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Abstract

Let A be a (d — 1)-dimensional pure f-simplicial complex over ver-
tex set [n]. In this paper, it is proved that A being mini-
mal CM implies d > 3 and n 2d. It is also indicat-
ed that shellable condition on a pure simplicial complex A is i-
dentical with existence of a full series of CM subcomplexes of A.
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1. Introduction

Throughout, for a natural number n and 1 < d < n, let
(] =:{1,2,...,n}, [n]la = {A €2 | |A]=d},

where 2" is the power set of [n]. A simplicial complex A over a vertex
set [n] is a subset of 2"} which has the hereditary property under inclusion
and is such that {i} € A holds for all i € [n]. Recall that a facet of A is a
maximal element with respect to inclusion, and the facet set of A is denoted
as F(A). The dimension dim A of A is the maximal number |F'| — 1, where
F € F(A) runs over all facets of A. If dim A equals to |F'| — 1 for each facet
F, then A is said to be pure. Let AW = {F € A | |F| < i+ 1} be the i’th
skeleton of A.

Cohen-Macaulay (abbreviated as CM) property is one of the central re-
search topics in commutative algebra and the rich and deep homological
achievements have fruitful applications in combinatorial aspects of commu-
tative rings. In combinatorial commutative algebra, shellable and pure sim-
plicial complexes are the main source of CM simplicial complexes. In a most
recent work, Dao, Doolittle and Lyle in reference [1] discovered a new impor-
tant combinatorial property of a CM simplicial complex A, i.e., ApN(F) is
pure of dimension |F|—2 for any facet F' of A, where F(Ap) = F(A)~{F'}.
Based on the property, the notion of a minimal CM simplicial complex A
is introduced and studied. To be more precisely, A is called minimal CM
if A is CM but no Ag is CM for any facet F' of A. Acyclic behavior of
a minimal CM A is studied and, sufficient conditions are provided for a
complex to be minimal CM . Many interesting examples of minimal CM
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complexes are also exhibited. Recall also from Zheng in reference [2] the
other important combinatorial property of a CM simplicial complex, i.e.,
CM simplicial complezes are connected in codimension one, i.e., for any dis-
tinct facets F' and G, there is a sequence F' = Fy, Fy,..., F,. = G of facets
such that |F;NF;4q| = |Fi41|—1foralli =0,1,...,7—1. For other proper-
ties of CM simplicial complexes as well as CM rings, refer also to references
3,4, 5,6, 7, 8.

In this paper, we use Lemma 3.1 of reference [1], to study the exact rela-
tion of shellable and CM properties for a pure complex A, and we study the
condition for a minimal CM f-simplicial complex to be acyclic. In Section 2,
we recall some work of [1] and, give a brief survey on f-simplicial complexes.
In Section 3, we first indicate that shellable condition on a pure complex A is
identical with CM properties of a full series of subcomplexes of A, and then
we use this observation to construct nontrivial examples of pure shellable
complexes by taking advantage of CoCoA in an algorithmic approach, after
applying Eagon-Reiner theorem. In Section 4, we compute the dimension of
the subspace ker(0,) in a reduced chain complex of the simplex ([n]), and
apply it to deduce that a minimal CM f-simplicial complex exists in set [n]q
implies n = 2d.

2. Preliminaries

For a (d — 1)-dimensional simplicial complex A, there is a related chain
complex of R-spaces:

B4 Ba— F)
C: 0—Cy1 23 Ch0 2. — 01 2 Cy — 0,

where C; is a free R-module with basis set {oc € A | |o| = i + 1}, while for
any 1 < k) <ky <--- <kpy1 <n,

r+1

Or(kiky . k1) = > (1) ko kiykikipr . kg
i=1

For each 14, recall that im 9;1 C ker 0; holds, and the quotient K-space
H;(A) =: ker 9;/im d;1,

is called the i*” homology group of A. If ﬁl(A) = 0 holds for all i, then A
is said to be acyclic. Clearly, A is acyclic if and only if the corresponding
chain complex C is an exact sequence. Recall that a cone is always acyclic
(see, e.g., [6]), where A is called a cone if there exists a vertex such that all
facets contain it as an element, and note that dim Hy(A)+ 1 is the number
of connected components of A, see, e.g., Proposition 5.2.3 of reference [6].

Throughout, let & be a field and let S = &[z1, ..., z,] be the polynomial
ring over a field 8. Throughout, unless otherwise specifically stated, let A
be a (d — 1)-dimensional pure simplicial complex with vertex set [n], where
A #0,{0} and A is not a simplex.

We first recall some work of Proposition 5.2.3 [1] on minimal Cohen-
Macaulay simplicial complexes. For a facet F' of a simplicial complex A,
let

Ap=(G| G e F(A)N{F}).

A is called a shelling move of Ap if Ap N (F') is pure of codimension 1, i.e.,
Ap N (F) is generated by some nonempty subset of JF.

Lemma 1. ([1, Lemma 3.1]) If a simplicial complex A is CM with |F(A)| >
2, then A is a shelling move of Ap for any facet F' of A.
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A CM simplicial complex A is called minimal CM, if either it is a simplex,
orelse |F(A)| > 3 and, no Ap is CM for any facet F' of A. Here the definition
of minimal CM is slightly different from that of the work [1], since we are
mainly interested in the nonempty simplicial complexes. Then, the shelling
move property implies the following:

Theorem 2. ([1, Theorem 3.2]) Let A be a (d — 1)-dimensional CM
simplicial complex, which is not minimal. Then there exists a minimal
CM subcomplex I' and a series of facets Fj,...,Fy of A, such that each
TU(F;,...,F) is CM and, each ' U (Fy,..., F;11) is a shelling move of
TU(F,...,F).

In reference [1], A is said to be shelled over I'. Clearly, shelled over is a
kind of generalization of shellable for a simplicial complex.
Next, we record the following result, which is needed in this paper:

Theorem 3. ([1, Theorem 3.4]) Let A be a simplicial complex with dimen-
sion d — 1, and assume Hy_1(A) # 0. Then there is a maximal facet F of
A such that the following hold:

~ 3 E[‘_ A f < .
(]‘) dlmHzfl(AF) = dlm ~'L 1( )) 1 0_ .Z < d
dimH,_1(A)—1, ifi=d

o), ifo<i<d
@) fir(Br) = {fkl(A) -1, ifi=d
(3) depth A = depth Ap.

Surely, this theorem together with Reisner theorem imply that a minimal
CM simplicial complex is acyclic.

Corollary 1. Let A be a minimal CM complex over vertex set [n] with
dimension d — 1. Then H;_1(Ar) = 0 holds true for any facet F' of A.

Proof. This is an immediate consequence of Lemma 1, Theorem 3 and, [9,
Theorem 25.1] on page 142. O

Now we give a brief survey on some related established results on f-
simplicial complexes. For any square-free monomial ideal I of S, let G(I)
be set of minimal monomial generators, and let sm(I) be set of square-free
monomials. For the ideal I, recall that there exist two related simplicial
complexes, i.e., the nonface simplicial complex

Sn(I) = {F e2™l | Xp esm(S)~sm(l)}

of I and the facet simplicial complex d7(I) =: (F € 2"l | Xp € G(I))
of the clutter G(I). If they possess a same f-vector, then the ideal T is
called an f-ideal. For a simplicial complex A, if its facet ideal I(A) =:
({Xp | FeF(A)})isan f-ideal, then A is called an f-simplicial complex.
A graph G is said to be an f-graph, if the edge ideal I(G) is an f-ideal.
Note that in defining an f-graph G, G is regarded as a simplicial complex
of dimension no more than 1, although we do have I(G) = Iq(g), where
Ind(G) is the independence simplicial complex of the graph G. Refer to
references [10, 11, 12, 13, 14] for further related studies.

For a simplicial complex A on the vertex set [n], let

A® = ({F | F* e F(A)}) = ({{n] ~ G | G € F(A)}).

The definition of an f-simplicial complex seems to be reasonable with hind-
sight, due to the following two theorems on f-ideals.
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Theorem 4. ([15, Theorem 2.3]) Let S = K[zy,...,2,], and let I be a
square-free monomial ideal of S with the minimal generating set G(I), where
all monomials of G(I) have a same homogeneous degree d. Then I is an f-
ideal if and only if, set G([I) is an LU-set and, |G(I)| = 3(7) holds true.

Note that G(I) is said to be an L-set (U-set, respectively) if set of all
degree d — 1 factors of elements of G(I) has exactly (,") elements (respec-
tively, set of degree d + 1 square-free monomials extended from elements
of G(I) has cardinality (dil)). If G(I) is both a U-set and an L-set, then
G(I) is an LU-set. With the bijection from X* to {i € [n] | i € o} (e.g.,
x12324 — {1,3,4}), one obtains the notion of an L-set (U-set, LU-set re-
spectively) for the facet set F(A).

Recall also the following recently discovered result:

Theorem 5. ([16, Theorem 4.1]) A is an f-simplicial complex, if and only
if A¢is an f-simplicial complex.

Equivalently, a square-free monomial ideal I of S is an f-ideal if and
only if the Newton complement dual ideal I = (zq125 - -2 /u | u € G(I)) of
I is an f-ideal.

It is clear that Theorem 5 follows easily from Theorem 4 for a pure
simplicial complex A.

Recall that for an f-graph G, it is proved that the complement graph G
is bipartite, thus Ind(G) = G. Recall that all f-graphs are pure shellable as
a graph, i.e., the independence complex Ind(G) is pure and shellable ([15,
Theorem 6.5]), while the definition of an f-graph is actually an f-simplicial
complex of dimension less than or equal to 1. Thus , Theorem 6.5 of [15]
may be re-stated as the following:

If A is an f-simplicial complex of dimension less than or equal to 1, then
the homogeneous complement simplicial complex A" =: ([n]a ~ F(A)) is
pure shellable.

Based on this observation, it is natural to ask the following question:

Question 6. For a pure f-simplicial complex A of dimension d — 1, is the
homogeneous complement simplicial complex A’ =: (g | o € [n]q ~ F(A))
of A shellable?

We do not know counterexample in set [5]3 and in [6]3. But it fails in
set [8]4. We will give a negative answer in Example 11.

We remark that there exist a lot of pure f-simplicial complexes which
are not CM when d — 1 > 2.

Finally, we claim that there exist f-simplicial complexes which are min-
imal CM:

Example 7. ([17, 14]) Consider a simplicial complex A with facet set
F(A) = {123,125,136, 145, 146, 234, 246, 256, 345, 356}

constructed in reference [17]. It is noticed in reference [14] that A (hence,
A°) is an f-simplicial complex. Then we take advantage of Eagon-Reiner
theorem (see, e.g., [8, Theorem 8.1.9]) and CoCoA ([18]) to check that both
simplicial complex A and its complement A¢ are minimal CM. In particular,
neither A nor A€ is shellable, which is hard to check without the notion of
minimal CM (refer to [17, Example 7.7] for a general theoretical treatment).

Note that a permutation on set [6] =: {n | 1 < n < 6} may produce
a new simplicial compler A1, which has the same property with A. For
example, the cyclic permutation (1,2, 3,4,5,6) acts on F(A) and produces

Ay = (234,236,124, 256, 125, 345, 135, 136, 456, 146 ).

Clearly, both A; and A§ are f-simplicial complexes and minimal CM.
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3. Pure Shellable versus Cohen-Macaulay

We begin with the following immediate consequence of Theorem 4:

Corollary 2. Let A be a (d — 1)-dimensional pure f-simplicial complex
with vertex set [n]. Then we have

d, if Ais CM

depth(A) =
epth(4) {d—l7 if A is not C'M.

Proof. Assume that A is not CM. Since A is a (d — 1)-dimensional pure f-
simplicial complex, F(A) is an L-set, thus A(¢=2) = [n];_; holds. Clearly,
[n]a—1 is pure shellable, thus it is CM. Then the result follows from the fact
that

depth(A) = 1 4+ max{i | the i'th skeleton A® is CM.}. O

If the minimal subcomplex I" in Theorem 2 is a simplex, say, I' = (F}),
then it follows by Lemma 1 that the following is a shelling of A, thus A is
shellable:

Fo, Py, F, ..., F;.

To be more precisely, we have the following observation, which essentially
should be dedicated to the authors of reference [1]:

Theorem 8. For a pure simplicial complex A, the following statements are
equivalent:

(1) A is shellable.

(2) There exists a full sequence of subcomplexes A; such that all A; are
CM, i.e., there is a total order Fj, Fj_1,...,F1, Fy of all facets of A such
that each A; =: (Fo, F1,...,F;) is CM for j > i > 1, or equivalently, each
ideal I(AY) has a linear resolution.

Proof. (1) = (2) : Let Fy, F1,...,F; be a shelling of A and let A; =
<F0,F1,...,Fi>. Then for any i with 1 < ) < j, Al =: <F0,F1,...,Fi> is
pure and shellable, thus is CM.

(2) = (1) : Let Fj,F;_1,...,F1,Fy be a full sequence of facets of A
such that each A; =: (Fy, Fi,..., F;) is CM for j > i > 1. Then by Lemma
17
are all pure of dimension dim A—1. By definition, Fy, F1,. .., F} is a shelling
of A, thus A is a shellable simplicial complex. The rest statement follows
from Eagon-Reiner theorem, and is convenient for checking by applying
CoCoA. O

Clearly, Theorem 8 shows the exact relation between the conditions of
shellable and CM for a pure simplicial complex. It also exhibits the impor-
tance of Lemma 1.

As is well-known, it is in general a hard work to check if a pure simplicial
complex is shellable. It seems that the new concept shelled over could open
an algorithmic gate on attacking this problem, based on the algebraic char-
acterization of a CM simplicial complex by Eagon-Reiner theorem. Refer to
Examples 7, 10 and 11 for concrete operations and calculations.

When considering the condition of connected in codimension 1 (see, e.g.,
Proposition 1.12 of reference [2]), we have the following easy observation:

Proposition 9. Let A be a pure simplicial complex of dimension d — 1,
which is not a simplex. Consider the following conditions:
(1) For each face o of A such that dimlka (o) > 0, lka (o) is connected.
(2) For each facet F of A, A is a shelling move of Ap.
Then (1) implies (2).
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Proof. This follows from the proof of Lemma 3.1 of reference [1]. O

The converse does not hold true in general. For example, the simplicial
complex A =: (1234,1235,1278,1279) is a shelling move over Ap for each
facet F', but lka(12) = (34,35,78,79) and it is disconnected.

For a simplicial complex A, recall from Lemma 1.5.3 of reference [§]
that Iav = I(A°) holds, where A¢ = ([n] N F | F € F(A)) and, A is
the Alexander dual complex of A. Recall that A is said to be CM, if the
Stanley-Reisner ideal Ia of A is CM. Recall also the Eagon-Reiner theorem
(see, e.g., Theorem 8.1.9 of reference [8]), i.e., a simplicial complex A is CM
if and only if the Stanley-Reisner ideal Tav of AY has a linear resolution .
Thus A is CM if and only if the monomial ideal I(A°) has a linear resolution.
These results together with CoCoA are crucial to our next work.

In the following, we consider simplicial complexes of kind (8, 4) and apply
Theorem 8 and Example 7 to the following construction:

Example 10. We start from set
A ={1345,1347,1358, 1367, 1368, 1456, 1468, 1478, 1567, 1578}.
By Example 7, it generates a minimal CM simplicial complex I'; where
=({F|F e A}).
(1) Let
B = {1234, 1235, 1246, 1258, 1357, 1458, 1568, 2345, 2347, 2346, 2356, 2457,

2468, 2578, 2678, 2467, 2456, 2567, 2367, 3456, 3478, 3678, 4567, 4578, 4678},

and let Ay = ({F' | ' € AUB). Then it is checked that A; is a CM simplicial
complex via CoCoA (reference [18]), and the following sequence

Fos = 1246, 1258, 1235, 1357, 3478, 1568, 1234, 2345, 2356, 2457, 2468, 2578,

2678, 2567, 2456, 3678, 3456, 2346, 1458, 4578, 4567, 2367, 2467, 4678, 2347

of facets are found to make the CM simplicial complex A; shelled over the
minimal CM simplicial complex I', where each of the 24 monomial ideals

T{(AD) N AFS 1)), ICF(AD) N AF35, F5u}))s - ICF (AT N {F5s, -, F5 )

is tested via CoCoA to have linear resolution. Note that F} = 2347, Fy =
4678, and so on.
Note that A; is not an f-simplicial complex since 127 is not in the lower
set of F(Ay1), i.e., F(A1) is not an L-set. We do not know if A is shellable.
(2) Inspired by the previous construction, we now construct an f-
simplicial complex
Ny =({F|FeAUCY}),

where
C = {1235,1236,1237,1247, 1268, 1258, 1357, 1458, 1568, 2345, 2347, 2348,

2356, 2457, 2467, 2468, 2578, 2678, 3456, 3467, 3478, 3678, 4567, 4578, 4678}.

We checked that A U C' is an LU-set, thus Ay is indeed an f-simplicial
complex. We checked that Ay is CM via CoCoA. Furthermore, we claim
that the complex Aj is shellable with the shelling Fy, Fy,. .., F34, where

Fyq = 1247, F33 = 1237, 1357, 1358, 1368, 2347, 2348, 2356, 1236, 1235, 1268,
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1258, 1345, 1347,1367,1567, 1568, 1578, 1458, 1456, 1468, 1478, 3478, 2345,
2457, 2467, 2468, 2578, 2678, 3456, 3467, 3678, 4567, Fy, — 4678, Fy — 4578.
In fact, we use CoCoA to show that each I((E§,..., Ff)) has a linear reso-

lution (V34 > ¢ > 1), thus
(Fo, Fr,..., F;)

is a Cohen-Macaulay simplicial complex for each i. Then it follows from
Theorem 8 that A, is shellable with

Fo, Fy, ..., F3y

as a shelling.

It is natural to ask if Ay is shelled over I' constructed in (1) of this
example? We tried this via CoCoA, and the answer is yes. The following
sequence

Gas = 1247, Goq = 1357, 1237, 2347, 2348, 2345, 2356, 1235, 1236,

1268, 1258, 2578, 2678, 2468, 2467, 2457, 3478, 3678,
1568, 4678, 3456, 3467, 4567, G = 4578, G1 = 1458

of facets is found to make the CM simplicial complex A, shelled over the
minimal CM simplicial complex I', where all the 24 facet monomial ideals
I((F(AS) N {G55, ..., GS})) are tested to have linear free resolutions.

Note that for the same CM simplicial complex Ao, the first minimal CM
subcomplex is (Fp) and it has only one facet, while the second minimal CM
subcomplex is I" and it has ten facets. This is the end of Example 10.

Finally, note that Example 7 provides a very well-distributed simplicial
complex, i.e., each number r in set [6] appears 5 times in the facets. Motivat-
ed by this observation, we now construct a very well-distributed simplicial
complex whose facet set contains 34 elements in set [8]4.

Example 11. Let F(A€) be set D consisting of 34 elements, where
D = {1234,1235, 1246, 1247, 1258, 1345, 1358, 1367, 1368, 1378, 1456,

1457, 1467, 1478, 1568, 1578, 1678, 2346, 2348, 2356, 2358, 2367, 2378,
2456, 2467, 2468, 2478, 2567, 2678, 3456, 3457, 3568, 3578, 4578}.

We checked the following;:

(1) D is very well-distributed, i.e., it has type 117217317417517617717g17,

(2) D is an LU-set over set [8], so that adding any element from set
[8]4 . D can generate a pure f-simplicial complex I'“.

(3) The ideal T(A€) has the following linear resolution, thus A is not
CM:

0 — R(—8)> — R(~7)*' @ R(-8) — R(—6)®® @ R[-7)?

— R(-5)% @ R[-6] — R(—4)** — R.

Note that A€ has the same properties.
Among the 36 f-simplicial complexes I' obtained in (2), 7 are CM. In
fact, Fs; can be chosen as anyone of the following:

1236, 1238, 1268, 1346, 1348, 1468, 2368
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such that I({D°U{Fg5})) has a linear resolution . Note that unfortunately,
none of the 7 CM simplicial complexes is minimal CM. Furthermore, all T’
are shelling moves of I',, where F§ = 1235.

Finally, we consider set D’ =: [8]4 \. D, which consists of 36 elements, as
follows:

D' = {1236,1237,1238, 1245, 1248, 1256, 1257, 1267, 1268, 1278, 1346, 1347, }

1348, 1356, 1357, 1458, 1468, 1567, 2345, 2347, 2357, 2368, 2457, 2458,
2568, 2578, 3458, 3467, 3468, 3478, 3567, 3678, 4567, 4568, 4678, 5678}.

Deleting any element will result in a homogeneous complement of some I'“ in
(2). We use CoCoA to calculate the 36 I((I'°)’) and, find 15 CM simplicial
complexes I'V. The following are all elements when one of which is deleted,
the corresponding I((I'°)’) has a linear resolution , thus I is CM:

1238,1257,1267,1356, 1357, 1458, 1567,

2345, 2357, 2578, 3567, 3678, 4567, 4678, 5678.

Note that (I'“)’ = (I")¢ always holds true. It also gives a negative answer
to Question 6. This is the end of Example 11.

Note that in many examples of CM simplicial complexes A, we have
ApN(F) = (G| G € JF) holds true for most of the facets F, but not in
all cases, as the following example shows:

Example 12. Let F(A§) = DU{1236}, in which D is taken as in Example
11. Let F° = 4578 and consider I =: Ap N (F). Then we have 123 ¢ F(I"),
thus F(T') is a proper subset of 0F =: {123,126, 136, 236}.

Notice the following
30=5x6=10x3, 34 x4=8x17=136 < 140 = 35 x 4.

Notice the following fact:

(1) For any odd number d > 3, d x %(20?) is divided by 2d, i.e., 4 | (de)
holds true.

Based on the examples and Theorem 4, we now pose the following;:

Conjecture. (a) There exist in set [2d]4 very well-distributed f-simplicial
complexes which are minimal CM, if one of the following conditions holds
true:

(1) d > 3 and d is an odd number.

(2) d > 4 and d is an even number such that 4 | (Qj).

(b) In set [8]4, there exists no very well-distributed f-simplicial complex
which is minimal CM.

Note that 4 1 (186) also holds. Thus in set [16]g, the pure simplicial
complexes generated by %(186) subsets may perhaps behave just like the
pure simplicial complexes in set [8]4.

4. Minimal Cohen-Macaulay f-Simplicial
Complexes

In this section, we study properties of f-simplicial complexes which are
minimal CM. For this, we need the following:
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Lemma 13. Let

On— On— 15} 7]
(‘:ZO—>Cn,1 chnfg —>2—2>01—1)C()—>0

be the chain complex of the simplex ([n]) over a field R Then the &-
subspace ker(0,) has dimension (”_1).

r+1
Proof. For1 <r <n-—1, let Zlgi1<iz<._<”§n Tiyig.. i, t1l2 ... 0p € kerdp_q,
where the second 4143 .. .14, denotes the subset {i,i2,...,%,} of set [n] and

Ziyiy..i, are elements of the base field 8. Then
s
S . ~ .
E Titig.. i E (—1)] 2122+« 151050541 -+ - Up =0
1<ty <ip<--<ip<n j=1

holds true. Since C,_s is a free f-module with all elements of [n],._; as a
basis, we have got a system of homogeneous linear equations, which consists
of (Tfl) equations with (f) variable x;,;, ... We write these x; 4, ;. as
well as i1499...4,_1 in lexicographic order, and consider the rank of the
coefficient matrix M( )X () Clearly, the first (::1) columns, i.e., the

r—1 r 1
coefficients of x14,. ;,, are linearly independent. It can be checked that each

other column is a linear combination of them. Furthermore, for iiis ...,
with 1 & {41,...,4%,}, note that

Op_1(itin ... iyp) =g ...y —iyig...0p -+ (=1)""ig . iy,

in the 41 ...%,-th column vector v;, ;. of M, the 4, ...%;...%,-th component
is (—1)3_1 (1 <j <r) and, all other components are zero. Thus we have
Viy iy = Vlig. iy — Vligigoin + 0+ (=1 o, . (1)

The exact details are essentially the same with the verification of the fact
that a cone is acyclic, refer to Proposition 5.2.5 of reference [6].
Finally, we proved that the dimension of the vector space ker 0,._1 is the

following
n n—1 n—1
(-G -()

Note that the key to calculate the kernel of general 0;_1 is the equality

L] = . + | . .
/) ) 1 —1
This is the end of the verification. O

Remark. We illustrate the proof in computational way in two particular
cases.

The first case is set [6]s, and we check that ker 9; has dimension ("),
where n = 6. In fact, let >, ., ;<5 2i;{i,j} € ker 01, we have

0= Z zii ({7} —{i})-

Since Cp in the chain complex is a free & module with basis {1}, {2}, ..., {6},
we get the following system of linear equations:

6
21:1 —z1;, =0
6
T — ) ;o T2 =0
6
213+ T3 — Y ;53 =0
3 —
Y ieq Tia — Tas — g6 = 0
4 _
Y i Zis — 56 =0
5
> im1Ti6 = 0.

The coefficient matrix is
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hence, the solution to the system has exactly

5 6 5
10 = - _
0= (2)=()- ()
free variables, and in fact they are all k;; except these {i,;j} including 1.
Note that for a general n, dim ker(d;) = (”;1) is verified in an exactly same

way. Note also that in the coefficient matrix, we have column vector relation
V23 = V12 — V13-

123

124

126

1
1 E
125 | 1 -1 1
1
127 | 1
1

128

134

135

137

138

145

146

148

156 1 -1 1

157 1 -1 1

158 1 -1 1

167 1|1 1

168 1 -1 1

178 1 1 1

234

235

236

237

238

245

246

247

248

256 1| 1 1

257 1 -1 1

258 1 1

267 1] 1

268 1 -1 1

278 1 -1

345

346

1

1
347 1 -1 1
348 1

356 1| 1

357 1 -1 1

358 1 1

367 1] 1 1

368 1 -1 1

378 1 1 1

456 1| 1 1

457 1 -1 1

458 1 1

467 1] 1

468 1 -1 1

478 1 1 1

567 1 -1 1

568 1 -1 1

578 1| 1

678 1 1 1

Table 1. Transpose C of the coefficient matrix C

The second case is set [8]4, and we check that ker J, has dimension
(",_1), where n = 8. In fact, let Zl§i<j<k§8 zije{t, j, k} € ker O, and then

0= > ayn({d k) — {ik} + {i.5}).

we have
1<i<j<k<8
Since C in the chain complex is a free R-module with basis set
{ij|1<i<j<8},

we get a system of linear equations, which consists of (g) linear equations
with (2) variables z;;;,. We write out the coefficient matrix M in Table 1 and
it is clear that the row (in the table) rank of the matrix is not less than (;)
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Actually, after doing Gaussian elimination via excel, it is calculated that the
matrix has rank (;) =: 21. We also checked the rank by taking advantage
of CoCoA version 5.3.3 (reference [18]). Besides, all z;;;, except z1;;’s can
be chosen as free variables. Certainly, there is an alternative explanation as

appeared in Table 1. This shows

s - () () )

as is claimed. Note that for a general n, dim ker(ds) = (
a completely same way.
Note also that in Table 1, we have row vector relation

n—1

3 ) is verified in

T _.T T T
Ug34 = Vig3 — Vig4 T Vi34,

which is a particular case of the general formula (1) appeared in front of the
remark. This ends the remark.

Corollary 3. Let A = ({0 | o € [n].}). Then we have

n—1 : . _
O

0, otherwise .
Theorem 14. Let A be a simplicial complex over vertex set [n] with

dim A =d—-1 > 0. If Ais an f-simplicial complex and it is minimal
CM, then d > 3 and n = 2d.

Proof. Tt is known that connected simplicial complexes of dimension 1 are
shellable and pure. On the other hand, if A is not connected, then it is not
CM. So, there exists no minimal CM f-simplicial complexes of dimension 1.

Now let A be an f-simplicial complex of dimension d—1, which is minimal
CM. Then fId,l(A) = 0 by Theorem 3, which means that d;_1 is injective.
Since A is an f-simplicial complex, F(A) is an L-set, hence A(?=2) = [n]4_;
holds true, thus, H;(A) = 0,¥0 < i < d—3. Hence A is acyclic if and only if
Hy_5(A) = 0, and the latter holds true if and only if dimg ker(d—2) = % (%)
by Theorems 3 and 4.

By Lemma 13, we have dimg ker(94—2) = (%}~1). We get

nn—1)---(n—d+1) _ n=1(n-2)---(n—d+1)

2. dl d— 1) ’

since a minimal CM simplicial complex is always acyclic by reference [1].
Thus we have n = 2d. O

By Mayer-Vietoris long exact sequence theorem, we get

Corollary 4. If A is an f-simplicial complex generated by a subset of set
[2d]q and it is minimal CM, then H;(Ap) = H;({(F) N Ap) holds for all
integer i, where F' is any facet of A and, (F) N Ap is pure of dimension
d—2.

Proof. For any facet F of A, let
A1:AF7 A2:<F>,A3:A10A2:ZAFQ<F>.

Then A = A; UAy. By Theorem 25.1 of [9] on page 142, we have the
following long exact sequence of R-spaces:

0—> ijdfl(Ag) — gdfl(Al) (S¥) .H’dfl(AQ) — ]Zfdfl(A)
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811 ~ - - ~
=2 Hy o(Az) — Hy (A1) ® Hy_o(Ag) — Hy_o(A)

Oq—2
-

22y Hi(Ag) — Hy(A1) @ Hi(Ag) — Hi(A)
i I;’Q(Ag) — ]:Io(Al) () E[O(AQ) — go(A) — 0.

Note that Lemma 1 implies that Az is pure of dimension d — 2, while it
follows from Theorem 14 that H;(A) = 0 holds for all 4, and H;(Az) =0
holds true clearly. Then

is an exact sequence for every i. O
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