultaneously the initial and 
the final substrate of the cycle.  

The following parts can be considered in Table 1: 1) equations of the actual velocities of the enzymes E1 to 
E8, (named from v1 to v8), expressed with the classical Michaelis-Menten equations: maximal velocities (Vmax) 
are indicated as Vmax1 to Vmax8 and Km values as Km1 to Km8; the sequence of the reactions are indicated in 
Figure 1; 2) actual values for the kinetic constants for each enzyme; the value assigned to all the constants in the 
control pathway is the unity; 3) differential equations used to calculate the changes in the concentration of the 
substrates along the reaction time, together with the initial conditions, unknowns be solved and time of reaction; 
4) the statements required for the Mathematica Program to solve the differential equations shown above, and to 
present the graph shown both in Figure 2, panel A.  

The variants of the cycle shown below are easily executed following the commands in Table 1, only by 
changing the values of the kinetic constants as shown in parts 2 and 3). 
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Figure 2. Representation of a cyclic pathway (A) and of a linear irreversible pathway (B), simulated with the 
Mathematica Program. In panel A, the specifications consigned in Table 1 were strictly followed. For the draw-
ing of panel B, Table 1 was essentially modified as follows: the enzyme E8h was eliminated (i.e. v8 = 0) and 
hence the concentration of (a) considered for the calculations of the differential equations was a’ [12] = v8 − v7 
= −v7. In A and B the kinetic values of the concerned enzymes were the unity for both the Vmax and Km values.  

3. Results and Discussion  
3.1. A Model Cycle Primed with Only One Initial Substrate and Composed of 8 Enzymes  

Comparison with a Similar, but Linear, Irreversible Pathway 
After applying the differential equations described in Table 1, the plot represented in Figure 2, A was obtained. 
As soon as the simulation is initiated, the concentration of the initial substrate (a) starts to decrease and is 
promptly (min 0 to 8 of reaction) converted to changes in all the intermediates of the cycle. As the 8 enzymes of 
the control cycle have the same kinetic constants (Vmax = 1 micromole/min; Km = 1 mM), it is expected that 
the amount of the initial substrate (a) is equally distributed among the 8 substrates of the cycle when the steady 
state is reached: 1/8 = 0.125 mM (Figure 2(A)). The Mathematica commands (Table 1) allow different times of 
reaction (see part 3), what can be used for different purposes. If the steady state is expected to be reached (and 
examined) at longer incubation times, a poor vision of the initial profiles of the reaction could be obtained. By 
contrast, if the objective is to examine the initial steps, shorter reaction times are more convenient. In this work, 
a compromise with respect to the reaction time (from 0 to 15 min) was used to get a good view on both the ini-
tial and the final stages of the reaction. 

As an illustrative complement to this cycle, a linear irreversible pathway composed of 7 substrates and 7 en-
zymes was mathematically simulated and presented in Figure 2, panel B. The change of a cyclic to a linear 
pathway was obtained by simply eliminating enzyme E8h, which transforms the last substrate of the cycle (h) 
into the first one (a), (what is equivalent to make v8 = 0). With this modification, the first substrate (a) is totally 
transformed into the end product (h) of the now linear pathway. As the kinetic characteristics of the enzymes of 
the cyclic and linear pathways are identical (Km and Vmax values are equal to 1 the comparison between both 
pathways is easily visualized. Initially, the profiles of the components of both pathways follow a similar course, 
but diverge when they tend to reach quite different steady states (compare panels A and B in Figure 2). 

3.2. Influence of Changing the Vmax or the Km Values of One, or Several Enzyme(s) in a 
Metabolic Cycle 

Changes in the kinetic parameters were firstly simulated on the enzyme E4d; its Km value was modified from 1 
mM (control, Figure 2(A)) to 0.3 mM (Figure 3(A)), or to 3 mM (Figure 3(B)). The decrease (Figure 3(A)) or 
the increase (Figure 3(B)) of the Km value of the enzyme E4d promoted a decrease, or an increase, respectively, 
in the steady state concentration of its substrate (d) (as marked in Figure 3(A) and Figure 3(B)), whereas, the 
other substrates (a, b, c, e, q, h) of the cycle reached almost similar steady state concentrations (Figure 3(A) and 
Figure 3(B)).  

The influence of changing the Vmax value of the same enzyme (E4d) was also explored. The profiles of the 
cycle when the Vmax value was changed from 1 to 0.3 micromole/min or from 1 to 3 micromole/min are 
represented in Figure 3(C) and in Figure 3(D), respectively. As a consequence of these changes, the proper  
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Figure 3. Influence of changing the Vmax or the Km values of only one enzyme (E4d) of the cycle. The Km value 
of E4d was changed from the standard value of 1 to 3 mM (panel A) or to 0.3 mM (panel B), and the reaction fol-
lowed up to the metabolites approaching their steady state level. The figures between brackets correspond to the 
values for Km4d (mM) and Vmax4d (micromole/min), respectively.                                        

 
substrate (d) of the enzyme reached comparatively higher and lower steady state levels, respectively, whereas 
the other components of the cycle reached similar stationary levels in Figure 3, panels C and D. 

Comparatively results were obtained when similar changes in the Km or Vmax values were simulated in any 
of the other enzymes of the cycle (results not shown); a metabolic cycle operates as a functional unit, and similar 
changes in different enzymes promote similar overall changes in the cycle. 

A diversity of alternatives, obtained by increasing or decreasing the Km or the Vmax values of several, con-
secutive or alternating enzymes, can be simulated by simply changing the adequate parameters in Table 1 (not 
shown). As an example of the versatility of the Program for the handling of the cycle, only the results promoted 
by simultaneous modifications of the Km values of the 8 enzymes of the cycle are shown in panels A and B of 
Figure 4. In this example the Km modified values are indicated between brackets: E1a (0.2); E2b (0.4); E3c 
(0.6); E4d (0.8); E5e (1.0); E6f (1.2); E7q (1.6); E8h (1.8). Two scales for the y-axis, 1 and 0.5 mM, were used 
in panels A and B, respectively. In panel B it is clearly appreciated as these changes in the Km values promoted 
different steady state levels for each one of the substrates of the cycle (Figure 4).  

3.3. Reversibility of One of the Reactions in a Model Cycle  
A different type of simulation was now explored by introducing a different enzyme (named as E4dR) (Figure 1) 
catalyzing the reversible reaction (1), with the equation velocity (𝑣𝑣4N) detailed in (2) and in part Table 1, part 
1)).  

4E dR
d e⇐⇒                                          (1) 
[ ] [ ]

[ ] [ ]

4 4
4 44
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4 4
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Figure 4. Different Km values applied to the 8 enzymes of the cycle. The Km values (mM) are indicated between 
brackets: E1a (0.2); E2b (0.4); E3c (0.6); E4d (0.8); E5e (1.0); E6f (1.2); E7q (1.6); E8h (1.8). Two scales for the 
y-axis, 1 and 0.5 mM, were used in panels A and B, respectively. In panel B it is clearly appreciated that the changes 
in the Km values promoted different steady state levels for each one of the substrates of the cycle.                   

 
The Mathematica program detailed in Table 1 is so arranged that a simple replacement of v4 by v4N in part 3 

of Table 1 (one of the commands of NDSolve) is enough to simulate this reversible step. Nevertheless it is con-
venient to note that all the kinetic constants (Km4f; Vmax4f; Km4r and Vmax4r) are settled at the value of 1.The 
operator can modify these values at will, to obtain modified values for E4dR. In this work we have considered 
only the following alternatives in the forward (f) direction d- > e: Km4f with values of: 0.1, 0.3 and 3 mM, 
(Figure 5, panels A, B, C, respectively); Vmax4f with values of: 0.1, 0.3 and 3 micromole/min, (Figure 5, pa-
nels D, E, F, respectively). The profiles in Figure 5, panels B, C, D, E and F can be compared with those of the 
control cycle (Figure 2(A)): i) the lowering of the Vmax4f value tends to increase the stationary level of (d) 
(Figure 5, D): this level is around 0.8 mM, what implies an almost complete transformation of the initial sub-
strate (a = 1 mM) into substrate (d = 0.8 mM); ii) concerning changes in the Km4f values, higher values of this 
parameter convey higher steady state levels of the substrate (d) (around 0.5 mM) (Figure 5(C)), and lower Km4f 
values elicit a significant decrease in the stationary level of (d) t (Figure 5(A)). 

3.4. Insertion of Two Initial Substrates in the Cycle 
Up to now, substrate (a) was considered as the first and unique initial substrate of the control cycle. To approach 
a different example, substrates (a) and (d) were considered initiating simultaneously the pathway (Figure 6). 
The direction of the cycle is as indicated in Figure 1, and metabolite (a) is still considered as the very first initial 
substrate. To better appreciated the profiles of substrates (a) and (d), two different initial concentrations were 
theoretically considered, 1 and 1.5 mM, respectively; here, only the kinetic constants corresponding to enzyme 
E4d were modified (Figure 6). The control profiles obtained with Vmax and Km values equal to 1 are repre- 
sented in Figure 6(A). Those obtained for Km values settled at 0.3, 1 and 3 mM are represented in Figure 6(A), 
Figure 6(B) and Figure 6(C), respectively; those obtained for Vmax values of 0.3, 1 and 3 micromole/min are 
represented in Figure 6(E) and, Figure 6(A), respectively.  

4. Concluding Remarks  
The profiles of the intermediate metabolites of irreversible linear pathways were previously simulated with a 
system of differential equations [1]. In the present work, metabolic cycles have been approached. The transfor-
mation of a linear into a cyclic pathway was generated by adding a supplementary enzyme (E8h) catalyzing the 
synthesis of the initial substrate from the end product of the linear pathway [1] (Figure 1, Table 1). The cycle 
was firstly simulated in the presence of only one substrate (1 mM). Time course profiles can be grossly consi-
dered in two parts: in a first time-window (from 0 to around 8 min), a rapid transformation of the first substrate 
into the other components of the cycle takes place; after around 10 min, all the intermediates tend to reach a 
steady state situation. For that reason, a simulation of 15 min was chosen to glance all the reaction steps. If the 
enzymes of the cycle have identical kinetic constant values (as in the control cycle), the initial substrate is 
equally distributed among all the components (substrates/products) of the cycle: (1/8 = 0.125 mM).  
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Figure 5. Reversibility of one of the step (E4dR) of the cycle (see also Figure 1). The changes were simulated only in the 
forward direction, with Km4f values of 0.1, 0.3 and 3 mM (panels A, B, and C respectively). The profiles obtained with 
Vmax4f values of 0.1, 0.3 and 3 micromoles/min are shown in panels D, E. and F, respectively. The figures between brackets, 
in the upper part of the panels, correspond to the values for the Km4f (mM) and Vmax4f (micromoles/min), respectively.      
 

Illustrative results can be obtained by modifying the kinetic constants of the cycle enzymes. In general, in-
creasing the Km and/or decreasing the Vmax values of any of the enzyme of the cycle, promoted an increase in 
the steady state level of the corresponding substrate.  

The performance of the cycle was also tested considering three different additional conditions: i) reversibility 
of the reaction catalyzed by one enzyme (E4dR) (Figure 5); ii) consecutive increments in the Km values of the 
eight enzymes of the cycle (Figure 4) and iii) presence of two initial substrates (a) and (d) (Figure 6).  

Linear pathways are present in most of the reactions involved in the metabolic and regulatory networks of the 
cell. Probably for this reason, mathematical simulation of these pathways has been preferentially approached  
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Figure 6. Simulation of a cycle with two initial substrates (a and d) and with changes in the Km and Vmax values in one of 
the enzymes (E4d) of the cycle. The profiles obtained at Km4d values of 1, 0.3 and 3 mM are shown in panels A, B and C; 
those obtained at Vmax4f values of 1, 0.3 and 3 micromoles/min are in panels A, D and E. Figures between brackets, in the 
upper part of the panels, correspond to the values for Km4f (mM) and Vmax4f (micromoles/min), respectively for enzyme 
E4d. figures under k and v applied to the corresponding values of all other enzymes of the cycle.                         
 
([2] [5]-[8] [11]). Cyclic pathways, of similar pivotal importance, have attracted a minor number of these studies 
with the exception of the classical Krebs/glyoxylate ([12]-[17]) and urea cycles ([18]-[20]). In addition, there are 
a considerable number of metabolic networks, that include both linear and cyclic pathways, that could be viewed 
as encompassing a bigger cycle, as is the case of the functional unit formed by glycolysis, gluconeogenesis, 
Krebs and pentose pathway cycles ([21] [22]). On certain occasions, these works are difficult to be followed by 
researchers other than those with a specific background on these topics. 

In our view, and as far as Mathematica or other similar programs are available, we have tried to present a 
comprehensible and interactive model of a biochemical cycle that can be easily modified and reproduced by 
simply following the commands presented in Table 1. 
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