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Abstract 
The lung is an important organ that takes part in the gas exchange process. In 
the study of gas transport and exchange in the human respiratory system, the 
complicated process of advection and diffusion (AD) in airways of human 
lungs is considered. The basis of a lumped parameter model or a transport 
equation is modeled during the inspiration process, when oxygen enters into 
the human lung channel. The quantitative measurements of oxygen are de-
tached and the model equation is solved numerically by explicit finite differ-
ence schemes. Numerical simulations were made for natural breathing condi-
tions or normal breathing conditions. The respiratory flow results for the 
resting conditions are found strongly dependent on the AD effect with some 
contribution of the unsteadiness effect. The contour of the flow rate region is 
labeled and AD effects are compared with the variation of small intervals of 
time for a constant velocity when breathing is interrupted for a negligible 
moment. 
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1. Introduction 

A complete cycle of human respiratory system consists of two processes, one is 
inspiration and other is expiration and the respiration in the human lung chan-
nel is a consequence of oscillatory flow (advection) and stagnation in transition 
(diffusion) in nature. During inspiration while we are in rest, the inhaled oxygen 
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gas has a partial pressure about and temperature about after reaching trachea in 
the flow system [1]. Branching of breathing airways of the human lung was in-
troduced by Weibel (1963) which leads to an idea of fluid flow system in our 
lung model. In the fluid flow system, the motion is governed by flow rate with 
three basic parameters: inductance, resistance and capacitance [2]. The advec-
tion diffusion of inhaled gas has actually been observed in the 18th generation 
(G18) channel. Along a circular channel laminar, turbulent and oscillatory 
dispersion is investigated by H.K. Chang [3]. To study airflow distribution a 
lumped parameter model has been developed by Elad et al. [4]. The transporta-
tion of fluid flow problem which describes advection diffusion process can be 
modeled using a two dimensional advection diffusion equation. Heat, mass, ve-
locity, energy, concentration profile etc. can be elaborated by ADE [5]. Numeri-
cal techniques are used in solving ADE, finite difference method (FDM) is one 
of them. The groundwater flow problem is solved using the Crank-Nicolson fi-
nite difference scheme in second order time and space by Lingyu Li, Zhe Yin [6]. 
A mathematical model is developed in the form of two dimensional advection 
diffusion equation for calcium profile and solved analytically by B. K. Jha et al. 
[7]. A. Fedi et al. [8] analytically solved two dimensional advection diffusion eq-
uation in porous media where a laterally bounded domain is considered. In 
many engineering problems such as pollutant transport in rivers and streams, 
thermal pollution in river systems, the ADE is used as a model equation [9]. The 
stability analysis for different finite difference schemes is discussed by ([10] [11] 
[12] [13] [14]) for the two dimensional ADE. Most of the work as stated above 
has been performed for open channels. But along closed channels the fluid (liq-
uid or gas) may flow downstream by advection or spread out by diffusion. The 
two-dimensional modified equation method has been successfully used with 
weighted discretization to develop several new explicit methods and explain the 
effect of two-dimensional advection-diffusion equation. In particular it gives an 
idea of the wave propagation characteristics of the methods [15]. High frequency 
oscillatory ventilation (HFOV) is a type of mechanical ventilation that helps in 
breathing of lung affected people. HFOV controls the constant oscillatory flow 
along human lung channels and during HFOV the influence of asymmetric air-
way compliances on redistribution of gas particles has been investigated numer-
ically by Hirahara et al. [16]. The airways network has quite small dimension 
and the smaller airways deep down into the lungs are inaccessible. A computa-
tional fluid dynamics (CFD) modelling approach is used to study the unsteady 
respiratory airflow dynamics within a human lung. Numerical simulation was 
made for two breathing conditions: 1) resting or normal breathing condition 
and 2) maximal exercise condition. The respiratory flow results for the both 
conditions are found strongly dependent on the convective effect and the viscous 
effect with some contribution of the unsteadiness effect R.K. Calay et al. [17]. 
Their study was to use the proposed computational model to investigate the dy-
namic ability of the nasal cavity to heat and moisten the inhaled air in the stu-
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died area, similar to the nose so that it is possible to comprehensively study the 
structural components ([18] [19]). 

In this paper we propose a transport equation of lung model channel involv-
ing flow rate (mass flow rate) on a quantitative analysis of inhaled O2 gas. The 
transport equation is solved numerically. The stability condition of the scheme is 
studied and flow rate region is presented by contour line. Comparison of advec-
tion diffusion effect for different radial and longitudinal position with same ini-
tial and boundary conditions are also shown graphically. The goal to under-
standing the airflow mechanisms can be approached using numerical modelling 
of the respiratory airflow network. 

2. Respiratory Branches and Function of Lungs 

The lung is an important organ that takes part in the gas exchange process. In 
the pulmonary hyperinflation process, the muscles of the thoracic cage extend 
the lung tissues to increase the volume and then air is breathed into it. In the ar-
tificial ventilation process air is sucked into the human lung by increased outside 
pressure. Human lung consists of a structure like a branching tree to distribute 
the breathing air in different parts of consecutive generations of channels. The 
area of each cross section of respiratory bronchiole is decreased in the next gen-
eration and for that the air flow is dropped off to reach the lowest velocity in last 
generations.  

In the generations (G17-G19) of respiratory bronchiole there are the bronchi-
oles are small air passages found at the end of the bronchiole tree in the lungs. 
These bronchioles are responsible for conducting air from the bronchi to the al-
veoli of the lungs, where gas exchange takes place. The respiratory bronchioles 
also have a role in oxygen uptake and carbon dioxide elimination. The walls of 
the respiratory bronchioles are lined with small clusters of air sacs, known as al-
veoli, which are responsible for gas exchange with the blood vessels. The thin 
walls of the alveoli allow for rapid gas exchange, enabling the respiratory bron-
chioles to efficiently oxygenate the blood and remove carbon dioxide. Apart 
from its role in gas exchange, the respiratory bronchioles also help to humidify 
and filter the air that enters the lungs. They do this by having specialized epi-
thelial cells that secrete mucus, which helps to trap foreign particles and prevent 
them from entering the lungs. Overall, the respiratory bronchioles are an essen-
tial component of the respiratory system, playing a vital role in ensuring that 
oxygen is delivered to the body’s tissues and carbon dioxide is efficiently elimi-
nated from the body. According to respirational function and its anatomical 
configuration, the lung consists of two regions called air transport and gas diffu-
sion. The airways from trachea to terminal bronchioles are fractionalized re-
peatedly and gas is delivered without any gas exchange. 

According to the measurement of lung tree and its anatomy, the human air-
way of lung is shown in Figure 1. It is drawn by performing the calculation of 
Weibel’s real data analysis for adult lung. 
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Figure 1. Pattern of airway branching (Weibel, 1963). 

3. The Mathematical Model 

To simulate the air flow in the G18 channel, the basic equations for the conser-
vation of mass, lumped parameter model, equation of mass flow rate, ideal gas 
law, temperature and density of oxygen are determined as follows: 

( ) 21q q q p q
t

ϑ
ρ

∂
+ ∇ ⋅ = − ∇ + ∇

∂
                 (1) 

In absence of driving force for incompressible fluid flow along G18 channel a 
lumped parameter model can be derived as: 

d 1 d 0
d
qL Rq q t
t C
+ + =∫                     (2) 

where, 
Inductance: 3 2 38.75 10 Pa s mL −= × ⋅ ⋅ . 
Resistance, 7 31.44 10 Pa s mR −= × ⋅ ⋅ . 
Compliance, 12 3 14.44 10 m PaC − −= × ⋅  and ( )q q t=  be the flow rate (mass 

flow rate) of the fluid. 
2 2 2

2 2
q q Lu q qu
t x R x y

 ∂ ∂ ∂ ∂
+ = + ∂ ∂ ∂ ∂ 

                  (3) 

2 2

2 2
q q q qu D
t x x y

 ∂ ∂ ∂ ∂
+ = + ∂ ∂ ∂ ∂ 

                   (4) 

This is a two dimensional advection diffusion equation (ADE) for lung model 
channel. Where, D is diffusion coefficient, ( ), ,q x y t  is the flux or velocity vec-
tor, t is the real time, T is the temperature, ,ρ ϑ  and u are the density, kinematic 
viscosity and convective term respectively. For numerical study, second-order 
spatial discretization schemes for length and diameter were used. Thus, the real 
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problem will be solved in a discrete form by applying the finite difference me-
thod. 

The mass flow rate within the G18 bronchial tube by the formula:  

q A vρ= × × . 

where, 
ρ : Density of the oxygen at 37˚C.  
v: Velocity of the fluid in the tube. 
A: Cross sectional area of the tube. 
The ideal gas law is written as: 

PV nRT=                           (5) 

where P, V and T are the pressure, volume and absolute temperature of gas; n is 
the number of moles of gas; and 1 10.0821 Latm K molR − −= ⋅ ⋅  is the ideal gas 
constants. Also n m M=  where m is the weight of gas; and M is the molecular 
weight of gas [20]. Inserting n m M=  into Equation (5) we have a formula for 
calculating density and which is given by 

PM
RT

ρ =                           (6) 

Since the molecular weight of oxygen O2 is 32 gm then at 37˚C temperature 
and 13 kPa (0.128) pressure the density of the O2 gas is =1.6 × 10−10 Kgm·m−3. 

However, the 18th generation tube is very short in length, about 1.2 mm 
and the diameter is very narrow, about 0.5 mm [Weibel’s Table 1]. Then the 
cross-sectional area of the tube is 2A r= π× , where r is the radius of the tube. 
Thus the mass flow rate within the tube for velocity 20 mm·s−1 is  

2 106.3 10 Kg sq r vρ −= × × × = ×π .  

4. Numerical Technique for Model Equation 

Without driving force and compliance effect for the unsteady incompressible 
flow along a rigid channel is an two dimensional ADE for physical domain of 
channel length 0 x l≤ ≤  and diameter 0 y d≤ ≤  (creating the surface that 
we get by cut off the channel along its length about the center of the channel), 
is 

( )
( )
( )
( )
( )

0

0

, ,0 ( , ) , 0 , 0

, , , 0 , 0

, , , 0 , 0

, , , 0 , 0

t x xx yy

x l

y

y d

q uq D q q

q x y q x y A x l y d

q x y t B y d t T

q x y t C x l t T

q x y t D x l t T

=

=

=


+ = + 

= = ≤ ≤ ≤ ≤ 
= ≤ ≤ < ≤ 


= ≤ ≤ < ≤ 


= ≤ ≤ < ≤ 

           (7) 

To develop numerical scheme by finite difference method (FDM), we discret-
ize xy-plane with mesh size x y∆ ×∆ . The spatial and temporal coordinate at the 
grid point ( ), ,n

i jq t x y  is defined as: 
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Then the approximate solution at grid points ( ), ,n
i jq t x y  is ,

n n
i jq R∈  so 

that ( ), , ,n n
i j i jq q t x y≈ . 

The forward time difference formula 
1

, ,
n n
i j i jq qq

t t

+ −∂
≈

∂ ∆
                        (8) 

The forward space difference formula 

1, ,
n n
i j i jq qq

x x
+ −∂

≈
∂ ∆

                        (9) 

The second order centered space difference formula for second order partial 
derivative 

( )

2
1, , 1,

2 2

2n n n
i j i j i jq q qq

x x
+ −− +∂

≈
∂ ∆

                    (10) 

( )

2
, 1 , , 1

2 2

2n n n
i j i j i jq q qq

y y
+ −− +∂

≈
∂ ∆

                    (11) 

Substituting (8), (9), (10) and (11) into (7) and then rearranging to the time 
level, we get 

( ) ( )1
, , 1, 1, , 1 , 11 2 2n n n n n n

i j i j i j i j i j i jq q q q q qα β γ β α β γ γ+
+ − + −= + − − + − + + +  (12) 

where, 

( ) ( )2 2, ,u t D t D t
x x y

α β γ∆ ∆ ∆
= = =
∆ ∆ ∆

 

We perform the stability analysis as a convex combination technique and also 
implement the schemes for various parameters. The stability condition is  
2 2 1β γ α β+ − ≤ ≤ , 0 1β≤ ≤  and 0 1γ≤ ≤ . 

5. Problem Description 
An incompressible fluid flow along human lung model channel (G18 channel of 
Table 1) of length 1 2 mml .= , diameter 0.5 mmd =  for a constant velocity 

20 mm su = . The diffusion rate is 
2LuD

R
=  where u is the constant velocity  

and L and R are the lab experiment values. The computed time step and grid 
width are also taken as our convenience. We divide the domain 150 times for 
length (x-axis) and 100 times for diameter (y-axis), that is (Δx × Δy) = (150 × 
100). Our assumption is that the flow rate is initially the same within the G18 
channel and if the velocity is zero (breathing interrupted) just at the start of the 
G19 channel then what actually happened to the flow rate due to inhalation. The 
computed time step and spatial grid width are 65 10t −∆ = × , 0.008x∆ =  and 

0.005y∆ = . 
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Table 1. Approximation quantification of the human bronchial system (Weibel’s model). 

 
Generation 

(G) 
Number 

(n) 
Mean Diameter 

[mm] 
Length 
[mm] 

Volume 
[ml] 

Re 

Trachea 0 1 18.00 120.00 30.54 1480 

Main Bronchus 1 2 12.20 47.60 11.13 1092 

Lobar Bronchus 
2 4 8.30 19.00 4.11 803 

3 8 5.60 7.60 1.50 595 

Segmental  
Bronchus 

4 16 4.50 12.70 3.23 370 

Bronchi w/ 5 32 3.50 10.70 3.29 238 

Cartilage in Wall 

6 64 2.80 9.00 3.55 149 

7 128 2.30 7.60 4.04 91 

8 256 1.96 6.40 4.94 53 

9 512 1.54 5.40 5.15 34 

10 1024 1.30 4.60 6.25 20 

Terminal Bronchus 11 2048 1.09 3.90 7.45 12 

Bronchiole w/ 
muscle in wall 

12 4096 0.96 3.30 9.78 6.78 

13 8192 0.82 2.70 11.68 3.97 

14 16,384 0.74 2.30 16.21 2.20 

15 32,768 0.66 2.00 22.42 1.23 

Terminal  
Bronchiole 

16 65,536 0.60 1.65 30.57 0.68 

Respiratory  
Bronchiole 

17 131,072 0.54 1.41 42.33 0.38 

18 262,144 0.50 1.17 60.22 0.20 

19 524,288 0.47 0.99 90.05 0.11 

Alveolar Duct 

20 1,048,576 0.45 0.83 138.42 0.056 

21 2,097,152 0.43 0.70 213.18 0.030 

22 4,194,304 0.41 0.59 326.72 0.015 

Alveolar Sac 23 8,388,608 0.41 0.50 553.75 0.008 

Alveoli. 21 Per duct  3E+0 0.E+2 0.E+3   

6. Numerical Solution 

The air flow in the G18 channel of human lung of a person plays an important 
role in many physiological functions of the respiratory system, such as tempera-
ture and moisturizing the flow of air and others. In this section, the proposed 
model is used to predict air flow and related transport phenomena in human 
lung. Normal respiration was chosen as a reference base, and then the effect of 
changes in mass flow rate was investigated for variation of velocity. This study 
serves as the basis for a better understanding of transport phenomena in the G18 
channel, which is the function of the lung. The studied area was identical to the 
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second test problem of Figure 1. The temperature of the oxygen gas is 37˚C, 
diameter and length is taken from (Weibel’s Model) Table 1. From the obtained 
results, it can be noted that the global behavior of the air flow was not changed, 
but, however, the maximum longitudinal velocity increased. 

The diffusion effect for different values of time is shown in Figure 2. It is ob-
served that flow is higher for higher value of time and diffusivity. Different val-
ues of effective time (0.04, 0.05, and 0.06) are taken and the contour in Figure 2 
shows the flow phenomena. In Figure 2, we found the diffusion effect along the 
diameter of the 18th generation bronchial tube for different time, where the la-
beled maximum flow rate region is about 6.0 × 10−10 Kg·s−1 for the oxygen gas at 
0.06 seconds after interruption of breathing. When breathing time increased 
more than 0.06sec the flow rate increased. 

In Figure 3, we present a diffusion profile with different values of times for 
a fixed velocity along the diameter and length. We observe that the AD effect 
for 0.04, 0.05, 0.06 seconds are almost same up to half of the length of the 
channel and also observe the diffusion; as the time goes, the flow rate is dif-
fusing more. 

The diffusion effect along the diameter and length of the G18 bronchial tube 
are shown in Figure 4. We observe that flow rate are increasing as the diffusion 
increase within the constraint channel about 6.3 × 10−10 Kg·s−1, 6.6 × 10−10 Kg·s−1, 
6.9 × 10−10 Kg·s−1 for the velocities 20 mm·s−1, 21 mm·s−1 and 22 mm·s−1 respec-
tively, at the start of the channel and then advection diffusion occurred parallay 
up to the end of the channel according to velocity variation at 0.06 seconds.  

 

 

Figure 2. Contour plot of the flow rate region for different values of time: (a) t = 0.04, (b) t = 0.05 and 
(c) t = 0.06 seconds where, u = 20 mm/s. 
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Figure 3. Diffusion effect of flow rate along diameter and length for different values of time 
with fixed velocity is 20 mm/s. 

 

 

Figure 4. Diffusion effect of flow rate along diameter and length for different values of veloci-
ty with fixed time 0.06 sec. 

 
As the pressure gradient is increasing, the flow rate is gradually increasing and 
developing to parabolic. It can be seen that no flow occurs if the pressure gra-
dient is zero. In Figure 2 it is noted that other velocity is kept fixed. Figure 4 
shows the variations of flow rate for different values of diffusion coefficient. The 
diffusion indicates how much fluid can flow through the G18 bronchial  tube 
of the lung channel. It can be seen from Figure 4 that when the diffusion is in-
creased the flow rate is also increased in the channel. As a result the flow of oxy-
gen will be increased. So it can be said that the flow rate is an increasing function 
of diffusion for variation of velocity. 

7. Conclusion 

This study is a comprehensive work on modeling the processes of oxygen trans-
fer in a 2D ADE model of the human lung. The purpose of this study was to use 
the proposed computational model to investigate the dynamic ability of the hu-
man lung to inhale air in the studied area. Transport functions depend on accu-
rate predictions of the airflow nature. Our model channel is very narrow and 
short in length. The AD effect is investigated with the variation of time and ve-
locity at a fixed velocity and a fixed time respectively and shown graphically for 
different radial and longitudinal positions respectively. The maximum flow rate 
region is also labeled which is shaped as a nice parabolic pattern. With the varia-
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tion of a small interval of time, the AD effect remains the same almost half of the 
length of the tube, and then diffuses as time increases. Along the diameter of the 
tube the flow rate diffuses more with the increase of time. Therefore, the numer-
ical model is tested in an analytically accurate computational model by compar-
ing simulated velocity profiles with values from the measurement. 
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