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Wavenumber Identification (AWTI) framework. Direct wave-based methodol-
ogies are employed to assess both the precision of these techniques and the
influence of wave coupling on the inverse methods’ robustness. The study
starts by evaluating the precision of all methods through Highly Contrasted
Dissipative Structures (HCDS) with rheological viscoelastic material. Then,
the limitation of GFC due to the assumption of the elastic formulation is
demonstrated by the sandwich plate with thick soft cores.
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1. Introduction

Heterogeneous metastructures are engineering structures designed and manu-
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factured artificially with vibroacoustic performance that significantly surpasses
traditional structures. Metastructures are widely used in the transport engineering
sector, such as the mainframes of automobiles, aircraft structures, high-speed rail-
ways, and naval architectures, commonly including sandwich composite struc-
tures, layered composite materials, and stiffened plates. By precisely controlling
the geometry, size, material distribution, and arrangement of periodic units, these
structures achieve the suppression and manipulation of wave propagation (such
as elastic waves and acoustic waves) within specific frequency ranges [1]-[5].

A complete closed-loop vibroacoustic design framework of metastructure in-
volves two complementary approaches: the direct design method and the reverse
validation approach. Each path serves a distinct purpose in ensuring the perfor-
mance and functionality of the heterogeneous metastructures.

The direct design method starts from material properties and geometric layout
of the metastructure to predict its vibroacoustic indicators through analytical or
numerical approaches. Typical indicators include dispersion relations, and Damp-
ing Loss Factor (DLF). The direct design method then optimizes the vibroacoustic
performance of the metastructure by adjusting structural and material properties
to meet the vibration and noise reduction requirements within a specific fre-
quency range.

Common methods include the Finite Element Method (FEM), a versatile nu-
merical technique used to model and analyze the physical behavior of metastruc-
tures under various loading conditions [6]-[14]. FEM discretizes the fluid, solid,
and acoustic fields and solves differential equations based on conservation laws of
momentum, mass, or energy under given boundary conditions [15], and approx-
imates field variables using local, typically polynomial, predefined shape func-
tions, providing accurate estimations of acoustic indicators [16]. FEM can accu-
rately simulate the interlayer multi-scale dynamic behavior of laminated struc-
tures and accurately calculate energy transmission in metastructures. However,
FEM involves extensive computations, and as frequency increases, the accuracy of
its approximate shape functions and model complexity reduces computational
efficiency [15] [17]. FEM also encounters challenges due to approximate shape
functions and increasing model complexity with frequency [18]-[20]. To enhance
computational efficiency, formulations proposed in [21]-[23] are under consider-
ation. An efficient alternative is the Wave-based FEM (WFEM), which uses only
the Representative Unit Cell (RUC) of the metastructures and employs the Bloch-
Floquet theorem to simulate the boundary conditions to efficiently compute the
vibroacoustic indicators [1]-[5].

Contrary to the direct design methods, wavespace identification is a classical
inverse problem. It identifies the dispersion curves from the structural forced re-
sponse of the metastructure via mathematical relations between spatial response
spectrum into the wavenumber-frequency domain. This process further identifies
the bandgaps and equivalent structural parameters, such as elastic modulus and

DLEF. The wavespace identification technique offers an inverse validation approach
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for vibration and noise reduction design in metastructures, enabling closed-loop
design within the Bloch wave theory framework. This approach enhances the ef-
ficiency and reliability of metastructure design. Furthermore, by identifying the
wave propagation characteristics within metastructures, the inverse approach
complements direct design methods, elucidating the dynamic behavior and wave
transmission mechanisms of complex structures.

For inverse approaches, structural responses under random or harmonic exci-
tations obtained from experimental or numerical methods can be used to estimate
the complex wavenumber space, which contains information on the dispersion
relations, energy propagation, and modal properties of metastructures, to propose
novel DLF estimation methods [24] [25]. Waveapace identification frameworks
are consequently developed to predict the dispersion relations and DLF of meta-
structures. Existing methods predominantly focus on the real part of the wave-
number, resulting in an inadequate prediction of the DLF, which is linked to its
imaginary part. Two generic approaches corresponding to the linear and nonlin-
ear approaches are the Algebraic Wavenumber Identification (AWI) method
based on the Laplace transforms [26], and the Inhomogeneous Wave Correlation
(IWC) method based on the Fourier transform [24] [25] [27].

The classical methods for DLF estimation include the modal technique (also
known as the half-power bandwidth method) [28], the Decay Rate Method
(DRM) [29], and the Power Input Method (PIM) [15], which is based on the prin-
ciple of energy conservation by equating the input power and dissipated energy
[30]. PIM has advantages over other methods, such as being independent of mode
shapes or natural frequencies and accommodating multiple modes and non-line-
arities [24].

The IWC method inverts the wave propagation characteristics of a two dimen-
sional structures from FRF measurements by maximizing the correlation between
an inhomogeneous wave and the displacement field. However, the plane wave as-
sumption in IWC is invalid near the excitation point due to evanescent waves.
Therefore, the measurement window must be far from the loaded zone, which is
impractical in real-world scenarios. To overcome this limitation, Tufano et al [27]
proposed the Green’s Function Correlation (GFC) method, which uses a Green’s
function-based model to generate an inhomogeneous wave that accounts for the
structure properties. The GFC method was applied to an isotropic laminated plate
and an isotropic plate with tuned mass dampers. However, both IWC and GFC
methods require solving a nonlinear wavenumber search problem, which is com-
putationally expensive.

The AWI technique is a linear method that can extract the complex wave-
numbers of wave propagation in periodic structures from FRF obtained experi-
mentally or numerically. The AWT technique is based on the algebraic approach
of parameter identification: The algebraic derivatives method is applied to the
spatial displacement field of the structure at each frequency. The Laplace trans-

form is used to convert the differential equation that governs the wave propagation
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into an algebraic equation. The inverse Laplace transform converts the algebraic
equation back into the spatial domain, resulting in a new linear regression equa-
tion with multiple integrals. The complex wavenumbers are estimated by solv-
ing the multiple integrals, thereby improving the computational efficiency of
AWI. The AWI technique is computationally efficient and robust to noise and
measurement errors, and can be applied to planar and cylindrical periodic struc-
tures [26].

In this paper, firstly, nonlinear and linear wavespace identification frameworks
are presented to identify the complex wavenumbers from the displacement field
obtained by Finite Element Method (FEM). Secondly, a DLF estimation method
using complex wavenumbers is developed, which also derives the average DLF of
non-isotropic metastructures using the modal density. Finally, numerical exam-
ples of various metastructures, especially the sandwich structures with inhomoge-
neous cores, are validated by the Wave Finite Element (WFE) scheme to assess
the accuracy and efficiency of the proposed method.

The paper is organized as follows: Section 2 introduces the nonlinear and linear
inverse problem algorithms for retrieving the complex wavenumbers from the
FEM displacement field. Section 3 examines the presented methods with various
planar structures, including a sandwich structure with a thick soft core, and a
highly contrasted and dissipative metastructure with viscoelastic cores. Section 4

discusses and concludes the results.

2. Overview of Nonlinear and Linear Wave Identification
Methods

In practical applications, acquisition grids are generally distributed uniformly
over the two-dimensional surface of the metastructure. Displacement measure-
ments at these 2D grid points are taken at specific angles to facilitate wave inver-
sion in the intended propagation directions, as illustrated in Figure 1. Using in-
verse problem algorithms, the complex wavenumber K(a), 9) is estimated, al-

lowing the extraction of the Damping Loss Factor (DLF).

2.1. Nonlinear Wavespace Identification Framework

2.1.1. Inhomogeneous Wave Correlation

The classical two-dimensional IWC aims to choose an inhomogeneous plane wave
in the polar coordinate system. The equation describing the properties of the
wavenumber, x , propagating in direction € 1is defined as:

6'K,y,a (Xi Y, ) _ e—irc(t?)(l+iy(€))(xic059+yisin9) 1)

where y denotes the attenuation factor, the complex wavenumber can also be
expressed as 12(49) = K(&),H)(l+i7(a), 6’)), (Xi,yj) is the coordinate of a ran-
dom acquisition point.

The IWC is based on searching for the maximum of the correlation function
between the measured displacement field W(X,y) and the function parameterized

by the complex wave number. The correlation function on the spatial domain Q
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Figure 1. Schematic representing the data selection for waves propagating in specific di-
rections, —— ——:-30". — —:45". —— ——:60".

writes [31]:

‘[[ (X2 Y1) Gro (%0 Vi) dxdﬂ

I, v ) vy ],

where * denotes the complex conjugate.

)

IWC(x,7,0) =

OA_K,;/,H (Xi 1 yi )| dxdy

The double integrations must be approximated numerically to proceed with the
measured displacement field on a discrete subset of Q. Rewriting Equation (2) in
the discrete domain, the integration over the entire surface Q is replaced by a finite

weighted sum:
N
[l oxdy =30, 3)
j=1

where p; is the coherence of the measured signal at each point ( p; =1 if the
coherence is not available), Q ; 1s an estimation of the surface around the point
j and N is the total number of acquisition points.
When measurement grids are known, it is preferable to incorporate the grid
information into the numerical approximation of the scalar product and the norm
integrals [32] [33]. The coherence of the measurement associated with the (i, j)

-th grid surface S;; is denotedas p, ;, Equation (2) then becomes:

_12 j=1 (waj) Kyt‘)(xllyj p|S|‘

Jz. L () ps XY

where p, is regarded as the surface integration weight at i-th grid, S; is an

|WC(K, 7,0

(4)

Kya XI’yJ ‘ p| i

estimation of the surface around the point i and N is the total number of ac-

quisition points [32] [33].
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2.1.2. Correlation Model with Green’s Function

This section defines an improved correlation model: the inhomogeneous wave

model is replaced by Green’s function-based model to simulate the dynamic be-

havior of an infinite Kirchhoff-Love plate. The Green’s function for the measured

displacement field on a thin plate of infinite dimensions is given by [34] [35]:
The equation describing the properties of the wavenumber, « , propagating in

direction @ is defined as:

6.,=G,(k,r)=

Ky

Sz [ HE (8r) - HQ (i) ©)

where G_ denotes the Green’s function associated with an infinite plate, the

complex wavenumber £ isdefinedas & =iy +ix; =& (1+7), the flexural stiff-

3
ness is defined as D =————, with E representing Young’s modulus, h

12(1-v%)

designating the thickness, v representing Poisson’s coefficient, radius

= \/ (% =%)*+(y;—V,)" is defined as the spatial distance between the excita-
tion point (X,,Y,) and the observation point (X, ;).

In this case, the correlation function to be maximized writes:

GFC(4.r.0) - Uj (%,r,0 dxdy‘

K,r )
i r,e|dxdy-ﬂga

K.y

(6)

(x,r,0) | dxdy

To facilitate the following analysis, it is preferable to eliminate the contribution
of the flexural stiffness, as expressed in Equation (5), by introducing the dispersion

relation about the flexural wavenumber using the Kirchhoff-Love thin plate theory:
K =—w (7)

where m, isthe mass per unit area and ® is the angular frequency. The GFC

model becomes [25]:

)= Hg (i%(0)r) ] ®)

The function offers a means to evaluate the equivalent elastic properties of in-
tricate structures under various propagation angles.

In polar coordinates, the GFC model is expressed as follows:
‘Z W(r,0)G" (&1, 0) piSi‘
\/Z, ‘W0 ps Yl l6(£1.0) as,

Note that the same simplification from double integration to summation is in-

&)

GFC(%,r,0) =

herently conducted in the polar coordinate system. The determination of the com-
plex wavenumber is achieved by maximizing the function GFC (12, r, 49) for each

angle and frequency.
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2.2. Linear Wavespace Identification Framework

2.2.1. Algebraic Wavenumber Identification

The harmonic displacement at any measurement point (Xn, Y,) on a plate can
be effectively modeled through the superposition of n, plane waves. Given the
wave propagation angle @, the displacement at any measurement point in the

wave propagation direction can be expressed as follows:
n(U ~ nll) . ~
W(0,7)= 3 At =3 A ghinh (10)
m=1 m=1

In the wavenumber domain, the Laplace transform of the displacement field

can be expressed as follows:

W (6,5)=3 —n (11)

m=1S— pa,m

The measured displacement in polar coordinates can be viewed as a solution to
an Ordinary Differential Equation (ODE). In the wavenumber domain, the char-

acteristic polynomial of this ODE can be expressed as follows:

N, n, )
¥(s)=T1(s~Pom) =2 7(n,~1)s" (12)
m=1 i=0
where )/(i)ie[o_n | represent the unknown coefficients of the characteristic poly-

nomial. The wavenumber can be determined by solving the polynomial provided
all the coefficients. Consequently, a novel function in the wavenumber domain is
formulated by the multiplication of Equations (11) and (12):

Z . ln_[(S—pg,m)=n2jAn [ s=ps, (13)

m=1S— pe,m m=1 i=Li=m

W (6,s)¥(s)

The n, -th differential equations of (N, —1)-th order polynomial
U(6,5)¥(s) withrespectto S writes:

a[w(o,s)¥(s)] 4" [W (0.5l (n,-D)s']

=0 14
ds"™ ds"™ (4

To compute this equation, the Leibniz formula is employed:

d™ W (6,s)¥(s)] 2o(n,)d™ W (0,s)d"¥(s
ds™ i=o\_J ds" ! ds’
and the high-order algebraic derivatives are defined as follows:
d" (s’ i ,
( ) — JI sj—nm (16)

ds™ (J_nm)|

where ! symbolizes the factorial operation of an integer.

The ensuing equation can be derived as follows:

dnw(SiW(Q'S))zsinw”i‘ﬂW—(_a’s)si( i _j(nw_j)!(nf“J (17)

ds" i ds? - j

Integrate the provided equation with the n_ -th differential equation as follows:
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_nfi[nf”][n“_i)(nw— s UOS), ) 19

Subsequently, the n -th differential equation is transformed back into the spa-
tial domain using the Inverse Laplace Transform:

() oo

with
| J
Vi (z’) = (rn —T) (—r) (20)
In order to ensure compatibility with the Inverse Laplace Transform, the n -

n,+1,

th differential equation is divided by s

o Mo —j d'u (e, .
| H(”t“j(”w I.j(nw—j)! - dij > (i)=0 1)

n,—j s

Upon the application of the Inverse Laplace Transform, the equation in the spa-

tial domain is expressed as follows:

Oznz;‘jz(nfj(::—_llj(n_])lm (22)
x["(r,=2)"" (=2) U (8,7)dey (i)

It can be rewritten as follows:

> p(i,6,1,)r(i)=0 (23)

with

(n, +i-j)! (24)
x["(r =2)" (=)' U (6,7)dr

where the numerical integration can be performed using the trapezoidal rule.
The third step involves the estimation of y(i) using the Least Squares
method:

#(n,.0.r) ¢(n,-10,) - 4(0,6,5)] 7(n,)
#(n,.0.1,) ¢(nw—.1,9,r2) ¢(O,Q,r2) 7(ngf—1)

HR=|""" =0 (25)

¢(nm,.6,rn) ¢(nw—.1,6?,rn) ¢(0,.0,rn) 7/('0)

where R represents the eigenvector associated with the smallest eigenvalue of
the convolution of matrices H'H.
Upon acquiring the coefficient vector R for the characteristic polynomial, the

wavenumber at the propagation direction @ is determined as «, , =—ip, -

2.2.2. Wavenumber Filter by Physical Constraints
Conventional wave filtering technique relies on the sign of the real part and the
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ratio of the imaginary to the real part, such technique easily loses robustness when
more than four solutions are present. It is therefore strongly recommended to fil-
ter the wave output from the linear AWI approach by enforcing the continuity of

group and phase velocities in the frequency domain:

c,=Xc -2 (26)
Ok K
where group velocity C; signifies the speed of energy transmission of the wave
in structures, phase velocity C, denotes the speed and direction at which the
phase of a wave propagates through space [36].

The wavenumber can be filtered by a dynamic programming algorithm with
physical constraints [37], with physical constraints defined by the continuity of
group/phase velocities in the frequency domain, which are also computed by the
wavenumbers.

The aim of the algorithm is to find the shortest path problem with physical
constraints. The problem involves identifying a path from low to high frequency
in a scatter plot, ensuring smooth transitions in group and phase velocities to
maintain physical continuity. Dynamic programming is well-suited for this task,
as it optimizes multi-stage decisions through state transitions and cost minimiza-
tion, making it effective for mode tracking in noisy data.

The workflow of the global dynamic programming algorithm for modal track-
ing is summarized as follows:

1. Input and Initialization

The algorithm accepts a frequency vector ( N x1), a candidate wavenumber ma-
trix (N x M ), and a user-specified initial wavenumber. A dynamic programming
cost matrix is initialized and a backtracking pointer matrix (parent) is set up. The
candidate at the first frequency point closest to the initial wavenumber is assigned
a zero cost, while all other candidates remain unreachable (cost = ).

2. Dynamic Programming Loop

For each consecutive frequency step (from i=1 to N -1), the algorithm
computes the cost of transitioning from each candidate at frequency i to every

candidate at frequency i+1. The cost function is defined as:

i+1 (27)

cost, = a|vi —Vi,

+(1—0!)|Ki —-K

where V can be chosenas C,, C, orboth, a isa weighting factor between
0 and 1. The cumulative cost is updated, and the corresponding parent pointer is
recorded if a lower cost path is found.

3. Final Selection and Backtracking

At the final frequency point, the candidate with the minimal cumulative cost is
selected. The optimal continuous modal branch is then retrieved by backtracking
through the parent pointers from the final frequency point to the first.

This workflow above ensures that the filtered wave is physically continuous in

the frequency range, mitigating local mismatches by considering global optimal-

ity.
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3. Results of Homogeneous Metastructures

This section introduces the application of the proposed nonlinear and linear tech-
niques to several numerical examples of varying complexity. Simple isotropic
plate and orthotropic plate where analytical results are available. For heterogene-
ous meta-structures such as the sandwich laminate with a thick core and the or-
thotropic graphite-epoxy sandwich with a thin core, validation is conducted using
the reference Wave Finite Element (WFE) scheme, and the numerical PIM based
on flexural response data obtained from the full FEM analysis [15].

The computations were performed using MATLAB R2023a on an ASUS com-
puter equipped with an Intel® Core™ i7-10875H CPU @ 2.30 GHz and 16.0 GB
of RAM, supplemented by two additional 4TB SSDs to enhance computing
memory capacity. Furthermore, the computational efficiency of the WFE method

is compared against FEM.

Table 1. Material properties used for homogeneous metastructures.

Properties [S.1] Aluminum SMP Melamine
Density p 990 2700 8.8
Elastic Modulus E 71 x 10° Rheological 8 x10*
Poisson’s ratio v 0.37 0.33 0.4
Damping ratio 7 0.7% Rheological 17%

The material properties used for simulating the homogeneous metastructures
are listed in Figure 1.

3.1. Sandwich Plate with a Thick Soft Core: The Impact of
Symmetric Motion

A specific HCS instance is presented with a configuration of 2 mm skins and a 20
mm core [38]. The WFE scheme’s performance for soft thick cores is exemplified
through this configuration for the examination of symmetric and asymmetric mo-
tions of HCS. The material properties are detailed in Table 1.

The angular frequency corresponding to the symmetric motion can be esti-

mated analytically:

1 1

—+
Oy = E, * (l_ Ve ) Mg, M, (28)
(1+v,)(1-2v,) h

C

where subscripts S and € correspond to the skin and core, m denotes the
surface density, h denotes the thickness.

As depicted in Figure 2, the wavenumber filter works robustly with the physical
constraints. Besides, AWI works well for the inverse identification of flexural
wavenumbers from the structural responses, while GFC outputs show a high dis-

crepancy compared to the reference results.
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Figure 3. Complex wavenumbers associated with symmetric and asymmetric motions in a sandwich plate with a thick core. — —
Real part of the symmetric wave. — — Imaginary part of symmetric wave. — Real part of the asymmetric wave. red- Real part

of asymmetric wave.

The real and imaginary parts of the wavenumber linked to asymmetric and
symmetric motions are depicted in Figure 3. Below the first out-of-phase sym-
metric mode at frequency f , =281.4955 Hz calculated using Equation (28),
the wavenumber corresponding to the symmetric motion is evanescent with real
and imaginary parts of similar magnitude, above this frequency, the wavenumber
of the symmetric wavemode becomes propagative as its imaginary part shifts to
Zero.

The asymmetric and symmetric wavemodes are depicted in Figure 3 for a visi-
ble comprehension of the dilatational/compressional modeshape, the length of the
FE model equals the wavelength of the target wave. The associated wavemode is

asymmetric: at low frequency, the flexural motion is purely asymmetric, at high
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frequency, the wavemode is dominated by asymmetric flexural wave with trans-
verse shear [39]-[41]. Therefore, consideration of the shear effect in the asymmet-
ric motion is needed for this specific configuration family to compute the vi-
broacoustic indicators.

GFC doesn’t work for this structure due to its presumption of the elastic for-
mulation inherently presented in Equation (7), which soon fails for metastruc-

tures showing dilatational symmetric motion in the out-of-plane direction [4].

3.2. Highly Contrasted and Dissipative Metastructures
with a Rheological Core

The complex elastic modulus of SMP is governed by a relationship proposed and

substantiated by Butaud [42], which writes as follows:

(E.-E)
(1+7(ia)r)_k -i—(ia)z')_hi +(ia)ﬁf)_1)
where E; =067, E, =2211, k=016, h =079, y=1.68, p =3.8x10*,
and 7, =0.61.

Furthermore, the behavior of SMP adheres to the concept of time-temperature

E(oT,)=E,+ (29)

superposition, as observed in many polymers [43]. This phenomenon involves the
characteristic time t; , which is connected to t; (the characteristic time at the ref-
erence temperature T,) through a shifter a; governed by the following relation:

log(a, ) =-C T

P E— 30
'C,+T-T, G0

where C, =10.87°C, C, =32.57°C, and the reference temperature T, =40"C.
The weak elasticity and high damping ratio of SMP introduce complexity in
numerical computations [42], the attenuation characteristics of plane waves are
beneficial for testing the validity of WIM for their accuracy.
A sandwich structure with a thick tBA/PEGDMA core (more commonly re-
ferred to as SMP) core is simulated by the in-house FE package. The configuration
consists of 0.5 mm aluminum skins, while the SMP core has a thickness of 2.2

mm, the material properties are listed in Table 1.

3.2.1. Shape Memory Polymer at 65°C

Figure 4 displays the bending wavenumbers and DLF for the SMP65°C sandwich
plate. Notably, the bending wavenumbers computed using various methods ex-
hibit excellent agreement, further substantiating the accuracy and reliability of the
analyses.

The DLF values from the WIM are depicted alongside those from the AHM and
PIM-FEM approaches [2]. This agreement of outcomes across different tech-
niques supports the efficacy of the two WIMs in capturing the dispersion relation
and DLF of the SMP65°C sandwich panel.

The DLF displays excellent agreement with both the AHM scheme and the
PIM-FEM outcomes [15]. It’s worth noting that discrepancies arising in the
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low-frequency domain in the GFC results have been attributed to the inherent
nature of the WIM method, which relies on the presence of multiple wavelengths
in the out-of-plane displacement field to capture the wave propagation effectively.
Moreover, the GFC approach inherently neglects the modal behavior of the panel
in the free field Green’s function that is employed within the methodology [24].

3.2.2. Shape Memory Polymer at 80°C
Figure 5 displays the bending wavenumbers and DLF for the SMP80°C sandwich
plate. Notably, the bending wavenumbers computed using various methods ex-

hibit excellent agreement, further substantiating the accuracy and reliability of the
analyses.

4. Conclusions

This paper presents nonlinear and linear methods for identifying the complex
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wavenumber space and estimating the DLF of heterogeneous metastructures in
omni-direction. The methods are based on correlating the displacement field ob-
tained by FEM with an inhomogeneous wave model (GFC) and an algebraic equa-
tion (AWI). The accuracy and robustness of the methods are numerically demon-
strated by comparison with reference methods such as the WFE scheme and the
PIM-FEM approach.

The WIM and the reference solution show good agreement in the dispersion
curve and the DLF. Nonlinear and linear techniques can accurately predict the
real part of the wavenumber over the entire frequency range. Both methods are
also more reliable in HDS due to the free-field assumption where only the direct
field is considered for wave identification.

In future research endeavors, analogous to the improvement of IWC, the accu-
racy of linear AWT can be theoretically optimized by employing Green’s function-
based model instead of the exponential decay model, such development will the-

oretically optimize the accuracy of linear AWL
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