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Abstract 
To date, it is unknown whether it is possible to construct a complete graph in-
variant in polynomial time, so fast algorithms for checking non-isomorphism 
are important, including heuristic algorithms, and for successful implementa-
tions of such heuristics, both the tasks of some modification of previously 
described graph invariants and the description of new invariants remain rel-
evant. Many of the described invariants make it possible to distinguish a larg-
er number of graphs in the real time of a computer program. In this paper, we 
propose an invariant for a special kind of directed graphs, namely, for tour-
naments. The last ones, from our point of view, are interesting because when 
fixing the order of vertices, the number of different tournaments is exactly 
equal to the number of undirected graphs, also with fixing the order of verti-
ces. In the invariant we are considering, all possible tournaments consisting 
of a subset of vertices of a given digraph with the same set of arcs are iterated 
over. For such subset tournaments, the places are calculated in the usual way, 
which are summed up to obtain the final values of the points of the vertices; 
these points form the proposed invariant. As we expected, calculations of the 
new invariant showed that it does not coincide with the most natural invari-
ant for tournaments, in which the number of points is calculated for each 
participant. So far, we have conducted a small number of computational ex-
periments, and the minimum value of the pair correlation between the se-
quences representing these two invariants that we found is for dimension 15. 
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1. Introduction and Preliminaries. On Some Invariants of 
Undirected Graphs 

Usually, a graph invariant is a value or an ordered set of values that somehow 
characterizes the structure of the given graph and does not depend on the way of 
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ordering of the vertices. It is important for checking graph isomorphism. For 
this thing, let us mention some well-known simple examples for an undirected 
connected graph ( ),G V E= , see [1]-[6] etc.: 
• the number of vertices, V ; 
• the number of edges, E ; 
• the chromatic number of a graph is an important invariant, which is defined 

as the minimal number of colors you need to color the vertices such that no 
neighboring vertices have the same color; 

• the vector of degrees of vertices and its obvious generalization, i.e., the vector 
of degrees of the 2nd order, [7] [8]; 

• whether the graph is Eulerian or Hamiltonian; 
• whether it is a planar graph; 
• the diameter of a graph; 
• the Wiener index, i.e., the value ( ), ,i ji jw d v v

∀
= ∑ , where ( ),i jd v v  is the 

minimum distance between vertices iv  and jv ; 

• the Randić index, i.e., the value ( ) ( )( )
1 21 2

,i j i jv v Vr d v d v
−−

∈
= ∑ , where iv  

and jv  are the vertices forming an edge, and ( )kd v  is the vertex degree; 

• etc. 
It is also important to note that practically the same invariants can be used for 

oriented graphs, which are the main subject of this paper. Also note that we es-
pecially mentioned Wiener and Randić indexes last, since both the 
Graovac-Ghorbani index for undirected graphs (see Section 2) and the proposed 
in this paper new invariant for oriented tournaments graphs can be considered 
as their special generalizations. 

However, all these examples would not be so interesting if we did not specify a 
counterexample, i.e. something that is not invariant. For it, there is usual to 
mention the number of crossings we get if we draw the graph in a plane is not an 
invariant, because the number of crossings depends on where exactly we put the 
vertices, and how we put the edges. However, the smallest possible number of 
crossings we can get is an invariant. 

An invariant is called complete if the coincidence of graph invariant is necessary 
and sufficient to establish isomorphism. There exists the following well-known 
example: 
• each of the values ( )min Gµ  and ( )max Gµ  (mini-code and maxi-code) is a 

complete invariant for a graph that has a fixed number of vertices n. 
To date, it is unknown whether it is possible to construct a complete graph 

invariant in polynomial time (some published works with corresponding titles 
are considered either untested or contain errors in the constructions), so fast al-
gorithms for checking non-isomorphism are important. At the same time, ac-
cording to the authors, heuristic algorithms for checking non-isomorphism of 
graphs are important, and for successful implementations of such heuristics, 
both the tasks of some modification of previously described graph invariants 
and the description of new invariants remain relevant. Many of the described 
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invariants make it possible to distinguish a larger number of graphs in the real 
time of a computer program. Approximately the same options apply to oriented 
graphs, in particular, for tournaments, which are one of the main subjects of this 
article. 

The computational complexity of invariants varies: some invariants are trivial 
computations, while computations of other invariants are very “hard-to-compute”. 
Probabilistic algorithms exist to determine the values of some rigid invariants, 
but those algorithms are not always allowed to be used. 

Therefore, the complete graph invariant, which can be calculated in polyno-
mial time, is unknown, but it has not been proven that it does not exist. 

In this paper, we propose an invariant for a special kind of directed graphs, 
namely, for tournaments. The last ones, from our point of view, are interesting 
because when fixing the order of vertices, the number of different tournaments 
is exactly equal to the number of undirected graphs, also with fixing the order of 
vertices. In the invariant we are considering, all possible tournaments consisting 
of a subset of vertices of a given digraph with the same set of arcs are iterated 
over. For such subset tournaments, the places are calculated in the usual way, 
which are summed up to obtain the final values of the points of the vertices; 
these points form the proposed invariant. 

2. On the Graovac-Ghorbani Index 

Graph theory is a branch of discrete mathematics that focuses on the study of 
graphs, which are mathematical structures used to represent relationships be-
tween objects. Chemical graph theory applies graph theory to solve complex 
molecular problems. Its main objective is to use numerical measures to the top-
ological structure of a molecule into a single value that characterizes its proper-
ties. Topological indices are numerical measures associated with the chemical 
constitution, used to correlate chemical structures with various physical proper-
ties, chemical reactivity, biological activity. These indices have proven useful in 
predicting the behavior of chemical substances. The Graovac-Ghorbani (ABCGG) 
index is a topological descriptor that offers improved predictive power com-
pared to similar descriptors. It is employed to model the boiling and melting 
point of molecules and finds applications in the pharmaceutical industry. In re-
cent years, there has been a rise in publications discussing its mathematical 
properties. 

In 2010, Graovac and Ghorbani introduced a new version of the atom-bond 
connectivity index, which is a distance-based topological descriptor named as 
the Graovac-Ghorbani (ABCGG) index. The index is defined by Equation (1): 

( ) ( )GG ,

2
ABC v u

u v E G
v u

n n
G

n n∈

+ −
= ∑ .                (1) 

where un  represents the count of vertices that are closer to vertex u than to 
vertex v, and vn  represents the count of vertices that are closer to vertex v than 
to vertex u . 
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The research conducted in [9] highlighted that the (ABCGG) index has signifi-
cantly improved correlations compared to the atom-bond connectivity index 
for certain physico-chemical properties. Over the past few years, there has 
been an extensive investigation of the mathematical characteristics of the 
(ABCGG) index in various studies [10]-[13]. A comprehensive bibliography for 
future research was also provided in a recent presentation of the (ABCGG) index 
survey in [13]. Given its recentness and the existing knowledge on the (ABCGG) 
index, it is evident that there are numerous opportunities for further exploration 
of its properties. 

3. Research Purpose 

Let us start with a question. Suppose there is a game and n players participate in 
it. The rules of the game are as follows: 
• A two-on-two duel between the participating players; 
• The result of each duel is only the winner, there is no draw; 
• After each duel, the points of the winning player will increase by one point, 

and the points of the losing player will remain the same; 
• Every player has to fight against all players except himself; 

After the game is over, each player needs to be given corresponding ranking 
points according to the points situation. The rules for granting ranking points 
are as follows: 
• The player with the most points will get n ranking points; 
• The player who gets the second most points will get n − 1 ranking points, and 

so on; 
• If there are two or more players with the same number of points, each player 

is given the average number of ranking points in their ranking range; 
An example is given below: 

• Suppose there are 5 players in such a game, their numbers are 1, 2, 3, 4, 5; 
• Their scoring situation is 4, 2, 2, 2, 0; 
• Then their ranking points will be 5, 3, 3, 3, 1. 

Now there is another way to calculate ranking points: 
• Think of the players in the entire game as a set, then any k players in it form 

a subset; 
• For each possible subset (except for a subset that contains only one player or 

does not contain players), corresponding points are awarded according to the 
duel situation between the contestants in the subset (the duel situation comes 
from the complete competition), the points rules are the same as the previous 
points rules, and according to the newly obtained points, each participant is 
awarded the corresponding ranking points according to the previous rules 
for granting ranking points; 

• Add the ranking points obtained from each subset as new points to the cor-
responding players; 

• Finally, each player is given the ranking points obtained by processing the 
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newly obtained points in the same way as the old ranking points. 
An example is given below. 

• Suppose there are 6 players in such a game, their numbers are 1, 2, 3, 4, 5, 6. 
• The competition results among the players are as follows: Player 1 won 

against all other players. Player 2 won against players 4, 5, and 6. Player 3 
won against players 2, 5, and 6. Player 4 won against players 3, 5, and 6. 
Player 5 won against player 6. Player 6 did not win any duel. 

• Suppose there is subset 1, 2, 3. 
• Their scoring situation is 2, 0, 1. 
• Then their ranking points will be: 3, 1, 2. 
• The ranking points obtained from this subset as new points to the corre-

sponding players. 
• After performing this operation on all possible subsets (subset size greater 

than 1), the new scoring situations obtained are as follows: 11, 79, 79, 79, 47, 
31. 

• Then their new ranking points will be: 6, 4, 4, 4, 2, 1. 
Here, if we calculate the correlation using the Spearman’s rank correlation co-

efficient formula (2), 

( )( )
( ) ( )

1

22

1 1

n

n n

i ii

i ii i

R R S S
s

R R S S
ρ =

= =

− −
=

− −

∑

∑ ∑
                (2) 

We will get 1. In the formula, iR  represents the old points of player i, and 
R  is the average of the old points. iS  represents the old points of player i, and 
S  is the average of the old points. 

What will be the difference in the results of the two different ways of awarding 
ranking points? Will the two results retain the relative relationship between dif-
ferent points? 

4. Research Method 

In order to get inspiration about the research direction, we wrote a program to 
calculate the results obtained by two different ways of awarding ranking 
points. 

First of all, we wrote a tour class to store the information of the map. This 
class includes: 
• the number of players; 
• the duel situation of each player; 
• the old points and old ranking points of each player; 
• the new points and new ranking points of each player. 

Then we used Gray code to generate all possible subsets of players. And in 
accordance with the prescribed rules, the players are awarded points and ranking 
points. Finally output the result to the file. 

Some of the results obtained will be shown below, see Figures 1-8. 
The first row of the data in the figure is the number of players in the game and  
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Figure 1. Tournament No. 1 study. 

 

 
Figure 2. Tournament No. 2 study. 

 

 
Figure 3. Tournament No. 3 study. 

 

 
Figure 4. Tournament No. 4 study. 
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Figure 5. Tournament No. 5 study. 

 

 
Figure 6. Tournament No. 6 study. 

 

 
Figure 7. Tournament No. 7 study. 
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Figure 8. Tournament No. 8 study. 

 
The following are two functions of the program Subset_kid(), calculatesco() 

and calculatesco_part(), see Figures 9-11. 
Whether it is a complete game (0 is a complete game). The second row is the 

number of players included in the subset, the third row is the old points, the 
fourth row is the old ranking points, the fifth row is the new points, and the sixth  

 

 
Figure 9. Subset_kid(). 

 

 
Figure 10. Calculatesco(). 
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Figure 11. Calculatesco_part(). 

 
row is the new ranking points. The matrix in the figure is the game situation 
between the players in the case of this subset. For example, the first row is the 
duel situation of the first player in the player row, and each column represents 
the duel situation with the player in the corresponding position in the player row 
(1 as the winner). 

In function Subset_kid(), we used a linear array Liarr to store information 
about myself, such as {1, 2}, meaning that the information of the players at the 
first and second positions should be taken. The array num is used to simplify the 
subsequent operations. The first loop stores the player’s numbers corresponding 
to the positions in the subset. The second loop retrieves the duel information re-
lated to the selected players from the original matrix (as introduced above). 

In function calculatesco(), we used the array point to represent the point, and 
the array sco to represent the ranking point. Here because the number of players 
has nothing to do with their position in the player array, in order to facilitate the 
calculation, we use the array num to store the position of each player in the 
player array. Then we used the two-variable storage of the array Linarr2 which 
can bundle the player's position information with point and used its quick sort 
feature for a single variable to arrange it in the order of point increment. Then 
we use a loop to assign a corresponding ranking point to each player. The spe-
cific implementation process is as follows: 
• the value of score[0] is always equal to the ranking point of the current point 

ranking; 
• if the player’s point is unique, then give him the value of score[0] at this time, 

because the player’s position information is bundled with the point, so the 
program can directly use the position information to assign a ranking point 
to the player in the corresponding position; 

• if the player’s point is not unique, that is, there are other players who have 
the same point, then recursively find out how many players have the same 
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point through the calculatesco_part() function, After finding the specific 
number, the function will automatically assign the ranking point that each 
player with the same point should have based on the location information. 

So the function calculatesco() successfully completed the function of assign-
ing ranking points. 

5. Assumptions about Invariant and Current Proof Progress 

From the example, we can find that the person who has a larger number of 
points in the complete game will also have a larger ranking point (greater than 
the person whose points are lower than him). And the person with smaller 
points will also have smaller ranking points (less than the person with higher 
points than him). 

Based on this interesting fact, we assume that under the two ranking methods, 
the ranking order of different points is an invariant of the game situation figure. 

The following will give the current progress we have made in the process of 
proving this invariant. 

In the beginning, suppose that in any duel of n contestants, the person who 
gets the points K (K > 1), on average, the new points will be at least 22n−  points 
more than the new points of the person who gets the points K − 1. 

This is easy to prove through the following steps: 
• Add a point to any person whose points are K − 1, then a point must be de-

ducted from someone; 
• In the process of obtaining new points, this exchange of points only affects 

the situation where both parties to the exchange exist in a subset, and it will 
not have an impact on other subsets, because other subsets do not contain 
duels that exist in the exchange; 

• Then there are 22n−  subsets of both sides of the exchange at the same time; 
• The ranking points of the players who earn points in each such subset will 

increase by at least 1 point, because the points of the players who earn points 
in this case will definitely increase by 1 in each such subset, so the player’s 
points ranking in the case of this subset will also increase, and according to 
the old rules of granting ranking points, it can be learned that the player’s old 
ranking points in the case of this subset will also increase by at least 1; 

So, in the average case, the person who gets the points K (K > 1), the new 
points will be at least 22n−  points more than the new points of the person who 
gets the points K − 1. 

In the next step, if it is proved that in different competitions with n players, 
people who have obtained the same points, the range of changes in their new 
points will not exceed a certain value, it can be proved that under the two rank-
ing methods, the ranking order of different points is an invariant of the game 
situation figure. 

6. Conclusions 

Thus, many invariants are used, for example, in computational chemistry to 
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solve a wide range of general and special problems. These tasks include: 
• search for substances with predetermined properties (search for dependen-

cies such as “structure-property”, “structure-pharmacological activity”), 
• primary filtering of structural information for the repeated generation of 

molecular graphs of a given type, 
• and a number of others. 

Often, along with topological indices (depending only on the structure of the 
molecule), information about the chemical composition of the compound is also 
used. 

As an example of considering the invariant described in the paper and the di-
rections of further work, let us consider the following. A heuristic approach to 
the verification of isomorphic graphs is described in this work. The approach is a 
sequential verification of the graph characteristics which are invariants. The re-
sults of computational experiments are described. The aim of experiments is to 
determine which of the comparative sequences (for graph invariants values) are 
more efficient for graph isomorphism verification, see [7] [8] [14] etc. 

It will be important to demonstrate the application to counting and enumera-
tion of tournaments, as well as to checking two graphs for isomorphism, includ-
ing heuristic verification; the connectivity with the invariant considered in the 
paper is obvious. 

In the future, we propose to take a deeper look at the relationship with the 
Graovac-Ghorbani index; the connectivity is less obvious here, but when we 
think about it, it is quite visible. 
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