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Abstract

In this paper, we study the long-time behavior of solutions of the single-layer
quasi-geostrophic model arising from geophysical fluid dynamics. We obtain
the lower bound of the decay estimate of the solution. Utilizing the Fourier
splitting method, under suitable assumptions on the initial data, for any mul-
ti-index « , we show that the solution  satisfies

1+|a]
>C(1+t) 4 L|a|=0,1--,m, m=>4,t>1.
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1. Introduction

We study the initial value problem of a single-layer quasi-geostrophic model

with viscosity (see e.g. [1] [2]):

0 0 1
[y = Fy]+ (. Ay)+ B0 =Ny, (1)

5 ox

e

where =l//(x, y,t) denotes the stream functions, F is the rotational Froude

number, [ isthe Coriolis parameter, R, is the Reynolds number,

1 2
—A is
¢ R v

e

the viscosity terms, and the nonlinear term J ( f, g) is defined by

Y% I

J(f.g)= .
(fg) Ox Oy Oy Ox

The quasi-geostrophic S -plane model is considered as a simplification of the
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shallow-water equations when the Rossby number is small and the magnitude of
bottom topography variations is comparable to the Rossby number.

A generalization of the single-layer quasi-geostrophic model (1) is the two-layer
(multi-layer) quasi-geostrophic model. There are many research results on the
existence, uniqueness and long-time behavior of the solutions. For results in this
regard, please refer to [3] [4] [5] [6].

In 2010, X. Pu and B. Guo [7] proved global existence of weak solutions for
the fractional quasi-geostrophic equation with A’y replaced by
(—A)Ha y/(a € (O,l]) in Equation (1) and they also obtained long-time behavior

of the solution when « € (0,%} .

In 2023, H. Li, J. Li and J. Zhang [8] showed that the existence and uniqueness
of the global smooth solution to the Cauchy problem of Equation (1). They also
obtain the upper bound of the decay estimates of the solution in Z*. And show
that if v, eL‘(Rz)mH”’ (RZ) and m>4 be an integer, then for any mul-

ti-index « , the solution y satisfies

1o
ESCU+077JM=thm—L

Ve

and

]
o la|=m.

Following the work of [8], we study the lower bound of the decay estimate of

Vi

<C(1+1)

2

the solution for the initial-value problem (1) equipped with the initial data
w(x,2,0)=w,(x»). (2)

To obtain the lower bound of the decay estimate of the solution, we not only
use the Fourier splitting method which is originated from Schonbek [9] [10] and
is improved by Zhang [11], we also need to construct a new expression

o=9-y
where y and ¢ are the solutions of Equation (1) itself and the linear part
of Equation (1) with the given initial data y,, respectively. In addition, in or-
der to ensure that this method works, we must show the nonlinear solution @
decays faster than the linear part. To obtain the lower decay bound, we define
the set for o,y >0, M = {f | “f@)”ﬁ >y for |§| < G} . We have the following
theorem.

Theorem 1. If the initial data y, e L' (Rz)mH’” (RZ)F\M; and m>4 be
an integer, then for any multi-index @, the solution y of Equation (1) satis-
fies
vw/ﬁzca+0$#44zo¢ume2L

This paper is organized as follows. In Section 2, we review the notations used

throughout the paper. In Section 3, we consider the upper and lower bounds of

the linear part of Equation (1). In Section 4, we estimate the upper bounds of the
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difference between the solution of linear part of Equation (1) and the solution of
Equation (1). Furthermore, we show that the decay rate to the lower bounds of
Equations (1)-(2).

2. Notations and Preliminaries

The Fourier transform f =F ( f ) of a tempered distribution f (x) on R’

is defined as

FONE)=F(E)= oo™ f (x)a

where &= (§l,§2) eR?.
For 1< p<+w, we denote by L’ (Rz) the Lebesgue space equipped the
norm

1

u(x)|p);, 1< p <+oo,

el = (I

and

||u|| =ess sup |u |

For seR, H® (]RZ) denotes the nonhomogeneous Sobolev space defined by
#(%2) :.[ (1+|§| )

where z?(df ) is the Fourier transform of u.

(R = {ueS [

£)dé < +oo}

3. Decay Estimates for the Linear Part

In this section, we first study the lower and upper decay bounds on the decay
rates for the following linear quasi-geostrophic model:
0 1
—[A¢ Fol+p=- ¢——A 9, 3)

$(x,7,0)=4,(x,»). (4)

To solve Equations (3)-(4), we take the Fourier transform for the above equa-

tions to get

0 2 A - o1y a s
Ll = e picd=ldl'd

then we get
Bi& *f\e”\
j=c G, (5)
Since Fis not zero, we note the following facts
2
1|§| |§||§| Cz|§|23 OS|§|SO': (6)
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and

5
¢+ F

where o isan arbitrary positive number.

0<As—>—<1, [¢]z0,

(7)

We now recall some estimates for the solutions of the liner equation which

will be useful later.

Lemma 2. Let ¢, eLl(Rz)r\Hm (Rz) and m>4 be an integer. Then the

solution ¢ of Equations (3)-(4) satisfies

I+

lof
SC(l+1) 4,

Vep(-1)

a|=0,1,2,---,m

2

where the constant C'depends on R,,F,o and the initial data.

Proof. When t>1, from Equation (5), we have
pii—lel

A2 P !
bl e dgde,

“of axdy=[]o[e"

Jfsa

ﬂiél—Rie\f\“t
Al 3 o lF
=[] l¢l dgde,
pici-—fel
——t
2| 2 lef’ +F
[l fe d&dé,
N el 2\a\ &
<Cff... dgds, +Cff Il
4o 14]o|
<ct 2 +orcer 2,
where the following observation is used in the last step
2 4 ot L+|a|
; IOREW u 2 edu 2 (2¢)2
im = — | o
t—0" 14a| 1+|a| RE
t 2
o el 1
T S N (7
-0 flalt 1+ |a| R,

Therefore Lemma 3.1 is proved.

We recall the set for o,y >0,

M7 :{f\“f(f)“ﬁ 2)/f0t|§|£0‘}.

Lemma 3. Let ¢, e L (R2 ) NH" (Rz ) MM and m>4 be an integer. Then

the solution ¢ of problem (3)-(4) satisfies

2/1‘ 2

e
d§dé,

(8)

(9)
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1+{a]
_C(l+t)_7, |a|=0,1,2,---,m, (10)

where the constant Cdependson F,R ,y,c and initial data.
Proof. From Equations (5), (6) and (9), we have

1
pi& —R—e\i\"

—
“avdy = [ [ e | dede,

ffialv

piti el

Al
e 71 dgde,

2 (]l [

82
Aol M

4&dé,

2 7 ‘U‘gkg §|
S (i) T,

where the following observation is used in the last step

2,4 lo-t 1+\a\
2 LU
. _[ORe u € d 2 202 2+2‘a‘
lim o .
t—0" L4ja] 1 + |0!|
t 2
Therefore Lemma 3.2 is proved. U

Lemma 4. Let ¢, eL‘(R2>mH’” (Rz) and m>4 be an integer. Then the
solution ¢ of problem (3)-(4) satisfies

| _al+2

Vg <C(1+1) 4, |a|=0,12, (11)
where the constant Cdependson F,R,,o and initial data.

Proof. When ¢>1, we use Hausdorff-Young inequality to obtain
| o),
ﬁlsbr*\e”\

<JJlel e o |ages,

vegl . <

pigy ,7‘5‘

s+ 1 el lagae,

<[4,

ek o
<cff, Jle *azag vl Jefe " azae,

l¢fzo
_2+\a\ _2+\a\ _2+\a\

<Ct 4 +Ct 2 2Ct *,

where the following observation is used in the last step
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a2 3
. IRe u 4 edu 4 ¢ sl
lim =2 > = —L | o7
1-0* 24| 2+|a|\ R
t4 ‘
22 3
—1o = _ =
. IRB u?edu 2 AV o
lim =—— = —| o7
10° 2+a| 2+|e|\ R
t? ‘
Therefore Lemma 3.3 is proved. U

4. Lower Bound on the Decay Rates

In this section, we study the lower bound of the decay rate of the solution of the
nonlinear quasi-geostrophic equation. In [8], the existence of smooth solutions
has been obtained, and the following upper bound is also proved.

Lemma 5. [8] Let y,eH" (Rz)le(Rz), m=>4 1is an integer, and y is
the solution of Equation (1), then for any multi-index « , we have the decay es-

timates

1l
L SC(L+e) a4 fa] =01 m -1, (12)

Combining equation y =¢—®. Since we have already obtained the lower

Vi

B sc(1+t)’%,|a|=m. (13)

"

decay bound for ¢ in Section 3, the key point is to estimate estimate the upper

bound for ® . The equations for @ can be written in the form

O IAw-Fo)- oo _ 1,
at[Aa) Fo) J((//,Ay/)+ﬁax RL,ACO’ (14)
o, (t)=0, (15)
which implies that
ﬁ'iél—R%\f\“ [

o<l Hr M

[+ F

A t 12
<P awas<Clef Iyl Javs o 16

<CfJef (1+s) % (1+s) s ds < Clef In(1+1).

This involves inequalities with respect to |j (x//,Agy)| < |§|2 ||1//|| 2 ||A (//" 2> Please
refer to [8] for detailed proof.
Proof of Theorem 1.1. We first show

1
Il =C(1+2)+. (17)

We multiply Equation (14) with 2@, then integrate it in R? with (x, y) ,

we obtain
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d . s 5 i
g Tl [Vl + Flof Jaxdy 2. aof axey
=2f[ .. I (w.Ay)($-w)dxdy = [[ . J (v, Ay ) ddxdy
<[ () bts] =[],V (4. v

<[Vl [Vl sl < (10"

(18)

Applying Plancherel’s theorem to the Equation (18), we have

di [HRz(Iél +F Jlof dé]

dg, <c(1+1)°. (19)

Rr2

Let

5,(1)= {(;,@) F|§||§| <1R:}

Then the second term of Equation (19) becomes

o lolef of azas

2(F l )
:.Uuzaz\sl() | | d§ld§2+” dg, (20)
22 HRz |‘ﬂl "dgde, - ZH d,.

Inserting Equation (20) into Equation (19), using the estimate (16), we have

d )
(i 7)o ]+2HR2 a,
F+ by
<o, d&, +C(1+1)
1+;H81 (F+1ef gl w2 (1+)agdg, + C(1+1)” (1)

1
<P (P (1 a0 C(141)

<C(1+1)F+ c(i+1)” <C(1+1)™.
And both sides of Equation (21) are multiplied by (1+7)", we get
%[(1 o) [[[Ivel + Flof Jasay | <c.
Integrating the above inequality over interval [0,7], we get
[[o[[vel +Flaf Jardy<c+e)".
Therefore

il
vl =l =l 2l ~lel,. =C+e)+,

where the constant C'dependson R,,F,o,y and initial data.

Next, we want to prove
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1
V. 2C(1+e)>. (22)

We multiply Equation (14) with 2Aw, then integrate it in R? with (x, y) s

we obtain
1 [of +Fiver ety 2 [ Vaof

=2([ . J (v, Ay )(Ap—Ay)dxdy
—“ y/,Al// Agdxdy

(23)

5
<|vagl,. [avl: vyl <c(i+n)>

Applying Plancherel’s theorem to the equations Equation (23), we have
d . 2 . 3
ULl FIer lof agaz |+ o [Tl lof acaz <c+0)3. @

Let

. SR }
S,(6)=4(&.8,)eR? i —12L < % L
g {( PRy

Then the second term of Equation (24) becomes
2 .
— [l el dgde,
sop Flel+el' e 5 Ifl lél
ZE.URZ 1+¢ @ _E.US | | d§d§
Inserting Equation (25) into Equation (24), using the estimate (16), we have

%UJRZ(|5|“+F|:F)|@H Sy B

jjs ) +F|§| @[ dgde, +C(l+t)

(25)

ds,

1+a

1+tﬂ&z(lfl + FIL )l o (1+0)agdg, +C(1+1) 2

(26)

5

SC(1+t)7 +C(l+t)7 <C(1+1)2

5

And both sides of Equation (26) are multiplied by (1+7)2, we get

%{(1 +t)§ IJ'RZ[|Aa)|2 + F|Vw|1dxdy} <C.

Integrating the above inequality over interval [0,7], we get
[[.:[[aef +F|val Jardy<c(1+ %
Therefore
vyl =Iv6 Vol 2|vel, [Vl >C1+1)

Then we will prove
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3
lay].zC(1+2) . (27)

We multiply Equation (14) with 2A’w, then integrate it in R? with (x, y) R

we obtain

P 2
dxdy

EHRZ [|VAao|2 + F|Aa)|2}dxdy +Ri -

_2” (//,A(// (A p—A° )dxdy (28)

2 1

<C(1+1)”.
Applying Plancherel’s theorem to the equations Equation (28), we have
d . 2 -
EJ..[RZ(|§|6+F|§|4)Q)2 dgz"'? R2 dé, SC(l-i-t) 3. (29)

Let

3R }
S,(t)=1&€R": : =< .
X { e e 20

Then the second term of Equation (29) becomes

dg,

) (30)

Inserting Equation (30) into Equation (29), using the estimate (16), we have

g[mzoﬂwa) a Joaff L

& 3
<3 IS3| | (1+1) 1)

1+tﬂsg(lfl +Flef )|§| In? (1+0)d&dé, + C(1+1)°

F|&
o, 'JH

< C(1+t)_5 +C(1+0) " <c(1+1)".

And both sides of Equation (31) are multiplied by (1+ t)3 , we get

d

5[(1 1) [[L[[vaef + F|Awﬂdxdy] <c.
Integrating the above inequality over interval [O,t] , we get

[[.o[[vaaf + Flaaf Jawdy <c1+1).
Therefore
3
[av]: =[a¢ 20|, 2[ad], ~|Aac], = C(1+e) 5.

Finally, applying the same processing method as above, we can get

Va

,2C(1+1) 4 |a| 0,1,2,--
b
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Because the way of proof is similar to Equations (17), (22) and (27), it is omit-
ted here. ]
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