
Journal of Applied Mathematics and Physics, 2025, 13(5), 1969-1981

https://www.scirp.org/journal/jamp
ISSN Online: 2327-4379

ISSN Print: 2327-4352

Simplicial Complexes Which Are Minimal
Cohen-Macaulay

Yanyan Wang, Tongsuo Wu

School of Mathematical Sciences, Shanghai Jiao Tong University, Shanghai, China
Emails: yanyanwang0411@sjtu.edu.cn; wutsc@online.sh.cn

How to cite this paper: Wang,
Y.Y. and Wu, T.S. (2025) Simpli-
cial Complexes Which Are Minimal
Cohen-Macaulay, Journal of Applied
Mathematics and Physics, 13, 1969-
1981.
http://dx.doi.org/10.4236/jamp.2025.
135110
Received: March 3, 2025
Accepted: May 27, 2025
Published: May 30, 2025
Copyright c© 2025 by author(s) and
Scientific Research Publishing Inc.
This work is licensed under the Cre-
ative Commons Attribution Interna-
tional License (CC BY 4.0).

http://creativecommons.org/licenses/
by/4.0/

Lorem ipsum dolor sit amet, con-
sectetuer adipiscing elit. Ut purus elit,
vestibulum ut, placerat ac, adipiscing
vitae, felis. Curabitur dictum gravi-
da mauris. Nam arcu libero, non-
ummy eget, consectetuer id, vulputate
a, magna. Donec vehicula augue eu
neque. Pellentesque habitant morbi
tristique senectus et netus et malesua-
da fames ac turpis egestas. Mauris
ut leo. Cras viverra metus rhoncus
sem. Nulla et lectus vestibulum ur-
na fringilla ultrices. Phasellus eu tel-
lus sit amet tortor gravida placerat.
Integer sapien est, iaculis in, pretium
quis, viverra ac, nunc. Praesent eget
sem vel leo ultrices bibendum. Aenean
faucibus. Morbi dolor nulla, malesua-
da eu, pulvinar at, mollis ac, nulla.
Curabitur auctor semper nulla. Donec
varius orci eget risus. Duis nibh mi,
congue eu, accumsan eleifend, sagittis
quis, diam. Duis eget orci sit amet orci
dignissim rutrum.
Nam dui ligula, fringilla a, euismod so-
dales, sollicitudin vel, wisi. Morbi auc-
tor lorem non justo. Nam lacus libero,
pretium at, lobortis vitae, ultricies et,
tellus. Donec aliquet, tortor sed ac-
cumsan bibendum, erat ligula aliquet
magna, vitae ornare odio metus a mi.
Morbi ac orci et nisl hendrerit mol-
lis. Suspendisse ut massa. Cras nec
ante. Pellentesque a nulla. Cum sociis
natoque penatibus et magnis dis par-
turient montes, nascetur ridiculus mus.
Aliquam tincidunt urna. Nulla ullam-
corper vestibulum turpis. Pellentesque
cursus luctus mauris.
Nulla malesuada porttitor diam.
Donec felis erat, congue non, volut-
pat at, tincidunt tristique, libero.
Vivamus viverra fermentum felis.
Donec nonummy pellentesque ante.
Phasellus adipiscing semper elit.
Proin fermentum massa ac quam.
Sed diam turpis, molestie vitae, plac-
erat a, molestie nec, leo. Maecenas
lacinia. Nam ipsum ligula, eleifend
at, accumsan nec, suscipit a, ipsum.
Morbi blandit ligula feugiat magna.
Nunc eleifend consequat lorem. Sed
lacinia nulla vitae enim. Pellentesque
tincidunt purus vel magna. Integer
non enim. Praesent euismod nunc
eu purus. Donec bibendum quam in
tellus. Nullam cursus pulvinar lectus.
Donec et mi. Nam vulputate metus
eu enim. Vestibulum pellentesque felis
eu massa.
Quisque ullamcorper placerat ipsum.
Cras nibh. Morbi vel justo vitae lacus
tincidunt ultrices. Lorem ipsum dolor
sit amet, consectetuer adipiscing elit.
In hac habitasse platea dictumst. In-
teger tempus convallis augue. Etiam
facilisis. Nunc elementum fermentum
wisi. Aenean placerat. Ut imperdiet,
enim sed gravida sollicitudin, felis odio
placerat quam, ac pulvinar elit purus
eget enim. Nunc vitae tortor. Proin
tempus nibh sit amet nisl. Vivamus
quis tortor vitae risus porta vehicula.
Fusce mauris. Vestibulum luctus nibh
at lectus. Sed bibendum, nulla a fau-
cibus semper, leo velit ultricies tellus,
ac venenatis arcu wisi vel nisl. Vestibu-
lum diam. Aliquam pellentesque, au-
gue quis sagittis posuere, turpis lacus
congue quam, in hendrerit risus eros
eget felis. Maecenas eget erat in sapi-
en mattis porttitor. Vestibulum port-
titor. Nulla facilisi. Sed a turpis eu la-
cus commodo facilisis. Morbi fringilla,
wisi in dignissim interdum, justo lectus
sagittis dui, et vehicula libero dui cur-
sus dui. Mauris tempor ligula sed la-
cus. Duis cursus enim ut augue. Cras
ac magna. Cras nulla. Nulla egestas.
Curabitur a leo. Quisque egestas wisi
eget nunc. Nam feugiat lacus vel est.
Curabitur consectetuer.
Suspendisse vel felis. Ut lorem
lorem, interdum eu, tincidunt sit amet,
laoreet vitae, arcu. Aenean faucibus
pede eu ante. Praesent enim elit,
rutrum at, molestie non, nonummy v-
el, nisl. Ut lectus eros, malesuada sit
amet, fermentum eu, sodales cursus,
magna. Donec eu purus. Quisque ve-
hicula, urna sed ultricies auctor, pede
lorem egestas dui, et convallis elit er-
at sed nulla. Donec luctus. Curabitur
et nunc. Aliquam dolor odio, commo-
do pretium, ultricies non, pharetra in,
velit. Integer arcu est, nonummy in,
fermentum faucibus, egestas vel, odio.
Sed commodo posuere pede. Mauris ut
est. Ut quis purus. Sed ac odio. Sed
vehicula hendrerit sem. Duis non odio.
Morbi ut dui. Sed accumsan risus eget
odio. In hac habitasse platea dictumst.
Pellentesque non elit. Fusce sed justo
eu urna porta tincidunt. Mauris felis o-
dio, sollicitudin sed, volutpat a, ornare
ac, erat. Morbi quis dolor. Donec pel-
lentesque, erat ac sagittis semper, nunc
dui lobortis purus, quis congue purus
metus ultricies tellus. Proin et quam.
Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per incep-
tos hymenaeos. Praesent sapien turpis,
fermentum vel, eleifend faucibus, ve-
hicula eu, lacus.
Pellentesque habitant morbi tristique
senectus et netus et malesuada fames
ac turpis egestas. Donec odio elit, dic-
tum in, hendrerit sit amet, egestas sed,
leo. Praesent feugiat sapien aliquet
odio. Integer vitae justo. Aliquam
vestibulum fringilla lorem. Sed neque
lectus, consectetuer at, consectetuer
sed, eleifend ac, lectus. Nulla facilisi.
Pellentesque eget lectus. Proin eu me-
tus. Sed porttitor. In hac habitasse
platea dictumst. Suspendisse eu lec-
tus. Ut mi mi, lacinia sit amet, plac-
erat et, mollis vitae, dui. Sed ante tel-
lus, tristique ut, iaculis eu, malesuada
ac, dui. Mauris nibh leo, facilisis non,
adipiscing quis, ultrices a, dui.
Morbi luctus, wisi viverra faucibus
pretium, nibh est placerat odio,
nec commodo wisi enim eget quam.
Quisque libero justo, consectetuer a,
feugiat vitae, porttitor eu, libero. Sus-
pendisse sed mauris vitae elit sollici-
tudin malesuada. Maecenas ultricies
eros sit amet ante. Ut venenatis velit.
Maecenas sed mi eget dui varius euis-
mod. Phasellus aliquet volutpat odio.
Vestibulum ante ipsum primis in fau-
cibus orci luctus et ultrices posuere cu-
bilia Curae; Pellentesque sit amet pede
ac sem eleifend consectetuer. Nullam
elementum, urna vel imperdiet sodales,
elit ipsum pharetra ligula, ac pretium
ante justo a nulla. Curabitur tris-
tique arcu eu metus. Vestibulum lec-
tus. Proin mauris. Proin eu nunc eu
urna hendrerit faucibus. Aliquam auc-
tor, pede consequat laoreet varius, eros
tellus scelerisque quam, pellentesque
hendrerit ipsum dolor sed augue. Nul-
la nec lacus.
Suspendisse vitae elit. Aliquam ar-
cu neque, ornare in, ullamcorper quis,
commodo eu, libero. Fusce sagittis
erat at erat tristique mollis. Maece-
nas sapien libero, molestie et, lobortis
in, sodales eget, dui. Morbi ultrices
rutrum lorem. Nam elementum ullam-
corper leo. Morbi dui. Aliquam sagit-
tis. Nunc placerat. Pellentesque tris-
tique sodales est. Maecenas imperdi-
et lacinia velit. Cras non urna. Mor-
bi eros pede, suscipit ac, varius vel,
egestas non, eros. Praesent malesua-
da, diam id pretium elementum, eros
sem dictum tortor, vel consectetuer o-
dio sem sed wisi.
Sed feugiat. Cum sociis natoque
penatibus et magnis dis parturient
montes, nascetur ridiculus mus. Ut
pellentesque augue sed urna. Vestibu-
lum diam eros, fringilla et, con-
sectetuer eu, nonummy id, sapien.
Nullam at lectus. In sagittis ultrices
mauris. Curabitur malesuada erat sit
amet massa. Fusce blandit. Aliquam
erat volutpat. Aliquam euismod. Ae-
nean vel lectus. Nunc imperdiet justo
nec dolor.
Etiam euismod. Fusce facilisis lacinia
dui. Suspendisse potenti. In mi erat,
cursus id, nonummy sed, ullamcorper
eget, sapien. Praesent pretium, magna
in eleifend egestas, pede pede pretium
lorem, quis consectetuer tortor sapien
facilisis magna. Mauris quis magna
varius nulla scelerisque imperdiet. Ali-
quam non quam. Aliquam porttitor
quam a lacus. Praesent vel arcu ut
tortor cursus volutpat. In vitae pede
quis diam bibendum placerat. Fusce
elementum convallis neque. Sed dolor
orci, scelerisque ac, dapibus nec, ul-
tricies ut, mi. Duis nec dui quis leo
sagittis commodo.
Aliquam lectus. Vivamus leo. Quisque
ornare tellus ullamcorper nulla. Mau-
ris porttitor pharetra tortor. Sed
fringilla justo sed mauris. Mauris tel-
lus. Sed non leo. Nullam elementum,
magna in cursus sodales, augue es-
t scelerisque sapien, venenatis congue
nulla arcu et pede. Ut suscipit enim vel
sapien. Donec congue. Maecenas urna
mi, suscipit in, placerat ut, vestibulum
ut, massa. Fusce ultrices nulla et nisl.
Etiam ac leo a risus tristique nonum-
my. Donec dignissim tincidunt nul-
la. Vestibulum rhoncus molestie odio.
Sed lobortis, justo et pretium lobortis,
mauris turpis condimentum augue, nec
ultricies nibh arcu pretium enim. Nunc
purus neque, placerat id, imperdiet
sed, pellentesque nec, nisl. Vestibu-
lum imperdiet neque non sem accum-
san laoreet. In hac habitasse platea
dictumst. Etiam condimentum facili-
sis libero. Suspendisse in elit quis nisl
aliquam dapibus. Pellentesque auctor
sapien. Sed egestas sapien nec lectus.
Pellentesque vel dui vel neque biben-
dum viverra. Aliquam porttitor nis-
l nec pede. Proin mattis libero vel
turpis. Donec rutrum mauris et libero.
Proin euismod porta felis. Nam lobor-
tis, metus quis elementum commod-
o, nunc lectus elementum mauris, eget
vulputate ligula tellus eu neque. Viva-
mus eu dolor.
Nulla in ipsum. Praesent eros nulla,
congue vitae, euismod ut, commodo a,
wisi. Pellentesque habitant morbi tris-
tique senectus et netus et malesuada
fames ac turpis egestas. Aenean non-
ummy magna non leo. Sed felis erat,
ullamcorper in, dictum non, ultricies
ut, lectus. Proin vel arcu a odio lobor-
tis euismod. Vestibulum ante ipsum
primis in faucibus orci luctus et ultri-
ces posuere cubilia Curae; Proin ut es-
t. Aliquam odio. Pellentesque massa
turpis, cursus eu, euismod nec, tem-
por congue, nulla. Duis viverra gravi-
da mauris. Cras tincidunt. Curabitur
eros ligula, varius ut, pulvinar in, cur-
sus faucibus, augue.
Nulla mattis luctus nulla. Duis com-
modo velit at leo. Aliquam vulputate
magna et leo. Nam vestibulum ul-
lamcorper leo. Vestibulum condimen-
tum rutrum mauris. Donec id mauris.
Morbi molestie justo et pede. Viva-
mus eget turpis sed nisl cursus tem-
por. Curabitur mollis sapien condi-
mentum nunc. In wisi nisl, malesua-
da at, dignissim sit amet, lobortis in,
odio. Aenean consequat arcu a ante.
Pellentesque porta elit sit amet orci.
Etiam at turpis nec elit ultricies im-
perdiet. Nulla facilisi. In hac habitasse
platea dictumst. Suspendisse viverra
aliquam risus. Nullam pede justo, mo-
lestie nonummy, scelerisque eu, facilisis
vel, arcu.
Curabitur tellus magna, porttitor a,
commodo a, commodo in, tortor.
Donec interdum. Praesent scelerisque.
Maecenas posuere sodales odio. Viva-
mus metus lacus, varius quis, imperdi-
et quis, rhoncus a, turpis. Etiam ligula
arcu, elementum a, venenatis quis, sol-
licitudin sed, metus. Donec nunc pede,
tincidunt in, venenatis vitae, faucibus
vel, nibh. Pellentesque wisi. Nullam
malesuada. Morbi ut tellus ut pede t-
incidunt porta. Lorem ipsum dolor sit
amet, consectetuer adipiscing elit. E-
tiam congue neque id dolor.
Donec et nisl at wisi luctus bibendum.
Nam interdum tellus ac libero. Sed
sem justo, laoreet vitae, fringilla at,
adipiscing ut, nibh. Maecenas non sem
quis tortor eleifend fermentum. Eti-
am id tortor ac mauris porta vulpu-
tate. Integer porta neque vitae mas-
sa. Maecenas tempus libero a libero
posuere dictum. Vestibulum ante ip-
sum primis in faucibus orci luctus et
ultrices posuere cubilia Curae; Aenean
quis mauris sed elit commodo placer-
at. Class aptent taciti sociosqu ad l-
itora torquent per conubia nostra, per
inceptos hymenaeos. Vivamus rhon-
cus tincidunt libero. Etiam elementum
pretium justo. Vivamus est. Morbi
a tellus eget pede tristique commod-
o. Nulla nisl. Vestibulum sed nisl eu
sapien cursus rutrum.
Nulla non mauris vitae wisi posuere
convallis. Sed eu nulla nec eros
scelerisque pharetra. Nullam varius.
Etiam dignissim elementum metus.
Vestibulum faucibus, metus sit amet
mattis rhoncus, sapien dui laoreet o-
dio, nec ultricies nibh augue a enim.
Fusce in ligula. Quisque at magna et
nulla commodo consequat. Proin ac-
cumsan imperdiet sem. Nunc porta.
Donec feugiat mi at justo. Phasellus
facilisis ipsum quis ante. In ac elit
eget ipsum pharetra faucibus. Maece-
nas viverra nulla in massa.
Nulla ac nisl. Nullam urna nulla, ul-
lamcorper in, interdum sit amet, gravi-
da ut, risus. Aenean ac enim. In luc-
tus. Phasellus eu quam vitae turpis
viverra pellentesque. Duis feugiat fe-
lis ut enim. Phasellus pharetra, sem
id porttitor sodales, magna nunc ali-
quet nibh, nec blandit nisl mauris at
pede. Suspendisse risus risus, lobor-
tis eget, semper at, imperdiet sit amet,
quam. Quisque scelerisque dapibus
nibh. Nam enim. Lorem ipsum dolor
sit amet, consectetuer adipiscing elit.
Nunc ut metus. Ut metus justo, auc-
tor at, ultrices eu, sagittis ut, purus.
Aliquam aliquam.
Etiam pede massa, dapibus vitae,
rhoncus in, placerat posuere, odi-
o. Vestibulum luctus commodo lacus.
Morbi lacus dui, tempor sed, euismod
eget, condimentum at, tortor. Phasel-
lus aliquet odio ac lacus tempor fau-
cibus. Praesent sed sem. Praesent i-
aculis. Cras rhoncus tellus sed justo
ullamcorper sagittis. Donec quis orci.
Sed ut tortor quis tellus euismod tin-
cidunt. Suspendisse congue nisl eu elit.
Aliquam tortor diam, tempus id, tris-
tique eget, sodales vel, nulla. Praesent
tellus mi, condimentum sed, viverra at,
consectetuer quis, lectus. In auctor ve-
hicula orci. Sed pede sapien, euismod
in, suscipit in, pharetra placerat, me-
tus. Vivamus commodo dui non odio.
Donec et felis.
Etiam suscipit aliquam arcu. Ali-
quam sit amet est ac purus bibendum
congue. Sed in eros. Morbi non orci.
Pellentesque mattis lacinia elit. Fusce
molestie velit in ligula. Nullam et orci
vitae nibh vulputate auctor. Aliquam
eget purus. Nulla auctor wisi sed ip-
sum. Morbi porttitor tellus ac enim.
Fusce ornare. Proin ipsum enim, tin-
cidunt in, ornare venenatis, molestie a,
augue. Donec vel pede in lacus sagit-
tis porta. Sed hendrerit ipsum quis
nisl. Suspendisse quis massa ac nib-
h pretium cursus. Sed sodales. Nam
eu neque quis pede dignissim ornare.
Maecenas eu purus ac urna tincidunt
congue.
Donec et nisl id sapien blandit mat-
tis. Aenean dictum odio sit amet risus.
Morbi purus. Nulla a est sit amet pu-
rus venenatis iaculis. Vivamus viverra
purus vel magna. Donec in justo sed o-
dio malesuada dapibus. Nunc ultrices
aliquam nunc. Vivamus facilisis pellen-
tesque velit. Nulla nunc velit, vulpu-
tate dapibus, vulputate id, mattis ac,
justo. Nam mattis elit dapibus purus.
Quisque enim risus, congue non, ele-
mentum ut, mattis quis, sem. Quisque
elit.
Maecenas non massa. Vestibulum
pharetra nulla at lorem. Duis quis
quam id lacus dapibus interdum. Nul-
la lorem. Donec ut ante quis dolor
bibendum condimentum. Etiam eges-
tas tortor vitae lacus. Praesent cursus.
Mauris bibendum pede at elit. Morbi
et felis a lectus interdum facilisis. Sed
suscipit gravida turpis. Nulla at lec-
tus. Vestibulum ante ipsum primis in
faucibus orci luctus et ultrices posuere
cubilia Curae; Praesent nonummy luc-
tus nibh. Proin turpis nunc, congue
eu, egestas ut, fringilla at, tellus. In
hac habitasse platea dictumst.
Vivamus eu tellus sed tellus consequat
suscipit. Nam orci orci, malesuada
id, gravida nec, ultricies vitae, erat.
Donec risus turpis, luctus sit amet, in-
terdum quis, porta sed, ipsum. Sus-
pendisse condimentum, tortor at eges-
tas posuere, neque metus tempor orci,
et tincidunt urna nunc a purus. Sed
facilisis blandit tellus. Nunc risus sem,
suscipit nec, eleifend quis, cursus quis,
libero. Curabitur et dolor. Sed vitae
sem. Cum sociis natoque penatibus et
magnis dis parturient montes, nascetur
ridiculus mus. Maecenas ante. Duis
ullamcorper enim. Donec tristique en-
im eu leo. Nullam molestie elit eu do-
lor. Nullam bibendum, turpis vitae
tristique gravida, quam sapien tem-
por lectus, quis pretium tellus purus
ac quam. Nulla facilisi.
Duis aliquet dui in est. Donec eget
est. Nunc lectus odio, varius at,
fermentum in, accumsan non, enim.
Aliquam erat volutpat. Proin sit
amet nulla ut eros consectetuer cur-
sus. Phasellus dapibus aliquam jus-
to. Nunc laoreet. Donec consequat
placerat magna. Duis pretium tin-
cidunt justo. Sed sollicitudin vestibu-
lum quam. Nam quis ligula. Vivamus
at metus. Etiam imperdiet imperdi-
et pede. Aenean turpis. Fusce au-
gue velit, scelerisque sollicitudin, dic-
tum vitae, tempor et, pede. Donec wisi
sapien, feugiat in, fermentum ut, sollic-
itudin adipiscing, metus.
Donec vel nibh ut felis consectetuer
laoreet. Donec pede. Sed id quam id
wisi laoreet suscipit. Nulla lectus do-
lor, aliquam ac, fringilla eget, mollis
ut, orci. In pellentesque justo in ligula.
Maecenas turpis. Donec eleifend leo
at felis tincidunt consequat. Aenean
turpis metus, malesuada sed, condi-
mentum sit amet, auctor a, wisi. Pel-
lentesque sapien elit, bibendum ac, po-
suere et, congue eu, felis. Vestibulum
mattis libero quis metus scelerisque ul-
trices. Sed purus.
Donec molestie, magna ut luctus ul-
trices, tellus arcu nonummy velit, sit
amet pulvinar elit justo et mauris. In
pede. Maecenas euismod elit eu erat.
Aliquam augue wisi, facilisis congue,
suscipit in, adipiscing et, ante. In
justo. Cras lobortis neque ac ipsum.
Nunc fermentum massa at ante. Donec
orci tortor, egestas sit amet, ultrices
eget, venenatis eget, mi. Maecenas ve-
hicula leo semper est. Mauris vel me-
tus. Aliquam erat volutpat. In rhon-
cus sapien ac tellus. Pellentesque ligu-
la.
Cras dapibus, augue quis scelerisque
ultricies, felis dolor placerat sem, id
porta velit odio eu elit. Aenean in-
terdum nibh sed wisi. Praesent sollic-
itudin vulputate dui. Praesent iaculis
viverra augue. Quisque in libero. Ae-
nean gravida lorem vitae sem ullam-
corper cursus. Nunc adipiscing rutrum
ante. Nunc ipsum massa, faucibus sit
amet, viverra vel, elementum semper,
orci. Cras eros sem, vulputate et, tin-
cidunt id, ultrices eget, magna. Nulla
varius ornare odio. Donec accumsan
mauris sit amet augue. Sed ligula la-
cus, laoreet non, aliquam sit amet, ia-
culis tempor, lorem. Suspendisse eros.
Nam porta, leo sed congue tempor, fe-
lis est ultrices eros, id mattis velit felis
non metus. Curabitur vitae elit non
mauris varius pretium. Aenean lacus
sem, tincidunt ut, consequat quis, por-
ta vitae, turpis. Nullam laoreet fer-
mentum urna. Proin iaculis lectus.
Sed mattis, erat sit amet gravida male-
suada, elit augue egestas diam, tempus
scelerisque nunc nisl vitae libero. Sed
consequat feugiat massa. Nunc porta,
eros in eleifend varius, erat leo rutrum
dui, non convallis lectus orci ut nib-
h. Sed lorem massa, nonummy quis,
egestas id, condimentum at, nisl. Mae-
cenas at nibh. Aliquam et augue at
nunc pellentesque ullamcorper. Duis
nisl nibh, laoreet suscipit, convallis ut,
rutrum id, enim. Phasellus odio. Nul-
la nulla elit, molestie non, scelerisque
at, vestibulum eu, nulla. Ut odio nisl,
facilisis id, mollis et, scelerisque nec,
enim. Aenean sem leo, pellentesque
sit amet, scelerisque sit amet, vehicula
pellentesque, sapien.
Sed consequat tellus et tortor. Ut tem-
por laoreet quam. Nullam id wisi a
libero tristique semper. Nullam nis-
l massa, rutrum ut, egestas semper,
mollis id, leo. Nulla ac massa eu ris-
us blandit mattis. Mauris ut nunc.
In hac habitasse platea dictumst. Ali-
quam eget tortor. Quisque dapibus
pede in erat. Nunc enim. In dui nulla,
commodo at, consectetuer nec, male-
suada nec, elit. Aliquam ornare tellus
eu urna. Sed nec metus. Cum sociis
natoque penatibus et magnis dis par-
turient montes, nascetur ridiculus mus.
Pellentesque habitant morbi tristique
senectus et netus et malesuada fames
ac turpis egestas.
Phasellus id magna. Duis malesuada
interdum arcu. Integer metus. Morbi
pulvinar pellentesque mi. Suspendisse
sed est eu magna molestie egestas.
Quisque mi lorem, pulvinar eget, eges-
tas quis, luctus at, ante. Proin auc-
tor vehicula purus. Fusce ac nis-
l aliquam ante hendrerit pellentesque.
Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per in-
ceptos hymenaeos. Morbi wisi. Etiam
arcu mauris, facilisis sed, eleifend non,
nonummy ut, pede. Cras ut lacus tem-
por metus mollis placerat. Vivamus eu
tortor vel metus interdum malesuada.
Sed eleifend, eros sit amet faucibus
elementum, urna sapien consectetuer
mauris, quis egestas leo justo non ris-
us. Morbi non felis ac libero vulputate
fringilla. Mauris libero eros, lacinia
non, sodales quis, dapibus porttitor,
pede. Class aptent taciti sociosqu ad
litora torquent per conubia nostra, per
inceptos hymenaeos. Morbi dapibus
mauris condimentum nulla. Cum soci-
is natoque penatibus et magnis dis par-
turient montes, nascetur ridiculus mus.
Etiam sit amet erat. Nulla varius. E-
tiam tincidunt dui vitae turpis. Donec
leo. Morbi vulputate convallis est. In-
teger aliquet. Pellentesque aliquet so-
dales urna.
Nullam eleifend justo in nisl. In hac
habitasse platea dictumst. Morbi non-
ummy. Aliquam ut felis. In velit leo,
dictum vitae, posuere id, vulputate
nec, ante. Maecenas vitae pede nec
dui dignissim suscipit. Morbi magna.
Vestibulum id purus eget velit laoreet
laoreet. Praesent sed leo vel nibh con-
vallis blandit. Ut rutrum. Donec nibh.
Donec interdum. Fusce sed pede sit
amet elit rhoncus ultrices. Nullam at
enim vitae pede vehicula iaculis.
Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per in-
ceptos hymenaeos. Aenean nonummy
turpis id odio. Integer euismod im-
perdiet turpis. Ut nec leo nec diam
imperdiet lacinia. Etiam eget lacus
eget mi ultricies posuere. In placer-
at tristique tortor. Sed porta vestibu-
lum metus. Nulla iaculis sollicitudin
pede. Fusce luctus tellus in dolor. Cur-
abitur auctor velit a sem. Morbi sapi-
en. Class aptent taciti sociosqu ad l-
itora torquent per conubia nostra, per
inceptos hymenaeos. Donec adipiscing
urna vehicula nunc. Sed ornare leo in
leo. In rhoncus leo ut dui. Aenean
dolor quam, volutpat nec, fringilla id,
consectetuer vel, pede.
Nulla malesuada risus ut urna. Aenean
pretium velit sit amet metus. Duis iac-
ulis. In hac habitasse platea dictumst.
Nullam molestie turpis eget nisl. Duis
a massa id pede dapibus ultricies. Sed
eu leo. In at mauris sit amet tortor
bibendum varius. Phasellus justo ris-
us, posuere in, sagittis ac, varius vel,
tortor. Quisque id enim. Phasellus
consequat, libero pretium nonummy
fringilla, tortor lacus vestibulum nunc,
ut rhoncus ligula neque id justo. Nul-
lam accumsan euismod nunc. Proin
vitae ipsum ac metus dictum tempus.
Nam ut wisi. Quisque tortor felis, in-
terdum ac, sodales a, semper a, sem.
Curabitur in velit sit amet dui tristique
sodales. Vivamus mauris pede, lacinia
eget, pellentesque quis, scelerisque eu,
est. Aliquam risus. Quisque bibendum
pede eu dolor.
Donec tempus neque vitae est. Aenean
egestas odio sed risus ullamcorper ul-
lamcorper. Sed in nulla a tortor tin-
cidunt egestas. Nam sapien tortor, ele-
mentum sit amet, aliquam in, porttitor
faucibus, enim. Nullam congue suscip-
it nibh. Quisque convallis. Praesent
arcu nibh, vehicula eget, accumsan eu,
tincidunt a, nibh. Suspendisse vulpu-
tate, tortor quis adipiscing viverra, la-
cus nibh dignissim tellus, eu suscipit
risus ante fringilla diam. Quisque a
libero vel pede imperdiet aliquet. Pel-
lentesque nunc nibh, eleifend a, conse-
quat consequat, hendrerit nec, diam.
Sed urna. Maecenas laoreet eleifend
neque. Vivamus purus odio, eleifend
non, iaculis a, ultrices sit amet, ur-
na. Mauris faucibus odio vitae risus.
In nisl. Praesent purus. Integer iac-
ulis, sem eu egestas lacinia, lacus pede
scelerisque augue, in ullamcorper dolor
eros ac lacus. Nunc in libero.
Fusce suscipit cursus sem. Vivamus
risus mi, egestas ac, imperdiet varius,
faucibus quis, leo. Aenean tincidun-
t. Donec suscipit. Cras id justo quis
nibh scelerisque dignissim. Aliquam
sagittis elementum dolor. Aenean con-
sectetuer justo in pede. Curabitur ul-
lamcorper ligula nec orci. Aliquam pu-
rus turpis, aliquam id, ornare vitae,
porttitor non, wisi. Maecenas luctus
porta lorem. Donec vitae ligula eu ante
pretium varius. Proin tortor metus,
convallis et, hendrerit non, scelerisque
in, urna. Cras quis libero eu ligu-
la bibendum tempor. Vivamus tellus
quam, malesuada eu, tempus sed, tem-
por sed, velit. Donec lacinia auctor
libero.
Praesent sed neque id pede mollis
rutrum. Vestibulum iaculis risus.
Pellentesque lacus. Ut quis nunc
sed odio malesuada egestas. Duis
a magna sit amet ligula tristique
pretium. Ut pharetra. Vestibulum im-
perdiet magna nec wisi. Mauris conva-
llis. Sed accumsan sollicitudin massa.
Sed id enim. Nunc pede enim, lacinia
ut, pulvinar quis, suscipit semper, elit.
Cras accumsan erat vitae enim. Cras
sollicitudin. Vestibulum rutrum blan-
dit massa.
Sed gravida lectus ut purus. Morbi
laoreet magna. Pellentesque eu wisi.
Proin turpis. Integer sollicitudin au-
gue nec dui. Fusce lectus. Vivamus
faucibus nulla nec lacus. Integer di-
am. Pellentesque sodales, enim feugiat
cursus volutpat, sem mauris dignissim
mauris, quis consequat sem est fermen-
tum ligula. Nullam justo lectus, condi-
mentum sit amet, posuere a, fringilla
mollis, felis. Morbi nulla nibh, pel-
lentesque at, nonummy eu, sollicitudin
nec, ipsum. Cras neque. Nunc augue.
Nullam vitae quam id quam pulvinar
blandit. Nunc sit amet orci. Aliquam
erat elit, pharetra nec, aliquet a, gravi-
da in, mi. Quisque urna enim, viverra
quis, suscipit quis, tincidunt ut, sapi-
en. Cras placerat consequat sem. Cur-
abitur ac diam. Curabitur diam tor-
tor, mollis et, viverra ac, tempus vel,
metus.
Curabitur ac lorem. Vivamus non jus-
to in dui mattis posuere. Etiam ac-
cumsan ligula id pede. Maecenas tin-
cidunt diam nec velit. Praesent conva-
llis sapien ac est. Aliquam ullamcor-
per euismod nulla. Integer mollis en-
im vel tortor. Nulla sodales placerat
nunc. Sed tempus rutrum wisi. Duis
accumsan gravida purus. Nunc nunc.
Etiam facilisis dui eu sem. Vestibulum
semper. Praesent eu eros. Vestibulum
tellus nisl, dapibus id, vestibulum sit
amet, placerat ac, mauris. Maecenas
et elit ut erat placerat dictum. Nam
feugiat, turpis et sodales volutpat, wisi
quam rhoncus neque, vitae aliquam ip-
sum sapien vel enim. Maecenas suscip-
it cursus mi.
Quisque consectetuer. In suscipit mau-
ris a dolor pellentesque consectetuer.
Mauris convallis neque non erat. In
lacinia. Pellentesque leo eros, sagittis
quis, fermentum quis, tincidunt ut, s-
apien. Maecenas sem. Curabitur eros
odio, interdum eu, feugiat eu, porta
ac, nisl. Curabitur nunc. Etiam fer-
mentum convallis velit. Pellentesque
laoreet lacus. Quisque sed elit. Nam
quis tellus. Aliquam tellus arcu, adip-
iscing non, tincidunt eleifend, adipisc-
ing quis, augue. Vivamus elementum
placerat enim. Suspendisse ut tortor.
Integer faucibus adipiscing felis. Ae-
nean consectetuer mattis lectus. Mor-
bi malesuada faucibus dolor. Nam la-
cus. Etiam arcu libero, malesuada vi-
tae, aliquam vitae, blandit tristique,
nisl.
Maecenas accumsan dapibus sapien.
Duis pretium iaculis arcu. Curabitur
ut lacus. Aliquam vulputate. Sus-
pendisse ut purus sed sem tempor
rhoncus. Ut quam dui, fringilla at,
dictum eget, ultricies quis, quam. E-
tiam sem est, pharetra non, vulputate
in, pretium at, ipsum. Nunc semper
sagittis orci. Sed scelerisque suscipit
diam. Ut volutpat, dolor at ullamcor-
per tristique, eros purus mollis quam,
sit amet ornare ante nunc et enim.
Phasellus fringilla, metus id feugiat
consectetuer, lacus wisi ultrices tellus,
quis lobortis nibh lorem quis tortor.
Donec egestas ornare nulla. Mauris
mi tellus, porta faucibus, dictum vel,
nonummy in, est. Aliquam erat volut-
pat. In tellus magna, porttitor lacini-
a, molestie vitae, pellentesque eu, jus-
to. Class aptent taciti sociosqu ad l-
itora torquent per conubia nostra, per
inceptos hymenaeos. Sed orci nibh,
scelerisque sit amet, suscipit sed, plac-
erat vel, diam. Vestibulum nonummy
vulputate orci. Donec et velit ac ar-
cu interdum semper. Morbi pede or-
ci, cursus ac, elementum non, vehicu-
la ut, lacus. Cras volutpat. Nam vel
wisi quis libero venenatis placerat. Ae-
nean sed odio. Quisque posuere purus
ac orci. Vivamus odio. Vivamus var-
ius, nulla sit amet semper viverra, odio
mauris consequat lacus, at vestibulum
neque arcu eu tortor. Donec iaculis t-
incidunt tellus. Aliquam erat volutpat.
Curabitur magna lorem, dignissim vo-
lutpat, viverra et, adipiscing nec, do-
lor. Praesent lacus mauris, dapibus
vitae, sollicitudin sit amet, nonummy
eget, ligula.
Cras egestas ipsum a nisl. Vivamus
varius dolor ut dolor. Fusce vel en-
im. Pellentesque accumsan ligula et
eros. Cras id lacus non tortor facili-
sis facilisis. Etiam nisl elit, cursus sed,
fringilla in, congue nec, urna. Cum
sociis natoque penatibus et magnis dis
parturient montes, nascetur ridiculus
mus. Integer at turpis. Cum sociis
natoque penatibus et magnis dis par-
turient montes, nascetur ridiculus mus.
Duis fringilla, ligula sed porta fringilla,
ligula wisi commodo felis, ut adipisc-
ing felis dui in enim. Suspendisse
malesuada ultrices ante. Pellentesque
scelerisque augue sit amet urna. Nulla
volutpat aliquet tortor. Cras aliquam,
tellus at aliquet pellentesque, justo s-
apien commodo leo, id rhoncus sapien
quam at erat. Nulla commodo, wisi
eget sollicitudin pretium, orci orci ali-
quam orci, ut cursus turpis justo et la-
cus. Nulla vel tortor. Quisque erat elit,
viverra sit amet, sagittis eget, porta sit
amet, lacus.
In hac habitasse platea dictumst.
Proin at est. Curabitur tempus vulpu-
tate elit. Pellentesque sem. Praesent
eu sapien. Duis elit magna, aliquet at,
tempus sed, vehicula non, enim. Mor-
bi viverra arcu nec purus. Vivamus
fringilla, enim et commodo malesua-
da, tortor metus elementum ligula, nec
aliquet est sapien ut lectus. Aliquam
mi. Ut nec elit. Fusce euismod luc-
tus tellus. Curabitur scelerisque. Nul-
lam purus. Nam ultricies accumsan
magna. Morbi pulvinar lorem sit amet
ipsum. Donec ut justo vitae nibh mol-
lis congue. Fusce quis diam. Praesent
tempus eros ut quam.
Donec in nisl. Fusce vitae est. Viva-
mus ante ante, mattis laoreet, posuere
eget, congue vel, nunc. Fusce sem.
Nam vel orci eu eros viverra luctus.
Pellentesque sit amet augue. Nunc sit
amet ipsum et lacus varius nonummy.
Integer rutrum sem eget wisi. Aenean
eu sapien. Quisque ornare dignissim
mi. Duis a urna vel risus pharetra im-
perdiet. Suspendisse potenti.
Morbi justo. Aenean nec dolor. In hac
habitasse platea dictumst. Proin non-
ummy porttitor velit. Sed sit amet leo
nec metus rhoncus varius. Cras ante.
Vestibulum commodo sem tincidunt
massa. Nam justo. Aenean luctus, fe-
lis et condimentum lacinia, lectus enim
pulvinar purus, non porta velit nisl sed
eros. Suspendisse consequat. Mauris a
dui et tortor mattis pretium. Sed nulla
metus, volutpat id, aliquam eget, ul-
lamcorper ut, ipsum. Morbi eu nunc.
Praesent pretium. Duis aliquam pul-
vinar ligula. Ut blandit egestas justo.
Quisque posuere metus viverra pede.
Vivamus sodales elementum neque.
Vivamus dignissim accumsan neque.
Sed at enim. Vestibulum nonummy
interdum purus. Mauris ornare velit
id nibh pretium ultricies. Fusce tem-
por pellentesque odio. Vivamus au-
gue purus, laoreet in, scelerisque vel,
commodo id, wisi. Duis enim. Nul-
la interdum, nunc eu semper eleifend,
enim dolor pretium elit, ut commodo
ligula nisl a est. Vivamus ante. Nulla
leo massa, posuere nec, volutpat vitae,
rhoncus eu, magna.
Quisque facilisis auctor sapien. Pellen-
tesque gravida hendrerit lectus. Mau-
ris rutrum sodales sapien. Fusce hen-
drerit sem vel lorem. Integer pellen-
tesque massa vel augue. Integer elit
tortor, feugiat quis, sagittis et, ornare
non, lacus. Vestibulum posuere pellen-
tesque eros. Quisque venenatis ipsum
dictum nulla. Aliquam quis quam non
metus eleifend interdum. Nam eget s-
apien ac mauris malesuada adipiscing.
Etiam eleifend neque sed quam. Nul-
la facilisi. Proin a ligula. Sed id dui
eu nibh egestas tincidunt. Suspendisse
arcu.
Maecenas dui. Aliquam volutpat auc-
tor lorem. Cras placerat est vitae lec-
tus. Curabitur massa lectus, rutrum
euismod, dignissim ut, dapibus a, odi-
o. Ut eros erat, vulputate ut, interdum
non, porta eu, erat. Cras fermentum,
felis in porta congue, velit leo facili-
sis odio, vitae consectetuer lorem quam
vitae orci. Sed ultrices, pede eu placer-
at auctor, ante ligula rutrum tellus, vel
posuere nibh lacus nec nibh. Maecenas
laoreet dolor at enim. Donec molestie
dolor nec metus. Vestibulum libero.
Sed quis erat. Sed tristique. Duis pede
leo, fermentum quis, consectetuer eget,
vulputate sit amet, erat.
Donec vitae velit. Suspendisse porta
fermentum mauris. Ut vel nunc non
mauris pharetra varius. Duis conse-
quat libero quis urna. Maecenas at
ante. Vivamus varius, wisi sed eges-
tas tristique, odio wisi luctus nulla,
lobortis dictum dolor ligula in lacus.
Vivamus aliquam, urna sed interdum
porttitor, metus orci interdum odio, sit
amet euismod lectus felis et leo. Prae-
sent ac wisi. Nam suscipit vestibu-
lum sem. Praesent eu ipsum vitae
pede cursus venenatis. Duis sed odio.
Vestibulum eleifend. Nulla ut massa.
Proin rutrum mattis sapien. Curabitur
dictum gravida ante.
Phasellus placerat vulputate quam.
Maecenas at tellus. Pellentesque neque
diam, dignissim ac, venenatis vitae,
consequat ut, lacus. Nam nibh.
Vestibulum fringilla arcu mollis arcu.
Sed et turpis. Donec sem tellus, vo-
lutpat et, varius eu, commodo sed, lec-
tus. Lorem ipsum dolor sit amet, con-
sectetuer adipiscing elit. Quisque en-
im arcu, suscipit nec, tempus at, im-
perdiet vel, metus. Morbi volutpat
purus at erat. Donec dignissim, sem
id semper tempus, nibh massa eleifend
turpis, sed pellentesque wisi purus sed
libero. Nullam lobortis tortor vel risus.
Pellentesque consequat nulla eu tellus.
Donec velit. Aliquam fermentum, wisi
ac rhoncus iaculis, tellus nunc male-
suada orci, quis volutpat dui magna id
mi. Nunc vel ante. Duis vitae lacus.
Cras nec ipsum.
Morbi nunc. Aliquam consectetuer
varius nulla. Phasellus eros. Cras
dapibus porttitor risus. Maecenas ul-
trices mi sed diam. Praesent gravida
velit at elit vehicula porttitor. Phasel-
lus nisl mi, sagittis ac, pulvinar id,
gravida sit amet, erat. Vestibulum es-
t. Lorem ipsum dolor sit amet, con-
sectetuer adipiscing elit. Curabitur id
sem elementum leo rutrum hendrerit.
Ut at mi. Donec tincidunt faucibus
massa. Sed turpis quam, sollicitudin a,
hendrerit eget, pretium ut, nisl. Duis
hendrerit ligula. Nunc pulvinar congue
urna.
Nunc velit. Nullam elit sapien, eleifend
eu, commodo nec, semper sit amet,
elit. Nulla lectus risus, condimen-
tum ut, laoreet eget, viverra nec, odio.
Proin lobortis. Curabitur dictum arcu
vel wisi. Cras id nulla venenatis tor-
tor congue ultrices. Pellentesque eget
pede. Sed eleifend sagittis elit. Nam
sed tellus sit amet lectus ullamcorper
tristique. Mauris enim sem, tristique
eu, accumsan at, scelerisque vulputate,
neque. Quisque lacus. Donec et ipsum
sit amet elit nonummy aliquet. Sed
viverra nisl at sem. Nam diam. Mau-
ris ut dolor. Curabitur ornare tortor
cursus velit.
Morbi tincidunt posuere arcu. Cras
venenatis est vitae dolor. Vivamus
scelerisque semper mi. Donec ipsum
arcu, consequat scelerisque, viverra id,
dictum at, metus. Lorem ipsum do-
lor sit amet, consectetuer adipiscing
elit. Ut pede sem, tempus ut, port-
titor bibendum, molestie eu, elit. Sus-
pendisse potenti. Sed id lectus sit amet
purus faucibus vehicula. Praesent sed
sem non dui pharetra interdum. Nam
viverra ultrices magna.
Aenean laoreet aliquam orci. Nunc in-
terdum elementum urna. Quisque er-
at. Nullam tempor neque. Maecenas
velit nibh, scelerisque a, consequat ut,
viverra in, enim. Duis magna. Donec
odio neque, tristique et, tincidunt eu,
rhoncus ac, nunc. Mauris malesua-
da malesuada elit. Etiam lacus mau-
ris, pretium vel, blandit in, ultricies id,
libero. Phasellus bibendum erat ut di-
am. In congue imperdiet lectus.
Aenean scelerisque. Fusce pretium
porttitor lorem. In hac habitasse
platea dictumst. Nulla sit amet nisl
at sapien egestas pretium. Nunc non
tellus. Vivamus aliquet. Nam adipisc-
ing euismod dolor. Aliquam erat vo-
lutpat. Nulla ut ipsum. Quisque tin-
cidunt auctor augue. Nunc imperdi-
et ipsum eget elit. Aliquam quam
leo, consectetuer non, ornare sit amet,
tristique quis, felis. Vestibulum ante
ipsum primis in faucibus orci luc-
tus et ultrices posuere cubilia Curae;
Pellentesque interdum quam sit amet
mi. Pellentesque mauris dui, dictum
a, adipiscing ac, fermentum sit amet,
lorem.
Ut quis wisi. Praesent quis massa. Vi-
vamus egestas risus eget lacus. Nunc t-
incidunt, risus quis bibendum facilisis,
lorem purus rutrum neque, nec porta
tortor urna quis orci. Aenean aliquet,
libero semper volutpat luctus, pede er-
at lacinia augue, quis rutrum sem ip-
sum sit amet pede. Vestibulum ali-
quet, nibh sed iaculis sagittis, odio do-
lor blandit augue, eget mollis urna tel-
lus id tellus. Aenean aliquet aliquam
nunc. Nulla ultricies justo eget or-
ci. Phasellus tristique fermentum leo.
Sed massa metus, sagittis ut, semper
ut, pharetra vel, erat. Aliquam quam
turpis, egestas vel, elementum in, eges-
tas sit amet, lorem. Duis convallis, wisi
sit amet mollis molestie, libero mauris
porta dui, vitae aliquam arcu turpis ac
sem. Aliquam aliquet dapibus metus.
Vivamus commodo eros eleifend dui.
Vestibulum in leo eu erat tristique
mattis. Cras at elit. Cras pellen-
tesque. Nullam id lacus sit amet libero
aliquet hendrerit. Proin placerat, mi
non elementum laoreet, eros elit tin-
cidunt magna, a rhoncus sem arcu id
odio. Nulla eget leo a leo egestas fa-
cilisis. Curabitur quis velit. Phasel-
lus aliquam, tortor nec ornare rhoncus,
purus urna posuere velit, et commod-
o risus tellus quis tellus. Vivamus leo
turpis, tempus sit amet, tristique vitae,
laoreet quis, odio. Proin scelerisque
bibendum ipsum. Etiam nisl. Prae-
sent vel dolor. Pellentesque vel magna.
Curabitur urna. Vivamus congue urna
in velit. Etiam ullamcorper elementum
dui. Praesent non urna. Sed placer-
at quam non mi. Pellentesque diam
magna, ultricies eget, ultrices placerat,
adipiscing rutrum, sem.

Abstract
Let ∆ be a (d − 1)-dimensional pure f -simplicial complex over ver-
tex set [n]. In this paper, it is proved that ∆ being mini-
mal CM implies d ≥ 3 and n = 2d. It is also indicat-
ed that shellable condition on a pure simplicial complex ∆ is i-
dentical with existence of a full series of CM subcomplexes of ∆.
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Simplicial Complex, Cohen-Macaulay, Pure Shellable, f -Simplicial Complex

1. Introduction

Throughout, for a natural number n and 1 < d < n, let

[n] =: {1, 2, . . . , n}, [n]d =: {A ∈ 2[n] | |A| = d},

where 2[n] is the power set of [n]. A simplicial complex ∆ over a vertex
set [n] is a subset of 2[n], which has the hereditary property under inclusion
and is such that {i} ∈ ∆ holds for all i ∈ [n]. Recall that a facet of ∆ is a
maximal element with respect to inclusion, and the facet set of ∆ is denoted
as F(∆). The dimension dim ∆ of ∆ is the maximal number |F | − 1, where
F ∈ F(∆) runs over all facets of ∆. If dim ∆ equals to |F |−1 for each facet
F , then ∆ is said to be pure. Let ∆(i) = {F ∈ ∆ | |F | ≤ i + 1} be the i’th
skeleton of ∆.

Cohen-Macaulay (abbreviated as CM) property is one of the central re-
search topics in commutative algebra and the rich and deep homological
achievements have fruitful applications in combinatorial aspects of commu-
tative rings. In combinatorial commutative algebra, shellable and pure sim-
plicial complexes are the main source of CM simplicial complexes. In a most
recent work, Dao, Doolittle and Lyle in reference [1] discovered a new impor-
tant combinatorial property of a CM simplicial complex ∆, i.e., ∆F ∩〈F 〉 is
pure of dimension |F |−2 for any facet F of ∆, where F(∆F ) = F(∆)r{F}.
Based on the property, the notion of a minimal CM simplicial complex ∆
is introduced and studied. To be more precisely, ∆ is called minimal CM
if ∆ is CM but no ∆F is CM for any facet F of ∆. Acyclic behavior of
a minimal CM ∆ is studied and, sufficient conditions are provided for a
complex to be minimal CM . Many interesting examples of minimal CM
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complexes are also exhibited. Recall also from Zheng in reference [2] the
other important combinatorial property of a CM simplicial complex, i.e.,
CM simplicial complexes are connected in codimension one, i.e., for any dis-
tinct facets F and G, there is a sequence F = F0, F1, . . . , Fr = G of facets
such that |Fi∩Fi+1| = |Fi+1|−1 for all i = 0, 1, . . . , r−1. For other proper-
ties of CM simplicial complexes as well as CM rings, refer also to references
[3, 4, 5, 6, 7, 8].

In this paper, we use Lemma 3.1 of reference [1], to study the exact rela-
tion of shellable and CM properties for a pure complex ∆, and we study the
condition for a minimal CM f -simplicial complex to be acyclic. In Section 2,
we recall some work of [1] and, give a brief survey on f -simplicial complexes.
In Section 3, we first indicate that shellable condition on a pure complex ∆ is
identical with CM properties of a full series of subcomplexes of ∆, and then
we use this observation to construct nontrivial examples of pure shellable
complexes by taking advantage of CoCoA in an algorithmic approach, after
applying Eagon-Reiner theorem. In Section 4, we compute the dimension of
the subspace ker(∂r) in a reduced chain complex of the simplex 〈[n]〉, and
apply it to deduce that a minimal CM f -simplicial complex exists in set [n]d
implies n = 2d.

2. Preliminaries

For a (d − 1)-dimensional simplicial complex ∆, there is a related chain
complex of K-spaces:

C : 0 −→ Cd−1
∂d−1−→ Cd−2

∂d−2−→ · · · −→ C1
∂1−→ C0 −→ 0,

where Ci is a free K-module with basis set {σ ∈ ∆ | |σ| = i + 1}, while for
any 1 ≤ k1 < k2 < · · · < kr+1 ≤ n,

∂r(k1k2 . . . kr+1) =

r+1∑
i=1

(−1)i−1k1 . . . ki−1k̂iki+1 . . . kr+1.

For each i, recall that im ∂i+1 ⊆ ker ∂i holds, and the quotient K-space

H̃i(∆) =: ker ∂i/im ∂i+1

is called the ith homology group of ∆. If H̃i(∆) = 0 holds for all i, then ∆
is said to be acyclic. Clearly, ∆ is acyclic if and only if the corresponding
chain complex C is an exact sequence. Recall that a cone is always acyclic
(see, e.g., [6]), where ∆ is called a cone if there exists a vertex such that all
facets contain it as an element, and note that dim H̃0(∆) + 1 is the number
of connected components of ∆, see, e.g., Proposition 5.2.3 of reference [6].

Throughout, let K be a field and let S = K[x1, . . . , xn] be the polynomial
ring over a field K. Throughout, unless otherwise specifically stated, let ∆
be a (d− 1)-dimensional pure simplicial complex with vertex set [n], where
∆ 6= ∅, {∅} and ∆ is not a simplex.

We first recall some work of Proposition 5.2.3 [1] on minimal Cohen-
Macaulay simplicial complexes. For a facet F of a simplicial complex ∆,
let

∆F = 〈G | G ∈ F(∆) r {F}〉.

∆ is called a shelling move of ∆F if ∆F ∩ 〈F 〉 is pure of codimension 1, i.e.,
∆F ∩ 〈F 〉 is generated by some nonempty subset of ∂F .

Lemma 1. ([1, Lemma 3.1]) If a simplicial complex ∆ is CM with |F(∆)| ≥
2, then ∆ is a shelling move of ∆F for any facet F of ∆.
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A CM simplicial complex ∆ is called minimal CM, if either it is a simplex,
or else |F(∆)| ≥ 3 and, no ∆F is CM for any facet F of ∆. Here the definition
of minimal CM is slightly different from that of the work [1], since we are
mainly interested in the nonempty simplicial complexes. Then, the shelling
move property implies the following:

Theorem 2. ([1, Theorem 3.2]) Let ∆ be a (d − 1)-dimensional CM
simplicial complex, which is not minimal. Then there exists a minimal
CM subcomplex Γ and a series of facets Fj , . . . , F1 of ∆, such that each
Γ ∪ 〈Fi, . . . , F1〉 is CM and, each Γ ∪ 〈F1, . . . , Fi+1〉 is a shelling move of
Γ ∪ 〈F1, . . . , Fi〉.

In reference [1], ∆ is said to be shelled over Γ. Clearly, shelled over is a
kind of generalization of shellable for a simplicial complex.

Next, we record the following result, which is needed in this paper:

Theorem 3. ([1, Theorem 3.4]) Let ∆ be a simplicial complex with dimen-
sion d − 1, and assume H̃d−1(∆) 6= 0. Then there is a maximal facet F of
∆ such that the following hold:

(1) dim H̃i−1(∆F ) =

{
dim H̃i−1(∆), if 0 ≤ i < d

dim H̃i−1(∆)− 1, if i = d
.

(2) fk−1(∆F ) =

{
fk−1(∆), if 0 ≤ i < d

fk−1(∆)− 1, if i = d
.

(3) depth ∆ = depth ∆F .

Surely, this theorem together with Reisner theorem imply that a minimal
CM simplicial complex is acyclic.

Corollary 1. Let ∆ be a minimal CM complex over vertex set [n] with
dimension d− 1. Then H̃d−1(∆F ) = 0 holds true for any facet F of ∆.

Proof. This is an immediate consequence of Lemma 1, Theorem 3 and, [9,
Theorem 25.1] on page 142.

Now we give a brief survey on some related established results on f -
simplicial complexes. For any square-free monomial ideal I of S, let G(I)
be set of minimal monomial generators, and let sm(I) be set of square-free
monomials. For the ideal I, recall that there exist two related simplicial
complexes, i.e., the nonface simplicial complex

δN (I) =: {F ∈ 2[n ] | XF ∈ sm(S) r sm(I) }

of I and the facet simplicial complex δF (I) =: 〈F ∈ 2[n ] | XF ∈ G(I) 〉
of the clutter G(I). If they possess a same f -vector, then the ideal I is
called an f -ideal. For a simplicial complex ∆, if its facet ideal I(∆) =:
〈 {XF | F ∈ F(∆)} 〉 is an f -ideal, then ∆ is called an f -simplicial complex.
A graph G is said to be an f -graph, if the edge ideal I(G) is an f -ideal.
Note that in defining an f -graph G, G is regarded as a simplicial complex
of dimension no more than 1, although we do have I(G) = IInd(G), where
Ind(G) is the independence simplicial complex of the graph G. Refer to
references [10, 11, 12, 13, 14] for further related studies.

For a simplicial complex ∆ on the vertex set [n], let

∆c =: 〈 {F | F c ∈ F(∆)} 〉 i.e.= 〈 {[n] rG | G ∈ F(∆)} 〉.

The definition of an f -simplicial complex seems to be reasonable with hind-
sight, due to the following two theorems on f -ideals.
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Theorem 4. ([15, Theorem 2.3]) Let S = K[x1, . . . , xn], and let I be a
square-free monomial ideal of S with the minimal generating set G(I), where
all monomials of G(I) have a same homogeneous degree d. Then I is an f -
ideal if and only if, set G(I) is an LU-set and, |G(I)| = 1

2

(
n
d

)
holds true.

Note that G(I) is said to be an L-set (U-set, respectively) if set of all
degree d− 1 factors of elements of G(I) has exactly

(
n
d−1

)
elements (respec-

tively, set of degree d + 1 square-free monomials extended from elements
of G(I) has cardinality

(
n
d+1

)
). If G(I) is both a U-set and an L-set, then

G(I) is an LU-set. With the bijection from Xα to {i ∈ [n] | i ∈ α} (e.g.,
x1x3x4 7→ {1, 3, 4}), one obtains the notion of an L-set (U-set, LU-set re-
spectively) for the facet set F(∆).

Recall also the following recently discovered result:

Theorem 5. ([16, Theorem 4.1]) ∆ is an f -simplicial complex, if and only
if ∆c is an f -simplicial complex.

Equivalently, a square-free monomial ideal I of S is an f -ideal if and
only if the Newton complement dual ideal Î = 〈x1x2 · · ·xn/u | u ∈ G(I)〉 of
I is an f -ideal.

It is clear that Theorem 5 follows easily from Theorem 4 for a pure
simplicial complex ∆.

Recall that for an f -graph G, it is proved that the complement graph G
is bipartite, thus Ind(G) = G. Recall that all f -graphs are pure shellable as
a graph, i.e., the independence complex Ind(G) is pure and shellable ([15,
Theorem 6.5]), while the definition of an f -graph is actually an f -simplicial
complex of dimension less than or equal to 1. Thus , Theorem 6.5 of [15]
may be re-stated as the following:

If ∆ is an f -simplicial complex of dimension less than or equal to 1, then
the homogeneous complement simplicial complex ∆′ =: 〈 [n]2 r F(∆) 〉 is
pure shellable.

Based on this observation, it is natural to ask the following question:

Question 6. For a pure f -simplicial complex ∆ of dimension d− 1, is the
homogeneous complement simplicial complex ∆′ =: 〈σ | σ ∈ [n]d r F(∆) 〉
of ∆ shellable?

We do not know counterexample in set [5]3 and in [6]3. But it fails in
set [8]4. We will give a negative answer in Example 11.

We remark that there exist a lot of pure f -simplicial complexes which
are not CM when d− 1 ≥ 2.

Finally, we claim that there exist f -simplicial complexes which are min-
imal CM:

Example 7. ([17, 14]) Consider a simplicial complex ∆ with facet set

F(∆) = {123, 125, 136, 145, 146, 234, 246, 256, 345, 356}

constructed in reference [17]. It is noticed in reference [14] that ∆ (hence,
∆c) is an f -simplicial complex. Then we take advantage of Eagon-Reiner
theorem (see, e.g., [8, Theorem 8.1.9]) and CoCoA ([18]) to check that both
simplicial complex ∆ and its complement ∆c are minimal CM. In particular,
neither ∆ nor ∆c is shellable, which is hard to check without the notion of
minimal CM (refer to [17, Example 7.7] for a general theoretical treatment).

Note that a permutation on set [6] =: {n | 1 ≤ n ≤ 6} may produce
a new simplicial complex ∆1, which has the same property with ∆. For
example, the cyclic permutation (1, 2, 3, 4, 5, 6) acts on F(∆) and produces

∆1 = 〈 234, 236, 124, 256, 125, 345, 135, 136, 456, 146 〉.

Clearly, both ∆1 and ∆c
1 are f -simplicial complexes and minimal CM.
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3. Pure Shellable versus Cohen-Macaulay

We begin with the following immediate consequence of Theorem 4:

Corollary 2. Let ∆ be a (d − 1)-dimensional pure f -simplicial complex
with vertex set [n]. Then we have

depth(∆) =

{
d, if ∆ is CM

d− 1, if ∆ is not CM.

Proof. Assume that ∆ is not CM. Since ∆ is a (d− 1)-dimensional pure f -
simplicial complex, F(∆) is an L-set, thus ∆(d−2) = [n]d−1 holds. Clearly,
[n]d−1 is pure shellable, thus it is CM. Then the result follows from the fact
that

depth(∆) = 1 + max{i | the i′th skeleton ∆(i) is CM.}.

If the minimal subcomplex Γ in Theorem 2 is a simplex, say, Γ = 〈F0〉,
then it follows by Lemma 1 that the following is a shelling of ∆, thus ∆ is
shellable:

F0, F1, F2, . . . , Fj .

To be more precisely, we have the following observation, which essentially
should be dedicated to the authors of reference [1]:

Theorem 8. For a pure simplicial complex ∆, the following statements are
equivalent:

(1) ∆ is shellable.
(2) There exists a full sequence of subcomplexes ∆i such that all ∆i are

CM, i.e., there is a total order Fj , Fj−1, . . . , F1, F0 of all facets of ∆ such
that each ∆i =: 〈F0, F1, . . . , Fi〉 is CM for j ≥ i ≥ 1, or equivalently, each
ideal I(∆c

i ) has a linear resolution.

Proof. (1) =⇒ (2) : Let F0, F1, . . . , Fj be a shelling of ∆ and let ∆i =
〈F0, F1, . . . , Fi〉. Then for any i with 1 ≤ i ≤ j, ∆i =: 〈F0, F1, . . . , Fi〉 is
pure and shellable, thus is CM.

(2) =⇒ (1) : Let Fj , Fj−1, . . . , F1, F0 be a full sequence of facets of ∆
such that each ∆i =: 〈F0, F1, . . . , Fi〉 is CM for j ≥ i ≥ 1. Then by Lemma
1,

∆j−1 ∩ 〈Fj〉,∆j−2 ∩ 〈Fj−1〉, . . .∆1 ∩ 〈F1〉
are all pure of dimension dim ∆−1. By definition, F0, F1, . . . , Fj is a shelling
of ∆, thus ∆ is a shellable simplicial complex. The rest statement follows
from Eagon-Reiner theorem, and is convenient for checking by applying
CoCoA.

Clearly, Theorem 8 shows the exact relation between the conditions of
shellable and CM for a pure simplicial complex. It also exhibits the impor-
tance of Lemma 1.

As is well-known, it is in general a hard work to check if a pure simplicial
complex is shellable. It seems that the new concept shelled over could open
an algorithmic gate on attacking this problem, based on the algebraic char-
acterization of a CM simplicial complex by Eagon-Reiner theorem. Refer to
Examples 7, 10 and 11 for concrete operations and calculations.

When considering the condition of connected in codimension 1 (see, e.g.,
Proposition 1.12 of reference [2]), we have the following easy observation:

Proposition 9. Let ∆ be a pure simplicial complex of dimension d − 1,
which is not a simplex. Consider the following conditions:

(1) For each face σ of ∆ such that dim lk∆(σ) > 0, lk∆(σ) is connected.
(2) For each facet F of ∆, ∆ is a shelling move of ∆F .

Then (1) implies (2).
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Proof. This follows from the proof of Lemma 3.1 of reference [1].

The converse does not hold true in general. For example, the simplicial
complex ∆ =: 〈1234, 1235, 1278, 1279〉 is a shelling move over ∆F for each
facet F , but lk∆(12) = 〈34, 35, 78, 79〉 and it is disconnected.

For a simplicial complex ∆, recall from Lemma 1.5.3 of reference [8]
that I∆∨ = I(∆c) holds, where ∆c = 〈 [n] r F | F ∈ F(∆) 〉 and, ∆∨ is
the Alexander dual complex of ∆. Recall that ∆ is said to be CM, if the
Stanley-Reisner ideal I∆ of ∆ is CM. Recall also the Eagon-Reiner theorem
(see, e.g., Theorem 8.1.9 of reference [8]), i.e., a simplicial complex ∆ is CM
if and only if the Stanley-Reisner ideal I∆∨ of ∆∨ has a linear resolution .
Thus ∆ is CM if and only if the monomial ideal I(∆c) has a linear resolution.
These results together with CoCoA are crucial to our next work.

In the following, we consider simplicial complexes of kind (8, 4) and apply
Theorem 8 and Example 7 to the following construction:

Example 10. We start from set

A = {1345, 1347, 1358, 1367, 1368, 1456, 1468, 1478, 1567, 1578}.

By Example 7, it generates a minimal CM simplicial complex Γ, where

Γ = 〈 {F | F ∈ A} 〉.

(1) Let

B = {1234, 1235, 1246, 1258, 1357, 1458, 1568, 2345, 2347, 2346, 2356, 2457,

2468, 2578, 2678, 2467, 2456, 2567, 2367, 3456, 3478, 3678, 4567, 4578, 4678},

and let ∆1 = 〈{F | F ∈ A∪B〉. Then it is checked that ∆1 is a CM simplicial
complex via CoCoA (reference [18]), and the following sequence

F25 = 1246, 1258, 1235, 1357, 3478, 1568, 1234, 2345, 2356, 2457, 2468, 2578,

2678, 2567, 2456, 3678, 3456, 2346, 1458, 4578, 4567, 2367, 2467, 4678, 2347

of facets are found to make the CM simplicial complex ∆1 shelled over the
minimal CM simplicial complex Γ, where each of the 24 monomial ideals

I(〈(∆c
1)r {F c25}〉), I(〈F(∆c

1)r {F c25, F
c
24}〉), . . . , I(〈F(∆c

1)r {F c25, . . . , F
c
2}〉)

is tested via CoCoA to have linear resolution. Note that F1 = 2347, F2 =
4678, and so on.

Note that ∆1 is not an f -simplicial complex since 127 is not in the lower
set of F(∆1), i.e., F(∆1) is not an L-set. We do not know if ∆1 is shellable.

(2) Inspired by the previous construction, we now construct an f -
simplicial complex

∆2 = 〈 {F | F ∈ A ∪ C} 〉,

where

C = {1235, 1236, 1237, 1247, 1268, 1258, 1357, 1458, 1568, 2345, 2347, 2348,

2356, 2457, 2467, 2468, 2578, 2678, 3456, 3467, 3478, 3678, 4567, 4578, 4678}.

We checked that A ∪ C is an LU-set, thus ∆2 is indeed an f -simplicial
complex. We checked that ∆2 is CM via CoCoA. Furthermore, we claim
that the complex ∆2 is shellable with the shelling F0, F1, . . . , F34, where

F34 = 1247, F33 = 1237, 1357, 1358, 1368, 2347, 2348, 2356, 1236, 1235, 1268,
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1258, 1345, 1347, 1367, 1567, 1568, 1578, 1458, 1456, 1468, 1478, 3478, 2345,

2457, 2467, 2468, 2578, 2678, 3456, 3467, 3678, 4567, F1 = 4678, F0 = 4578.

In fact, we use CoCoA to show that each I(〈F c0 , . . . , F ci 〉) has a linear reso-
lution (∀ 34 ≥ i ≥ 1), thus

〈F0, F1, . . . , Fi〉

is a Cohen-Macaulay simplicial complex for each i. Then it follows from
Theorem 8 that ∆2 is shellable with

F0, F1, . . . , F34

as a shelling.
It is natural to ask if ∆2 is shelled over Γ constructed in (1) of this

example? We tried this via CoCoA, and the answer is yes. The following
sequence

G25 = 1247, G24 = 1357, 1237, 2347, 2348, 2345, 2356, 1235, 1236,

1268, 1258, 2578, 2678, 2468, 2467, 2457, 3478, 3678,

1568, 4678, 3456, 3467, 4567, G2 = 4578, G1 = 1458

of facets is found to make the CM simplicial complex ∆2 shelled over the
minimal CM simplicial complex Γ, where all the 24 facet monomial ideals
I(〈F(∆c

2) r {Gc25, . . . , G
c
r}〉) are tested to have linear free resolutions.

Note that for the same CM simplicial complex ∆2, the first minimal CM
subcomplex is 〈F0〉 and it has only one facet, while the second minimal CM
subcomplex is Γ and it has ten facets. This is the end of Example 10.

Finally, note that Example 7 provides a very well-distributed simplicial
complex, i.e., each number r in set [6] appears 5 times in the facets. Motivat-
ed by this observation, we now construct a very well-distributed simplicial
complex whose facet set contains 34 elements in set [8]4.

Example 11. Let F(∆c) be set D consisting of 34 elements, where

D = {1234, 1235, 1246, 1247, 1258, 1345, 1358, 1367, 1368, 1378, 1456,

1457, 1467, 1478, 1568, 1578, 1678, 2346, 2348, 2356, 2358, 2367, 2378,

2456, 2467, 2468, 2478, 2567, 2678, 3456, 3457, 3568, 3578, 4578}.

We checked the following:
(1) D is very well-distributed, i.e., it has type 117217317417517617717817.
(2) D is an LU-set over set [8], so that adding any element from set

[8]4 rD can generate a pure f -simplicial complex Γc.
(3) The ideal I(∆c) has the following linear resolution, thus ∆ is not

CM:

0 −→ R(−8)2 −→ R(−7)21 ⊕R(−8) −→ R(−6)68 ⊕R[−7]2

−→ R(−5)81 ⊕R[−6] −→ R(−4)34 −→ R.

Note that ∆c has the same properties.
Among the 36 f -simplicial complexes Γ obtained in (2), 7 are CM. In

fact, F c35 can be chosen as anyone of the following:

1236, 1238, 1268, 1346, 1348, 1468, 2368
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such that I(〈Dc ∪ {F c35}〉) has a linear resolution . Note that unfortunately,
none of the 7 CM simplicial complexes is minimal CM. Furthermore, all Γ
are shelling moves of ΓF2 , where F c2 = 1235.

Finally, we consider set D′ =: [8]4 rD, which consists of 36 elements, as
follows:

D′ = {1236, 1237, 1238, 1245, 1248, 1256, 1257, 1267, 1268, 1278, 1346, 1347, }

1348, 1356, 1357, 1458, 1468, 1567, 2345, 2347, 2357, 2368, 2457, 2458,

2568, 2578, 3458, 3467, 3468, 3478, 3567, 3678, 4567, 4568, 4678, 5678}.

Deleting any element will result in a homogeneous complement of some Γc in
(2). We use CoCoA to calculate the 36 I((Γc)′) and, find 15 CM simplicial
complexes Γ′. The following are all elements when one of which is deleted,
the corresponding I((Γc)′) has a linear resolution , thus Γ′ is CM:

1238, 1257, 1267, 1356, 1357, 1458, 1567,

2345, 2357, 2578, 3567, 3678, 4567, 4678, 5678.

Note that (Γc)′ = (Γ′)c always holds true. It also gives a negative answer
to Question 6. This is the end of Example 11.

Note that in many examples of CM simplicial complexes ∆, we have
∆F ∩ 〈F 〉 = 〈G | G ∈ ∂F 〉 holds true for most of the facets F , but not in
all cases, as the following example shows:

Example 12. Let F(∆c
3) = D∪{1236}, in which D is taken as in Example

11. Let F c = 4578 and consider Γ =: ∆F ∩ 〈F 〉. Then we have 123 6∈ F(Γ),
thus F(Γ) is a proper subset of ∂F =: {123, 126, 136, 236}.

Notice the following

30 = 5× 6 = 10× 3, 34× 4 = 8× 17 = 136 < 140 = 35× 4.

Notice the following fact:
(1) For any odd number d ≥ 3, d × 1

2

(
2d
d

)
is divided by 2d, i.e., 4 |

(
2d
d

)
holds true.

Based on the examples and Theorem 4, we now pose the following:

Conjecture. (a) There exist in set [2d]d very well-distributed f -simplicial
complexes which are minimal CM, if one of the following conditions holds
true:

(1) d ≥ 3 and d is an odd number.
(2) d ≥ 4 and d is an even number such that 4 |

(
2d
d

)
.

(b) In set [8]4, there exists no very well-distributed f -simplicial complex
which is minimal CM.

Note that 4 -
(

8
16

)
also holds. Thus in set [16]8, the pure simplicial

complexes generated by 1
2

(
8
16

)
subsets may perhaps behave just like the

pure simplicial complexes in set [8]4.

4. Minimal Cohen-Macaulay f-Simplicial
Complexes

In this section, we study properties of f -simplicial complexes which are
minimal CM. For this, we need the following:
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Lemma 13. Let

C : 0 −→ Cn−1
∂n−1−→ Cn−2

∂n−2−→ · · · ∂2−→ C1
∂1−→ C0 −→ 0

be the chain complex of the simplex 〈 [n] 〉 over a field K. Then the K-
subspace ker(∂r) has dimension

(
n−1
r+1

)
.

Proof. For 1 < r ≤ n−1, let
∑

1≤i1<i2<···<ir≤n xi1i2...ir ·i1i2 . . . ir ∈ ker ∂r−1,
where the second i1i2 . . . ir denotes the subset {i1, i2, . . . , ir} of set [n] and
xi1i2...ir are elements of the base field K. Then∑

1≤i1<i2<···<ir≤n

xi1i2...ir

r∑
j=1

(−1)j−1i1i2 . . . ij−1îjij+1 . . . ir = 0

holds true. Since Cr−2 is a free K-module with all elements of [n]r−1 as a
basis, we have got a system of homogeneous linear equations, which consists
of
(
n
r−1

)
equations with

(
n
r

)
variable xi1i2...ir . We write these xi1i2...ir as

well as i1i2 . . . ir−1 in lexicographic order, and consider the rank of the
coefficient matrix M( n

r−1)×(n
r)

. Clearly, the first
(
n−1
r−1

)
columns, i.e., the

coefficients of x1i2...ir , are linearly independent. It can be checked that each
other column is a linear combination of them. Furthermore, for i1i2 . . . ir
with 1 6∈ {i1, . . . , ir}, note that

∂r−1(i1i2 . . . ir) = i2 . . . ir − i1i3 . . . ir + · · ·+ (−1)r−1i1 . . . ir−1,

in the i1 . . . ir-th column vector vi1...ir of M , the i1 . . . îj . . . ir-th component
is (−1)j−1 (1 ≤ j ≤ r) and, all other components are zero. Thus we have

vi1...ir = v1i2...ir − v1i1i3...ir + · · ·+ (−1)r−1v1i1...ir−1 . (1)

The exact details are essentially the same with the verification of the fact
that a cone is acyclic, refer to Proposition 5.2.5 of reference [6].

Finally, we proved that the dimension of the vector space ker ∂r−1 is the
following (

n

r

)
−
(
n− 1

r − 1

)
=

(
n− 1

r

)
.

Note that the key to calculate the kernel of general ∂i−1 is the equality(
n

i

)
=

(
n− 1

i

)
+

(
n− 1

i− 1

)
.

This is the end of the verification.

Remark. We illustrate the proof in computational way in two particular
cases.

The first case is set [6]3, and we check that ker ∂1 has dimension
(
n−1

2

)
,

where n = 6. In fact, let
∑

1≤i<j≤6 xij{i, j} ∈ ker ∂1, we have

0 =
∑

1≤i<j≤6

xij({j} − {i}).

Since C0 in the chain complex is a free K-module with basis {1}, {2}, . . . , {6},
we get the following system of linear equations:

∑6
i=1−x1i = 0

x12 −
∑6
i=2 x2i = 0

x13 + x23 −
∑6
i=3 x3i = 0∑3

i=1 xi4 − x45 − x46 = 0∑4
i=1 xi5 − x56 = 0∑5
i=1 xi6 = 0.

The coefficient matrix is
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
−1 −1 −1 −1 −1
1 −1 −1 −1 −1

1 1 −1 −1 −1
1 1 1 −1 −1

1 1 1 1 −1
1 1 1 1 1

 ,

hence, the solution to the system has exactly

10 =

(
5

2

)
=

(
6

2

)
−
(

5

1

)
free variables, and in fact they are all kij except these {i, j} including 1.
Note that for a general n, dim ker(∂1) =

(
n−1

2

)
is verified in an exactly same

way. Note also that in the coefficient matrix, we have column vector relation
v23 = v12 − v13.

12 13 14 15 16 17 18 23 24 25 26 27 28 34 35 36 37 38 45 46 47 48 56 57 58 67 68 78
123 1 -1 1
124 1 -1 1
125 1 -1 1
126 1 -1 1
127 1 -1 1
128 1 -1 1
134 1 -1 1
135 1 -1 1
136 1 -1 1
137 1 -1 1
138 1 -1 1
145 1 -1 1
146 1 -1 1
147 1 -1 1
148 1 -1 1
156 1 -1 1
157 1 -1 1
158 1 -1 1
167 1 -1 1
168 1 -1 1
178 1 -1 1
234 1 -1 1
235 1 -1 1
236 1 -1 1
237 1 -1 1
238 1 -1 1
245 1 -1 1
246 1 -1 1
247 1 -1 1
248 1 -1 1
256 1 -1 1
257 1 -1 1
258 1 -1 1
267 1 -1 1
268 1 -1 1
278 1 -1 1
345 1 -1 1
346 1 -1 1
347 1 -1 1
348 1 -1 1
356 1 -1 1
357 1 -1 1
358 1 -1 1
367 1 -1 1
368 1 -1 1
378 1 -1 1
456 1 -1 1
457 1 -1 1
458 1 -1 1
467 1 -1 1
468 1 -1 1
478 1 -1 1
567 1 -1 1
568 1 -1 1
578 1 -1 1
678 1 -1 1

Table 1. Transpose CT of the coefficient matrix C

The second case is set [8]4, and we check that ker ∂2 has dimension(
n−1

3

)
, where n = 8. In fact, let

∑
1≤i<j<k≤8 xijk{i, j, k} ∈ ker ∂2, and then

we have
0 =

∑
1≤i<j<k≤8

xijk({j, k} − {i, k}+ {i, j}).

Since C1 in the chain complex is a free K-module with basis set

{ij | 1 ≤ i < j ≤ 8},

we get a system of linear equations, which consists of
(

8
2

)
linear equations

with
(

8
3

)
variables xijk. We write out the coefficient matrix M in Table 1 and

it is clear that the row (in the table) rank of the matrix is not less than
(

7
2

)
.
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Actually, after doing Gaussian elimination via excel, it is calculated that the
matrix has rank

(
7
2

)
=: 21. We also checked the rank by taking advantage

of CoCoA version 5.3.3 (reference [18]). Besides, all xijk except x1jk’s can
be chosen as free variables. Certainly, there is an alternative explanation as
appeared in Table 1. This shows

dim ker(∂2) =

(
8

3

)
−
(

7

2

)
=

(
7

3

)
,

as is claimed. Note that for a general n, dim ker(∂2) =
(
n−1

3

)
is verified in

a completely same way.
Note also that in Table 1, we have row vector relation

vT234 = vT123 − vT124 + vT134,

which is a particular case of the general formula (1) appeared in front of the
remark. This ends the remark.

Corollary 3. Let ∆ = 〈 {σ | σ ∈ [n]r} 〉. Then we have

dim H̃i(∆) =

{(
n−1
r

)
, if i = n− 1

0, otherwise .

Theorem 14. Let ∆ be a simplicial complex over vertex set [n] with
dim ∆ = d − 1 ≥ 0. If ∆ is an f -simplicial complex and it is minimal
CM, then d ≥ 3 and n = 2d.

Proof. It is known that connected simplicial complexes of dimension 1 are
shellable and pure. On the other hand, if ∆ is not connected, then it is not
CM. So, there exists no minimal CM f -simplicial complexes of dimension 1.

Now let ∆ be an f -simplicial complex of dimension d−1, which is minimal
CM. Then H̃d−1(∆) = 0 by Theorem 3, which means that ∂d−1 is injective.
Since ∆ is an f -simplicial complex, F(∆) is an L-set, hence ∆(d−2) = [n]d−1

holds true, thus, H̃i(∆) = 0,∀0 ≤ i ≤ d−3. Hence ∆ is acyclic if and only if
H̃d−2(∆) = 0, and the latter holds true if and only if dimK ker(∂d−2) = 1

2

(
n
d

)
by Theorems 3 and 4.

By Lemma 13, we have dimK ker(∂d−2) =
(
n−1
d−1

)
. We get

n(n− 1) · · · (n− d+ 1)

2 · d!
=

(n− 1)(n− 2) · · · (n− d+ 1)

(d− 1)!
,

since a minimal CM simplicial complex is always acyclic by reference [1].
Thus we have n = 2d.

By Mayer-Vietoris long exact sequence theorem, we get

Corollary 4. If ∆ is an f -simplicial complex generated by a subset of set
[2d]d and it is minimal CM, then H̃i(∆F ) ∼= H̃i(〈F 〉 ∩ ∆F ) holds for all
integer i, where F is any facet of ∆ and, 〈F 〉 ∩ ∆F is pure of dimension
d− 2.

Proof. For any facet F of ∆, let

∆1 = ∆F , ∆2 = 〈F 〉, ∆3 = ∆1 ∩∆2 =: ∆F ∩ 〈F 〉.

Then ∆ = ∆1 ∪ ∆2. By Theorem 25.1 of [9] on page 142, we have the
following long exact sequence of K-spaces:

0 −→ H̃d−1(∆3) −→ H̃d−1(∆1)⊕ H̃d−1(∆2) −→ H̃d−1(∆)
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∂d−1−→ H̃d−2(∆3) −→ H̃d−2(∆1)⊕ H̃d−2(∆2) −→ H̃d−2(∆)

∂d−2−→ · · · · · · · · ·
∂2−→ H1(∆3) −→ H1(∆1)⊕H1(∆2) −→ H1(∆)

∂1−→ H̃0(∆3) −→ H̃0(∆1)⊕ H̃0(∆2) −→ H̃0(∆) −→ 0.

Note that Lemma 1 implies that ∆3 is pure of dimension d − 2, while it
follows from Theorem 14 that H̃i(∆) = 0 holds for all i, and H̃i(∆2) = 0
holds true clearly. Then

0 −→ H̃i(∆3) −→ H̃i(∆1) −→ 0

is an exact sequence for every i.
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