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Abstract

In this paper, we study the long time behavior of a class of generalized Beam-

Kirchhoff equation

u, + PA"u, + 5 ("ut ||2 )Az'"u, +aAN"u+y® ("Dmu”p )Az"’u =g (x) , and
)4

prove the existence and uniqueness of the global solution of this class of equ-
ation by Galerkin method by making some assumptions about the nonlinear

function term ¥ (”u, ||2 ) , O ("D”’u

|p ) , g(x). The existence of the family of
P

global attractor and its Hausdorff dimension and Fractal dimension estima-
tion are proved.

Keywords

Beam-Kirchhoff Equation, Galerkin’s Method, The Family of Global
Attractor, Dimension Estimation

1. Introduction

We study the initial boundary value problem of the following higher order

Beam-Kirchhoff equation:

u, + BA"u, + 5 (”ut”2 )AZ”’ut + oAy + ;/CD("D'"u”Z )AZ”’u =g(x), (L.1)
o'u )
u(x,t)=0,;=0,z=1,2,---,2m—1,x68§2,t>0, (1.2)
\
u(x,O):uo(x),ut(x,O):ul(x),ercR”. (1.3)

where m>1 is a positive integer, Q is a bounded region in R" with a smooth
homogeneous Dirichlet boundary, 0Q represents the boundary of Q, and

g(x) is the external force term. /3 (—A)Zm u, isa strongly damped term,
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a,B,0,y is a constant greater than 0, ‘Ir’("u,"z),d)("Dmu"Z) is a given non-

Pdx.

negative function, and "D”’u”p = J' | D"u
P
Q

Kirchhoff type equation is a hot topic in the research of mathematical physics
equations in recent years, and many scholars have done research on this kind of
equation. Igor Chueshov [1] studied the long-term behavior of the solution of

the following nonlinear strongly damped Kirchhoff wave equation:
u, — O'("Vu"2 )Au, - ¢(||Vu||2 )Au +g(u)=nh(x)

In the energy space H(Q) = H(]) N L (Q) x [ (Q) , the author can find that the

growth of exponential p of strong nonlinear g(u) is supercritical, that is, when
+_ N+2 w_ N+4 S . .
p=———, p =——, there is p"<p<p”, where when p<p’,
(N-2) (N=4)
the growth of exponential p for H'(Q)—> L’*" is supercritical. In H(Q), un-
der the locally strong topology, a global attractor is established that is fi-
nite-dimensional. Especially in the non-supercritical case: 1) The partial strong
topology will become a strong topology; 2) In  H (Q), the exponential attractor
can be obtained due to the feature of strong stability estimation. In addition,

Chueshov [1] also considers the well-fitting solution of the Kirchhoff equation

0
with structural damping term 0'(||Vu||2) Au, at the abstract level and the long-

1
term dynamic system, where 5 <6<1.

Guoguang Lin, Yunlong Gao [2] studied the long time behavior of the solu-
tions of a class of higher-order Kirchhoff type equation

uw,+ (@ AP | (-8)" +(-4)" w4 g ()= £ (2).

For Kirchhoff dissipation term, Newton binomial theorem is used to process
analysis. In dimension estimation, a novel method is used to deal with the varia-
tional problem. The lemma and theorem are obtained by adding o (—A)m u to
both sides of the variational equation at the same time, and the existence of
global attractor and exponential attractor and Hausdorff dimension estimation
are proved.

Guoguang Lin and Zhuogian Li [3] studied the family of global attractor and
its dimension estimation of a class of high-order nonlinear Kirchhoff equation

u, +M(||D’”u||2)(—A)m u+B(-A)"u,+g(x,t)= f(x).

They use Sobolev embedding theorem H' (Q)CLZP (Q) to deal with source
term g(x,t), analyzing Kirchhoff stress term by case treatment, and prove that
compacting family of global attractor exists in solution semigroup by means of
the family of global attractor correlation theory. Of course, there are many stu-
dies on the family of global attractor higher order Kirchhoff equations.

Zhijian Yang and Zhiming Liu [4] explored the long-term behavior of the so-
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lution of the Kirchhoff equation

u, —Au, —M(||Vu||2)Au +u, +g(xu)=f(x),(x,u)eR" xR",
u(x,0)=u,(x),u,(x,0)=u(x), xeR"

with nonlinear strong damping and critical term. Under the premise of critical
nonlinearity, the adaptability of the solution, the existence of the global attractor
and exponential attractor of the solution exist in the energy space
H=H' (RN )><L2 (RN ) Their innovation is that the obtained results improve
Yang’s research results.

Guigui Xu, Libo Wang and Guoguang Lin [5] explored the inertial manifold

of the strongly damped wave equation:
u, —ahu+ BN u—yAu, + g (u) = f(x,1),(x,1) e QxR",
u(x,O) =u, (x), u, (x,O) =u, (x), xeQ,

”|an =0, Au|m =0, (x,t)e@QxR*,

The Fadeo-Galerkin method and the uniformly compact method are used to
prove the existence and uniqueness of the strong solution to this problem. The
existence of the inertial manifold is proved under the assumption of a certain
spectral interval and a sufficiently small delay.

Naimen [6] studied the Kirchhoff type elliptic boundary value problem with

Sobolev critical growth:
_(a +b“Vu|2 dxjAu = yg(x,u) +u.
Q

When u— 0+,g(x,u) = o(u) and u— +00,g(x,u) = 0(u5 ),x e Q, The Sobolev
embedding theorem H,(Q)c L”(Q) is used to deal with the nonlinear source
term pg(x,u), and the corresponding energy functional is reduced to the crit-
ical value level, so the equation satisfies the compactness condition.

Masamro [7] studied the initial boundary value problem of a class of Kir-

chhoff type equation
u, —M(||Vu||2)Au + 5|u|p u+yu, = f(x), xeQ,t>0,
u(x,t)=0,xe0Q,1>0,
u(x,O) =u, (x), u, (x,O) =u, (t), xeQ.
containing dissipative terms and damping terms, and proved the existence of the
global solution of the equation under the initial boundary value condition by

using Galerkin’s method, where Qe R" is a bounded region with a smooth

boundary 0Q, and
M(y)eC'[0,%0), M(y)=m,>0.

when 6>0,0>0 and Vy >0 are present.
Matsugama and Ikehata [8] used the potential well method to discuss the ex-
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istence of the global solution of the Kirchhoff equation
=M ([Val ) S|, = el
u(x,0) =y (x),u, (x,0) =1, (x), xQ,
u(x,1)=0,xe0Q,t>0.

with damping term and the attenuation estimation of the global solution, where

Qc R, M(s)=a+bs" eC'[0,0),a,b>0,a+b>0,r>1,M(s)=m,>0.

Nakao and Zhijian Yang [9] studied the long time behavior of the solution of
the Kirchhoff type equation

u, —M(||Vu||2)Au—Au, +g(xu)=f(x),

u(x,O) =u, (x),ul ()C,O):u1 (x),er,
u(x,t)zO,xeaQ, t>0.

with strong damping term. When g(x,u) satisfies the local Lipschitz condition,
they prove the existence of the global attractor by proving the existence of the
bounded absorption set and the asymptotic compactness of the corresponding

continuous semigroup. Where g(x,u)eCl (R",R) and g(x,u) have order

4
p:1< p<——— withrespect to u.
N-4

2. Background Knowledge and Assumptions

In this paper, we need the following mathematical notation:

f=f(x), D=V, H=L(Q), H;"(Q)=H"(Q)NH,(Q).

H™ (Q)=H"" (Q)nHy (Q), (k=0,1,2,--,2m)

H{"* (©Q)=D(Q), Closure of infinitely differentiable Spaces in

Hm+k (Q) .

E, =H,""(Q)xH;(Q) and E,=H,"(Q)xH , where C,20(i=12,-)
is constant.

A, is the first eigenvalue of —A on Q,

The inner product and norm expressed by (e,e) and ||0|| respectively, that
. 2
is, (u,v) = jﬂu(x)v(x)dx R (u,u) = ||u|| .

Note the global attractor from E; to E, as A4, ,while B, isthe bounded
absorption setin E, , where k=12,---,2m.

Lemma 2.1. [10] (Holder inequality) set

l+l= l,(p >1,q2 1), Vf(x) el’ (Q), Vg(x) el! (Q)
P q
1 1

We have I9|f(x)g(x)dx| < (J‘Q|f(x)|pdx)}7 (.[Q|g(x)|qu)q .

Lemma 2.2. [10] (Poincare inequality) If Qe R" is a bounded open subset,
then
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Nl
el oy < % [Vt g - Ve € H (2)

where A, is the first eigenvalue of —A on Q.
Lemma 2.3. [10] (Young Inequality) For any real number a,b>0, then

P
ab< i ar +quq,(i+l=1,p>1,q >1j,
p g \p q

Let function ‘I’("u[ ||2 ), (D("Dmu"j) satisfy the condition:
) oD )£ c2([0.4).R). 00, <o(|p" )< e,
d m |12
5 GO,E"DZ u" >0

2

<0

G] , i"DZmu
dt

Where ©,,0, is the positive constant;

() ([ ) ([0.40).R), 0<B, <¥(Ju[)<B,,

Where B,,B, isthe positive constant;

o < 2n

<py n-2m
n+2m
<oo,n<2m

,n>2m

(As)

3. The Existence and Uniqueness of the Global Solution

Lemma 3.1. Assuming that condition (A;), (A,), (As) is true, g(x)eH,
(#g,u,) € E, , then the initial boundary value problem (1.1)-(1.3) has a global

smooth solution (u,v)e E, and is satisfied

o, =l < <(j0 <l + 1),
0 al

where v=u, +¢&u,

2e(a+r8))—&* (A" + B+0OB
Ream ¢, :min{ﬁﬂqzm +OB A" —2e-2¢7, ( ) (}; B 1)}
a+r

So there is a non-negative real number R, and #, that makes

), =l b < 82 (1)

Prove we set v=u, + su and take the inner product of both sides of Equation

(1.1) and v, we get
u, + A" u, + 5 ("ul ||2 )Azmul +aA"u + 7®(||Dmu||z )Azmu,v) = (g(x),v) (3.1)

This is obtained by using the Holder inequality, the Young inequality, the

Poincare inequality and the terms of condition (A;), (Az), (As) in successive

processing (3.1)
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1d 1d &l &2
(v) =5 M =2+ (ov) 2 oA = = = el

) ﬂ,l (3.2)
2 26+&, 0 & -
Ly 2eveyp ST
(a(—A)zm u,v) = (a(—A)zm u,u, + gu) = ——||D2"’u||2 + 055||D2’"u||2 (3.3)
(ﬁ(—A)zm u,,v)=(ﬂ(—A)zm (v—eu) ) ,B"Dz’" " ﬂg u,Dz'"v)
N B e ) -

2m 2
2 2 Lo
(8 (e F (=)™ w0 = (o F )| 2 = 2 (o ) (D270, )
el + o
> 58, [ - 58, - (3.5)

53011 " "2 & 5B

(r¢(||Dmu|| ) —A o u,u, +8u)
(" " ) "Dz " ‘e ¢(||Dm || )"Dz || (3.6)
2

6d
5l

> Pl

Dul + erd, [ D]

(g(x),v)ﬁ‘%"v"2 +E"g(x)"2 (3.7)
Synthetically available

2m 2 2m
T o) o o BRI BT

2 2m 2 253 1
e e e 2

S+ oo« (537 - 2626+ 58,227 b
(3.8)

[—52(212’" +,B+§B1)+2g(a+rBO)
+

a+rod

}(a + ré')"Dz'”u”2 < %"g(x)”2

2e(a+r8,)—* (A" + B+0B
Ream al=min{ﬁl,2m+530/112'”—25—252, ( ) (/1; 1>
a+r

In a result %("v"2 +(a+ 1*5)||D2”’u||2 ) +a, (”v”2 +(a+ ré')"Dz"’u"Z) <C (3.9
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It’s derived from the Gronwall inequality

b + (e + o)l < (ol +(a+ro) o [ Jeoe + (1) @10

So there exist R, and 7, to make "(”’V)"; -

|D2mu|| + ||v||2 < Rg (t > to) .

Lemma 3.2. Assuming that condition (Ay), (A,), (As) is true and g(x)e H*,
(uy.u,) € E, is true, then the global solution (u,v)eE, of the initial boundary
value problem (1.1)-(1.3) is satisfied

G-,

2 2 2 2 2\
[y, =[D>"u| + D] S(||D2"”ku0|| +[|p*v| )e al 4
k al

where C, :\8—12||Dkg(x)"2 >

2e(a+18.)—&* (17" + B+ OB
al=min{ﬁﬂ,l2m+530/112’"_28_282’ ( 0) (ﬂ; B 1)}
a+r

Then there are positive constants R, and f, that make

”(u,v)"; =||D2’”+ku ’ +||Dkv||2 <R} (1>1,)

Prove set (—A)k v:(—A)k u, +€(—A)k u, and take the inner product of both
sides of Equation (1.1) with (—A)k v, ie

(un + BN u, + Y (”ut ||2 )Az’”ut +aN"u+ ;/CD("D'”u"Z )Az’”u,(—A)k v)

~(g(x).(-4)'v).

By using Holder inequality, Young inequality, Poincare inequality and condi-

(3.11)

tions (A1), (Az), (A;), the terms in Equation (3.11) are processed successively
(un,(—A)k v) = (v, - eut,(—A)k v) = (Dkvt,Dkv) - g(Dkut,Dkv)
- %%"D'\/"Z - g||D"v||2 +&* (D u,D') (3.12)

>l -5 -

2

2

(a(—A)zm u,(-A)" v) = a(Dz"’”‘u,Dz’”*kut ) + ag"Dz””ku
_ad

4
(B-8)"u(-a) v)= B((-2)" (v=2u),(-4) v)

2 —8ﬂ(D2m+ku,D2m+kV)

:_of [SHDQW . +||D_} (3.14)
2 &

(3.13)

2

2
||D2m+ku +ae ||D2m+ku

— ﬂ||D2m+kv

> p " DAk,

2

e
2 2
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(0w (e ) (=) (=) v)

= 5‘//("% ”2 )||D2m+kv |2 _eoy ("”t "2 )(D2m+ku’D2m+kV)
V|2 _ﬂ[s"Dz'"*ku |z +M] (3.15)
2 &

e

> 530 ||D2m+k

||D2m+k

[
(r¢(||D'”u||D )(—A)zm u,(—A)k v)

(o) o R
Lol e Jom o (3.16)
V25 ((:t"Dzwk | +€r5 ||D2m+k |
(g()(-8)"v)=(D'g(x). D)< "D" [+ 2||Dkg(x)||2 (3.17)

In summary can be obtained

Lt 4 2278 L PATHOBAT 20 20
L 20(a+rd)- 522 (4" +B+0B)) et <

From the Gronwall inequality:
ST ool Jra(|o] o) )<,

"Dkv"2 +(a+ r5)||D2”’+ku |2 <||v, ||2 +(a+ ré‘)”DQ"”kuO”2 e+ i—lz(l - e’“”) (3.18)

So there exist R, and #, to make "(u,v)”i = ”Dz”’”‘u |2 +||Dkv||2 <R (t>1,)
k

Theorem 3.3. (existence and uniqueness of solutions) Under the conditions
of lemma 3.1 and Lemma 3.2, and assuming y'<0, geH", (uy,u,)€E,,
then the initial boundary value problem (1.1)-(1.3) has a unique global solution
(u,v)el” ([0,+oo);Ek)

Proof: Galerkin’s finite element method is used to prove the existence of the
global solution.

The first step is to construct an approximate solution.

Let (—A)2m+k w, = /If””kw,.,k =1,2,--,2m , where A, is the eigenvalue of
—A with a homogeneous Dirichlet boundary on Q, and w; is the eigenfunc-
tion determined by the corresponding eigenvalue 4, and the orthonormal ba-

sis of H is formed by the eigenvalue theory known w;,w,,---,w,.

/
Construct the approximate solution u,(¢)=2)g,(t)w;, of problem where
j=1

g, () is determined by the following nonlinear system of ordinary differential
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equations
(utt +ﬁA2mut +5‘I"(||u,||2)A2mu, +aA2mu+}/(D(||D'”u||p)A2mu,wj)
b (3.19)
=(g(x),w/.),j:1,2,---,l.

When the initial condition u,,(0)=1,y,u,(0)=u, is satisfied and [ —+o0 is
satisfied, (u,9,u,) > (uy,1,), in E, is known from the basic theory of ordi-
nary differentiation that the approximate solution u, existson (0,7,).

The second step is prior estimation.

Recording v, (¢)=u, (1)+ &u, (1), multiply both sides of the equation
v, (t)=u, (1) +eu, (1), by ljl.‘ (g;., (1)+ £gy (t)) , and sum over jto get

1) k=0, have

||( l’ 1)" || i 1" " 1||2< 0
Ey
2) k——1,2,---,2m,have

2 2 2
_ 2m+k 2
"(u,,v,)"EA —"D u1| +||V1|| <R,.

then (u,,v,) in L”([0,+];E,) Middle bounded.

The third step is the limiting process.

In space E,(k=1,2,---,2m), choosing a subcolumn u, from sequence
causes (uﬂ,v#) — (u,v) to converge weakly *in L”.

From the space compact embedding theorem we know that E, is compactly
embedded in E;, and (u#,v”)—>(u,v) is strongly convergent almost every-
where in E|.

Let /=u and take the limit, which can be obtained from the above equation
(um,(—A)k w,; ) = (vﬂ,l;'wj ) — (guu ,ﬂj’.‘wj ) - (v,/ijl.‘wj ) - (gu,/‘tj’.‘wj) (3.20)
Weakly convergent in L*[0,+00) . Due to

(uw,(—A)k wj) = %(M#,,(_A)k w; ),

Thus (umt,(—A)k w)—)(un,(—A)k wj) converges in D'[0,+), and D'[0,+x)

J

is the conjugate space of the infinitely differentiable space of D[0,+).

2m+k 2m+k 2m+k J
J

(/”Azmun(—A)k%)*ﬂ(A Pvmad gt w,

is weakly convergentin L"[0,40).

2m+k 2m+k 2m+k
J J

(0 ()", (-2) wj)aw(nutuZ)[Au_gA S ud T w,

is weakly convergentin L”* [O,+00) .

(ol e ) ol )y s

is weakly convergent in L*[0,+00).
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p 2m+k 2m+k
(aAz’”u#,(—A) wj)—{aA 2w,k 2 wj]

is weakly convergentin L”* [O, +00) .

In particular, u,, —>u, is weakly convergent in E,, and u, —>u, =u, is

weakly convergent in E, . Forall jand x — +o0,
(u + A", +§\P(||u || )Azmu +aA2mu+7CI)( D"u

=(g(x),wj),] =1,2,---,1

can be derived.

2m
)A u,w,

) (3.21)

Therefore, the existence of the weak solution of the problem (1.1)-(1.3) is ob-
tained, the existence is proved, and the uniqueness of the solution below is ob-
tained.

Let u,v be two solutions to the problem (1.1)-(1.3), and let w=u—v have

(W w, +ew)=(w,,w,)+&(w,,w)= Ei||w[||2+é,‘%(wt,w)—é:2||w,||2 (3.22)
(B-aF" o, + o) = L2 Lol + ploem | (323

(a(—A)zm w,W, + gw) = %E”Dz’”w g aze;”Dz’”w”2 (3.24)

(0l F ) (-2 0, 30 () )" 0+ o)
(5!// ("u, ||2 )(—A)zm w,w, + gw) + ([51// ("ut ||2 ) -oy ("vt ||2 )}(—A)zm v, W, + gw)

(5!// ("ul ||2 )(—A)zm w,,W, + gw)

(0 ) Dl B -4 0 )

By w'<0, then the original formula

>65B, (Dz'”w,,Dz”’w + gDz'"w) +Cy (Jw ] w, +&w)

2o [l + 22 Lfonaf o (252 i + Lo

(r¢(||Dmu||j )(—A)zm u— r¢(||D'”v||j )(—A)Qm v,w, + €w)
- (r¢(||D'"u||j )(—A)zm u— r¢(||D”’u||j )(—A)zm v+ r¢(||D'”v||j )(—A)zm VW, + gw)

= r¢(||D”’u||j )((—A)Zm w, W, + ew)

(3.25)

wrg (el (Dol ) (D=7 wom +.ow)
> r5—||D2'"w|| +&ro, "Dsz" +C, (D'" (—A)zm w,W, + gw)

Do (A"l + o ||2)

25 S|l oray o] -2
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_c4g( D (~A)" 2+||w,||2j

2ra o] ers Jof (2 ay o

[l - F 326

o 18 0] w10, |l - Dl -

i(%”W,"Z + g(wt,w) + a+ Pe+edOB+2rd "Dsz"ZJ

dr 2
+(_2€“9C3 26+ G, j||w,|2 G (ae +gr5_&J||DZmW||2 <0
2 ﬂlﬂl
So there exist a, to make that
1+ + L+ EOB+2r0 | om |
e R M L )
1 Be+eSB+2rS (3:27)
+¢& a+ pe+ & + 2r m. |?
oSSl + S+ [o=of’ <0
From Gronwall’s inequality:
1+ + fe + 5B+2 Ol om. |2
R R R e C 029

1+g|| Ot" +_" 0" a+ﬂ£+£5B+2r5"D2mWO"z=0

In a result, we have u =v and the Uniqueness obtained.

4. The Existence and Dimension Estimation of the Family of
Global Attractor

Having studied the existence and uniqueness of global solutions for problems
(1.1)-(1.3), the following proves the existence of the family of global attractor
and estimates the hausdorff dimension and fractal dimension.

Theorem 4.1. [10] [11] Let Ebe a Banach space and semigroup S(¢):E— E
satisfy the following conditions:

1) The semigroup S(¢) is uniformly bounded in £ that is V>0, when
||, <7, there is a constant C(r), such that

IS (e)u, <C(r).vie[0,+e)

is true;

2) There exists a bounded absorption set B, in E

3) S (t) is a completely continuous operator, and the semigroup § (z) hasa
compact complete attractor 4.

By changing the Banach space £ from the above theorem to the Hilbert space
E, , the existence theorem of the family of global attractor is obtained.

Theorem 4.2, If the global smooth solution of the problem (1.1)-(1.3) satisfies
the conditions of Lemma 3.1, Lemma 3.2 and theorem 3.3 in the existence and
uniqueness of the solution, then the problem (1.1)-(1.3) has a family of global
attractor
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A =0(Ky )= 0 US(1) Ky k=12,2m,

720127

2 _ ||D2m+ku
E

where K, = {(u,v) ek, :”(u,v) |2 +||Dkv||2 < sz} is the bounded

absorption setin E,_ and satisfies:
1) S(t)4, =4,.,t>0.
2) limdist(S(t)Bk , A, ) =0 (VB, cE, isabounded set), where
t—w©
1imdist(S(t)Bk , A, ) =sup inAt; |S(t)x - y"Ek >

t—w )CEBk ye

where S(7) is the solution semigroup generated by problem (1.1)-(1.3).
Proof: It is necessary to verify the condition (1), (2), (3) of theorem 4.1, under

the condition of theorem, the equation has a solution semigroup S(¢):E, > E, .

The bounded set known as VK, € E, and contained in ball {"(u,v)"i < sz} ,
k

||S(t)(”o"’0 )"; =]
Then {S(t)}(t >0) is uniformly bounded within E, . Forany (u,,v,)€E,,

||S(t)(u0,v0 )"25, - "”"2”*’((9) + "v"i{k(g) < R/f

irgm*"(g) +"V"2§(Q) < "”0”:gm+k(g) + ""0”25(9) <R (4

It follows that K, = {(u,v) €E, :"(u,v)"; :"Dz’””‘u

[+]pf <&} s the
bounded absorption set of a semigroup S(¢).

Since E, c E, is compactly embedded, that is the bounded set in £, is the
compactly set in £, the solution semigroup S(¢) is a completely continuous
operator, so there exists a family of global attractor 4, = w(K,, )= n tZuTS (1)Ko
of the solution semigroup S(7).

Theorem 4.2 is proved.

To linearize Equation (1.1)-(1.3), consider the following initial boundary val-

ue problem:

U, + 51//("% ||2)A2mu, + (sl,/(||ut i )(||u, I )’ U, -A"u, + PA"U,

, (4.2)
+ ycb(| D"ul’ )AZ”’U + 7<D’(||D’”u||p )(||D’"u||") D"U-A"u+ahN"U =0
P P P
U(x,t)=0,%=0,i:1,2,---,2m—l,x66§2,t>0, (4.3)
U(x,0)=§, U,(x,0)=77. (4.4)

where (uy,u,)ed,, S(t):E, >E., (&n)eEy, (uu,)=5(t)(upu,) is the
solution of problem (1.1)-(1.3) obtained by (uo,ul)e A, , it can be shown that
for any (cf,n) € E, , the linearized initial boundary value problem (4.2)-(4.3) has
a unique solution (U(t),U, (t)) el” ([0,+oo);Ek ) .

Lemma 4.3. V¢>0,R>0, The map E, - E, is Frechet differentiable on

E, , and the Frechet differential in ¢, = (u,,u, )T is a linear operator

F:(&n) - (U().U,(1) .
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Proof: Let ¢ =(uy,u,) €Ey, ¢ =(uy+&u +7) €E, and

||¢0 ||Ek , ¢70||Ek <R give the Lipchitz continuity of S(t) on E ,ie
— 2
Is()d=s()af, <e|(&n)'|
k

If h=u—-u-U,u=h +¢ch,then
B, + PN, + 8 ([ ) A, + an’i + yq>(||D’”L7||Z )Az’"ﬁ = g(x)
u, + A" u, + 5‘I’(||ut ||2 )Az”’ut +alN"u+yDd (”D”’u"j )Azmu = g(x)

U, + 8y (Il )220, + 8 (Ju ) e )’ U, -A™u + AU,

eroforaf Jsu ool [, ) o0 -atu sty <o

Subtract from the three formulas to get
(@-u-U), +B(-A)" (T-u-U) +a(-A)" (T-u-U)+g +g,=0 (4.5)

where

g =0 () (-a)" 7 =0 (el )(-2)" w, = v (Ju ) (-4)" 0,
' (4.6)
=o' (Joa [ )(|Ip7u [ ) DU (2"

& =gl )(-ay" i~ rg( D", )(-a)" u=rg{ |l )(-a)" U

, (4.7)
_r¢'(||Dmu||§)(||Dmu||§) D"U(-A)" u
u —u—U =h, Use the mean value theorem to deal with
g =0w(J& ) (I ) @ —u) (A" @ + S F ) (-2)"
= (Ju )l ) 0 (-2)" s, (48)

=81 1t8n

where
=00 (158 I ) (27" 7 G -10) - () ) ()" @ ~1)
= () (-7 v () ) o)
g =0 (JE Y161 ) (27" & = 8w (o )(-A)" (5 2,
| I Yr ) (bl ) a5,
o ()b ) " 5 0) |5 -

Make f(x):51//'(||x||2)(||x||2), and & =Au, +(1-4)u,,4 €(0,1), Then the

DOI: 10.4236/jamp.2023.1110196 2975 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.1110196

G. G. Lin, K. S. Peng

above formula is

g =1 ()4 (A" 7, (7w, ) + 1 () (-A)" (& ~u,)- (5, ;)

(A ()= 7
Similarly deal with
o= (|oe ) el ) (o
=g ([ ) Jod )D
g (| ) o |j)D u-(-A)" u+r¢(|D )=o) @10
ero ol o o7

=g t8x»

where

Nlorsl) (0 -pm)(-ay"a
ol s o

= (D] )= he (o] ([ | D=2

Similarly deal with

e A Lo A ([ (S
Al =l i a7
| r¢'(||Dmu||§)(||Dmu||z ) (~A)" (a_u)}(ma_mu)

Recording m(y)= r¢'(||b||z )("b"i) , D"¢6=D"u+4, (D’”LT - D"’u),/l2 e(0,1).
So we can obtain

g = r¢'(||Dm§t

g =0 (5) s (-AY" (D" - D)
wrg ([, | ) (27" =)0 - D)
g, =m'(s)8(-A)"&(D"ir ~D"u)
erg (ol ([0l ) ()" =)0 - D) (&.11)
O [N R (o (= ) D"

Let (~A) # and each of them take the inner product: where s=h, +¢h.
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(ht,,(—A)k ,u) =(k — ek +&*h,(-A)" ,u)
2 g d

Sl =l <ol e oo

2dt

k

(1 JuF )" () 1

(4.13)
- o (ol ) Jor=af + £ )2 L2202
(e ro o )-a7" =) 1)
:(a+r¢(||mu||”))(2dt||Dz il + | j (4.14)
> S0 L il () [P
2
(7 ()4 A" @~ () 1
(S)ﬂlJ‘QDzmkﬁ(ﬁt —u, )2 DY kedx < C, ”"Tz —u, "2 _"Dzm+kﬂ|
Due to
< I+ 2l < ]+l < =]+ e P
112 j’l T2
<2y (|Dv+ |07 ) = 2,
So there are
(£ () ()", (7 ~u)' (-0)
(4.15)
<C,20||u u|| || p2me |< 6}“0"—_ " n 6%"Dzm+k |
(£ () (-A)" uh(-8) p) <Gyl =[]
(0o ) )2 (Jon -S|
(m’(s)ﬁz(—A)zmﬁ(D”’ﬁ—D’"u) (—A)k,u)
<G, |p"it - p"ul -|p> ky||< P Dz -~ D (a.16)
S%Mw—wnﬁ,DZ'"*’w|<W -l +
[r¢'(||mu||§)(||mu||j)'(_A)zm(a_u)(Dma_Dmu),(_AyyJ
|| ool @17

<o "Dz ik " ||D2m+k | CM (| u

w 24,2

)
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(ool wrnicsr )

<culoral i< el + St )

| 2mek o

B =TI
2 211m+k

|2+5(C +g |

So we obtain

d(1 Ly oms
&Sl + 2o

2¢+1
+
2

2

,B+5Bg|

i+ g

(a + ré')"Dz”'*kh ’

j (4.19)

<Cpla—ufl, +CuD> u| + €| D uf

+& 1+ -
2 j'ler

L e

#(e=a)pta]

|D2m+kh

2 e(CG+ée) ﬂ+5Bg
oG A0y

(4.20)
<, ||L7—u||z_k

+ 282+1 (a + ré')"Dz'"*kh ’

2
"; 50 l” U"Ek

when "(5,77) = "

< ClseC”’ ”(f,n)"; —0.

Theorem 4.4. Under the condition of Theorem 4.2, the family of global at-

tractor A, of the problem (1.1)-(1.3) has the Hausdorff dimension and the

Fractal dimension and d,, (Ak)<§n, d, (Ak)<§n.

Proof: Let P, :{u,ut} - {u,u, + gu} be an isomorphic mapping, then
¥=Pp=(UV) ,where 5=(UU,)", V=U, +eU,

The Frechet differentiability of S(¢): E, — E, is known from lemma 4.3 to es-
timate the Hausdorff dimension and Fractal dimension of problem (1.1)-(1.3).
Consider the variational equation Y, +4.Y =0 of Equation (4.2) under initial

g

el -1

conditions, where

7 e rg{|null )=y () 57 2085 prC gy (fuff )4 - v2p | 42

whereream —-A=4, DV = l//'("u, "2 )IQU,de(_A)zm U

BU =y () Udx ()" w,,

[~

CU = ¢(||D'"u||j )jQ|D'"u D"uD"Udx(~A)" u
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For A fixed (u,,v,)€E,,let 7,,7,,-,7, ben elementsof E,,and let
U,(1),U,(1),-,U,(t) be n solutions of the linear Equation (4.2) with corres-
ponding initial values of U, (0)_7’1 U, (O)—;/Z,-u,Un (0) v, - Get

|U, () AU, (1) A+ AU, ( ||
:||71A71A"'A7/n"/\5k exp(.[otrF ‘P(r))-Qn(r)dr),te[O,l]

where A represents the outer product, #r represents the trace of the operator,

and Q, isthe orthogonal projection from space E, to
span{Ul (t),U2 (t),--‘,Un (t)} .
Given 7,let o, (T) = (ffj (T),Uj (T))T ,j=1,2,---,n be the orthonormal basis of

span{U, (¢),U,(t),-+.U, (¢)} -
Define the inner producton E, as

(EnET) (a0 20T,
F'(¥(r))-Q (r):—zn:(Ag(‘P(r)) 0,(7)w; (1), 0, (T))FA
= (4.23)
XA (¥ (e (), (7)),
—(ASWJ-,WJ-)E/(

= —Kgé‘j - 77/.,(0: —-&f— r¢(||D'"u||z ) —eoy (||ut||2 )Az'” +&° —20eB+ prC).fj
(g v (luf )4 - s200) ) (6.) |

= —g”Dzwkéej”z + (1 —a+gf+ 7’¢("D"’u"j ) _ ‘95‘//(||”t "2 ))(Dszrkﬂj,Dz”Hk;i )
(o7 2008 )% D76 ) s

(=200l

<-e|pig |+ RIS [ty s e )
2 —_
“2 e s oo
_ _ 2_926.
< (_S . l-a+eB -;l”é‘l &6B, L 22;‘1|51|I PV|C|]"D2,,H,€§/ "2
N g2 - 2§€|2B| + pr|C| "Dk,uj "2 N 5||Dk/—lj||2
Let
¢ max{[_ﬁ 1-a+&p +2r51 —aoB, ¢ _25§L?L+ pr|c|] P _zgg|f|+pr|c|}
s=r a=(Awow ), <GP+l [ )erlptal . @2
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Since a)/(r):(fi(r),nj(r))T,j:1,2,'--,11, span{Ul(t),Uz(t),m,Un(t)} is
an orthonormal basis,

g(F'((//(T))a)j (c).@,(c)), <G, +r§||pkgj||2 (4.25)
For any £, there’s a
é"p"e;j I < 2/1;*‘ : (4.26)
So there is | |
TrF'(¥(7))- O, (r) <—nC,, +r2";/1;*‘. (4.27)
=
Let

q,()= sup sup (%I;trF'(S(r)LPO)-Qn(r)dr],qn=limsupq"(t)

YoeKor 1;€E; sl
il =

Then g, <-nC,, +r) A", Therefore, the Lyapunov exponent i, i,

J=1

of K, isuniformly bounded, and

B+ fy ++ 1, S —nCy+ry A

Jj=1

nC, nC 2r &, 3
3s€[0,1] make (q‘/.); 7”, q,=- 7‘7 (1—nq”zl/1j ljﬁ—ﬁnC” (4.28)
4q; 2 2 4
max( an)+ Sg, dH(Ak)Sgl’l, dF (Ak)ﬁgn (429)

It can be concluded that N-dimensional volume elements decay exponentially in

E, and dH(Ak)<§n , dF(Ak)<§n , then the Hausdorff dimension and

Fractal dimension of the family of global attractor are finite, and theorem 4.4 can
be proved.
5. Conclusion

In this paper, we studied a class of generalized Bean-Kirchhoff equations, proved
the existence and uniqueness of the global solution of this class of equations by
Galerkin method, and further proved the existence of the family of global at-
tractor and its Hausdorff dimension and Fractal dimension estimation, which

has certain scientific significance. And there’s more to study.
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