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Hamdan, W. and Wazzan, L. (2023) Exact

Traveling Wave Solutions to Phi-4 Equa-  In this study, we will introduce the modified (G7G?)-expansion method to
tion and Joseph-Egri (TRLW) Equation and  explore some of the exact traveling wave solutions of some nonlinear partial
Calogro-Degasperis (CD) Equation by Mod-
ified (G7G?)-Expansion Method. Journal of
Applied Mathematics and Physics, 11, 2103-
2120. tions for the equations expressed in terms of trigonometric, hyperbolic and

differential equations namely, Phi-4 equation, Joseph-Egri (TRLW) equation,
and Calogro-Degasperis (CD) equation. As a result, we have obtained solu-

https://doi.org/10.4236/jamp.2023.117133 rational functions. Moreover, some selected solutions are plotted using some

specific values for the parameters.
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[ONom

The world around us is inherently nonlinear. A large part of equations is nonli-
near partial differential equations (NPDEs), which can be utilized to describe
many important and sophisticated phenomena in physics, mathematical physics,
engineering, and other various scientific fields. It is not easy to solve these equa-
tions, but exploration of their exact solutions becomes quite prominent due to
the efficiency and reliability of symbolic software packages such as Maple or Ma-
thematica.

In the past decades, authors constructed and developed various powerful and
efficient methods for finding exact solutions of (NPDEs) with aid of symbolic

software such as, the tanh-function method [1] [2], sine-cosine function method
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[3] [4], Hirota bilinear method [5] [6], homogeneous balance method [7] [8], the
exp-function method [9] [10], the sub-equation method, F-expansion method [11]
[12], (1/G)-expansion method [13], (GG, 1/ G)-expansion method [14] [15],
(G7G)-expansion method [16] [17], and so on.

Recently, the (G G?)-expansion method [18] [19] have received a lot of atten-
tion for number of authors who work on the method to construct exact solutions
of (NPDEs) in applied sciences and engineering. The modified (G/G?)-expan-
sion method [20] [21] [22] has been used to find solutions for certain mathe-
matical problems.

This work is summarized as follows. In Section 2, the description of the mod-
ified (G7G?)-expansion method is given. In Section 3, we apply the method to
Phi-4 equation [23], Joseph-Egri (TRLW) equation [24] [25], and Calogro-Dega-
speris (CD) equation [26] to obtain some of their exact traveling wave solutions.

Finally, conclusions and some remarks have been presented.

2. Description of the Method

Consider a general nonlinear partial differential equation (PDE) in the form:

P(u,ut,ux,uy,un,uxx,uw,utxy,---)=0, (1)

where u=u (X, ARE ) is an unknown function, Pis a polynomial in U (X, y,t,---)
and its partial derivatives.
* First step

Reduction of Equation (1) to a nonlinear ordinary differential equation by in-
troducing the traveling wave variable &= k(X+ y+:--)=Vt, where ¢is a real
positive number, & is the wave number and V'is the velocity of travelling wave,

we have:
Q(u ~VU',kU' kU’ V" k®U" k2U",-VkU ) =0, 2)

where U (&)=u(xy,t,---) and Qis a polynomial of Uand it's derivatives with
respectto &.

* Second step
Assume that the traveling wave solution of Equation (2) can be expressed by a

’

polynomial in % as follows:

where a(i=0,12,-,N) and b (i=12-,N) are constants which deter-
mined laterand G=G(&) satisfies the Riccati equation:

G G'Y G’
o) Pl +u o +0, (4)

p, 4 and o arearbitrary constants.
* Third step
Calculate the value of the positive integer N by balancing the highest order
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nonlinear terms with the highest order derivatives appearing in Equation (2).
* Fourth step

The general solution of Equation (4), has five possible solutions as follows:

. 1 1
Asmh(\/Kfj+ Bcosh (\/ng
_u A 2 2 . if u#0,A>0,
2p 2p Acosh(;\/ZafjJrBsinh(;\/Zcfj
. (1 1
—AS|n(\/I§j+Bcos(x/E§j
u A 2 2 . if u20,A<0,
2p  2p Acos(iﬂf)+85in(i«/§§j
G'
G’ > Acos(@§)+85in(\/§§)
\/: , if op>0,u=0,
P —Asin(@g)Jchos(\/;é)
lop)| Asinh(2M§)+ Acosh(2 |crp|§>+B
_ , ifop<0,u=0,
p | Asinh(2,flopl¢) + Acosh(2,/lopl) - B
A .
_M’ if c=0,u=0,p#0.

(5)
where A, Bare constants and A= u* —4po .
* Fifth step

Using Equation (4) to calculate the derivatives then substituting them and

’

Equation (3) into Equation (2) then collecting all terms with same power of o7

and solving the system of algebraic equations by computational software such as
Maple. Finally use Equation (5) with the results obtained to derive the exact so-
lutions of Equation (1).

3. Applications

In this section, we will find exact traveling wave solutions to Phi-4 equation, Jo-
seph-Egri (TRLW) equation and Calogro-Degasperis (CD) equation by applying
the modified (G/G?)-expansion method.

3.1. First Application
Consider the Phi-4 equation in the form:
U, — U, +m?u+cu’® =0, (6)

which has a significant role in the study on the nuclear and particle physics, where
mand care real valued constants. Using the transformation u(x,t)=U (&) where
& =kx —Vt, Equation (6) changed into an ODE equation of the form:

(vz—kz)uumzu +cU®=0. (7)

Balancing the highest order derivative term U” and nonlinear term U® in
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Equation (7), we obtain N =1. The solution of Equation (7) will be in the fol-

U(§)=ao+a1(§—;j+bl(gjl (8)

GZ

lowing form:

a,,8, and b, are constants to be determined later. The derivatives U’ and

U" compute as follows:

G'Y G’ G\ G’
:alp[?J +a1ﬂ(§j—blp+aﬂ—blﬂ(gj —bﬁ[g) O
G'Y G'Y G’
U":Zaipztgj +3a1,up(gj +(%ﬂ2+zaipa)(?}+blﬂp+alﬂ0
G'\* G'Y? G'\*
+(b1,u2+2blap)[?j +3b10,u(?j +2b102(§j .

Now, substituting Equation (8) and Equation (10) in Equation (7) we will get

(10)

!

a polynomial of degree three in (?j , since the polynomial is equal to zero

then each of its coefficients are equal to zero, as follows:

[ET :(2( k*)a,p? +ca1)

(G jz 3(V? K" Jayup -+ 3ca,a; ) =0,
(g_j aiy +2a1p0')+m 31+C(b131 +2a0a1+a1(a0 +2b1a1))
(g_j (V*=k*)(byup + a,uo) + mPa, +c(4blaoa1+a0(ao +2blai))

S+ 2]t e+ 20 ) 288, 20) -0

G2

2
[ij :3(V? —Kk? )b,ou +3cbfa, =0,
=

—j )bla +cb’ =0.
(11)

Solving the above algebraic equations with the assistance of Maple, we obtain
the following results:
Result 1.

12,2 2 _ 9m?2
V:J_r\/— Ku +4k po 2m’ —M, a,=0, b =2soem. (12)

A %= (A)cs

2,2 2 —om?2
V=i\/‘ = +4kApa M a= M g -0, b=-250m. (13)

Result 2.

DOI: 10.4236/jamp.2023.117133 2106 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.117133

M. Al-Harbi et al.

—kz,u2+4k2p0' 2m? my

= A , aO:_(A)cs’ a =2spm, b =0. (14)
_kZ 2 4k2 _2 2
V== el Apa m , %:(Ln)is’ a =-2spm, b =0. (15)

where S= f—i . Substituting (12) and (13) into the solution form (8) and us-

ing (5), we get the following solutions:

Ull(g)_ﬂ_\/‘[Acoshfsam]+Bsmh( gén
2p zp(Bcosh( J+Asmh(\/§§J
U, (&)= u \/_A(Acos[zsamj BS”{J?QZB
7 el el )
R e e

J;(Acos(Jp?g)+ Bsin(\/p_of))
[ omp{ asih(2=pa )+ Acos (247 )-8

Uiel)= ~po (Asinh(2y=po &) + Acosh(2y/=poé) + B
V(€)= f{ACCShEZTE}Bsmh[ng (;n)is
 efoen{ ) ol ]

Uy (£)—- Q(Aco{ﬁ?g}m( = B+(ffés
EECEE
o Vot om(-asin(pa )+ Beos{ )

\/;(Acos(\/p_o-f)+ Bsin(JpT;f))
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\/gamp(;\smh(zm:wAcosh(zJ—Tof)—B)

U,u($)= 2 —pa(Asinh(Z\/%s‘)+Acosh(zm§)+B)
where f:kx_\/__k2ﬂ2+4kAz,DO'—2m2t
U,, (&)= 2som mu
\/_{Acosh[ J+Bsmh[*/§§D ~(A)cs
_H
2p 2p(5cosh( +Asmh(§§J
Uy, (&)= 2som
\/I[Acos[ j Bsn(‘/?ﬂ]
_H
i ZP{ASin(\/:éJ+Bcos(\/?‘§D
Uss (5) = \/C’iam( ASIn(\/p_o-é‘)+ BCOS(\/’D_O-f))

\/;(Acos(\/p_o'é:)+ Bsin(\/p_a(f))
\/jaamp(/\smh(szpAcosh(zﬁﬁ)-B)

Usa (€)= ~po(Asinh(2=pa ) + Acosh(2y—po &) + B)
2som mu
Usi(¢)= Jz(Acosh(@f}Bsmh(EéD (a)cs
izp[scosh[ffJ+As.nh(ng
UNER J_A[Aco{zji;ﬂm G D W)
e , (A IH(J_QZ}BCOS[J?SD
U.a(6)= i

\/;(Acos(\/p_mf)Jr Bsin(\/p_mf))

\/wTaamp(Asinh(ng) + Acosh (2\/—,075) - B)
2J~po (Asinh (2y=po¢)+ Acosh(2y-po &)+ B)

U4,4(§):

DOI: 10.4236/jamp.2023.117133 2108 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.117133

M. Al-Harbi et al.

12,2 2 52
where &= kX+\/ Kop +4kA po —2m t . Now, substituting (14) and (15) into

the solution form (8) and using (5), we get the following solutions:

x/Z{Acosh[
U

mu
U, (&)= 2
51(£) (A)CS+ spm 2
2p| Beosh| ——= |+ Asinh| —=

—A| Acos sin| YA¢
U5,2(5)2M+23pm _i_\/_A[A [ j ° { 2
(A)es 2p Zp(ASIn(\/?g +BCO{ 2A
4 o .
Uss(f):\/;pm\/;(Acos(\/p_afF BSII’I(\/p_o'é‘))
2(—Asin(\/p_a§)+ Bcos(\/p_ag))

\/C’E m(ASlnh(Zm§)+ Acosh(z\/ﬁg)Jr B)
Us (€)= 2( Asinh(2y=po &) + Acosh(2y-po ) -B)

+Bsmh[

x/X(Acosh \/Z‘f}+ Bsinh */ZQZB

U6,1(§):M—28pm _H 2
(a)cs 2p Zp(BCOSh \/_5]+Asmh \65}
M{Acos \/?"Zj—Bsin _;“;J

U6,2(§)=M—28pm _H
(A)cs 2p Zp[Asin[‘/ff}Bcos[\/?gB

0ss(8)= \/;pm\/i(Acos(\/p_aeg)+ BSin(\/p_o'é:))
63ls)= 2(_Asin(\/p_o'§)+ Bcos(Jp?g))

Cpa Po-(Asmh(ZJ—,ofo-ﬁ% ACOSh(Zm§)+B)
U, (&)=
(&)= 2( Asinh(2y=pa &) + Acosh(2y-po ) - B)

2ﬂ2+4k2p0'—2m2t
A

\/Z(Acosh (\g(’j + Bsinh [\gén
Zw +2spm _Zi_
(4)es g 2P{BCOSh(\/§§J+Asinh(\/¥B

where f:kx_\/__k

U7,1(§):
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m
U7'2(§):—#+ 2spm| -4~

(A)cs 2 (A Ny
g ZP[ASIH(ZAg]+ Bcos(zAgD
\/;pm( Acos({poé +Bsnn(Jp?§))
73(5) ( Asm(\/piaéj)—l-BCOS(\/E(f))
C;Gm —pa(Asmh(Z\/—Ta(:)+ Acosh(2y-pa )+ B)
(Asinh(zmé)JrAcosh(zmg)_B)

J_{Acosh(ffj+ Bsinh g
Us,l(ég):M_zspm A

)
(a)es Zp_Zp[Bcosh[\/—éJ+Asmh( éfn
J

Ur.(8)=

\/;Pm( Acos(/poé) +Bsm(\/p7;§))
2(~Asin({po &)+ Beos({po¢))

\/j Pa(Asmh(zmg)JrAcosh(zm%e)JrB)
(Asinh(&/%f% Acosh(z\/%g)_B)

where &= kx+\/ —K*u’ +4kA2,DO'—2m2

Ui (x,t)=U; (&), there are two indices 7 and j, where i represents the num-

Ua,s(

U8,4 (5) =

t . Finally, using the fact that

ber of solutions of the ODE while j represents the number of solutions of the

PDE (As an example of one of the above solutions is shown in Figure 1).
3.2. Second Application
Consider the Joseph-Egri (TRLW) equation in the form:

U, +U, +aouu, +U, =0, (16)

which an important model to describe the spreading wave, where « is a non-
zero constant. Using the transformation U(X,t)=U (&) where &=kx-Vt, Equ-
ation (16) changed into an ODE equation of the form:

(k=V)U"+akUu’+kv2U"=0. (17)
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Figure 1. The solution u,,(xt) of Phi-4 equation with A=1, B=2, k=1, p=10,
0=02, m=1 and c=1.

Balancing the highest order derivative term U” and nonlinear term UU’
in Equation (17), we obtain N =2. The solution of Equation (17) will be in the

following form:

G’ 72 G’ 71 G’ G’ 2
U(&)=b, [gj +b1(§) +a, +a1£gj+a2 (g) (18)
a,,8,,8,,b, and b, are constants to be determined later. Now, substituting
Equation (18) and its derivatives in Equation (17) we will get a polynomial of

degree five in [—2) , since the polynomial is equal to zero then each of its coef-
G

ficients are equal to zero, as follows:

/1 \5
(%] (24KkV?a,p° + 2aka; p) =0,

G'Y
(?j : 2akaa, p + aka, (2a,u+2,p)

+kV?((3(4a,u +2a,p) p+18a,p1) p + 243,p” 1) = 0,

N
[gj :2(k=V)a,p+2akaja,p + aka, (2a,u+a,0) + aka, (a,u + 28,0)

+kv?2 ((Z(aW +2a,0) p+2(4a,u+2a,p) u +12a2po')p)
+kV? ((3(4a2,u +2a,p)p +18a2py)y 4 24a2p20-) 0,

[gjz (k—=V)(2a,u+a,p)+2akba,p+ aka, (2a,u+a,p)
+aka, (ayu +2a,0) + aka, (-bpo +8,0)
+kv? ((( p+23,0) p+(4a,u+2a,p) )p)
+kV2((2 ayu+28,0) p+2(4a,u+23,p) u+12a,p0 ) i )
(

+kV?((3(4a,u+2a,p) p +18a,01) ) =0,
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N
[?j ((k=V)(au+2a,0)+2akb,a,p+akb (2a,u+a,p)

+akay (a4 + 28,0) + arka, (~byp +2,0) + aka, (b~ 2b,p)
+kv? (((aly +28,0) p+(4a,u+ 2a1p)0')y)

+kV? ((Z(al,u+2a20)p+2(4a2y+2a1p)y+12a2p0)a) =0,

(&) )20kt a gk (- 2.0
+akay (b +2,0) +aka, (~bu—2b,p)+aka, (~2b,u~bo)
+kV? ((—(4b,u+ 200) p— (o, + 20, p) 1) p)
((

+kV? (((au+22,0) u+(4a,u+2a,p) o) o) =0,

[gj (K=V)(-byr—2b, p) + kb, (3, + 22,0) + kb (-byp + 8,0)
+akay (—by i —2b,p) + aka, (—2b,u —bo) - 2aka,b,o
+kV? (120,00 - 2(4b,u+ 2b0) = 2(byu + 20, p) ) p)
(-

+kV 2 ((—(4b,u+2b,0) p = (b +2b,0) 1) 1) =0,

(%j - (K=V)(-byga =20, p) + kb, (aye+ 22,0) + kb (~b,p+ 8,0)
+aka (-

by —2b, p)+ aka, (-2b,u —b0) - 2aka,b,o
12b,0p —2(4b, 1+ 2bo) u—2(b 1+ 2b,p) o ) )
(4b, 1+ 20,0) p = (bypz+ 20, p) 1) 1) = 0,

+kv? ((
+kV2((

,\-3
[%J :=2(k =V )b,o +akb, (—b 11— 2b, p) + akby (—2b, 1 — b0 ) - 2akasb,o

+KkV?(~24b,0% p+ (~18b,0 —3(4b,u + 20,0) 0 ) )
+kV 2 ((~12b,0p —2(4b,u +2b,0) = 2(by + 2b,p) o) o) =,
G'Y*
[?J L akb, (—2b,u—b,o) - 2akbb,o
+kV? (=24b,0° pu+ (~18b,01 ~3(4b, 1+ 2b,0) 0 ) ) =,
G')"
(_Zj :—24KV *b,c* — 2akbjo =0.
G

Solving the above algebraic equations with the assistance of Maple, we obtain
the following results:

Result 1.
V2K’ +s 12v? 12V 2 p?
g =P g o TP g 2N P -0,b,=0. (19)
ak a a
Result 2.
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12V2 uo

__Vzky2 +3S
ak

2 2
,a,=0,a,=0b=— WV ()

where s=8V’kpo -V +k. Substituting (19) into the solution form (18) and

ey

yb2:_

using (5), we get the following solutions:
g 8 g

12V 2pp| -2 -
i 2 Zp[BCOSh£f§]+Asmh(\F§D
U1,1(§)=—V k5k+s_ :
\/—(Acosh(\c ]+Bsmh[*/_§J]
12v7pt| -
2,0[Bcosh(\/§ J+Asmh(\/7§D
\/_{ACOS[\/?EEJ—Byn(\/—?D
12V2pp —Zﬁ_
2y, 2 Zp(Asm[\/?eg] BCOS(\/_AQZJJ
Ul,z(ff):—v k;‘k+s_ :
M[Aco{m]—Bsin{@D
1V 2 _A
ZP{A[meB(WN
u (5)_1_12V2p0"(ACOS(\/5§)+Bsin(ﬁé))z
13 ok a(_Asin(\/G_pé:)"‘ BCOS(\/Eé))Z
U.($)= s 2 pa(Asmh(sz)+ Acosh(Z\/—f)+ B)

J (Asmh(z\/:g)JrAcosh(Z\/:g) )
k-V  12Vv?A°
ok a(AZ+B)

U1,5 (f) =

Now, substituting (20) into the solution form (18) and using (5), we get the
following solutions:

Uz,l (5) =

12V 252
J_[Acosh(ng+ Bsmh(fﬂ]
H
2 2p£Bcosh[\/7§J+ Asmh[\/_‘fn
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12V 2 uo Vzky2+s

J—(Acosh[\/—(’j+ Bsinh HJ] o

N

al = * _
2 Zp[Bcosh(\/—‘fj+Asinh{\/§§]
U,y (&)= 12Vis?
\/E[ACOS[\/?éJ Bsm[ ZAéJj
_H
2 2p(Asin(€§]+Bcos \/?C’ED
12V 2o _Vzku2+s
H[Acos[\/?éj—Bsin[ﬂén ok
_H
2 Zp{Asin[\/?(’aj+ Bcos[ ]J
0,.(8)- 12V O'p( Asm(ﬁé%Bcos(ﬁf)) s
” (Acos(\/a_cf)Jr Bsm(\/a—f)) ak
Uu(g):12V20p(Asinh(2\/$§)+Acosh(zmg)—B)z s

a(Asinh(ZJ—ap§)+ Acosh(24—ap§)+ B)2 ok
Finally, using the fact that U (x.t) =U;; (£) (As an example of one of the

above solutions is shown in Figure 2).

H.
10
5\&

5

t 0 0

Figure 2. The solution U, (X,t) of TRLW equation with A=1, B=2, k=1, V=1

e 2]

[o)}

IS

N

and a=-1.

3.3. Third Application

Consider the Calogro-Degasperis (CD) equation in the form:
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Uy, —4u,U,, —2u,U,, +U 0, (21)

Xxxy —

which arises in fluid mechanics, solid state physics and plasma physics. Using

the transformation u (X, y,t) =U (f) where &= k(X +y —Vt) , Equation (21)
changed into an ODE equation of the form:

-VU"-4kUU"-2kUU" +kU"" =0. (22)

Balancing the highest order derivative term U"” and nonlinear term UU"

in Equation (22), we obtain N =1. The solution of Equation (22) will be in the

following form:
G’ G')"
U(f):ao+a1(?j+b1(§j (23)
a,,8 and b, are constants to be determined later. Now, substituting Equation
(23) and its derivatives in Equation (22) we will get a polynomial of degree five
in [—Zj , since the polynomial is equal to zero then each of its coefficients are
G

equal to zero, as follows:

NG
(%) :24a,p°k* 128 p°k =0,

G
(?j :60a, 1 p°k?* —30a’ up’k =0,

AN
(%} 1—6(2(-byp+ a,0)ap’ + 38l p+ ap(aus’ +2a,p0) K
—2a,pV + ((Z(al,u2 + 2a1pcr)p +12a 1% p +12a1p20')p

+36a,u2p” + 24a1p30')k2 =0,
SN2
(G—) :—6(-2bua,p° +3(-bp+a0)aup+au(au’ +2a,00)
+a,p(byup +auc))k+ (((aiﬂ2 +28,p0 )+ 63,40 ) p
+ (2(a1y2 + Za.lpG)p +12a 4% p +12a1p20'),u + 36a1yp20) k?
—3a,upV =0,
N
(G—j 1-6(-2boap’ ~3utap+(-bp+ao)(au’ +2a,00)
+au(byup + a,uo) + a,p(byus’ + 2b,0p) Jk -+ (((61/12 +2a,p0 ) 1

+6a,up0 ) 11+ (2(a1u2 + 2a1p0)p +12a,%p +12a1p20)0) k?

~(au’ +2a,p0)V =0,

(%) : 6(‘b1ﬂ (s’ +2a,p0)+(~bp+a,0)(bup +a uo)
+ ai,u(bl,u2 + 2blap))k + ((Gbla,up - (—bl,u2 - 2bpp),u)p

+ ((aluz +2a,p0) 11+ Gaiupd)d) k? —(byup + 2o )V =0,
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(&) -6 (aun + 22,00) bl s o) + (o 4 20) s

GZ
+2b,0op)+3a,4°b o + 23, pb o’ ) K+ ((12b102p +12b0u°
~2(~byu* ~2b0p) ) p+ (Bb,0mp — (~bps” - 2bpp)u)#) k?
~(by® + 2bop)V =0,

[%J :—6(—byo (byup+ o) —byu (b + 2b,0p) +3(-byp + 8,0 ) o

+2a,ub o’ ) K+ (36b10'2,up + (12b10“2p +12b o’
~2(~byus® ~ 2b,0p) o)+ (Bbyom4p — (~bips” - 2b10p)u)0) k®
—-3bouV =0,

(%} :—6(—bla(bly2 +2b,0p) 30 4o +2(-bp+a,0)bo’ ) k
+ (24b10'3p +36b,c” 1 + (12b162p +12b,o 11
- 2(—b1,u2 - 2b10'p)0')0')k2 -2bo?V =0,

(((33_2/)“‘ :60b,0° 1k +30b7c? uk =0,

/-5
(g—j 24,5k +12626°k =0. (24)

2

Solving the above algebraic equations with the assistance of Maple, we obtain
the following results:
Result 1.

V=k2,u2—4k2p0', a, =48y, 3 =2kp, b =0, (25)
Result 2.
V =k*u’ -4k*po, a, =a,, a =0, b =—2ko. (26)

Substituting (25) into the solution form (23) and using (5), we get the follow-

U, (&)=2kp| -£ _I(ACOSh[I§J+Bs.nh(xﬁ§JJ

2P Zp{Bcosh[\/—éJ+ Asmh( J

)
—~( ncos/ VA sin
U, (&)=2kp ;:Jij[(:sm(g_i‘?sios[ ?}]

zkp((Acos<Jp_o§)+ BS|n(\/p_G§))
Uis($)= _Asm(\/p_df)*' Bcos(\/pT:ff)

ing solutions:

+a,, o,p>0
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2k —pa(Asinh(zJ—,Tag)+ Acosh(2y-po )+ B)

Ui, =
4(%) Asinh(z /—pa§)+ Acosh(z /_p_c,g)_ 5 +a,
2kA
Ups(£)= AC+B 3,

Now, substituting (26) into the solution form (23) and using (5), we get the
following solutions:

Un, (€)= ﬂ J_[Acosh[ 25} Bs.nh[ gfnw
T (Bh(f‘fj w5
Al ]

& el Tl )

2ko(~Asin(por&) + Beos(ypor£))

U2,3(§)=_ +a,, o,p>0

\/i(ACOS(\/pidf)-i- Bsin(\/p_oé))
2kap(Asinh(2\/—,Ta§)+ Acosh(2(=po &) - B)

Uz,A(f): +8

\/—pTO'(Asinh(Z\/—pTomf:)+ Acosh(2J—pTa§)+ B)

Finally, using the fact that Ui ; (X, y,t) = Ui’j (5) , where
E= k(x+ y—(kzy2 —4k2)t) (As an example of one of the above solutions is

shown in Figure 3).

10 -10 Y

X

Figure 3. The solution U, (X,y) of CD equation with A=1, B=1, k=1,and a,=1.
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4. Conclusion and Future Work

A modified (G7G*)-expansion method has been proposed in this paper to obtain
exact traveling wave solutions to the Phi-4 equation, the Joseph-Egri (TRLW)
equation, and the Calogro-Degasperis (CD) equation. All solutions obtained to
these equations have been verified by substitution into the original equation.
With the help of the symbolic computation software Maple, this method is easy
to implement and powerful. For future work, we will try to modify the auxiliary

equation in order to get different new solutions.
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