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Abstract 
The paper continues the research on algorithms for generating nondetermin-
istic finite automata possessing the following property (the so-called walibad 
property): among their covering automata, there exist automata that are not 
equivalent to the original automaton. The Waterloo automaton has this prop-
erty; it plays an important role in vertex minimization algorithms. In this pa-
per, we describe a combined algorithm for generating automata with the 
walibad property and present the first results of its numerical study. 
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1. Introduction 

The paper continues the research related to the development of efficient algo-
rithms for solving the NP-hard problem of vertex minimization of nondetermin-
istic finite automata [1]-[4]. When developing such algorithms, it is necessary to 
take into account a special situation when there exists non-equivalent covering 
automata for the analyzed automaton. Such an automaton was first described in 
[5] and called the Waterloo automaton. The analysis of the Waterloo automaton 
and similar automata would allow us to study in more detail the problems arising 
in the minimization of nondeterministic finite automata. In [6] [7], an approach 
to the construction of automata possessing the same property was described. For 
brevity, this property was called walibad (from “Waterloo-like badness”), and 
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automata with this property were called walibad automata. 
In [8], two algorithms for constructing walibad automata were described. They 

were based on the analysis of semilattices of covering automata for the Waterloo 
automaton [9]-[12], as well as on the results of [6] [7]. Also the results of numer-
ical computations using these algorithms were given. The algorithms were imple-
mented using the NFALib library developed by M. Abramyan. 

The present paper continues the research started in [8]. Section 2 gives neces-
sary definitions and facts related to the Waterloo automaton and its properties. 
Section 3 contains a brief description of algorithms 1 and 2 for generating walibad 
automata previously discussed in [8]. Section 4 gives a detailed description of an 
important step in Algorithm 2 related to label generation for the complete autom-
aton (this step was not presented in [8]). Section 5 describes a combined algorithm 
for finding walibad automata based on the joint use of Algorithms 1 and 2. Section 
6 presents the results of numerical computations performed using the simplest 
variant of the combined algorithm. Section 7 concludes with a brief discussion of 
directions for further research. 

2. Preliminary Information: Waterloo Automaton and  
Related Objects 

Two representations of the Waterloo automaton W are shown in Figure 1(a) and 
Figure 1(b) (the second variant of the representation is generated by means of the 
NFALib library). An important characteristic of an automaton K used in its min-
imization is the binary relation # [13], which is constructed over the set of states 
of two automata: the canonical automaton for the original automaton K and the 
canonical automaton for the mirror automaton KR (the steps for constructing the 
relation # are described in more detail in Section 4). The matrix of the relation # 
for the automaton W is given in Figure 1(c). It should be noted that the relation 
# is not invariant to the language defined by the automaton: there exist non-equiv-
alent automata with the same relation #. 

 

   
(a)                 (b)                      (c) 

Figure 1. The Waterloo automaton W (a), (b) and its matrix of the relation # (c). 
 

Based on the matrix of the relation #, a set of grids is constructed. A grid X0 × 
Y0 is defined by a pair of subsets X0 ∈ X and Y0 ∈ Y, where X and Y are sets of 
rows and columns of the matrix of relation #. The subsets X0 and Y0 must satisfy 
two conditions: 1) for any states x ∈ X0 and y ∈ Y0, the relation x # y is satisfied; 
2) the subsets X0 and Y0 cannot be expanded while preserving condition (1). A set 
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M of grids is called a covering set if for any elements x ∈ X, y ∈ Y such that x # y, 
there exists a grid X0 × Y0 of M for which x ∈ X0 and y ∈ Y0. Figure 2 shows the 
complete set of 14 grids for the relation # corresponding to the automaton W. 
Obviously, this set is a covering set. 

Based on the complete set of grids for the automaton K, we can construct a 
universal automaton COM(K) [14] [15], which defines the same regular language 
L as the original automaton K. In this case, each of the grids corresponds to some 
state of the COM(K) automaton. Further, on the basis of the COM(K) automaton, 
we can construct a family of covering automata, each of which is obtained by re-
moving some states of the COM(K) automaton provided that the remaining states 
correspond to the grids forming the covering set. 

 

 
Figure 2. Complete set of grids for the automaton W. 

 
The algorithm for minimizing the original automaton K consists in choosing a 

covering set of grids of minimal size for which the covering automaton is equiva-
lent to the automaton K. Usually, all covering automata are equivalent to the orig-
inal automaton K, so it is sufficient to choose a covering set of grids M0 of minimal 
size to minimize it. However, this is not the case for the Waterloo automaton, 
since its set M0, which has size 7 and consists of grids with numbers 1, 3, 5, 5, 6, 8, 
10, 12, corresponds to a covering automaton that is not equivalent to the autom-
aton W. 

In [9]-[12], a more detailed numerical analysis of the properties of covering 
automata was performed for the Waterloo automaton. The following results were 
obtained: 
• the number of covering sets of grids for the Waterloo automaton is 260; the 

minimal set contains 7 grids, and such a set is the only one; 
• there are 8 pairwise non-equivalent sets of equivalent covering automata that 

are non-equivalent to the original Waterloo automaton, with 3 sets consisting 
of 16 elements and 5 sets consisting of 4 elements. 

Table 1 summarizes the properties of the automaton W; in particular, column  
 

Table 1. Properties of the Waterloo automaton. 

Automaton 
(1) 

Matrix # 
Size 
(2) 

Grids 
(3) 

Covering sets of 
grids 
(4) 

Sets of covering automata 
non-equivalent to original one 

(5) 

W 8 × 10 14 260 (7, 1) 
16 (7), 16 (8), 16 (8),  

4 (9), 4 (9), 4 (9), 4 (10), 4 (10) 
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(4) shows the number of covering sets of grids and, in parentheses, the size of the 
minimum covering set and the number of minimum covering sets, while column 
(5) gives information about each of the sets of equivalent covering automata that 
are non-equivalent to the original automaton: the size of the set and, in parenthe-
ses, the number of states of the minimal covering automaton included in the set. 

3. Two Algorithms for Finding Waterloo-Like Automata 

In this section, we briefly describe two basic heuristic algorithms that can be ap-
plied to find new walibad automata based on existing ones. These algorithms are 
described in more detail in [8]. 

The first algorithm is very simple. It seems quite natural that some of the cov-
ering automata, which are non-equivalent to the original walibad automaton, pos-
sess the walibad property. This hypothesis was confirmed by numerical computa-
tions and allows us to formulate the first of the heuristic algorithms for finding 
new walibad automata (see [8], Section 3). 

Algorithm 1. On the basis of an existing walibad automaton, construct the 
complete set of its covering automata, select from it equivalent sets of automata 
that are not equivalent to the original one, and check the representative of each 
set for the presence of the walibad property. As representatives, choose from each 
set the automaton for which the size of the covering set of grids is minimal. If an 
automaton possessing the walibad property is found, then apply the same proce-
dure to it. 

It should be noted that this algorithm is recursive. 
In order to describe the second heuristic algorithm, we need to introduce addi-

tional objects and operations. The second algorithm is based on the analysis and 
transformation of the so-called complete automaton [6] [7], which is built on the 
basis of the original walibad automaton. After the complete automaton is con-
structed, some symbols of its alphabet are provided with special labels (one or 
more), which are then used in performing the following (non-equivalent) trans-
formations of this automaton [6] [7]: 

1) removing symbols not associated with any labels; as a result, the size of the 
alphabet is reduced; 

2) splitting symbols of the alphabet if they are associated not with one, but with 
several labels; as a result, the size of the alphabet increases, and exactly one label 
is associated with each symbol; 

3) complete or partial reduction of alphabet symbols, in which symbols’ labels 
are taken into account. 

In [6], it is proved that as a result of successive application of these three trans-
formations (including complete reduction) the complete automaton is trans-
formed into the original automaton on the basis of which the complete automaton 
was created. However, if we apply partial reduction rather than complete reduc-
tion, new automata will be obtained. This is the basis of the second heuristic algo-
rithm for finding walibad automata (see [8], Section 5). 
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Algorithm 2. A complete automaton is constructed on the basis of some 
walibad automaton. Then a set of transformations described above, including the 
partial reduction transformation, is applied to it. The resulting automata are 
checked for the existence of the walibad property. 

4. Complete Automaton: Defining, Labeling and Performing 
Various Transformations 

The paper [8] did not describe an important step in the implementation of Algo-
rithm 2, namely, the step of adding special labels to the complete automaton 
(more precisely, to some symbols of the alphabet of this automaton), which are 
then used in subsequent transformations of the complete automaton. It was only 
noted that these labels are constructed using the basis automaton BA, and refer-
ence was made to [6], from which an algorithm for generating these labels can be 
extracted. However, due to the importance of the label generation step, we now 
fully describe the algorithm for their generation, using as an example the same 
original automaton K that was used for similar purposes in [6]. In this description, 
we give the representations of all necessary automata generated by the NFALib 
library. 

First of all, we give a view of the original automaton K and the automaton KR, 
which is a mirror automaton for K (Figure 3(a) and Figure 3(b)). In these autom-
ata, the states are denoted by q1, q2, q3, and the alphabet consists of the symbols 
a and b. 

 

    
(a)                        (b) 

Figure 3. Automata K (a) and KR (b). 
 

  
(a)                        (b)                    (c) 

Figure 4. Canonical automata K~ (a) and (KR)~ (b) and the matrix # (c). 
 

In Figure 4(a) and Figure 4(b), the canonical automata to the original and mir-
ror automata are given. They are denoted by K~ and (KR)~, respectively. These are 
deterministic automata whose states are related to the sets of states of the original 
automata (these sets are given in the additional column named “States”; the sym-
bol “-” is used as a separator when describing these sets). It is convenient to denote 
the states of the automaton K~ by the initial letters of the alphabet, and the states 
of the automaton (KR)~ by the final letters. The letter U and the ordering of the 
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states for the automaton (KR)~ are chosen in this way because this is the represen-
tation of this automaton used in [6]. 

On the basis of canonical automata, the relation # matrix is constructed (Figure 
4(c)). 

The rule of the construction if the relation # matrix is easy to understand if we 
analyze the representations of canonical automata. The states for the canonical 
automata K~ and (KR)~ are in relation # if and only if the same state of the original 
automaton K is present in the States column for these states. For example, state A 
of automaton K~ is related to the single state q1 of automaton K, so in the first row 
of the matrix, the symbol # is located in those columns which correspond to the 
states of automaton (KR)~ related to state q1 (these are states Y and Z). The state 
D of the automaton K~ is related to the states q1 and q3 of automaton K, so in the 
last row of the matrix, the symbol # is placed in the columns that correspond to 
the states of the automaton (KR)~ related to the states q1 or q3 (these are the states 
X, Y and Z). 

As it was mentioned in [8], a helper automaton, the basis automaton BA(K), is 
used to construct labels. The states of this automaton are pairs of states K~ and 
(KR)~, which are in the relation #. Such states in the representation of the autom-
aton BA(K) are denoted with double underline (Figure 5). The basis automata 
and, in particular, the algorithm of their construction are considered in [16]. The 
NFALib library contains the function GetBasisNFA, which constructs a basis au-
tomaton for an automaton K taking into account the current form of the canonical 
automata K~ and (KR)~ (and, correspondingly, the relation # matrix). 

 

 
Figure 5. Basis automaton BA(K). 

 
Figure 6 shows a view of the complete automaton K# for automaton K. The 

transition table of this automaton can be easily obtained from the representation 
of the matrix of the relation # by augmenting it with the notations of input and 
output states corresponding to the input and output states of the automaton K~. 
Each symbol of the alphabet of the automaton K# is associated with a characteristic 
defined by a pair of states, in which the first element of the pair is a state of the 
automaton (KR)~, and the second element of the pair is a state of the automaton 
K~. These characteristics are given in the last line of the definition of the automa-
ton K#, with the elements of the pair separated by the symbol “^”. The rule of 
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formation of characteristics is easy to determine from the representation of the 
automaton K#. 

 

 
Figure 6. Complete automaton K#. 

 
Now we have all the necessary objects to describe the algorithm for generating 

additional labels associated with some symbols of the alphabet of the automaton 
K# (or, in other words, with some columns of its representation). 

The labels correspond to non-empty transitions for the automaton K~, and thus 
are uniquely determined by the initial state and the alphabet symbol. In our case, 
there are 7 labels: A:a, C:a, D:a, A:b, B:b, C:b, D:b (label B:a is absent, since this 
transition is empty for the automaton K~). Note that in [6], instead of such label 
designations, the order numbers were introduced for the edges of the graph of the 
automaton K~ (the edges were numbered from (1) to (7); their order corresponds 
to the order of enumeration of labels given above). 

Each of these labels is associated with one or more symbols of the automaton 
K# alphabet on the basis of an algorithm, which is easiest to describe on the fol-
lowing example. 

The first label A:a corresponds to the transition A –(a)→ B for the automaton 
K~. We analyze the transitions for the automaton BA(K) corresponding to symbol 
a, for which the initial state contains symbol A and the final state contains symbol 
B. This is the only transition A__Y –(a)→ B__X, B__Z. This transition corre-
sponds to the only transition for the complete automaton K# of the following form: 
A –(Y^B)→ B. When constructing this transition, the symbols Y and B located to 
the left and right of the arrow in the transition A__Y –(a)→ B__X, B__Z are 
moved “inside” the arrow, i. e. they define the edge Y^B of the K# automaton, 
along which the transition is performed; in addition, only the symbol B is left to 
the right of the arrow in the resulting transition A –(Y^B)→ B. The resulting tran-
sition means that the label A:a must be associated with the column f that corre-
sponds to the pair Y^B (see Figure 7). 

It should be noted that not the whole column is actually labeled, but the column 
element corresponding to the first letter of the label, i. e., in this case, the element 
of the first row. 

Let us describe similar actions for the second label C:a. This label corresponds 
to the transition C –(a)→ C for the automaton K~. We analyze the transitions for 
the automaton BA(K) corresponding to the symbol a, for which both initial and 
final states contain the symbol C. These are the transitions C__Y –(a)→ 
C__X,C__Z and C__U –(a)→ C__U,C__Y. Transforming these transitions ac-
cording to the rules described above for the first label A:a, we obtain two 

https://doi.org/10.4236/jamp.2025.134086


M. Abramyan, B. Melnikov  
 

 

DOI: 10.4236/jamp.2025.134086 1606 Journal of Applied Mathematics and Physics 
 

transitions for the complete automaton K#: C –(Y^C)→ C and C –(U^C)→ C. 
These transitions mean that the label C:a should be associated with columns g and 
o, which correspond to pairs Y^C and U^C respectively (see Figure 7). 

 

 
Figure 7. Complete automaton K# with two first labels (A:a and C:a). 

 
Repeating the described actions for all 7 labels, we obtain the representation of 

the automaton K# shown in Figure 8. In this representation, the labels are placed 
in the penultimate line. The NFALib library has a special function SetCom-
pleteInfo2, which adds this additional set of labels to the complete automaton. As 
noted above, labels with order numbers (1)-(7) were used for similar purposes in 
[6, Table 8]; these labels are shown in Figure 8 in the last line. It should be noted 
that in [6] one of the labels was omitted, namely, label (4) for column k. 

 

 
Figure 8. Complete automaton K# with all labels. 

 
The obtained labels allow us to reconstruct the canonical automaton K~ for the 

original automaton K by the canonical automaton K#. For this purpose, the trans-
formations (1)-(3) described in Section 3 should be successively applied to the 
labeled automaton K#. Each of these transformations is associated with a corre-
sponding method of the NFALib library. Figure 9 shows the automaton K1 ob-
tained from the automaton K# using transformation (1) (removing unlabeled col-
umns). Figure 10 shows automaton K2 obtained from automaton K1 using trans-
formation (2) (splitting labeled columns). If we apply to automaton K2 the variant 
of transformation (3), which consists in performing a complete reduction, we ob-
tain automaton K3 (Figure 11), which coincides with automaton K~ (see Figure 
4(a)). 

 

 
Figure 9. Automaton K1 obtained from automaton K# using transformation (1). 
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Figure 10. Automaton K2 obtained from automaton K1 using transformation (2). 

 

 
Figure 11. Automaton K3 obtained from automaton K2 using transformation (3). 

 
Only the reduction stage (which was described in detail in [8]) needs additional 

explanations. Using the example of transition from automaton K2 (Figure 10) to 
automaton K3 (Figure 11), this stage can be described as follows. Some label (e. 
g., A:a) is selected. It is used to construct a transition for automaton K3, for which 
the initial state and the alphabet symbol coincide with the state and the alphabet 
symbol of the label (in this case, A and a), and the final state is taken from autom-
aton K2, namely, from the table cell located at the intersection of the row with the 
initial state and the column containing the label being analyzed (in this case, it is 
row A and column a, at the intersection of which is the state B). For the label D:a, 
which is located in column b, similar actions construct a transition for the autom-
aton K3, which starts from the state D, uses the symbol a of the alphabet and ends 
in the state B (since the intersection of row D and column b of the automaton K2 
is the state B). 

5. Description of the Combined Algorithm for Finding 
Walibad Automata 

Based on the algorithms 1 and 2 described above (see Section 3), a combined al-
gorithm using NFALib library tools was developed. 

The input of the algorithm is an original automaton K possessing the walibad-
property (the Waterloo automaton W was used as such an automaton in numer-
ical experiments). 

Step 1. Automaton K is added to the queue Q of detected walibad automata. 
Step 2. For automaton K, a complete analysis of its semilattices is performed, 

on the basis of which all its covering automata are constructed, sets of pairwise 
equivalent covering automata, which non-equivalent to automaton K, are se-
lected, and for each such a set, a minimal representative (an automaton corre-
sponding to the covering set of grids of minimal size) is chosen. For this repre-
sentative, checking the walibad property is performed. If this representative has 
the walibad property, then it is also added to the queue Q of found walibad au-
tomata, and its semilattices are analyzed for it immediately. Such recursive actions 
are performed until all covering automata possessing the walibad property have 
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been processed. The names of covering automata are constructed on the basis of 
the automaton K by adding the symbol “-” and the order number of the set of 
covering automata for which this automaton is the minimal representative. 

As an example of the implementation of step 2, let us give the results of its ap-
plication to automaton W. In a recursive analysis of its covering automata, the set 
of covering walibad automata shown in Figure 12 was found. 

 

 
Figure 12. Automaton W and a set of its covering automata possessing walibad property. 

 
The automata are listed in Figure 12 in the order of their analysis; after the 

name of the covering automaton, the total number of sets of covering automata 
non-equivalent to the original one is given in square brackets. In particular, the 
notation W [8] means that 8 sets of pairwise equivalent covering automata, non-
equivalent to the original one, were found for the automaton W (see also Table 1 
in Section 2), and the automata from the sets 1, 2, 3, 7 and 8 turned out to be 
walibad automata. For the minimal representatives W-1, W-2, W-3, W-7 and W-
8 chosen from these sets, in turn, their covering automata were analyzed, which 
revealed additional walibad automata of the “second level”: W-2-2, W-3-2, W-7-
3 and W-8-3. W-2-2 denotes the minimal representative of the second set of cov-
ering automata for automaton W-2, and W-8-3 denotes the minimal representa-
tive of the third set of covering automata for automaton W-8. At the third level of 
recursion (when analyzing covering automata for W-2-2, W-3-2, W-7-3 and W-
8-3), no new walibad automata were found; thus, step 2 for automaton W was 
completed. 

Note that step 2 corresponds to Algorithm 1 described above, and the given 
example of its implementation corresponds to the results of its application to the 
Waterloo automaton (see [8, Tables 1 and 2]). 

Step 3. If the queue Q is non-empty, then the first walibad automaton K is ex-
tracted from Q, the complete automaton K# is constructed for automaton K, and 
the transformations (1)-(3) described above, including the operation of partial re-
duction, are applied to the automaton K#. Additional parameters of these trans-
formations are defined in the settings of the combined algorithm. All reduced var-
iants of complete automaton are analyzed for the presence of walibad property, 
and if such property is detected, steps 1 and 2 are executed for these variants im-
mediately. The names of the reduced variants of complete automaton are con-
structed based on the name of the original walibad automaton K by adding to it 
the character “-” and a string of characters corresponding to the complete autom-
aton columns on which the reduction is performed. The columns use lowercase 
and uppercase Latin and Russian letters in alphabetical order (if the size of the 
alphabet exceeds 116 elements, an error message is displayed and this automaton 
is not analyzed). After the analysis of all reduced variants of complete-automaton 
is completed, step 3 for automaton K is finished, and the next walibad automaton 
is extracted from queue Q, for which step 3 is performed. 
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As an example of the implementation of step 3, we give the results of this step 
for the automaton W in the case when the maximum number of columns to be 
reduced is 3. In Figure 13, only reduced automata, for which the walibad property 
was found, are given. The first line contains the alphabet symbols of the automa-
ton to which the partial reduction operation is applied (this is the transformed 
complete automaton for automaton W). 

These results correspond to the data given in [8, Table 4]; however, Figure 13 
additionally shows the results of recursive analysis (step 2) of covering automata. 

The combined algorithm terminates either when the automata contained in the 
queue Q are exhausted or when a predetermined number of automata is analyzed 
for the presence of the walibad property. During the algorithm’s operation, infor-
mation about all analyzed automata is saved, so when the algorithm is run again, 
it does not re-process the automata that were analyzed earlier. 

 

 
Figure 13. Result of applying step 3 of the combined algorithm to automaton W. 

6. Some Results of Applying the Simplest Variant of the  
Combined Algorithm 

When describing step 3 of the combined algorithm, it was noted that different 
variants can be used for it. The results described below are obtained for the variant 
with the following features. 

1) The transformation (2) associated with column splitting is excluded from the 
transformations of the complete automaton; this means that the columns of the 
automaton to which partial reduction is applied can contain several labels. 

2) Partial reduction is applied to only one set of columns; all labels associated 
with these columns must contain the same alphabet character specified after the 
“:” character. 

3) The maximum number of columns for which partial reduction is applied is 
assumed to be 3. 

When running this simplest variant of the combined algorithm, 30003 autom-
ata were generated and analyzed for the walibad property, of which 1636 automata 
(5.5% of the total number of analyzed automata) possessed this property. At this 
point, the queue Q contained 859 automata waiting to be analyzed; thus, the 

https://doi.org/10.4236/jamp.2025.134086


M. Abramyan, B. Melnikov  
 

 

DOI: 10.4236/jamp.2025.134086 1610 Journal of Applied Mathematics and Physics 
 

algorithm was not terminated “naturally” (due to the exhaustion of automata in 
the queue Q), but was explicitly terminated when the specified number of pro-
cessed automata was reached. 

None of the automata obtained by the reduction of one or two columns turned 
out to be an automaton with the walibad property, so the labels of the walibad 
automata found always contain sets of triples of the letter names of the reduced 
columns. 

Among the 1636 walibad automata obtained, there are 846 groups of pairwise 
equivalent automata, with 423 groups containing one automaton and 343 groups 
containing two or three automata. Thus, the number of non-equivalent automata 
is quite large. 

At the same time, if we perform grouping of all found walibad automata, in-
cluding in each group automata with equivalent matrices of the relation #, then 
only 21 groups will be obtained. This result is quite consistent with the results of 
[6] [7], in which it is noted that when performing non-equivalent transformations 
(1)-(3) of the complete automaton, as a rule, automata with the same relation # 
matrix as the original complete automaton are obtained. 

If we group all found walibad automata according to another characteristic, 
namely, coincidence of properties (2)-(5) given in Table 1 from Section 2, then 
the number of such groups will be 19. Table 2 contains descriptions of all these  

 
Table 2. Groups of walibad-automata derived from the Waterloo automaton W using the 
simplest variant of the combined algorithm. 

No. 
Group description 

(1) 

Matrix # 
Size 
(2) 

Grids 
(3) 

Covering 
sets of grids 

(4) 

Sets of covering automata 
non-equivalent to original 

one (5) 

1 W (1) 8 × 10 14 260 (7, 1) 
16 (7), 16 (8), 16 (8), 4 (9), 4 

(9), 4 (9), 4 (10), 4 (10) 

2 W-1 (25) 8 × 8 12 65 (7, 1) 1(9), 2(9), 2(9) 

3 W-2 (2) 10 × 9 13 60 (8, 2) 2(9), 2(10) 

4 W-2-2 (4) 10 × 9 12 18 (9, 4) 2(9) 

5 W-7 (2) 8 × 10 13 80 (8, 3) 12(8), 4(9), 4(9) 

6 W-ace (26) 8 × 10 14 260 (7, 1) 
1(9), 4(9), 4(9), 1(10), 1(10), 

4(10), 4(10), 1(11) 

7 W-ace-4 (164) 9 ×10 15 400 (8, 3) 
5(9), 20(9), 5(10), 5(10), 

5(11) 

8 W-ace-4-5 (244) 9 × 10 15 325 (8, 1) 13(9), 13(10), 13(10) 

9 W-gik (24) 8 × 10 14 260 (7, 1) 16(7), 16(8), 16(8) 

10 W-2-adh (88) 10 × 10 14 100 (8, 1) 2(10), 2(11) 

11 W-2-adh-2 (256) 11 × 10 15 150 (9, 2) 10(10) 

12 W-2-dhk (32) 10 × 10 14 120 (8, 2) 4(9), 4(10) 
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Continued 

13 W-2-dhk-2 (88) 11 × 10 15 180 (9, 4) 20(9) 

14 W-2-2-adh (176) 10 × 10 13 30 (9, 2) 2(10) 

15 W-2-2-dhk (64) 10 × 10 13 36 (9, 4) 4(9) 

16 W-7-aei (48) 8 × 10 13 80 (8, 3) 1(9), 4(9), 1(10), 1(10), 1(11) 

17 W-7-aei-5 (144) 9 × 10 14 125 (8, 1) 5(9), 5(10), 5(10) 

18 W-7-cgk (48) 8 × 10 13 80 (8, 3) 4(8), 4(9), 4(9) 

19 
W-ace-4-bde-5 

(200) 
10 × 10 16 625 (8, 1) 25(9), 25(10), 25(10) 

 
groups, with column (1) containing the name of the first walibad automaton with 
this characteristic and, in parentheses, the total number of automata belonging to 
this group. The representatives of each group are listed in the order in which they 
were found. It should be noted that the first representative of the last, 19th group 
(automaton W-ace-4-bde-5), is a walibad automaton with the order number 226; 
thus, all subsequent walibad automata found (with order numbers from 227 to 
1636) belong to one of the already existing groups. 

The relations between groups of automata with equivalent matrices of relation 
# and groups of automata with the same characteristics from Table 2 are rather 
complicated. Some groups from Table 2 correspond to groups of automata with 
equivalent matrices; these are groups 2, 3, 4, 8, 10, 11, 12, 13. Some groups from 
Table 2 include two groups of automata with equivalent matrices; these are groups 
7, 14, 15, 17, 19. On the other hand, groups 1, 6, and 9 from Table 2 form one 
group of automata with equivalent matrices; note that this group includes those 
and only those automata whose names do not have numerical components. Fi-
nally, groups 5, 16, and 18 from Table 2 include automata belonging to two groups 
with equivalent matrices of the relation #. 

These results indicate that when using reduction on a small number of columns 
(even if we do not perform splitting of columns containing several labels before-
hand) it is not reasonable to generate and process a large number of automata, 
since, starting from some point, all new walibad automata will have the basic char-
acteristics that the previously found automata had. 

7. Conclusions 

The variant of the combined algorithm described in this paper allows a number 
of modifications that can make its application more efficient and allow us to ob-
tain a more representative set of different types of walibad automata. In particular, 
it is possible to use additional actions to cut off walibad automata that have prop-
erties that coincide with the previously processed automata. The cutoff in this case 
means that such automata will not be added to the queue Q for the subsequent 
application of step 3 to them. Such a variant with cutoff, unlike the simplest vari-
ant considered in this paper, will not repeatedly analyze automata with similar 
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properties and, therefore, can quickly enough terminate “naturally”, due to the 
exhaustion of automata in the queue Q. 

Another direction in which the basic combined algorithm can be modified is to 
change the way of performing partial reduction in step 3. In particular, it seems 
justified to perform the reduction over a sufficiently large number of columns, 
since in this case a greater variety of found automata with the walibad property 
can be achieved. 

Of course, a more detailed analysis of the obtained sets of walibad automata and 
selection of automata with particularly interesting properties from them is an ur-
gent task. As an example of such automata, we can point out the automata of 
groups 6 and 9 from Table 2. These automata are interesting because their sets of 
pairwise equivalent covering automata, which are not equivalent to the original 
automaton, almost exactly correspond to one of the two parts of the similar sets 
for the Waterloo automaton (the view of automata W-ace and W-gik was given 
in [8], Figs. 8 and 9). 
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