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Abstract 
In this paper, we study the long time behavior of a class of generalized Beam- 
Kirchhoff equation  

( ) ( ) ( )22 2 2 2pm m m m m
tt t t t p

u u u u u D u u g xβ δ α γ+ ∆ + Ψ ∆ + ∆ + Φ ∆ = , and 

prove the existence and uniqueness of the global solution of this class of equ-
ation by Galerkin method by making some assumptions about the nonlinear 

function term ( )2
tuΨ , ( )pm

p
D uΦ , ( )g x . The existence of the family of 

global attractor and its Hausdorff dimension and Fractal dimension estima-
tion are proved. 
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1. Introduction 

We study the initial boundary value problem of the following higher order 
Beam-Kirchhoff equation: 

( ) ( ) ( )22 2 2 2 ,
pm m m m m

tt t t t p
u u u u u D u u g xβ δ α γ+ ∆ + Ψ ∆ + ∆ + Φ ∆ =     (1.1) 

( ), 0, 0, 1,2, ,2 1, , 0,
i

i
uu x t i m x t
v
∂

= = = − ∈∂Ω >
∂

          (1.2) 

( ) ( ) ( ) ( )0 1,0 , ,0 , .n
tu x u x u x u x x R= = ∈Ω⊂            (1.3) 

where 1m >  is a positive integer, Ω  is a bounded region in nR  with a smooth 
homogeneous Dirichlet boundary, ∂Ω  represents the boundary of Ω , and  
( )g x  is the external force term. ( )2m

tuβ −∆  is a strongly damped term,  
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, , ,α β δ γ  is a constant greater than 0, ( ) ( )2 ,
pm

t p
u D uΨ Φ  is a given non- 

negative function, and d
p pm m
p

D u D u x
Ω

= ∫ . 

Kirchhoff type equation is a hot topic in the research of mathematical physics 
equations in recent years, and many scholars have done research on this kind of 
equation. Igor Chueshov [1] studied the long-term behavior of the solution of 
the following nonlinear strongly damped Kirchhoff wave equation: 

( ) ( ) ( ) ( )2 2
1tt tu u u u u g u h xσ φ− ∇ ∆ − ∇ ∆ + =  

In the energy space ( ) ( ) ( )1 1 2
0

pH H L L+Ω = Ω × Ω , the author can find that the 
growth of exponential p of strong nonlinear ( )g u  is supercritical, that is, when  

( )
2
2

Np
N

∗
+

+
≡

−
, 

( )
4
4

Np
N

∗∗
+

+
=

−
, there is p p p∗ ∗∗≤ ≤ , where when p p∗< ,  

the growth of exponential p for ( )1 1pH L +Ω →  is supercritical. In ( )H Ω , un-
der the locally strong topology, a global attractor is established that is fi-
nite-dimensional. Especially in the non-supercritical case: 1) The partial strong 
topology will become a strong topology; 2) In ( )H Ω , the exponential attractor 
can be obtained due to the feature of strong stability estimation. In addition, 
Chueshov [1] also considers the well-fitting solution of the Kirchhoff equation  

with structural damping term ( )2
tu u

θ
σ ∇ ∆  at the abstract level and the long- 

term dynamic system, where 1 1
2

θ≤ ≤ . 

Guoguang Lin, Yunlong Gao [2] studied the long time behavior of the solu-
tions of a class of higher-order Kirchhoff type equation 

( ) ( ) ( ) ( ) ( )
2 q

m mm
tt tu D u u g u f xα β+ + −∆ + −∆ + = . 

For Kirchhoff dissipation term, Newton binomial theorem is used to process 
analysis. In dimension estimation, a novel method is used to deal with the varia-
tional problem. The lemma and theorem are obtained by adding ( )mq uα −∆  to 
both sides of the variational equation at the same time, and the existence of 
global attractor and exponential attractor and Hausdorff dimension estimation 
are proved. 

Guoguang Lin and Zhuoqian Li [3] studied the family of global attractor and 
its dimension estimation of a class of high-order nonlinear Kirchhoff equation 

( )( ) ( ) ( ) ( )
2

,m mm
tt tu M D u u u g x t f xβ+ −∆ + −∆ + = . 

They use Sobolev embedding theorem ( ) ( )2
0
m pH LΩ ⊂ Ω  to deal with source 

term ( ),g x t , analyzing Kirchhoff stress term by case treatment, and prove that 
compacting family of global attractor exists in solution semigroup by means of 
the family of global attractor correlation theory. Of course, there are many stu-
dies on the family of global attractor higher order Kirchhoff equations. 

Zhijian Yang and Zhiming Liu [4] explored the long-term behavior of the so-
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lution of the Kirchhoff equation  

( ) ( ) ( ) ( )2 , , , ,N
tt t tu u M u u u g x u f x x u R R+− ∆ − ∇ ∆ + + = ∈ ×  

( ) ( ) ( ) ( )0 1,0 , ,0 , N
tu x u x u x u x x R= = ∈  

with nonlinear strong damping and critical term. Under the premise of critical 
nonlinearity, the adaptability of the solution, the existence of the global attractor 
and exponential attractor of the solution exist in the energy space  

( ) ( )1 2N NH H R L R= × . Their innovation is that the obtained results improve 
Yang’s research results. 

Guigui Xu, Libo Wang and Guoguang Lin [5] explored the inertial manifold 
of the strongly damped wave equation: 

( ) ( ) ( )2 , , , ,tt tu u u u g u f x t x t Rα β γ +− ∆ + ∆ − ∆ + = ∈Ω×  

( ) ( ) ( ) ( )0 1,0 , ,0 , ,tu x u x u x u x x= = ∈Ω  

( )0, 0, , ,u u x t R+
∂Ω ∂Ω
= ∆ = ∈∂Ω×  

The Fadeo-Galerkin method and the uniformly compact method are used to 
prove the existence and uniqueness of the strong solution to this problem. The 
existence of the inertial manifold is proved under the assumption of a certain 
spectral interval and a sufficiently small delay. 

Naimen [6] studied the Kirchhoff type elliptic boundary value problem with 
Sobolev critical growth: 

( )2 5d , .a b u x u g x u uµ
Ω

 
− + ∇ ∆ = + 
 

∫  

When ( ) ( )0 , ,u g x u o u+→ =  and ( ) ( )5, , ,u g x u o u x→+∞ = ∈Ω , The Sobolev 
embedding theorem ( ) ( )1

0
pH LΩ ⊆ Ω  is used to deal with the nonlinear source 

term ( ),g x uµ , and the corresponding energy functional is reduced to the crit-
ical value level, so the equation satisfies the compactness condition. 

Masamro [7] studied the initial boundary value problem of a class of Kir-
chhoff type equation  

( ) ( )2 , , 0,p
tt tu M u u u u u f x x tδ γ− ∇ ∆ + + = ∈Ω >  

( ), 0, , 0,u x t x t= ∈∂Ω ≥  

( ) ( ) ( ) ( )0 1,0 , ,0 , .tu x u x u x u t x= = ∈Ω  

containing dissipative terms and damping terms, and proved the existence of the 
global solution of the equation under the initial boundary value condition by 
using Galerkin’s method, where nRΩ∈  is a bounded region with a smooth 
boundary ∂Ω , and  

( ) [ ) ( )1
00, , 0.M C M mγ γ∈ ∞ ≥ >  

when 0, 0δ α> >  and 0γ∀ ≥  are present. 
Matsugama and Ikehata [8] used the potential well method to discuss the ex-
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istence of the global solution of the Kirchhoff equation 

( ) 12 1 ,p q
tt t tu M u u u u u uδ µ− −− ∇ ∆ + =  

( ) ( ) ( ) ( )0 1,0 , ,0 , ,tu x u x u x u x x= = ∈Ω  

( ), 0, , 0.u x t x t= ∈∂Ω >  

with damping term and the attenuation estimation of the global solution, where 

( ) [ ) ( )1
0, 0, , , 0, 0, 1, 0.n rR M s a bs C a b a b r M s mΩ⊂ = + ∈ ∞ ≥ + > ≥ ≥ >  

Nakao and Zhijian Yang [9] studied the long time behavior of the solution of 
the Kirchhoff type equation  

( ) ( ) ( )2 , ,tt tu M u u u g x u f x− ∇ ∆ − ∆ + =  

( ) ( ) ( ) ( )0 1,0 , ,0 , ,tu x u x u x u x x= = ∈Ω  

( ), 0, , 0.u x t x t= ∈∂Ω >  

with strong damping term. When ( ),g x u  satisfies the local Lipschitz condition, 
they prove the existence of the global attractor by proving the existence of the 
bounded absorption set and the asymptotic compactness of the corresponding 
continuous semigroup. Where ( ) ( )1, ,ng x u C R R∈  and ( ),g x u  have order  

( )
4:1

4
p p

N +≤ <
−

 with respect to u. 

2. Background Knowledge and Assumptions 

In this paper, we need the following mathematical notation: 
( )f f x= , D = ∇ , ( )2H L= Ω , ( ) ( ) ( )2 2 1

0 0
m mH H HΩ = Ω ∩ Ω . 

( ) ( ) ( )1
0 0
m k m kH H H+ +Ω = Ω ∩ Ω , ( )0,1,2, ,2k m=   

( ) ( )0
m kH D+ Ω = Ω , Closure of infinitely differentiable Spaces in 

( )m kH + Ω . 
( ) ( )2

0 0
m k k

kE H H+= Ω × Ω  and ( )2
0 0

mE H H= Ω × , where ( )0 1,2,iC i≥ =   
is constant. 

1λ  is the first eigenvalue of −∆  on Ω , 
The inner product and norm expressed by ( ),• •  and •  respectively, that 

is, ( ) ( ) ( ), du v u x v x x
Ω

= ∫ , ( ) 2,u u u= . 
Note the global attractor from 0E  to kE  as kA , while 0kB  is the bounded 

absorption set in kE , where 1,2, ,2k m=  . 
Lemma 2.1. [10] (Holder inequality) set  

( ) ( ) ( ) ( ) ( )1 1 1, 1, 1 , ,p qp q f x L g x L
p q
+ = ≥ ≥ ∀ ∈ Ω ∀ ∈ Ω  

We have ( ) ( ) ( )( ) ( )( )
1 1

d d d
p qp qf x g x x f x x g x x

Ω Ω Ω
≤∫ ∫ ∫ . 

Lemma 2.2. [10] (Poincare inequality) If nRΩ∈  is a bounded open subset, 
then 
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( ) ( ) ( )2 2

1
12

1 0,L Lu u u Hλ
−

Ω Ω
≤ ∇ ∀ ∈ Ω  

where 1λ  is the first eigenvalue of −∆  on Ω . 
Lemma 2.3. [10] (Young Inequality) For any real number , 0a b ≥ , then 

1 1 1, 1, 1, 1
p

p q
qab a b p q

p p qq
ε

ε
 

≤ + + = > > 
 

, 

Let function ( ) ( )2 ,
pm

t p
u D uΨ Φ  satisfy the condition: 

(A1) ( ) [ )( )2 0, ,
pm
p

D u C RΦ ∈ +∞ , ( )0 10
pm
p

D uσ σ≤ ≤ Φ ≤ ,  

22
0

2
22

1

d, 0
d
d, 0
d

m

m

D u
t

D u
t

σ
δ

σ

 ≥= 
 ≤


 

Where 0 1,σ σ  is the positive constant; 

(A2) ( ) [ )( )2 2 0, ,tu C RΨ ∈ +∞ , ( )2
0 10 tB u B≤ ≤ Ψ ≤ , 

Where 0 1,B B  is the positive constant; 

(A3) 
2 , 22

2
2 , 2

n n mn p n m
n m n m

< >≤ −
+ < ∞ ≤

 

3. The Existence and Uniqueness of the Global Solution 

Lemma 3.1. Assuming that condition (A1), (A2), (A3) is true, ( )g x H∈ ,  
( )0 1 0,u u E∈ , then the initial boundary value problem (1.1)-(1.3) has a global 
smooth solution ( ) 0,u v E∈  and is satisfied 

( ) ( ) ( )1 1

0

2 22 222 2 1
0 0

1

, e 1 e ,a t a tm m
E

Cu v D u v D u v
a

− −= + ≤ + + −  

where tv u uε= + ,  

Ream 
( ) ( )2 2

0 1 12 2 2
1 1 0 1

2
min 2 2 ,

m
m m

r B
a B

r

ε α δ ε λ β δ
βλ δ λ ε ε

α δ

− + − + + = + − − +  
 

So there is a non-negative real number 0R  and 0t  that makes 

( ) ( )
0

22 22 2
0 0, ,m

E
u v D u v R t t= + ≤ >  

Prove we set tv u uε= +  and take the inner product of both sides of Equation 
(1.1) and v, we get 

( ) ( )( ) ( )( )22 2 2 2 , ,
pm m m m m

tt t t t p
u u u u u D u u v g x vβ δ α γ+ ∆ + Ψ ∆ + ∆ + Φ ∆ = (3.1) 

This is obtained by using the Holder inequality, the Young inequality, the 
Poincare inequality and the terms of condition (A1), (A2), (A3) in successive 
processing (3.1) 
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( ) ( )
2 2

2 2 2 2 2 22

2 22 22 2 21

1 d 1 d, ,
2 d 2 d 2 2
1 d 2
2 d 2 2

tt

m
m

u v v v u v v v v u
t t

v v D u
t

ε εε ε ε

ε λε ε −

= − + ≥ − − −

+
≥ − −

  (3.2) 

( )( ) ( )( ) 2 22 2 2 2d, ,
2 d

m m m m
tu v u u u D u D u

t
αα α ε αε−∆ = −∆ + = +     (3.3) 

( )( ) ( ) ( )( ) ( )22 2 2 2 2

22 2 22 2 2

2 2 22 21

, , ,

2 2

2 2

m m m m m
t

m m m

m
m

u v v u v D v D u D v

D v D u D v

v D u

β β ε β βε

βε ββ

βλ βε

−∆ = −∆ − = −

≥ − −

≥ −

  (3.4) 

( )( )( ) ( ) ( )( )222 2 22 2 2

2 22 2
22

0 1

2 2 22 20 1 1

, ,

1

2

2 2

m m m m
t t t t

m m

m

m
m

u u v u D v u D u D v

D u D v
B D v B

B Bv D u

δψ δψ εδψ

ε
εδ εδ

δ λ ε δ

−∆ = −

 + 
≥ −  

  
 

≥ −

 (3.5) 

( )( )( )
( ) ( )

2

2 22 2

2 22 2
0

,

d
2 d

d
2 d

D mm
tp

Dm
Dp m m m
p

m m

r D u u u u

r D u
D u r D u D u

t
r D u r D u

t

φ ε

φ
ε φ

δ ε δ

−∆ +

= +

≥ +

          (3.6) 

( )( ) ( )
2

22
2

1,
2 2

g x v v g xε
ε

≤ +                 (3.7) 

Synthetically available 

( )

( )

2 2 222 22 1 0 1

2 2 22 2 221 1
0 2

2 21 d 1 d
2 d 2 d 2

1
2 2 2 2

m m
m

m
m

Bv r D u v
t t

B r D u g x

βλ ε ε δ λ
α δ

ε λ ε δβεαε ε δ
ε

−

 − − +
+ + +  

 
 

+ − − − + ≤ 
 

 

( )( ) ( )
( ) ( )

( ) ( )

22 22 2 2 2
1 0 1

2 2
2 21 1 0 2

2

d 2 2
d

2 1

m m m

m
m

v r D u B v
t

B rB
r D u g x

r

α δ βλ ε ε δ λ

ε λ β δ ε α
α δ

α δ ε

−

+ + + − − +

 − + + + +
 + + ≤
 + 

 (3.8) 

Ream 
( ) ( )2 2

0 1 12 2 2
1 1 0 1

2
min 2 2 ,

m
m m

r B
a B

r

ε α δ ε λ β δ
βλ δ λ ε ε

α δ

− + − + + = + − − 
+  

 

In a result ( )( ) ( )( )2 22 22 2
1 1

d
d

m mv r D u a v r D u C
t

α δ α δ+ + + + + ≤  (3.9) 
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It’s derived from the Gronwall inequality 

( ) ( )( ) ( )1 1
2 222 2 2 1

0 0 e 1 ea t a tm m Cv r D u v r D u
a

α δ α δ − −+ + ≤ + + + −  (3.10) 

So there exist 0R  and 0t  to make ( ) ( )
0

2 22 2
0 0, m

E
u v D u v R t t= + ≤ > . 

Lemma 3.2. Assuming that condition (A1), (A2), (A3) is true and ( ) kg x H∈ ,
( )0 1, ku u E∈  is true, then the global solution ( ), ku v E∈  of the initial boundary 
value problem (1.1)-(1.3) is satisfied 

( ) ( ) ( )1 1
2 2 2 22 2 2 2

0 0
1

, e 1 e ,
k

a t a tm k k m k k
E

Cu v D u D v D u D v
a

− −+ += + ≤ + + −  

where ( )
2

2 2
1 kC D g x
ε

= , 

( ) ( )2 2
0 1 12 2 2

1 1 0 1

2
min 2 2 ,

m
m m

r B
a B

r

ε α δ ε λ β δ
βλ δ λ ε ε

α δ

− + − + + = + − − 
+  

 

Then there are positive constants kR  and kt  that make 

( ) ( )
2 22 2 2, ,

k

m k k
k kE

u v D u D v R t t+= + ≤ >  

Prove set ( ) ( ) ( )k k k
tv u uε−∆ = −∆ + −∆ , and take the inner product of both 

sides of Equation (1.1) with ( )k v−∆ , i.e. 

( ) ( ) ( )( )
( ) ( )( )

22 2 2 2 ,

, .

p km m m m m
tt t t t p

k

u u u u u D u u v

g x v

β δ α γ+ ∆ + Ψ ∆ + ∆ + Φ ∆ −∆

= −∆
 (3.11) 

By using Holder inequality, Young inequality, Poincare inequality and condi-
tions (A1), (A2), (A3), the terms in Equation (3.11) are processed successively 

( )( ) ( )( ) ( ) ( )

( )2 2 2

2 222 2 221

, , , ,

1 d ,
2 d
1 d
2 d 2 2

k k k k k k
tt t t t t

k k k k

m
k k m k

u v v u v D v D v D u D v

D v D v D u D v
t

D v D v D u
t

ε ε

ε ε

ε λε ε −
+

−∆ = − −∆ = −

= − +

+
≥ − −

   (3.12) 

( ) ( )( ) ( ) 22 2 2 2

2 22 2

, ,

d
2 d

m k m k m k m k
t

m k m k

u v D u D u D u

D u D u
t

α α αε

α αε

+ + +

+ +

−∆ −∆ = +

= +
     (3.13) 

( ) ( )( ) ( ) ( ) ( )( )
( )

2 2

22 2 2

22
2 22 2

2 22 221

, ,

,

2

2 2

m k m k
t

m k m k m k

m k
m k m k

m
k m k

u v v u v

D v D u D v

D v
D v D u

D v D u

β β ε

β εβ

εββ ε
ε

βλ ε β

+ + +

+
+ +

+

−∆ −∆ = −∆ − −∆

= −

 
 ≥ − +
 
 

≥ −

 (3.14) 
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( )( ) ( )( )
( ) ( )( )

22

22 22 2 2

22
2 22 21

0

2 22 220 1 1

,

,

2

2 2

m k
t t

m k m k m k
t t

m k
m k m k

m
k m k

u u v

u D v u D u D v

D vBB D v D u

B BD v D u

δψ

δψ εδψ

εδ
δ ε

ε

δ λ ε δ

+ + +

+
+ +

+

−∆ −∆

= −

 
 ≥ − +
 
 

≥ −

       (3.15) 

( )( ) ( )( )
( ) ( )

2

2 22 2

2 22 2
0

,

d
2 d

d
2 d

D m km
p

Dm
Dp m k m m k
p

m k m k

r D u u v

r D u
D u r D u D u

t
r D u r D u

t

φ

φ
ε φ

δ ε δ

+ +

+ +

−∆ −∆

= +

≥ +

       (3.16) 

( ) ( )( ) ( )( ) ( )
2 2 2

2
1, ,

2 2
k k k k kg x v D g x D v D v D g xε

ε
−∆ = ≤ +    (3.17) 

In summary can be obtained 

( ) ( )

2 2 22 2 22 1 0 1

2 2
20 1 1 2

2

2 21 d d
2 d 2 d 2

2

2

m m
k m k k

m
m k

BrD v D u D v
t t

r B
D u C

βλ δ λ ε εα δ

ε α δ ε λ β δ

+

+

+ − −+
+ +

+ − + +
+ ≤

 

From the Gronwall inequality: 

( )( ) ( )( )2 2 2 22 2
1 2

d
d

k m k k m kD v r D u a D v r D u C
t

α δ α δ+ ++ + + + + ≤  

( ) ( ) ( )1 1
2 2 222 2 2

0 0
1

e 1 ea t a tk m k m k CD v r D u v r D u
a

α δ α δ − −+ ++ + ≤ + + + − (3.18) 

So there exist kR  and kt  to make ( ) ( )
2 22 2 2,

k

m k k
k kE

u v D u D v R t t+= + ≤ >  

Theorem 3.3. (existence and uniqueness of solutions) Under the conditions 
of lemma 3.1 and Lemma 3.2, and assuming 0ψ ′ < , kg H∈ , ( )0 1, ku u E∈ , 
then the initial boundary value problem (1.1)-(1.3) has a unique global solution 
( ) [ )( ), 0, ; ku v L E∞∈ +∞  

Proof: Galerkin’s finite element method is used to prove the existence of the 
global solution. 

The first step is to construct an approximate solution.  
Let ( )2 2 , 1,2, ,2m k m k

j j jw w k mλ+ +−∆ = =  , where jλ  is the eigenvalue of 
−∆  with a homogeneous Dirichlet boundary on Ω , and jw  is the eigenfunc-
tion determined by the corresponding eigenvalue jλ , and the orthonormal ba-
sis of H is formed by the eigenvalue theory known 1 2, , , lw w w . 

Construct the approximate solution ( ) ( )
1

l

l jl j
j

u t g t w
=

= ∑  of problem where  

( )jlg t  is determined by the following nonlinear system of ordinary differential 
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equations 

( ) ( )( )
( )( )

22 2 2 2 ,

, , 1,2, , .

pm m m m m
tt t t t jp

j

u u u u u D u u w

g x w j l

β δ α γ+ ∆ + Ψ ∆ + ∆ + Φ ∆

= = 

  (3.19) 

When the initial condition ( ) ( )0 0 10 , 0l l lt lu u u u= =  is satisfied and l →+∞  is 
satisfied, ( ) ( )0 1 0 1, ,l lu u u u→ , in kE  is known from the basic theory of ordi-
nary differentiation that the approximate solution ltu  exists on ( )0, lt . 

The second step is prior estimation. 
Recording ( ) ( ) ( )l lt lv t u t u tε= + , multiply both sides of the equation  
( ) ( ) ( )l lt lv t u t u tε= + , by ( ) ( )( )k

j jl jlg t g tλ ε′ + , and sum over j to get 
1) 0k = , have 

( )
0

22 22 2
0, .m

l l l lE
u v D u v R= + ≤  

2) 1,2, ,2k m=  , have 

( )
22 22 2, .

k

m k
l l l l kE

u v D u v R+= + ≤  

then ( ),l lu v  in [ ]( )0, ; kL E∞ +∞  Middle bounded. 
The third step is the limiting process. 
In space ( )1,2, ,2kE k m=  , choosing a subcolumn uµ  from sequence lu  

causes ( ) ( ), ,u v u vµ µ →  to converge weakly * in L∞ . 
From the space compact embedding theorem we know that kE  is compactly 

embedded in 0E , and ( ) ( ), ,u v u vµ µ →  is strongly convergent almost every-
where in 0E . 

Let l µ=  and take the limit, which can be obtained from the above equation 

( )( ) ( ) ( ) ( ) ( ), , , , ,k k k k k
t j j j j j j j j ju w v w u w v w u wµ µ µλ ε λ λ ε λ−∆ = − → −  (3.20) 

Weakly convergent in [ )0,L∞ +∞ . Due to  

( )( ) ( )( )d, , ,
d

k k
tt j t ju w u w

tµ µ−∆ = −∆  

Thus ( )( ) ( )( ), ,k k
tt j tt ju w u wµ −∆ → −∆  converges in [ )0,D′ +∞ , and [ )0,D′ +∞  

is the conjugate space of the infinitely differentiable space of [ )0,D +∞ . 

( )( )
2 2 2

2 2 2 2, ,
m k m k m k

km
t j j ju w v u wβ β ε λ

+ + + 
∆ −∆ → ∆ − ∆  

 
 

is weakly convergent in [ )0,L∞ +∞ . 

( ) ( )( ) ( )
2 2 2

2 22 2 2 2, ,
m k m k m k

km
t t j t j ju u w u v u wµδ δ ε λ

+ + + 
Ψ ∆ −∆ → Ψ ∆ − ∆  

 
 

is weakly convergent in [ )0,L∞ +∞ . 

( ) ( )( ) ( )( )
22

2 22, ,
m km kp pkm m m

j j jp p
D u u w D u u wµγ γ λ

++ 
Φ ∆ −∆ → Φ −∆  

 
 

is weakly convergent in [ )0,L∞ +∞ . 
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( )( )
2 2

2 2 2, ,
m k m k

km
j j ju w u wµα α λ

+ + 
∆ −∆ → ∆  

 
 

is weakly convergent in [ )0,L∞ +∞ . 
In particular, 0 0u uµ →  is weakly convergent in kE , and 1t tu u uµ → =  is 

weakly convergent in kE . For all j and µ → +∞ , 

 
( ) ( )( )

( )( )

22 2 2 2 ,

, , 1,2, ,

pm m m m m
tt t t t jp

j

u u u u u D u u w

g x w j l

β δ α γ+ ∆ + Ψ ∆ + ∆ + Φ ∆

= = 

  (3.21) 

can be derived. 
Therefore, the existence of the weak solution of the problem (1.1)-(1.3) is ob-

tained, the existence is proved, and the uniqueness of the solution below is ob-
tained. 

Let ,u v  be two solutions to the problem (1.1)-(1.3), and let w u v= −  have  

( ) ( ) ( ) ( )2 221 d d, , , ,
2 d dtt t tt t tt t t tw w w w w w w w w w w

t t
ε ε ε ε+ = + = + −  (3.22) 

( )( ) 2 22 2 2d,
2 d

m m m
t t tw w w D w D w

t
βεβ ε β−∆ + = +         (3.23) 

( )( ) 2 22 2 2d,
2 d

m m m
tw w w D w D w

t
αα ε αε−∆ + = +          (3.24) 

( )( ) ( )( )( )
( )( )( ) ( ) ( ) ( )( )
( )( )( )
( )( )( )( )( )

2 22 2

2 22 2 2

22

2

,

, ,

,

,

m m
t t t t t

m m
t t t t t t t

m
t t t

m
t t t t t t

u u u v w w

u w w w u v v w w

u w w w

u v u v u w w

δψ δψ ε

δψ ε δψ δψ ε

δψ ε

δψ ξ ε

−∆ − −∆ +

 = −∆ + + − −∆ +  

= −∆ +

′+ + − −∆ +

 

By 0ψ ′ < , then the original formula 

( ) ( )2 2 2
0 3

2 2 2 22 2 3
0 3

, ,

d 2
2 d 2 2

m m m
t t t t

m m
t t

B D w D w D w C w w w

CBB D w D w C w w
t

δ ε ε

εεδ εδ

≥ + + +

+ ≥ + + + 
 

    (3.25) 

( )( ) ( )( )( )
( )( ) ( )( ) ( )( )( )
( ) ( )( )

( )( ) ( )( )

2 2

2 2 2

2

2

,

,

,

,

D Dm mm m
tp p

D D Dm m mm m m
tp p p

D mm
tp

p p mm m m
tp p

r D u u r D v v w w

r D u u r D u v r D v v w w

r D u w w w

r D D D w w w w

φ φ ε

φ φ φ ε

φ ε

φ ξ ξ ε

−∆ − −∆ +

= −∆ − −∆ + −∆ +

= −∆ +

′
′+ −∆ +

 

( )( )
( )

2 2 22 2
0 4

22 2 222 2 4
0

d ,
d
d
d 2

mm m m
t

mm m m
t

r D w r D w C D w w w w
t

Cr D w r D w D w w w
t

δ ε δ ε

δ ε δ

≥ + + ⋅ −∆ +

 ≥ + − ⋅ −∆ + 
 
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( )

( )

2 22
4

2 2 2 222 2 4
0 4

2 2 2 22 2 4
0 5

d 1 2
d 2 2
d
d 2

mm
t

mm m m
t

m m m
t

C D w w w

Cr D w r D w C w D w w
t

Cr D w r D w C D w w
t

ε

εδ ε δ

δ ε δ

∞

 − ⋅ −∆ + 
 

+ ≥ + − −∆ − 
 

> + − −

(3.26) 

( )
22 2

22 2 23 3 4 3 5

1

d 1 2,
d 2 2

2 2 0
2 2

m
t t

m
t m

B rw w w D w
t

C C C C Cw w r D w

α βε εδ δε

ε ε ε
αε ε δ

λ

+ + + + + 
 

 − − + + − + + + − ≤  
   

 

So there exist 2a  to make that 

22 2 2

22 2 2
2

d 1 2
d 2 2 2

1 2 0
2 2 2

m
t

m
t

B rw w D w
t

B ra w w D w

ε ε α βε εδ δ

ε ε α βε εδ δ

+ + + + + + 
 

+ + + + + + + ≤ 
 

     (3.27) 

From Gronwall’s inequality:  
22 2 2

1

22 2 2
0 0 0

1 2
2 2 2
1 2 0

2 2 2

m
t

m
t

B rw w D w

B rw w D w

ε ε α βε εδ δ

ε ε α βε εδ δ

+ + + +
+ +

+ + + +
≤ + + =

     (3.28) 

In a result, we have u v=  and the Uniqueness obtained. 

4. The Existence and Dimension Estimation of the Family of  
Global Attractor 

Having studied the existence and uniqueness of global solutions for problems 
(1.1)-(1.3), the following proves the existence of the family of global attractor 
and estimates the hausdorff dimension and fractal dimension. 

Theorem 4.1. [10] [11] Let E be a Banach space and semigroup ( ) :S t E E→  
satisfy the following conditions: 

1) The semigroup ( )S t  is uniformly bounded in E, that is 0r∀ > , when 

Eu r≤ , there is a constant ( )C r , such that  

( ) ( ) [ ), 0,
E

S t u C r t≤ ∀ ∈ +∞  

is true; 
2) There exists a bounded absorption set 0B  in E; 
3) ( )S t  is a completely continuous operator, and the semigroup ( )S t  has a 

compact complete attractor 0A . 
By changing the Banach space E from the above theorem to the Hilbert space 

kE , the existence theorem of the family of global attractor is obtained. 
Theorem 4.2. If the global smooth solution of the problem (1.1)-(1.3) satisfies 

the conditions of Lemma 3.1, Lemma 3.2 and theorem 3.3 in the existence and 
uniqueness of the solution, then the problem (1.1)-(1.3) has a family of global 
attractor  
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( ) ( )0 00
, 1,2, ,2 ,k k kt

A K S t K k m
τ τ

ω
≥ ≥

= = ∩ ∪ =   

where ( ) ( ) }{ 2 22 2 2
0 , : ,

k

m k k
k k kE

K u v E u v D u D v R+= ∈ = + ≤  is the bounded 

absorption set in kE  and satisfies: 

1) ( ) , 0k kS t A A t= > . 
2) ( )( )lim , 0k kt

dist S t B A
→∞

=  ( k kB E∀ ⊂  is a bounded set), where 

( )( ) ( )lim , sup inf
kkk

k k Et y Ax B
dist S t B A S t x y

→∞ ∈∈
= − , 

where ( )S t  is the solution semigroup generated by problem (1.1)-(1.3). 
Proof: It is necessary to verify the condition (1), (2), (3) of theorem 4.1, under 

the condition of theorem, the equation has a solution semigroup ( ) : k kS t E E→ .  

The bounded set known as 0k kK E∀ ⊂  and contained in ball ( ) }{ 2 2,
k

kE
u v R≤ , 

( )( ) ( ) ( ) ( ) ( )2 2
0 0 0 0

2 2 22 2 2
0 0 0 0, m k k m k k

k
kH H H HE

S t u v u v u v R+ +Ω Ω Ω Ω
= + ≤ + ≤   (4.1) 

Then ( ){ }( )0S t t ≥  is uniformly bounded within kE . For any ( )0 0, ku v E∈ , 

( )( ) ( ) ( )2
2 2 2 2

0 0, m k k
k

kH HE
S t u v u v R+ Ω Ω

= + ≤  

It follows that ( ) ( ) }{ 2 22 2 2
0 , : ,

k

m k k
k k kE

K u v E u v D u D v R+= ∈ = + ≤  is the 

bounded absorption set of a semigroup ( )S t . 

Since 0kE E⊂  is compactly embedded, that is the bounded set in kE  is the 
compactly set in 0E , the solution semigroup ( )S t  is a completely continuous 
operator, so there exists a family of global attractor ( ) ( )0 00k k kt

A K S t K
τ τ

ω
≥ ≥

= = ∩ ∪  
of the solution semigroup ( )S t . 

Theorem 4.2 is proved. 
To linearize Equation (1.1)-(1.3), consider the following initial boundary val-

ue problem: 

( ) ( )( )
( ) ( )( )

2 2 22 2 2

2 2 2 0

m m m
tt t t t t t t t

p p pm m m m m m m
p p p

U u U u u U u U

D u U D u D u D U u U

δψ δψ β

γ γ α

′′+ ∆ + ⋅∆ + ∆

′
′+ Φ ∆ + Φ ⋅∆ + ∆ =

(4.2) 

( ), 0, 0, 1,2, ,2 1, , 0,
i

i
UU x t i m x t
V
∂

= = = − ∈∂Ω >
∂

           (4.3) 

( ) ( ),0 , ,0 .tU x U xξ η= =                     (4.4) 

where ( )0 1, ku u A∈ , ( ) : k kS t E E→ , ( ), kEξ η ∈ , ( ) ( )( )0 1, ,tu u S t u u=  is the 
solution of problem (1.1)-(1.3) obtained by ( )0 1, ku u A∈ , it can be shown that 
for any ( ), kEξ η ∈ , the linearized initial boundary value problem (4.2)-(4.3) has 
a unique solution ( ) ( )( ) [ )( ), 0, ;t kU t U t L E∞∈ +∞ . 

Lemma 4.3. 0, 0t R∀ > > , The map k kE E→  is Frechet differentiable on 

kE , and the Frechet differential in ( )T
0 0 1,u uφ =  is a linear operator  

( ) ( ) ( )( )TT: , , tF U t U tξ η → . 
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Proof: Let ( )T
0 0 1, ku u Eφ = ∈ , ( )T

0 0 1, ku u Eφ ξ η= + + ∈  and  

0 0,
k kE E

Rφ φ ≤  give the Lipchitz continuity of ( )S t  on kE , i.e.  

( ) ( ) ( )16
22 T

0 0 e , .
k k

c t
E E

S t S tφ φ ξ η− ≤  

If , th u u U h hµ ε= − − = + , then 

( ) ( ) ( )

( ) ( ) ( )

( ) ( )( )
( ) ( )( )

22 2 2 2

22 2 2 2

2 2 22 2 2

2 2 2 0

pm m m m m
tt t t t p

pm m m m m
tt t t t p

m m m
tt t t t t t t t

p p pm m m m m m m
p p p

u u u u u D u u g x

u u u u u D u u g x

U u U u u U u U

D u U D u D u D U u U

β δ α γ

β δ α γ

δψ δψ β

γ γ α

 + ∆ + Ψ ∆ + ∆ + Φ ∆ =

 + ∆ + Ψ ∆ + ∆ + Φ ∆ =

 ′ ′+ ∆ + ⋅∆ + ∆

 ′
 ′+ Φ ∆ + Φ ⋅∆ + ∆ =


 

Subtract from the three formulas to get 

( ) ( ) ( ) ( ) ( )2 2
1 2 0m m

tt t
u u U u u U u u U g gβ α− − + −∆ − − + −∆ − − + + =  (4.5) 

where  

( )( ) ( )( ) ( )( )

( )( ) ( )

2 2 22 2 2
1

2 2 2

m m m
t t t t t t

mm m m
t t t t

g u u u u u U

D u D u D U u

δψ δψ δψ

δψ

= −∆ − −∆ − −∆

′
′− −∆

  (4.6) 

( )( ) ( )( ) ( )( )

( )( ) ( )

2 2 2
2

2

p p pm m mm m m
p p p

p p mm m m
p p

g r D u u r D u u r D u U

r D u D u D U u

φ φ φ

φ

= −∆ − −∆ − −∆

′
′− −∆

 (4.7) 

u u U h− − = , Use the mean value theorem to deal with  

( )( ) ( )( ) ( )( )

( )( ) ( )

2 22 2 2
1

22 2

11 12

m m
t t t t t t

m
t t t t

g u u u u ht

u u U u

g g

δψ ξ ξ δψ

δψ

′′= − −∆ + −∆

′′− −∆

= +

     (4.8) 

where 

( )( ) ( ) ( ) ( )( ) ( ) ( )2 22 2 2 2
11

m m
t t t t t t t t t tg u u u u u u u uδψ ξ ξ δψ′ ′′ ′= −∆ − − −∆ −

 ( )( ) ( )( ) ( )2 22 2 2
12

m m
t t t tg u ht u u ht uδψ δψ ′′= −∆ + −∆  

( )( ) ( ) ( )( ) ( )

( )( ) ( )( ) ( )

( )( ) ( ) ( ) ( )

2 22 2 2
11

22 2 2 2

22 2

m m
t t t t t t t

m
t t t t t

m
t t t t t t

g u u u u u

u u u

u u u u u u

δψ ξ ξ δψ

δψ ξ ξ δψ

δψ

′′ ′= −∆ − −∆ −

 ′ ′′ ′= − −∆ 
 

′′+ −∆ − −


 

Make ( ) ( )( )2 2f x x xδψ ′′=  and ( ) ( )1 1 11 , 0,1t t tu uξ λ λ λ= + − ∈ , Then the 
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above formula is  

( ) ( ) ( ) ( )( ) ( ) ( )

( )( ) ( )( )

22 2
1 1

2 22

m m
t t t t t t t t

m m
t t t

g f s u u u f u u u u u

u ht f u u ht

λ

δψ

′= −∆ − + −∆ − ⋅ −

+ −∆ + −∆ ⋅
   (4.9) 

Similarly deal with 

( )( ) ( )( )

( )( ) ( )

( )( ) ( ) ( )( )

( )( ) ( )

2
2

2

2 2

2

21 22

p p mm m m m
t tp p

p p mm m m
p p

p p pm mm m m m
p p p

p p mm m m
p p

g r D D D u D u u

r D u D u D u u

r D u D u D u u r D u h

r D u D u D h u

g g

φ ξ ξ

φ

φ φ

φ

′
′= − −∆

′
′− −∆

′
′+ ⋅ −∆ + −∆

′
′+ ⋅ −∆

= +

 (4.10) 

where 

( )( ) ( )( )

( )( ) ( )( )

2
21

2

p p mm m m m
t tp p

p p mm m m m
p p

g r D D D u D u u

r D u D u D u D u u

φ ξ ξ

φ

′
′= − −∆

′
′− − −∆

 

( )( ) ( )( ) ( )2 2
22

p p pm mm m m m
p p p

g r D u h r D u D u D h uφ φ
′

′= −∆ + ⋅ −∆  

Similarly deal with 

( )( ) ( ) ( )( ) ( ) ( )

( )( ) ( )( ) ( )

( )( ) ( ) ( ) ( )

2 2
21

2

2

p p p pm mm m m m m m
p p p p

p p p p mm m m m
p p p p

p p mm m m m
p p

g r D D u r D u D u u D u D u

r D D r D u D u u

r D u D u u u D u D u

φ φ

φ φ

φ

 ′ ′
′ ′= −∆ − −∆ − 

  
 ′ ′

′ ′= − −∆


′
′+ ⋅ −∆ − −



 

Recording ( ) ( )( )p p
p pm y r b bφ ′′= , ( ) ( )2 2, 0,1m m m mD D u D u D uξ λ λ= + − ∈ . 

So we can obtain 

( ) ( ) ( )

( )( ) ( ) ( )( )

22
21 2

2

m m m

p p mm m m m
p p

g m s u D u D u

r D u D u u u D u D u

λ

φ

′= −∆ −

′
′+ −∆ − −

 

( ) ( ) ( )

( )( ) ( ) ( )( )

( )( ) ( )( ) ( )

22
2

2

2 2

m m m

p p mm m m m
p p

p p pm mm m m m
p p p

g m s u D u D u

r D u D u u u D u D u

r D u h r D u D u u D h

δ

φ

φ φ

′= −∆ −

′
′+ −∆ − −

′
′+ −∆ + −∆ ⋅

 (4.11) 

Let ( )k µ−∆  and each of them take the inner product: where th hµ ε= + . 
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( )( ) ( )( )2

22 2 2 23

, ,

1 d d
2 d 2 d

k k
tt t

k k k k

h k k h

D D D h D h
t t

µ ε ε µ

εµ ε µ ε

−∆ = − + −∆

= − + +
  (4.12) 

( )( ) ( )( )
( ) ( )

22

22 2 22

,

d d
2 d 2 d

m k
t t

m k
t t

u h

B
u D h h h

t t

β δψ µ

β δ εεβ δψ +

+ −∆ −∆

+ = + + ≥ 
 

    (4.13) 

( )( ) ( )( )
( )( )

( )

2

2 22 2

2 22 2
0

,

1 d
2 d

d
2 d

p m km
p

pm m k m k
p

m k m k
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k m k
E

u v u v u D v D u

D v D u u

ε
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+
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So there are 

( ) ( ) ( ) ( )( )22
1

22 42 26 0 6 0
6 0

,

2 2E Ek k

m k
t t t

m k m k
t t t t

f s u u u
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λ µ µ+ +

′ −∆ − −∆
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7,m k m k

t t t t tf u u h C u u Dµ µ+−∆ −∆ ≤ − ⋅  
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,
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+
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 (4.16) 
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m k m k m m k
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So we obtain 
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when ( ) 2
, 0

kE
ξ η → , 

( )
( )16

2
2

152
1 e , 0
2 ,

k

k

k

E C t
E

E

u u U
C ξ η

ξ η

− −
≤ → . 

Theorem 4.4. Under the condition of Theorem 4.2, the family of global at-
tractor kA  of the problem (1.1)-(1.3) has the Hausdorff dimension and the  

Fractal dimension and ( ) 2
3H kd A n< , ( ) 4

3F kd A n< . 

Proof: Let } }{{: , ,t tP u u u u uε ε→ +  be an isomorphic mapping, then 

( )T,P U VεϕΨ = = , where ( )T, tU Uϕ = , tV U Uε= + , 

The Frechet differentiability of ( ) : k kS t E E→  is known from lemma 4.3 to es-
timate the Hausdorff dimension and Fractal dimension of problem (1.1)-(1.3). 
Consider the variational equation 0tY A Yε+ =  of Equation (4.2) under initial 
conditions, where  

U
Y

V
 

=  
 
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t t tDV u u V x uψ
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For A fixed ( )0 0, ku v E∈ , let 1 2, , , nγ γ γ  be n elements of kE , and let  
( ) ( ) ( )1 2, , , nU t U t U t  be n solutions of the linear Equation (4.2) with corres-

ponding initial values of ( ) ( ) ( )1 1 2 20 , 0 , , 0n nU U Uγ γ γ= = = . Get 

( ) ( ) ( )

( )( ) ( )( ) [ ]

2
1 2

2
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′= Λ Λ ⋅⋅ ⋅Λ Ψ ⋅ ∈∫
 

where Λ  represents the outer product, tr  represents the trace of the operator, 
and NQ  is the orthogonal projection from space kE  to  

( ) ( ) ( ){ }1 2, , , nspan U t U t U t . 

Given τ , let ( ) ( ) ( )( )T
, , 1,2, ,j j j j nω τ ξ τ η τ= =   be the orthonormal basis of 

( ) ( ) ( ){ }1 2, , , nspan U t U t U t . 
Define the inner product on kE  as  

( ) ( )( ) ( ) ( )( )2 2, , , , ,m k m k k kD D D Dξ η ξ η ξ ξ η η+ += + ,        (4.22) 
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Since ( ) ( ) ( )( )T
, , 1,2, ,j j j j nω τ ξ τ η τ= =  , ( ) ( ) ( ){ }1 2, , , nspan U t U t U t  is 

an orthonormal basis, 
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So there is 
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of 0kK  is uniformly bounded, and  
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∑  (4.28) 

( ) 2max
3

j

n

q

q
+∴ ≤ , ( ) 2

3H kd A n∴ ≤ , ( ) 4
3F kd A n≤         (4.29) 

It can be concluded that N-dimensional volume elements decay exponentially in  

kE  and ( ) 2
3H kd A n< , ( ) 4

3F kd A n< , then the Hausdorff dimension and  

Fractal dimension of the family of global attractor are finite, and theorem 4.4 can 
be proved. 

5. Conclusion 

In this paper, we studied a class of generalized Bean-Kirchhoff equations, proved 
the existence and uniqueness of the global solution of this class of equations by 
Galerkin method, and further proved the existence of the family of global at-
tractor and its Hausdorff dimension and Fractal dimension estimation, which 
has certain scientific significance. And there’s more to study. 
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