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Abstract

In this paper, we investigate a 1D pressureless Euler-alignment system with a
non-local alignment term, describing a kind of self-organizing problem for
flocking. As a result, by the transport equation theory and Lagrange coordi-
nate transformation, the local well-posedness of the solutions for the 1D

l+l 1

pressureless Euler-alignment in Besov spaces B, xBJ, with 1<p<oo is

established. Next, the ill-posedness of the solutions for this model in Besov
spaces Bffi xB,, with 1<p<c and s>max {%,%} is also deduced.

Finally, the precise blow-up criteria of the solutions for this system is pre-

l+i 1

sented in Besov spaces B, " xBJ, with 1< p<oo.

Keywords

Euler-Alignment Equations, Local Well-Posedness, Blow-Up Criteria,
Ill-Posedness

1. Introduction

The Cucker-Smale Model. The flocking behaviors are widespread in biological
systems, such as the swimming of fish, the movement of wildebeest groups and
the migration of birds called as self-organization biological behaviors, which
have attracted much attention in [1] [2] [3] [4] [5]. Understanding the popula-
tion properties of interacting systems, and how individual components function,
are important questions. In biology, studying the collective behaviors of animals
can better understand the structure of ecosystems and provide guidance for eco-
system management and conservation. In medicine, such as cancer cells, there is

a collective arrangement of patterns in the human body, and studying this col-
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lective pattern of destructive cells can more effectively affect them and promote
the understanding of disease. The flocking behavior refers to the motion of a
cluster of finite particles in which the velocity of each particle is consistent with
the weighted average of the velocities of its neighbors. The discrete Vicsek model
in time and two-dimensional spaces is usually used to describe the flocking be-
haviors in [6]: the velocity angle @, (t) of j-th particle satisfies

1

0. l)=——— o (i 0.
l(t+ ) |NJ (t) ie/\Zj(t) J(I)—i_nA (1)

Here, Nj (t) = {i :|Xi (t)— X (t)| < r} (r>0), a random variable A@ is un-
iformly distributed in [-1,1], and a parameter 7>0 is used to measure the
intensity of the noise. Furthermore, a generalization of the Vicsek model was

proposed by Cucker and Smale in [7]:

L @
d—{=n2¢(lxi =x[)(v; -w.),
where {X,V, }ieN refers to the position and velocity of the agents 7 and Nis the
total number of two groups. The nonnegative and decreased communication
weight function ¢ measures the strength of the interaction between two par-
ticles, since the distance of the particles increases, the interaction usually be-
comes smaller. The Cucker-Smale model can be used to analyze the flocking be-
haviors based on the decay properties of the kernel ¢(r), that is to say, if ¢(r)
decays weaker than " as I —> -+, the velocities v, (t) of the agents con-
verge to a limit velocity V(t), and the relative positions X (t)—x;(t) also
converge to a limit position X; as I —+o0. This is what we would call the
flocking behavior: all particles move with nearly identical velocities.

A Kinetic Cucker-Smale Model. When the number of particles is large, to
make it easier to simulate the movement of each particle, kinetic models are of-
ten used to describe the behaviors of global flocking by the density function

f(t,xv) with xeR®, veR". Furthermore, about the kinetic limit of the
Cucker-Smale model (2), Ha and Tadmor established a nonlinear and non-local

kinetic equation in [8]:
o.f +v-v,f+V, (Q[f]f)=0, 3)
there Q[f] is the velocity alignment force field given by

Q[fJ(t.x.v)=[ .o #(x—y)(w=v) f (t,y,w)dwdy. (4)

Here, (3)-(4) is a nonlinear and non-local kinetic version of the Cucker-Smale
model. When ¢(r) decays weaker than ' as I — -+, the solutions of Eq-
uations (3)-(4) show that the global flocking behaviors in [9], where the size
S(t) of the support in xis uniformly bounded:

S(t):sup{|x— yl:(x.v).(y.v') esupp( f (t))}
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and the size V (t) of the support in vremains decreasing:

v (t):sup{|v—v’|:(x,v),(y,v')esupp( f (t))} —0 ast — +o.

A 1D Euler-alignment Model. In order to deduce the standard form of the
hydrodynamic limit for nonlinear kinetic equations, one can consider the

mono-kinetic ansatz of the form in (3)-(4)
f (t’x’v):p(t’x)é‘v—u(t‘x)' (5)

In this case, the model becomes a local alignment model which is different from
the global alignment model, the particles travel locally at a single speed in which
the velocities of the particles are different in space. Under the one-dimensional
pressureless condition, the flocking behaviors are known as a 1D pressureless
Euler-alignment system with a non-local alignment term. Submitting (5) into
(3)-(4), we arrive at the pressureless one-dimensional Euler-alignment system

which consists of the mass conservation equation
o,p+0,(pu)=0, (6)
and the momentum conservation equation

0, (pu)+0, (pu2 ) = IR¢(X =y)(u(t,y)-u(t.x))p(t,y) p(t.x)dy, 7)

where the right side of (7) is the non-local alignment term, owing to the pres-
ence of the density p, the density is higher, the alignment effect between the
agents becomes stronger. The 1D pressureless Euler-alignment system with a
non-local alignment term simulates the population movement from irregular
movement to regular movement with constant relative distance and relative ve-
locity in one-dimensional space.

Furthermore, by submitting (6) into (7), one can get the following 1D Eu-

ler-alignment system:

ou+udu=g*(up)—(g*p)u, t>0,xeR,
0,p+0,(pu)=0, t>0,xeR, (8)
u(0,x)=u’(x), p(0,x)=p°(x), t=0xeR.

Many researchers showed that the characteristic of communication weight ¢
plays an important role in the regularity of the solutions for system (8): when
communication weight is symmetric and uniformly bounded, Carrillo showed
that system (8) exists a critical threshold of initial data in [10]: if the initial data
lies above the subcritical region in the sense that 0,U, >—¢* p, forall XeR,
there has a global classical solution for 1D Euler-alignment system (8) if the ini-
tial data lies above the supercritical region in the sense that 0,U, <-¢* p, for
all XeR, the solutions can blow up in a finite time for the 1D Euler-alignment
system (8).

In [11], let G=0,u+¢* p, Tan rewrote model (8) as the following equiva-
lent equations:
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ou+udu=g=*(up)—(¢*pju, t>0xeR,

0,p+Uuo,p=—-0,Up, t>0,xeR,
0,G +u0,G =-0,uG, t>0,xeR, 9)
oL,u=G—-¢=*p, t>0,xeR,

p(0,x)=p°(x),u(0,x)=u’(x), t=0,xeR,

where communication weight is integrable, so communication weight can be ei-
ther regular or weakly singular (see [12]). If communication weight is weakly
singular, that is to say, it has an integrable singularity at the origin, Tan showed
that system (8) exists a critical threshold of initial data: if the initial data lies
above the subcritical region in the sense that ir)I(f Gy(x)>0 forall xeR, then

there exists a globally regular solution for 1D Euler-alignment system (8), if the

initial data lies above the supercritical region in the sense that inf G;(x)<0 for
X

all XeR, then the solutions blow up in a finite time for the 1D Euler-alignment
system (8) in [11].

If communication weight ¢ e L' (R) , Tan established the local well-posedness

1
in Sobelov spaces H*"'xH® with s> > on the whole real line or the periodic
domain in [11]. One natural question is: whether or not the system (8) is local

1
well-posedness in H*"xH® for s =7 The Lagrange coordinate transforma-

tion does not change the dynamic nature of the system and can make the equa-
tion easier to solve. Indeed, if there exists a small enough time T >0, based on
that the characteristic y(t,£) is a homeomorphism in a small time interval
[0,T], we will obtain the uniqueness of the solutions. Note that B;, B, ~H"®,
by compactness theory and coordinate transformation, we want to explore the
local well-posedness of the Cauchy problem for the 1D Euler-alignment system

1-¢-l !

(8) in Besov spaces B P ><B§l with 1< p<o (in the rest of this paper

¢ L'(R) unless otherwise noted).

2. Main Results

Theorem 2.1. Suppose that pe[l,00) and the initial data

1

3
(Ug 95,Gy ) € {B;’J] . Then there exists a time T >0 such that Equation (9) has

a unique solution (u,p,G) in (ET")3 and

1 1
EF =C[[0,T];B;l]mcl[[O,T];B;l ] Moreover, the solutions depend conti-

nuously on the initial data.
1 1

1+— —
Recall that B} 'xB; <B °xBP (1<p,r<w) is locally compact (see

Proposition 1.3.5 in [13]), using the same argument of the proof in Theorem 2.1,
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we can easily get the following local well-posedness of the solutions for Equation

(8) in the Besov spaces B;ﬁl X B;,r :

Assume that 1< p, r<+ow, s>max {l,%} and the initial data
p

(Ug, 95 ) € Bt B . Then there exists a time T >0 such that the Cauchy prob-
lem (8) has a unique solution (U, p)eB;'' xB; ., and the map (u,,p,)— (U, p)
is continuous from a neighborhood of (uy, p,) in B} xB;  into

c([oT]:B;t) e ([0,T]:B5, )xC([0.T]:BS, )~ ([0.T]:B; ),

s'<s when =+ whereas s'=5 when I <+o0.

Now, another natural question is raised: whether or not the data-to-solution
map of the system (8) continues in B;:*rl X B;Zr for s'=s and r=+o0. In the
following theorem, we deduce that this data-to-solution map is in ill-posedness
in B;*i xB, ..

Theorem 2.2. Suppose that 1< p<o and s> max{l%} , then the system
p

(9) is ill-posedness in Besov spaces (B;yw)e’. More precisely, there exists

(Ugr 29,Gy) € (B;‘w )3 and a positive constant & such that the Cauchy problem
for system (9) has a unique solution (u,p,G) el” ([O,T];(B;’OO )3) for some

T:Tm%

), while

B, ’"Po 8., '”Go

s
Bpoo

Iirzlionf("u —U,

5. )>Co

B . +||,0—p0 B +||G -G,

Theorem 1.3 in [11] shows that the solutions admit a finite time blow up for
the 1D Euler-alignment system (8), in the sense of inf G;(x)<0 forall xeR,
X

if and only if limG (t,-) =—00 ., Theorem 2.1 in [11] shows that the solutions of
t>T™

the system (8) stay smooth up to time 7, in the sense of
(p.G)eC([0.T];H AL )xC([0.T];H*), if and only if
LJT ("p(-,t)"Lw +||G ("t)||L°° )dt <400 . Next, we show that the solutions of the sys-
tem (8) stay smooth only depending on the slope of u but not involving the

components of Gand p in the following theorem.

1

3
Theorem 2.3. Suppose that (u,p,G)e[C{[O,T];B&]J is the solution of

1

3
the Cauchy problem (9) with the initial data (u,,p,,G,) e[B;’J] . Let T'is the

maximal existence time of the solutions (u,p,G) to Equation (9). Then the

solutions blow up in finite time if and only if

Jim infuy (t) ==

The paper is organized as follows. In Section 2, we introduce several impor-

tant results on the Littlewood-Paley decomposition, the nonhomogeneous Besov
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spaces and their useful properties. In Section 3, we establish the local well-po-
sedness result in Besov spaces of the solutions for Equation (9). Moreover, we
prove the blow-up criteria of the solutions to the problem (9) in Section 4. Fi-
nally, the ill-posedness result of the solutions for Equation (9) is presented in
Section 5. Note that we denote a general constant C >0 only depending on s
and ||¢||L1 , since all function spaces in the following sections are over R, for

simplicity, we drop R in the notation of function spaces if there is no ambiguity.

3. Preliminaries

In this section, for the convenience of readers, we introduce some facts on the
Littlewood-Paley theory, which is frequently used in the following arguments.
Then we introduce some properties of nonhomogeneous Besov spaces which
will play a key role in proving the local well-posedness and other properties of

the system (9). One may refer to [13] [14] for more details.

4
Proposition 3.1. (See Proposition 2.10 in [13]) Let B = {{,‘ eR¢ ,|cf| < 5} and

C= {f c R ,%g |§| S%} . There exists two radial functions yeC (JB) and

9eC’(C) such that
2(£)+ X p(27°¢)=1, forall R,

q=0
la-q> ZDSuppgo(Z’q -)mSupp¢(2’q' -):@,
q 21:>Supp;((-)m8uppgo(2‘q' ) =J,
%31(5)2 +Z¢J(2‘q§)2 <1, forall £eR’.
>0

Moreover, let h=F"'p and h=F"'y. Then for all fe S'(Rd ), the dyadic

operators A, and S, can be defined as follows
A f=p(29D)f =2" [ h(2°y) f (x—y)dy, forq=0,
S,f =x(29D) f =2%[ ,h(2%y) f (x-y)dy,
A,f=5fand A f =0 forqg<-2,
where f=%A f in S'(]Rd), and the right-hand side is called the nonho-
mogeneous cEi)ttlewood—Paley decomposition of f .

Definition 3.2. (See Definition 2.68 in [13]) Let Se R, 1<p, r<o. The

nonhomogenous Besov space B, | (Rd ) is defined by

Br = {F S (R )]s, <o,

where

1
(22““ Aqf"r jr, for r < oo,
= qeZ Lp

s =
Bp.r

|t

sup2%®
qeZ

A, f ||Lp , for r =oo,
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If s=, By, =()B;,.

seR
Proposition 3.3. (See Corollary 2.86 in [13]) For any positive real number s
and any (p,r) in [1,00]2, the space L~ (Rd)ﬁ B,. (Rd) is an algebra and a
constant Cexists such that

luv

B}, (R?) + ”u

s(50) SC (1 I e

If S>g or S=g, r =1, then we have

[luv

Rd)SC"u

B;yr(Rd)”V

B o[ Br(®7)°

Proposition 3.4. Suppose that seR, 1< p,r,p,r <o (i=12).Wehave
1) (See Proposition 1.3.5 in [14]) Topological properties: B;r is a Banach
space which is continuously embedded in S'.
2) (See Proposition 1.3.5 in [14]) Density: C” is dense in B;’r &
1<p,r<ow.
y%Li]
3) (See Proposition 1.3.5 in [14]) Embedding: B;le o szyrzpl P2) if P, <P,

and f<r,. B? B} islocally compact,if s <s,.

4) (See Proposition 1.4.3 in [14]) Algebraic properties: for all $>0,

n
B;, ML isan algebra. Moreover, B’ isanalgebra < B} oL < s>—

p.r
n
(or S=— and r=1).
p
5) (See Proposition 1.3.5 in [14]) Complex interpolation:
1-0

0
Ugs-a-0 < Clufgg, [ul
" By (02 By 17182,

forall ue B;{r e B;ﬁr and 6<[0,1].
6) (See Proposition 1.3.5 in [14]) Fatou lemma: If (un) is bounded in

neN
B,, and u,—u in §', then ueB; and a subsequence (un ) exists
! ! k JkeN
such that
<limi
"u"B?,I, —Ilmﬂf unk B;‘rl

Lemma 3.5. (See Lemma 4.1 in [15]) The transport equation is one of the
fundamental partial differential equations and appears in many mathematical

problems. By virtue of the uniqueness of the transport equation, one obtains the
1

estimates of the source term f .Let y, €BJ, with 1< p<o and

1

fEL{[OvT];BppJ}-Deﬁne N=NUwo, for neN,denoteby

1

y, € C([O,T]; B;’J] the solutions of
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oY, +A(u)d,y, =1, xeR,
Yo (%) o = Yo (¥):

Assume for some a(t)eL'([0,T]), sup||A1(u)||
neN B+

1
p.l

<a(t). If A/(u) con-

o=

1

verges in A (u) in Ll[[O,T]; BrﬁlJ , then the sequence (Y, )

c[[o,T];B;lil].

Lemma 3.6. (See Lemma 2.8 in [16]) Suppose that (p,r)e[1,+oo]2 and

oy converges in

5 >—min{l,1—l} .Assume f,eB , Fe Ll([O,T]; B;,r) and
p p

p,r>
1 s-1 P 1 1
aXVGL([O,T];BpJ), |f3>1+; [s=l+;,r=lj,
o\ve Ll([o,T];B;r), ifs=1+%,r>1,
= 1
oVe Ll[[O,T];B’fmew], ifs<1+6.

If feLw([O,T];B;’r)ﬁC([O,T];S') solves
{atf +v-0,f =F, t>0,xeR,
fl_, = fo-

1) Then there exists a constant C'such that the following statements

"f (t) Secv(t)(” foll +L§efcv(r) F(r) o d‘r),
p.r p.r

BS.
where

\ : 1

Io"axV” ., dr, if s<1+3’
BY NL*

VO ={ [l L dr, ifs=1+2r>1,
0 B::rrB p

Jolow

2)If f=v,thenforall $>0,(1)holdswith V(t) :I;||axv|||_°° dr.

3) If r<oo, then feC([0,T];B;,). If r=co, then feC([0,T];B,) for
all s'<s.

Lemma 3.7. (See Corollary 2.86 in [13]) Assume that 1<p, r<o, for

BHdT' ifs>1+1£ors:1+£,r:1}
pr p p

1
§<—, §>—, (S,2— if r=1) and s, +5,>0, the following estimates
p

holds

[llg, <C*lg, o

s 1
Byl
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where the constant C'is independent of fand g
Lemma 3.8. (See Theorem 2.100in [13]) Let $>0, 1<r<c and
1< p<p, <. Let v be a vector field over R". Define R; =[V~V,AJ-] f . There

exists a constant Csuch that

(2[Rl )| (70 110, 15t Il )
ihr
where i=l—i.Furthermore, if s<1 then
P, P P

(2R )|
i

4. Local Well-Posedness

<C[vv..|

From the relationship 0,u=G —¢* p , we can claim that
[oul.- <l Il +1G]. - No.ulls, <Nl o

Bp.r + "G

. (1)

Firstly, Young inequality results in ||8 u||Lm —”¢*p"u’° +||G||L® < ||¢||L1 ||p||L® +"G”L°°'
On the other hand, according to the definition of Besov spaces, we can get

A,-(¢*p)=2"JRh(2"y)(¢*p)(x—y)dy
:21']]’ ( 21 ) p(x—y—1z)dzdy
= [, #(2)[ 2'n(2! ) (x—y—z)dzdy

=¢*A;p.
Applying A; to d,u=G—¢*p and taking L’-norm to the above relation-
ship yields
|20l <laso o], <.l <lolcfaiel <28l @

By the definition of Besov spaces and Minkowski’s inequality, for r <o, we can

1

17X ij

ShI
jez

<||¢||L1[ 5o

= (Al llols;, +||G

obtain

o.ull

— (z 2jsr
jeZ

|~

Aip"w +2"

AJG”LP )rjr

1 1
jor o

Ao (g lecl.

The case r=o can be easily treated as above, this completes the proof of the
claim (3.1).
Moreover, by Bernstein-Type Lemmas (see Lemma 2.1 in [13]), one can get

Bp.r E"U Bp.r _"U Bp.r +||G

By

Ju

BS'Y +||,D B.r +||axu B¢ +||,D By.r +||'0

By
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Proof In order to prove Theorem 2.1, we proceed as the following steps.

Step 1: Existence

Firstly, we aim to construct approximate solutions to smooth solutions of
some linear equations. Let z,(t,-)=(p,,G,,u,), for z,=(p,,G,,U,)%(0,0,0),

we can define the induction sequence (z,) by solving the following linear

neN
transport equations

atpml + unaxpn+l = _axunpn’
0,G,,; +u,0,G,,; =—0,u,G

n+l nYx—n+l x-n—n?
atun+1 + unaxuml = ¢ * (unpn ) - (¢ * pn )un !
pn+l (O) = Sn+lpo’ un+l (0) = Sn+1u0'

3)

3
1
By induction, we firstly assume that z, e[g0 [[O,T];BPF’JD for all T>0.

1
Owing to $>—, it implies that B, is an algebra. Combining Lemma 3.6 and

(3), we deduce that there exists a global solution z,, € (ET'D )3 and

1 N

E; =C[[O,T];Bgl}ﬁcl[[O,T];Bﬁl J Making use of Lemma 3.6, we can ob-

tain the following inequality

lonall » SeXIO{CLIII@xunII . dt'H Pra(0) +
B? ByiNL” B

p
p.l

p.l

@)
+ j;exp{-c [ o] dt”}"pnaxun" N dt'],
Ba

P Ea
Bp.lﬁL

1 1
because B, isanalgebraand B}, L”, according to (1), we can obtain

ool 3 <lln] - Joui] - gC{Ilpnllzl +lels ]
Bp 1

BP B BP B

1 p.l p.l p.l p.

P AL 3 P 3
Bp ML Bp1 Bp1 By,

o]+ <fo.ul « SC{IIPnII e J
1

then submittting the above inequalities into (4), we can conclude

B Bp,l Bp’

ol s <o cyg[upn I <ol ]dt' [npnﬂ«»n i
p p Pl B

P
p.1 pl

)

lonll s +le [’ Jdt' -
p
1

p
prl Bp,

+Clex —Cﬁ[llpnll s #[G Jdt” [
p p
1

prl Bp,

By a similar argument as above to the component G, we have
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p.l p.l

[Gnall » Sexp{cﬁ[ﬂpn" L HG }dt}[HGm(o)" .
B BY B Bpa

(6)
+CL¥XD{CE{M%H1ﬂleljdf}{W%W14HGAF1]de
B;l Bg‘l Bg‘l Bgyl
and
lunia] SG)(p{(:ﬁ||ax“n|| 1 dt'}[ Un+1(0)" 1
Bpa BJ,NL” A
(7)

-+ﬁexp{—CJ§WLuAll dV}M¢*(m¢%)—(¢*/%)un . va
Bg”l

p
Bp.NL”

we can see that

||¢*(unpn)_(¢*pn)un

: SC(Ilunllzl +ealfs J
B,fvl Bé’vl B;l

then submitting the inequality into (7), we can get

un+l (0)" 1

lunsl s <expicfilal s +lGi] . +ul . o !
B B B B B

+%w%cﬁmh+hw+mw}ﬁ@wl ®

By B? 8P BP
+ ”pn "21 }dt}
By

p. . p.l
Pn (t’)" 1 T Gn (t’)" 1 T

P P
prl Bp,l

Let Z (t)=

u, (t,)" ., » combining inequalities (5),
By

(6), and (8), we can obtain

Z,.,(t)< exp{cj; ant'} 2°+C|\22 exp{cj:'zndt”}dt', )

1 +||G0 , - For fixed T" >0 such that 2Cz,T" <1
Bh1 By Bh1

and suppose that

where 7° = ",o0

0
1
3

. Z°
vte[0T'] Z (t)s—5 .
c[oT] (1) 1-2C7%

In fact, we assume that the inequality for all neN is valid, then for

0£r<t<T*<L0,wecanhave
2CZ
1
" ¢ CZ° 1-2C2°7 )2
exp(C Zdt')sex dt’ |= ,
p( J.Z. p(Ll—ZCZOt’ ) [1—2CZ°I]
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applying the above inequalities into (9), we can get

1
S P AT e
N < 1
J1-2C7% 0(1_2Czo,)2(1_2cz°t)5
2
1 0 t C(ZO)
=—= | z7°+[———1L 4
Vi-2cz2° +IU(1_2cz°r)2 i
-1 z°+Z°;t]
J1-2c72°% J1-2c2°%|,
ZO
T1-2C2%

The above derivation implies that (z, )neN is uniformly bounded in

3
1
[Lw [[O,T];B;’JD . Based on this, we can get that (9,z,)

oy is uniformly

1

3
1,
bounded in (Lw [[O,T]; BY, D . Therefore, (z,) . is uniformly bounded in

[c[[o,T]; BS’J et ([O,T]; B;l{ll]] .

In order to obtain a solution z of Equation (9), we make use of the compactness
theory for the approximating sequence (z, )neN. We take a sequence (goj )J_EN
of smooth functions with values in [0,1], supported in B(O0, j+1) and equals
to 1 on B(O0,j). It is easy to find that the map z, > ¢,z, is compact from

24

1\ 1\
(Bpp,l] to (Bp”,l J by the virtue of Theorem 2.94 in [13]. Taking advantage of

Ascoli’s theorem, there exists some function z; such that the sequence
((pj z, )J_ . convergesto z; for any JeN. At the same time, according to the
€

Cantor diagonal process, there exists a subsequence of (Z i )j u such that ¢,z
€
1

3
21
converges to z; in [C[[O,T]; BY, D forany jeN.Owingto @0, =0,

we can get z; =¢,;z;,,. Hence, there exists some function z such that the se-

1

3
1
quence (@z,) , tendsto @Z in [C[[O,T];Bp‘"l D for any @ e€D. Then on

the basis of uniform boundeness of (Z i )m and the Fatou property, we can ob-

1

3
tain that z is bounded in [L‘” ([O,T]; Bng . Taking advantage of the Fatou

3
1,
property yields that ¢z, tends to @z in [C’[[O,T];Bg"1 J] for any £>0
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small enough.
1

Furthermore, set any y €B P and combining with the duality for ¥, as

4,00

N — 00, we can obtain
<81 ((pu” ) 0 ((0U),l//> _<((pun)ax (q)un)_((ou)ax (‘Pu)"//>
—(p*(pu,00, )~ (¢ * 90, ) o, — ¢ * (pugp) —($* pp) Ui,y ) > 0.

The main problem is the third term, for the sake of convenience, we treat only

the term of (§*(pu,ep,)—(4*pp,)pu, —¢*(pugp)—(¢* @)U,y ). There-
fore, we can have

(#*(pu,00,) = (¢ * 00, )0, — 6% (Pupp) — (9% o0 i )|

(10)
<|(¢*(ou,00,)~ 8 (pugp).w )| +[((4* 00, ) o, — (4 00) pu.vr ).
Firstly, we can estimate the first term of the inequality (10)
(6 *(pu,00,)— ¢ * (ougp).v)
<[g*(pu.pp, ) -4+ N lvl
Bg‘l Byl
<Cllouge, —puep| 1 vl , (11)
BP B.,P

p.l p'

o0, — 9P| -

——s

pl

U, — U . ]IIWII 1

p
Byl

<C[||¢’U |- loon ool 1 +lleu,| »

BP BP

p.l

+eoll- lou, —u + +]oo| 1

p p
Bp,l Bp,l

For the second term of the inequality (10), taking the same approach. We have

3
1
Proven that ¢z, - ¢z in (C{[O,T];Bgl ]J , and ¢z, is bounded in

3
1
[L‘}"(Bp”,ljl , then we can get that (11) tends to 0 uniformly on [0,T] as

N—o0. So (11) tends to 0 when N— . Applying the similar argument, the
second term of the inequality (10) also tends to 0 as N—>o , then

1

3
o,(p2)e [ ([0 T]:B), N . Hence, we deduce that zis the solution of the Equ-

ation (9), and belongs to (ET" )3 .
Step 2: Uniqueness
In this step, taking advantage of the Lagrangian coordinate, we will prove the
uniqueness of the smooth solution z Introducing a new variable £ €R, and we
define y(t,&) as
oy(t&)=u(t,y(t,£)), t>0,xeR,
y(t8), =¢
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Next, Define the new variables U t§ (t y t«f ) and V(t,§)=p(t,y(t,§)),
then we can obtain J.U (t f) ( y( ))aey(t y(t,f)) and
oV (1,¢)= x,o(t y(t £ ) 5y(t y (t,£)) . At the same time, the function U (t,&)

is a solution of
oU (t.&)=0u(t,y(t,€))+o,u(ty(t.£))o,y(t.£)2Q(t.€), (12)
where
Q(t.&)=¢*(u(ty(t.&)p(t y(t.8)))~(¢* (L y(t.6)))u(t y(t.E)).
Moreover, V (t,é) is a solution of

V(t&)=ap(ty(t.E))+op(ty(1LE))oy(LE)
=—p(t.y(t.£))o,u(t,y(t.£)).

Taking the derivative of the Equation (12) with respect to variable &, we can

(13)

have

oV (t.£)= 0Q(t.¢)
=¢#(0.Up)+¢(Ud.p)~(¢*p)0.U ~(¢*0.p)U.
Similarly, we can infer that
0.y(1.)=0.u(ty(t.£))=0.U (1.£),
and
=&+ [ U(L¢)dr,
and
() =1+] 0,0 (t,&)dz.

1 1 1
Since the fact that (u,p) is C [B&Jx G [BrﬂlJ and the embedding B, &

WP AW | we can deduce that (u,p) is uniformly bounded in
C (Wl'p r\Wl“”)x C (Wl'p le'w) easily. In addition, we can prove that 9,y

is uniformly bounded in Ly (Lw) . Moreover, based on the above discussion, for

sufficiently small T >0, we have %S 0.y <C, . By the continuous method and

the boundedness of (u,p) in C; (Wl'p le'w)x C (Wl'p le'”) , let tis small

enough, we can get

oI, =t yeo) —dy<||U||Lp <2|ul, <C
4 L®
). Sl e <l <c
M, =Lty e ay=loll 2 <2loll <c.
s &l

Aty v de <l i ] <c

Vel

=,
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Through the above inequalities, for any te[0,T], we have
U(t&)ely (W AW ), V(L&) el (W awh™),

y(t.&)-¢ely (Wl'p le’w) and %SﬁgySCuO satisfying (12) and (13).

Set 7,,z, is two solutions in (ETp )3 of Equation (9) with the same initial
data, for i=1,2, the function U, (t,é) =U; (t, Y; (t,f)) is a solution of

Uy (t.&)=u(ty; )+, (ty;) v =g+(uo) - (¢ 0 )u; = Q;.
Obviously, we also have Uj(t,yj (t,é)),yj (t,f)—fe L°T°(W1‘p ﬁWl’w) , and
%gajgysc% for sufficiently small T >0.

Next, we will establish the estimate ||U1(t,§)—U2 (t.& )|LN1vme1,w , the key step

is to estimate "Q1 (t.5)-Q,(t,¢) o i - FOr Qi (t,6) and Q,(t,&), we can
get

Ql(t-f)—Qg (t,§)=¢*(UlVl—UZVZ)—(¢*V1)U1+(¢*V2)U2.

By Young inequality and Hélder inequality, then we shall get an estimate of
L" N L” -the norm

@ (t8)-Q )
<[p* UV =UN,)|o o +[(B5V)U; = (¢ 5V,)U, |5
S ((CRERN S (AT P
i GV TR B G LS e
<C(Ui=Uolorie Ml + M ~Valli i 1021 )
U =Yl [ Vallee + o # (V= Vo) 92
< C("V1 Vol e + V1 =Yoo, )
Similarly, we can have
Qi (6:6) = Qe (1.8) = * (o — U, ), _((4’5*/01); U —(¢*p,), UZ)
(4% 21)us ~ (9% 2 ) ),
then we shall get an estimate about L” N L” -norm
Qs (66)-Quc (L),
<Clwp-we).|, . +|(@*r).w-(6%p.).u,
+ "(¢ *p ) — (4% p, )U%"Lpﬁp
<C{Mas Vel +Ma=Vall e Vs Vel o+ =Vilho )
<C(M~Valipe + s =Uolhys e )
Similarly, applying this routine process to prove, we can also get

axlulpl - a)(Zung”meLw <C ("Vl _V2||meL°0 +||U1 _UZH\NLDONWLP )

Moreover,

LPAL™
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Vs =Uallyse s + 11 = Yalhyo yrn + V2 =Vaio oo
<JU1(0)=U2 (O o +[3:0) = Y2 (O iy
#V(0) Ve (O)] .+ 10~ Qulhys e
+ Y2 = Yol e + [0 Un —6X2u2p2|
<V (0) U2 (O ey +195.(0) = Yz (O o
OV (O o +Cf; 1V ey
1% = Yol o + V=Vl i 0
Using the Growall inequality yields
U1 =Vl o + 1Y = Yolhuro e + Vs =Vollio o
< (10,0)-U OV s + 110 Yo O s + MOV, O )
<€ ([U1(0) =V (O i +M: ()2 (05,

LP AL~ dt

<e | [u.(0)-u ()]« +[2(0)-.(0)] «

p.l p.l

where owing to y,(0)=1y,(0)=¢, it follows that

Juy _Uz"Lw1 <Cluy, oy, ~uye y1||U’*l
< C||U1 oY —Uye Y, +Uyey, —U,o yl"LF’*1
<C "U1 _U2|||_p*1 +C ||u2><"|_’¢ ”yl Y2 "L"’1

<Clu, (0)-u, (0)] : -
B,

Using similar estimate, we can obtain |p, - p,[ s £C||p1(0)— pZ(O)” i
B)1

Based on the embedding L"™ & Bﬁ_lm , we can deduce

=g, <l el <€l (0)-0a(0)] .
By
"pl ) ||B‘;,1,w <C "pl - p2|||_P*1 <C "'01 (0) P (0)" i
By

Therefore, if u,(0)=u,(0) and p (0)=p,(0), the uniqueness of the solutions
is deduced. By a similar argument as above to the component G, we can con-
clude that zis the unique solution of the Equation (9).

Step 3: The continuous dependence
Let (u,,p,)» (u,,p,) is the solution with the initial data (u,,,p,, )
11
(Ugw: 00, ) » and the initial data (Ug,, 2o, ) < (Uge: 2p,) in BJyxBJ;. Combin-

ing Step 1 and Step 2, we can obtain that (u,,p,), (u,,p,) are uniformly

1 1
bounded in L7 [Bgljx Ly (B[fl] ,and
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Jus — g, < Clluon = o] 5
i (14)
"pn poo"Bg Lo <C||p0n _pOoo"
Bgl

This means that (u,,p,) tendsto (u,,p,) in
C([O T], o m)xC([O T], o 130) Under the theorem of interpolation, for any

£>0, we can see that (u,,p,)—>(u,,p,) in C[[O, | p;g]xC{[OT], plg}

17 1.
If ¢=1, we will have (u,,p,)—>(U,,p,) in C[[O, ].BY ]XC[[OT], o1 }

Combining (14) and the above relationship, we just need to prove that

1, 1,
(0,Uy,0,0,)—>(8,u,,0,p,) in c[[o,T],B;l JxC([O,T],B‘ﬁl ].Set v, =0,U, ,

Voo =0,0, » we split Vi =z +W, and V, =7, +W, with (z,,w,),
(2,0, W,, ) satisfying the following equations
2
at 2, + unalen = axQoo - (axuoo) '
atZZn + un8x22n = _ax (pwaxuw ) _axuwaxpoo'

Zln t=0 = axu(JOO’ ZZn|t:0 = aXPOOO’

and
By, +U,0,W, =2,Q, —,Q, —(8,u, )" +(8,u,. )’
atWZn + unaxWZn = _ax (pnaxun _pocaxuoo)_axunaxpn +axuwaxpoo'

Wi, |;:0 = a><uOn _axu0w’ ZZnL:o = 6></00n _axp()oo'

Taking advantage of the fact that (u,,p,), (U,.p,) are uniformly bounded in

1 1
L?{B; Jx L”(Bplj, we can have

[0.Q-2.Q. .,
BF‘,{1

S||¢*(unpn _uoopoo)_(¢*pn)un +(¢*poo)uoo|| 1

Bpa

P p
Bp1 Bpa

gf{llpn—pmll oty v J

4 p
Bpa Bpa

< C{Ilun R W CUISCICR U A e
BP

+ "axpn - axpw " 11]’
Bgl
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and

ax (pnaxun - pooaxuoo )" 1,

p
Bpi

SC[IIpn ) [FA AU AT J
BS1

p
BPJ

< C[Ilpn =Pl 5 #lowen =0 s Hun-u]
p p

B B BP

pl pl pl

+[ou, —o.u, | 11}
Brfyl

1

Here, owingto G=0,Uu+¢*p and GeC([O,T],B&l],wecanget

1 1
||6Xu|| , <C. In addition, applying Lemma 3.7, let §, :E_l and S,=—, we
Bo1

can get

(2.0, (2.7

<Cllo,u, —o,u.|| i lo,u, +o,u,|
By B

1

14
P
1

<Cllo,u, —o,u.|| 1
BP

Then for all ne N, using the above inequalities, we can have

O [Wao 1, +0 (| 1,
Bgvl

p
BpJ

B B BP

p.l p.l p.l

< C{Ilpn R R N U Ui (PO RO }
P P B,

Bgyl B‘fvl BP

< C{"pn -2 1, +u, —u, | 1, + g, —wa | 1,

p.l

BP BP BP

[z 2. 1, + vy = i, t 220 = 22..| u}
p.l p.l pl

2~ 2. 1,

BP

’ 1 —1 1
B pl

p p
p.l BPJ BPJ

SC{Ilpn—pwll R TR PO N

p p
Boa Bpa

+ Wy | 1, 20~ 22| 1_1}

from which it follows
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ool o, + ]| 5
p

B BP

p.l p.l

1y +||V2” (0)_\/2” (O)" 1y

BP

B Pl

<ce® {"vm (0)-v,.(0)]

pl

t
rle {hpn L e TS R U
P

B BP BP

p.l pl pl

p p p
Bp‘l Bp‘l Bp,l

=zl o, Ml 5 +l2— 2] qut'J-
Since we prove that v, (0)—v,(0) and v, (0)—>v, (0) in B}, ,

1

1, 1,
(py.Uy)—>(p,U,) in C([O,T];B;fl JXC[[O,T];B’J”’1 ], and according to

21

1
Lemma 3.5, we can deduce that Zln(t)—>zlw(t) in C[[O,T];Bp ],

pl

1

1
Z,,(t) > 7, (t) in C[[O,T]; By, ] Furthermore, we obtain that w,, >0 in

1

({[O,T];B;”1 ] and W,, >0 in C[[O,T];B;"1 J Then according to Lemma

1

1y
3.6 and W, =w,, =0, we can get that W, > W, in C[[O,T];B;”1 J, and

1,
W,, =W, in C([O,T];Brﬁll}

Finally, we can deduce

p
Bp,l

[Vin = Vi | 1,
[E4 B’E’Yl

+Vap = Vo { 11]
£

+why — |

B

220 =22 |
E

%71
BSy

1

p p
Bp,l Bp‘l

o -z (s,
[k B;’J

+ Wy =W { 11}
H

p p p
Bp,l Bp,l Bp,l

<z - 2. 1,
[k B;’J

+ | 1, 220 — 22| 1,
L%[ L-’F[

+ W | [ 1_1} '
£

which indicates that (d,u,,0,p,)—(d,u,,0,p,) in

1 1

=1 24
C[[O,T], B;"1 Jx C[[O,T], B'fyl ] . By a similar argument as above to the compo-

' Ppl

3
1,
nent G, we can have 0,z, — 0,z in {C([O,T] BP N . Combining Step 1 to

Step 3, we complete the proof of Theorem 2.1. ]
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5.11l1-Posedness
In this section, we shall explore that the solutions of the Equation (9) are

ill-posedness in Besov spaces (B;r)3 with the index s>max{%,l} and
’ p

r=o. To localize the frequency region, we have to introduce smooth radial
cut-off functions. Set y,e(Cy, =123 is an non-negative, even and

real-valued function on R satisfying
1, if|é< %,
l/;i (5) = 1
0, if|&|>=.
el
Define the initial data
Uy (X) = Z 2™y, (X)COS(%Z” X),
po(x)zZZ‘”Swz(x)cos(ﬂzZ”x), (15)

Go(x) = 22w (x)cos(4,2'x),

there 16[67 @} and i=12,3. Then we can have
48 48
- A2"x), if j=n,
Aj(y/i(x)cos(ﬂ,IZ”x))= l//.(x)cos(, x) if j=n
0, if j=n.

So we can get

S

||u0

o), |

Al 22 "y, (x)cos(42"x)

p)jeZ

1

@

e
I

jS

LP ]jeZ

1©

1©

2 %y, (x)cos(42'x)

|
Aot

jeZ

At the same time, we can obtain

||p0 olls <C.

Bpo
On the basis of definition of Besov spaces, we can make an estimate

| » <Clu

where Cis some positive constant.

g =Sup2®
P qeZ

gs
A g+ u||Lp <sup2®|
qeZ

By

Lemma 5.1. For the above constructed initial data (u, p,,G,), if some n
large enough, we can obtain
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luoA,d,up ]l > =C27" Y,
lusA 050 » = C27", (16)
luoA,0,Go 5 = C27".
Proof. According to the definition of (15), we can get
UpA, 0 Uy = Uy 270, (z//l(x)cos(ﬂlzn x))
=027 0, (x)cos(4,2"X) ~ 42"y (x)sin (4,2 )
= 27Uy, €08( 4 2"X) = 42" Pugy, (x)sin(4,2"x).

Because U,(X) is a real-valued continuous function on R, there exists 4, >0
such that forany xeB, (0)

1 1 = -ns 2571!//1 O
oo (]2 2 (0) =52 7, (0) =222, (7)

by applying (17), we can obtain

"uOAnaxuouLp :‘

27" Ugpy, 008( 42" X) = 42" Dugy, (x)sin(4,2"x)
2C‘2’"(5’1)u0t//1(x)5in(ﬂ@”x)”Lp —‘

>(c2"-¢c,)2™,

LP

27Uy, 005(112" X)HLp

taking a large enough N such that C, <C2"", then we obtain (16). O
Lemma 5.2. For the above constructed initial data (u,, p,,G,) € (B;‘r )3, there
exists T(”u0 s ,||po o8 ,||GO 5 ) for 0<t<T , we can obtain
P,® P, p,©

Ju(6) - <t o(6)- 1,

s <Ct, le(t)-c,

., <Ct. (18)
By S

Proof. Owing to (u,, pO,GO)e(B;m )3, the system (9) has a unique solution
(up.G)e Lw([O,T];(B;OO)S),and
B?,Ix)

+||G (t)

s .
BPv“’)

Applying the differential mean value theorem, Lemma 3.7 and (19) te [O,T],

sup ("u (t)
0<t<T

<c(ju,

Bp.o + "p (t)

Bp .o

(19)

8., +[l2s B3, +[,

we can obtain

||u —U,

o.u

< J't
Bys ~ Jo

< J';||uaxu

L dr
BS -

BS +||¢*(Up)—(¢*p)u

dr
Bhs

<Cylu

Ju,

Ju

o upfges +]e L dr
B} . By o P By ¢ P B By

dr

s
Bp,o

t
< CIO||u
<Ct,

ZBEW + Ju

|u

S+
BS |'0 B o P BS

and
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BS & S.[;
<[l
< C.[;"u
<Ct.

Bl dr < _[; ||—6Xu,0

"p ~—Fo arp BZ’i +||_uaxp B?)T; d'[

dr
Bp.o

10 lleg s +l0:0ls1 [l

Bp .o B+

dr
Bp.o

+lulls
Bp. |p Bp.o Bp. o

By a similar argument as above to the component G, |G(t)-G
y g 0

- <Ct.
Therefore, we complete the proof of Lemma 5.2.

Lemma 5.3. According to the assumption of Theorem 2.2 for the
above-constructed initial data (u,,0,,G,), 0<t<T , there

("u0 - ,||p0 B, ||G 5. ) we can obtain
||u( Uy —tWp ., SC(t2 +t)
oez <C(17+1), (20)
02

lo(t)-p
(

|G (t)-G, —tm,

Bsz—C( 1)

there Wy =—Uy0,Uq + @ * (U ) — (% o )Ug> Vo =—Uy0, 00 — O, Uy Py > and
m, =—-U,0,G, —0,U,G, .
Proof. Define

d=u(t)—u,—tw,, p=p(t)-p,—tv,, G=G(t)-G,—tm,.

Applying the differential mean value theorem, t[0,T], we can obtain

"/5 BS 2 — ollgs2 dz
- i t 21
< jo ||u6xp —Uy0, 0 B 2 dr+ _[0 ||p8xu — o0 Uy i 2 dr,
and
|2
t t
s Io”uaxu - anxuo B;’g dT +J.0 ||¢*(Up) ¢ ( OpO) BS 2 (22)
+||(¢*p)u —(¢*py) Uy 2 dr.
Using proposition 3.4, Lemma 3.7, and (19), we can deduce
”uaxp_uoaxpo Bf{f,
<|(u-ug)op+ud, (p=p) Byt
< "U ~Y BY |a X (,0—,00 Bs -1 |uo (23)
<Ju=tolgs Ioles . +lo=2ollss. Uollss .
<C.

Taking advantage of proposition 3.4, Lemma 3.7, Lemma 5.2, and (19), we can

obtain
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"paxu - poaxuo

-2
Bp <

< ||(,0 - po)axu + poax (U - UO)

By
O, (u—up)

|Po

lo,u

<[lo = pollss- + |
P~ FPo Bl B, Byl Lo B ..

SC”,D_loo
SC(T+1),

4 Au-u
BS ollsj . BY o

and
lué,u —uyd,u,

-2
Bj %

<[(u-uy)a,u+upd, (u-u,)

-1
Bps

<Ju-u,

|o,u

ot flu—u,

B o B} . |u0 BS
<C(r+1).

Applying proposition 3.4, Lemma 3.7, and (19), we can get
||¢ *(up —Uepy)

SC"Up—uopO

-2
B} 2

B
SC"(u_uo)/)jL(lo_Po)uo

<Cllu-u,

-1
Bps

U

: +[p= o ge-
BS L o 85, 1P~ Poligs [Yollas

<Cr,

and

||(¢*p)u —(¢*po)uq By.-
<|(@* p)u— (8 p)us +(#* p)uy = (8 o) uq

6% p

-1
By 5

<Ju—-u,

Juo

! +|p*(p-po)
3 3. T19*(P = Po gz 1 [Yolles .

<Cr.

Taking (23)-(24) into (21) and (25)-(27) into (22), we can deduce

Al s <C[,(r+1)dz<C(t*+t),

||LT SC!;(T+1)dTSC(t2+t),

-2
B
similarly,

|6

Biggcﬁ(T+ndTSC02+O_

Thus, we complete the proof of Lemma 5.3. Next, we prove Theorem 8.

Proof On the basis of the definition of the Besov norm, we can obtain

”,0 ~Fo

Bp .
> 2ns — 2ns

An(p—po)| L A, (,13-+-tv0)||Lp

>t - 2% 8,7,

An (U5 )| 5 —Ct2% A, (8,U0 )| 5 =27 A0 o
An (U5 )| 5 —Ct2" 0,205

>t2™

>t2"™

2n|| =~
By -2 ”,0

2.
By &

(24)

(25)

(26)

(27)

(28)
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Making the following analysis

"aXpOUO BS - §||5xpo BS % |u0 B} .o S”“o"B;m "/00"13;ac =C,

and
A, (anxpo) =, (U0, ) — UpA, (axpﬂ ) +UA, (6xpo)
=[A,,Up |0, +UgA, (0, )-

Applying Lemma 3.8, we can obtain

2 [, 010,01 <C(I00l Iy +1o.oul Il )<C
Then using above inequalities into (28), we can get
”P ~Pollgs, 212" |upA, (axpO )"Lp ~Cjt2" -2 "/3 B 2

>C,t2"2 " —Ct2" - Cy (1 +1) 2
=C,t2" ~Ct2" - C,(t* +1)2"",
>C,t2" ~Cjt2" —-C,t?2°",
Here, we take that C; is a enough large number. If taking that C, and C,

satisfy C, >2C,, then we can have

> G2 C,t?2%".
2

”,D ~Fo

Bp .

When nis a fixed number, let t — 0, choosing 12" ~ 6 < % yields
3

C,o
|V_%L%2ﬁ?_gy:

Cs
4

similarly, we can deduce
C,o

By 4 !
)
5

g > —,

e 4

"u—%

Ie -G,

This completes the proof of Theorem 2.2. O

6. Blow-Up Criteria

In this section, we will present blow-up criteria for Equation (9). We first need

to establish support from the following Lemma.
3
1
Lemma 6.1. Suppose that (u,p,G)e [C([O,T]; Bp”JD is the solution of the

1

Cauchy problem (9) with the initial data (p,U,,G,)e (B P

pl

3
J . Then the com-

ponent o satisfies the following expression

p(t,x) =y (€7 (X)) 0 te[o,T),
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Proof. Considering the following initial value problem

G=u(ts(tx)), te[0T),xeR,
¢(0,x)=x, t=0,xeR.

Set T>0 is the maximal existence time. Owing to ¢, =U, (£,£(t,X))<, (t.X)
and ¢, (0,x)=1, this implies

S(tx)= EXp(ﬁ u, (s.< (s, x))ds)_

According to the second formula for (9), we can get

(( £(tX)¢,)
—aagtx)§u¢¢04tx»44+p040m»at
=& (At (X)) + o (LS (L x))u(tg (tx) + p(t¢ (tx))u, (t.¢ (8 X))

= 01
thus, p(t, ¢ (t, X))§ . isindependent on £ we can obtain

p(tS(6X))S, = py(X).

Consequently, we prove the Lemma 6.1. O
3
1
Theorem 6.2. Set the initial value (u,,0,,G,) e [C([O,T]; B’?’ID and gel’.

Suppose that the maximal existence time of the Cauchy problem (9) solutions is
T>0.1f M >0 satisfies that

fu . <M, te[o.T),
then the solution z(x,t) of the Cauchy problem (9) does not blow up in
[0,T).
Proof. According to Lemma 6.1, we can establish the following estimate

Po (4/71 (t, x))e*féux(s,x)ds

<Jos (¢ H ()], e

£||p0" ! eIOHUX(S’X)HLwds,

p
Bp,l

ot 0], =

L°

e

L

1
this is because the embedding BlfiL)Wl'p AW . If M >0 satisfies that

Jlu, ||L% < u, || te[0,T), then we can have
p,l
<lal, & @
Bp
similarly,
& (t.x)].- <IG| . e (30)
BY,
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According to the result of local well-posedness, applying A; to (9) yields

AU +UA U, =A [ $*(up)—(g*p)u]+[ud, A, u,

Ajp +UAp =—A, (uxp)+[u6X,A]—Jp,

AG, +UAG, =-A; (u,G)+[ud,,A, |G,

A;p(X%,0)=A,py(x), Au(x,0)=A,uy(x).
Multiplying both sides of the above equation by Sgn(A J-u)|A J.u|pfl,
Sgn(Ajp)|Ajp|pi1 , and SgI’I(AJ-G)|AJ-G|p7l and integrating over R respec-
tively, we can obtain

[l =18;ls + |2, [0 * (ve) =g+ p)u ]

+ “[uax,Aj ]u b lu ]~

AJ'u"Lp )dt’,
and

[l <ol + LI @l +{[v00, ]

o a5, o

J
multiplying both sides of the above inequality by 2P and taking I'-norm re-
spectively, we can get

B

e +I§[||¢*(UP)—(¢*P)U|| :

p.l pl

+ 2%”[u6X,AJu

LP

Hlude ol » Jdt"
1

1
| Bp,

and

2 [[uo,.4,]p

+ud- o« Jdt'-
1t B;?,l

t
el » <lleo » +fo[||uxpll Lt
p BP BP

pl pl

LP
pl

On the basis of Lemma 3.8, we can deduce

2%’ ”[uax,AJu

<Cluge ] 5 -
BP

I p.l

LP

and

2 [[uo..a,]p

LP

<Clufe e . -
BP

it pl

by the estimate (1) and Lemma 3.4, we can obtain

ol <l +J;c{||un el el }dtz
Bp,l

p p
Bpa Ba Ba Bpa

and
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t ’
ol = <lel = +L,C{||Ux|| 2ol 1+l flol < ]dt-
1

B B BP BP B

p.l p.l p.l p.l B

Similarly, by the same deduction, we can deduce

t ’
6] . <[e] . +LC[IIUXII el s +udlel s Jdt,
1

BP B BP BP B

p.l p.l p.l p.l p.

from the above inequalities, we can get

Jul . +lel . +le] « S[Iluoll 1 +Heol o +|Go J
Bgll Bgl B;_l B;l Bgl Bgl

t ’
+Cllud » [IIUII s+l 2+l }dt-

p P p p
Bpa Bpa Bpa Bp,

Applying Gronwall’s inequality, we can obtain

Jull =+l . +l6] »

p p
Bp,l Bp,l Bp,l

S““0" 1+ *ooll  +[Gol 1 JEXPLCI;||”x|| 1 dt,}
p p
1

P P
Bp‘l Bp.l Bp, Bp,l

Jexp(CMt),

S[Iluoll 1+ *ooll  +[Gol 1
p

BP BP B

p.l p.l p.l

so we complete the proof. ]
Then we shall establish the proof of Theorem 2.3.

1

3
Proof. Set (u,p,G)e [C’[[O,T]; BFﬁlJ] is the solution of the Cauchy problem

1 3
(9) with the initial data (U, py,G, )€ {B[?,l] , and the maximal existence time of

the Cauchy problem (9) solutions is T >0. We suppose that the solution of
Equation (9) blows up in finite time 7, and there exists a constant M >0 such
that

u, (t,x)=-M, V(t,x)[0,T)xR. (31)

Applying to (29) and (30), then we can get
Ju. (&) <1l ol +1G].-

<Cll. +ol, o
<Clpy| , € +[Gof , "
B;l Bg’l

By (31) and (32), we can obtain a contradiction with Theorem 6.2. On the basis
of Theorem 6.2 and Sobolev embedding theorem, if
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tl_lan lxnﬂg Uy (t,X)=—o,

then the solution will blow up in a finite time.
This completes the proof of the Theorem 2.3. U
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