4

X/
*

Scientific
0”‘ Research
94% Publishing

()

%

Journal of Applied Mathematics and Physics, 2024, 12, 4020-4029
https://www.scirp.org/journal/jamp

ISSN Online: 2327-4379

ISSN Print: 2327-4352

Assessing Dual Approaches for Ranking Score
Computation via Transitive Triads

Bowen Liu

Department of Mathematics, Shenzhen MSU-BIT University, Shenzhen, China

Email: 1120220081@smbu.edu.cn

How to cite this paper: Liu, B. (2024) As-
sessing Dual Approaches for Ranking Score
Computation via Transitive Triads. Journal
of Applied Mathematics and Physics, 12,
4020-4029.
https://doi.org/10.4236/jamp.2024.1211245

Received: September 22, 2024
Accepted: November 26, 2024
Published: November 29, 2024

Abstract

The possibility of developing a complete graph invariant computable in poly-
nomial time remains an open question. Consequently, creating efficient algo-
rithms to verify non-isomorphism, including heuristic approaches, is essen-
tial. Effective implementation of these heuristics necessitates both the adapta-
tion of existing graph invariants and the invention of novel ones, which con-
tinues to be a relevant challenge. Numerous current invariants are capable of
distinguishing a significant number of graphs rapidly in real-time scenarios.
In this study, we present an invariant tailored for tournaments, a specific class
of directed graphs. Tournaments are particularly intriguing because the count
of distinct tournaments for a given number of vertices aligns with that of un-
directed graphs of the same size. The introduced invariant evaluates all possi-
ble tournament subsets derived from the original digraph that share the iden-
tical arc set. For each subset tournament, standard rankings are computed and
aggregated to produce the final vertex scores, which serve as the new invariant.
Our analysis indicates that this newly proposed invariant diverges from the
most straightforward tournament invariant, which typically assigns scores to
each participant. Preliminary computational tests demonstrate that the mini-
mal correlation between the sequences generated by these two invariants oc-
curs at a vertex count of 15.
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1. Introduction

Graph invariants are numerical values or ordered tuples that encapsulate essential
structural properties of a graph, remaining unaffected by vertex labeling or order-

ing. Among the various graph invariants studied, the Graovac-Ghorbani ( ABC )
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index [1] stands out as a topological descriptor with enhanced predictive capabil-
ities compared to its counterparts. Extensive research has been conducted on tour-
naments [2] [3], with our current focus here is on the study of tournaments [4].

In our preceding work, titled “On an Invariant of Tournament Digraphs [5],”
we introduced a potential invariant based on the consistency of relative ranking
points of participants when evaluated through two different methods. Specifically,
if differing ranking scores are derived using the first method, these differences
persist and maintain their relative ordering when assessed using the second
method. Building upon this foundation, the present paper delves deeper into this
potential invariant. We examine how the interrelations among various ranking
scores evolve as transitive triples within the same tournament digraph undergo
sequential modifications. Additionally, we investigate the variation in the corre-
lation coefficient between the two sets of ranking scores under these transfor-

mations.

2. Summary of “On an Invariant of Tournament Digraphs”

2.1. Introduction

Suppose there is a game and n players participate in it. The rules of the game are

as follows:

e A two-on-two duel between the participating players;

e The result of each duel is only the winner, there is no draw;

e After each duel, the points of the winning player will increase by one point,
and the points of the losing player will remain the same;

¢ Every player has to fight against all players except himself;

Ranking Points Rule

After the game is over, there are two methods to calculate the ranking points
for the players:

Standard Ranking Points Calculation:

e The player with the most points will get N ranking points;

e The player who gets the second most points will get n—1 ranking points,
and so on;

e If there are two or more players with the same number of points, each player
is given the average number of ranking points in their ranking range;

Alternative Ranking Points Calculation:

e Think of the players in the entire game as a set, then any k players in it form
a subset;

e For each possible subset (except for a subset that contains only one player or
does not contain players), corresponding points are awarded according to the
duel situation between the contestants in the subset (the duel situation comes
from the complete competition), the points rules are the same as the previous
points rules, and according to the newly obtained points, each participant is
awarded the corresponding ranking points according to the previous rules for

granting ranking points;
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¢ Add the ranking points obtained from each subset as new points to the corre-
sponding players;
¢ Finally, each player is given the ranking points obtained by processing the

newly obtained points in the same way as the old ranking points.

2.2. Results and Discussion

We conducted computations on 1,000,000 different tournament graphs (with par-
ticipants not exceeding 15) to calculate ranking points using two mentioned meth-
ods. In these results, it was observed that the relative ranking points of participants
remain consistent when calculated using two different methods. Furthermore, the
correlation coefficient can be zero when the number of participants is odd. This
is because there exist tournament graphs where each participant wins an equal
number of matches when the number of participants is an odd number.

Furthermore, we propose a theory to demonstrate that the relative ranking
points of participants remain consistent when calculated using two different
methods, thus establishing it as an invariant. The theory is formulated as follows:
Suppose that in any duel of n contestants, the person who gets the points K
(where K >1), on average, will have the new points at least 2" points more
than the new points of the person who gets the points K-1.

Through these explorations, we believe that the consistency of relative ranking
points of participants when calculated using two different methods represents a
potential invariant. In this paper, I will further explore how this relationship
changes when changing transitive triads and how the correlation between the
ranking points calculated using the two mentioned methods changes, including

identifying the minimum value.

3. Research Plan

In our previous study, my advisor Boris F. Melnikov and I explored a potential
invariant: the relative ranking points of participants remain consistent when cal-
culated using two different methods. We validated this invariant by randomly
generating 1,000,000 Tournaments through a program and calculating the rank-
ing points for each graph using these methods.

Now, we consider the role of transitive triads in this invariant. There are four
ways to change a transitive triad:

e Change the direction of the first edge, keeping other edges unchanged.

¢ Change the direction of the second edge, keeping other edges unchanged.
e Change the direction of the third edge, keeping other edges unchanged.

¢ Change the direction of all edges.

Here, changing the direction of edges means altering the win-loss results of the
participants’ duels. The uniqueness of the fourth change method lies in the fact
that the total number of wins for each participant remains unchanged (e, the
ranking points calculated using the first method do not change), but the ranking

points calculated using the second method may change.
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The reason is as follows:

When changing the direction of all edges in a transitive triad, even though the
total number of wins for each participant remains unchanged, sub-tournament
may appear that are affected when calculating ranking points using the second
method. A sub-tournament refers to a sub-graph formed by selecting some nodes
and their connecting edges from the entire Tournament. These sub-tournaments
may affect the ranking points calculated using the second method.

Specifically, during the calculation of the second ranking method, there exist
sub-tournament that only contain the two participants involved in the fourth
change. In these sub-tournaments, the total number of wins for these participants
changes, which alters their ranking points calculated by the first method. This
change may not be compensated by other sub-tournament, as each ranking point
and its corresponding number of wins are only correlated within the current sub-
tournament graph, not equal. Therefore, this method may impact the overall
ranking points.

After discussing this with my advisor, the following work was carried out by
myself alone, as I am the sole author of the paper. Therefore, I plan to write a
program that randomly generates numerous Tournaments, identifies all transitive
triads in each graph, and performs the four mentioned transformations on each
triad. After each transformation, we will check if the invariant (the relative rank-
ing points of participants remain consistent when calculated using two different
methods) holds. At the same time, we will calculate the modified Kendall correla-
tion coefficient. This correlation coefficient effectively reflects the relationship I
need to study in this paper.

The calculation method for the modified Kendall correlation coefficient is as
follows:

e Pair all participants, resultingin n(n+1)/2 pairs, each referred to as a pair.

o Classify these pairs into three categories:

e First category: One participant’s ranking points calculated by both methods
are higher than the other participant’s corresponding ranking points.

e Second category: One participant’s ranking points calculated by the first
method are higher than the other participant’s ranking points, but the second
method gives the opposite result.

e Third category: Both participants have the same ranking points calculated by
either method.

Let n, bethe number of pairs in the first category, n, the number of pairs in
the second category, and n, the number of pairs in the third category. The for-
mula for the modified Kendall correlation coefficient is:

_n,—n, +0.5-n,

n(n+1)/2 M

This correlation coefficient effectively reflects the relationship I need to study be-
cause it comprehensively considers the consistency and differences between the dif-

ferent ranking methods. The number of pairs in the first category n, and the
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number of pairs in the third category n, reflect the consistency of the ranking re-
sults calculated by both methods, while the number of pairs in the second cate-
gory n, reflects the opposite results of the two methods. Therefore, the coeffi-
cient can comprehensively reflect the relationship between the two calculation
methods.

Evidently, if the relationship is invariant, the minimum value of this coefficient
will be 0.5, as n, equals 0. Moreover, when the number of participants is odd
and each participant wins an equal number of duels, there exists a type of Tour-

nament that will take this minimum value.

4. Research Method

To analyze the effect of the four transformations on transitive triads concerning
the correlation coefficient and the potential invariant, I have enhanced the pro-
gram used in my previous paper by incorporating three essential functions: a func-
tion to identify transitive triads, a function to perform the four transformations,
and a function to compute the Modified Kendall Correlation Coefficient. Below,

I provide a concise explanation of these functions.

4.1. Identifying Transitive Triads

The function in Figure 1. for identifying transitive triads employs three nested
loops. Each loop is responsible for finding one edge of the triad. A crucial detail
in this process is starting the second and third loops at the current vertex value of
the first loop plus one. This approach is necessary because transitive triads can
exist in two forms: small — medium — large — small and small —
large — medium —> small. To identify all transitive triads without repetition,

the starting values of the second and third loops are adjusted accordingly.

bool tour::FindTriangleCycle() {
for (int i = triangleCycle[0]; i < nDim; i++) {
for (int j = (i == triangleCycle[@8] ? triangleCycle[1] : i + 1); j < nDim; j++) {
if (i 1= j && matrix[i][j]) {
for (int k = (i == triangleCycle[0] && j == triangleCycle[1] ? triangleCycle[2]+1 : i + 1); k < nDim; k++) {
if (k !'= 1 & k !'= j & matrix[j][k] && matrix[k][i]) {

bool skip = false;

int size = skipElements.size();

for (int 1 = 0; 1 < size; 1++) {

if (skipElements[1] == i || skipElements[1] == j || skipElements[1] == k) {

skip = true;
break;

}

}

if (!skip) {
triangleCycle[0] = i;
triangleCycle[1] = j;
triangleCycle[2] = k;
return true;

}
}
}
}

return false;

}

Figure 1. Function to Identify Transitive Triads.

4.2. Performing the Four Transformations

The function in Figure 2 for performing the four transformations includes a pa-
rameter type that determines the specific transformation to execute. The transfor-

mations are defined as follows:
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e Change the direction of the first edge, keeping other edges unchanged.

¢ Change the direction of the second edge, keeping other edges unchanged.
e Change the direction of the third edge, keeping other edges unchanged.

L]

Change the direction of all edges.

woid tour::ReverseTriangleCycle(int type) {

int i = triangleCycle[@];
int j = triangleCycle[1];
int k = triangleCycle[2];

if (type == @ || type == 2) {
; matrix[j][i] = matrix[1][]];
matrix[i][]]

Imatrix[1][]];

if (type == 1 || type == 2) {
i matrix[k][j] = matrix[j][k];
matrix[j][k] Imatrix[j][k];

Af (type == 2 ||
matrix[i][k]
matrix[k][i]

type == 3) {
matrix[k][1];
Imatrix[k][i];

}

Figure 2. Function to perform the four transformations.

4.3. Computing the Modified Kendall Correlation Coefficient

The function in Figure 3 to compute the Modified Kendall Correlation Coefficient
uses dynamic programming to generate all pairwise combinations of participants.
For each pair, the function calculates the product of the differences in ranking
points obtained by the two methods and determines the sign of the product. The
sign categorizes the pairs into three classes, which are then used to update the
numerator of the correlation coefficient formula. The final coefficient is derived

by dividing the numerator by the denominator.

void tour::cal_corr() {

invariant = true;

int number[2] = { @, @ };

double sum = 0;

CombiInit(2, number);

for (55) {
double product = (rankingpointl[number[©]]-rankingpointl[number[1]])*(rankingpoint2[number[©]]-rankingpoint2[number[1]]);
if (product > @)sum += 1;
else if (product < @) {

sum -= 1; invariant = false;

}

else sum += 0.5;
if (!Combi_next(2, nDim - 1, number))break;
}
int tmp;
tmp = nDim * (nDim - 1) / 2;
corr = sum / tmp;

}

Figure 3. Function to compute the modified Kendall correlation coefficient.

Using these functions, I subsequently analyzed transitive triads in 10,000 ran-

domly generated tournaments, each containing between 11 and 17 participants.

5. Results and Summary

This section presents the results obtained from analyzing 10,000 Tournaments.
No examples violating the potential invariant (the relative ranking points of par-
ticipants remain consistent when calculated using two different methods) were
found. Additionally, examples with a correlation of 0.5 were found in Tourna-
ments of sizes 11, 13, 15, and 17. Examples with a correlation near 0.57 were also

found in Tournaments of sizes 12 and 14.
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5.1. Examples with a Correlation of 0.5

Examples with a correlation of 0.5 were found in Tournaments of sizes 11, 13, 15,
and 17. These examples show that the Modified Kendall Correlation Coefficient
can indeed reach 0.5 under certain conditions.

The following Figures 4-7 and Table 1 show Tournaments of sizes 11, 13, 15,

Table 1. Triangle cycle and modified Kendall correlation coefficient for tournament. Here,
I, j, and krepresent the indices of the participants in the tournament. Type 1, Type 2, Type
3, and Type 4 indicate the modified Kendall correlation coefficients under four different

transformations.
Size i j k Type 1 Type 2 Type 3 Type 4
11 7 10 9 0.736364 0.500000 0.736364 0.672727
13 1 3 6 0.647436 0.647436 0.647436 0.500000
15 3 5 4 0.680952 0.500000 0.680952 0.628571
17 5 7 6 0.661765 0.500000 0.661765 0.613971

11 © The size of the tournaments; is it complete?
101 23456 7 8 11 9 participant numbers#

6555555555 U old points#
116 66 6666 661 old scores#

U561 3619 3551 3591 3577 3589 3567 3589 3567 3579 2623 new points#
11 16 2 95 7.5 3.5 7.5 3.5 6 1 new scores#

tournament matrix#
061110100011
606606111060611060
01011010001
eeeelollloel
10000111001
0061106011010
11060060606000111
1610001061160
1010611006010
01111000001
0100601061160
correlation#

0.672727

Figure 4. Tournament of size 11 where modifying specific transitive triads (in a specific
manner) results in a correlation of 0.5.

13 0 The size of the tournaments; is it complete?
12345678910 11 12 13 participant numbers#

666666666
777777777

g0

6 6 6 old points#
7 7 7 old scores#

16383 16323 16426 16383 16383 16519 16340 16283 16371 16419 16359 16395 16395 new points#
72127 7 13315114 9.5 9.5 new scores#

tournament matrix#
001110006101 10
1010000001111
0001111100100
0leO00O011110010
0101011100001
110000611110080
1100006060601 10611
1100006101110600
0ll101l000600111
1011100010001
0001111001010
0010110101001
1011010100100
correlation#

0.5

Figure 5. Tournament of size 13 where modifying specific transitive triads (in a specific
manner) results in a correlation of 0.5.
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15 0 The size of the tournaments; is it complete?
5123678910 11 12 13 14 15 4 participant numbers#

8777777777777 76 old points#
1588888888888 881 oldscores#

91767 73631 73575 73679 73631 73803 73707 73331 73887 73887 73767 74019 73995 73727 55499 new points#
15 4.53 6 4.510 7 2 11.5 11.5 9 14 13 8 1 new scores#

tournament matrix#
0000106101061 1111
100111100000101
1101000110006060611
1060000011101 061160
0011060011101 001
101110010010010
001011001111000
110000101101001
010006061000111110
111101000000101
011010010101001
011101000100011
001011110011000
010010110110100
00016061101000110
correlation#

0.628571

Figure 6. Tournament of size 15 where modifying specific transitive triads (in a specific
manner) results in a correlation of 0.5.

17 © The size of the tournaments; is it complete?
712345891011 12 13 14 15 16 17 6 participant numbers#

98888888888888887oldpoints#
1799999999999 999 91 old scores#

406271 328207 328319 329519 328031 327407 327903 327u87 325663 326175 327535 329103 327559 327583 327599 325255 250927 new points#
17 13 14 16 12 511 6 3 4 7 15 8 9 10 2 1 new scores#

i
*

rnament

=
o+

FHPOHEPEERHOHOOO® R LI
errOOrOrROROROOORRY
HForORROROOOROROORH
COORFRROOORHORORKE®X

n
]
1
1
1
]
]
1
1
]
]
1
1
1
]
]
]
]

CoOrRFRORLHOORHROOO D4
FHROORLRHOOHOOOORORE
N N N - k|
FRPFCEPEERHROOORROR®
COHORRLROROOOHOKRK®
HOOHOFROORHHHOK®®®
FERPHPOOOOOOOHOKRKH®K
CHOFOOrROROOORHOK K
PPOrRFRORLLRHOOROO O
PR OEERHROHOROR® R

correlation#
0.613971

Figure 7. Tournament of size 17 where modifying specific transitive triads (in a specific
manner) results in a correlation of 0.5.

and 17, where the correlation coefficient reaches 0.5 after transforming specific
transitive triads.

5.2. Examples with a Correlation Near 0.57

Examples with a correlation near 0.57 were found in Tournaments of sizes 12 and
14. Although these examples did not reach 0.5, they are very close.

The following Figure 8, Figure 9 and Table 2 show Tournaments of sizes 12
and 14, where the correlation coefficient reaches 0.57 after transforming specific

transitive triads.

Table 2. Triangle Cycle and Modified Kendall Correlation Coefficient for Tournament.
Here, j j, and k represent the indices of the participants in the tournament. Type 1, Type
2, Type 3, and Type 4 indicate the Modified Kendall Correlation Coefficients under four
different transformations.

Size i k Typel Type2 Type3 Type4
12 1 7 0.780303 0.780303 0.583333 0.727273
14 1 5 12 0.747253 0.571429 0.747253 0.697802
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12 @ The size of the tournaments; is it complete?
723568910 11 12 1 4 participant numbers#

766666666650 oldpoints#
1277777777721 old scores#

10147 8179 8217 8243 8171 8215 8163 8141 8221 8169 6235 2047 new points#
1279 11684310521 new scores#

tournament matrix#
006010111 0606111
1600110061101
110001010101
011000101011
lelleoeoo00eloell
000110110101
0110100606061 06011
0101101006101
1010010610011
e00ell10101011
011001010001
00O0O0ODOOOODOOOO
correlation#

0.727273

Figure 8. Tournament of size 12 where transforming certain transitive triads (in a specific
manner) can achieve a correlation coefficient close to 0.57.

14 @ The size of the tournaments; is it complete?
5123478910 11 13 14 12 6 participant numbers#

8777777777776 0 old points#
14 888 8888888821 old scores#

45391 36767 36791 36967 36783 36879 36975 36967 36711 36607 36831 37071 28479 8191 new points#
14 57 10.5 6 9 12 10.5 4 3 8 13 2 1 new scores#

tournament matrix#
00010110061 1111
100011006111001
1100000111001 1
011010100600606111
101001100610101
00110010106110601
01100001111001
1101110060061001
1001100101001 1
00010101060 1111
0601110006100606111
01100011100606011
01001111000001
0000OOOOOO0O0O0OO0
correlation#

0.697802

Figure 9. Tournament of size 14 where transforming certain transitive triads (in a specific
manner) can achieve a correlation coefficient close to 0.57.

5.3. Summary of Results

The analysis of 10,000 tournaments provides preliminary evidence that the poten-
tial invariant holds, as no counterexamples were observed. The observation of ex-
amples with a correlation of 0.5, particularly in graphs of sizes 11, 13, 15, and 17,
suggests that the Modified Kendall Correlation Coefficient for ranking points cal-
culated by the two methods can reach this value under specific conditions. Addi-
tionally, the presence of correlations closes to 0.57 in tournaments of sizes 12 and
14 suggests that the minimum correlation for even-sized participant sets may be
different and needs further research. While these findings are promising, further
research is necessary to explore whether counterexamples to the invariant rela-
tionship exist across a wider range of conditions and sizes of tournaments, and to

establish the robustness of this invariant.

6. Conclusion

In this paper, I continued to explore a potential invariant for tournament digraphs
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that was first introduced in “On an Invariant of Tournament Digraphs”. I looked
at the relative ranking points of players using two different methods and studied
how changes in transitive triads within these tournaments affect the rankings and
their correlations. After running extensive computer simulations with 10,000 ran-
domly generated tournaments, I found that the proposed invariant seems to hold
true, as no counterexamples were found. I used the Modified Kendall Correlation
Coefficient to measure the relationship between the two ranking methods and
found that tournaments with an odd number of players consistently had a mini-
mum correlation of 0.5. For tournaments with an even number of players, the
correlation was close to 0.57. These results support the proposed invariant. How-
ever, more research is needed to confirm this invariant across a wider range of
tournament sizes and find any possible counterexamples. This study builds on
previous research, providing deeper insights into our proposed invariant for tour-

nament digraphs and expanding our understanding of this potential invariant.
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