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Abstract

Einstein’s energy-momentum relationship, which holds in an isolated system
in free space, contains two formulas for relativistic kinetic energy. Einstein’s
relationship is not applicable in a hydrogen atom, where potential energy is
present. However, a relationship similar to that can be derived. That derived
relationship also contains two formulas, for the relativistic kinetic energy of
an electron in a hydrogen atom. Furthermore, it is possible to derive a third
formula for the relativistic kinetic energy of an electron from that relation-
ship. Next, the paper looks at the fact that the electron has a wave nature. Five
more formulas can be derived based on considerations relating to the phase
velocity and group velocity of the electron. This paper presents eight formulas
for the relativistic kinetic energy of an electron in a hydrogen atom.

Keywords
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1. Introduction

In classical mechanics, the kinetic energy Ky of a body with mass m is given by

the following formula.

1

2

K mv2.

cl

(1

Here, the subscript “cl” of K indicates that this is the formula for classical
mechanics.

Classical mechanics does not take into account the special theory of relativity
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(STR), and thus there is no need to distinguish between rest mass and relativistic
mass.
However, in Einstein’s STR, the two types of mass must be distinguished.
According to the STR, the following relation holds between the energy and

momentum of a body moving in free space [1].
(mc2 )2 = (mocz)2 +c2pl. (2)

Here, m,c? is the rest mass energy of the body. And mc’ is the relativistic
energy.
In the STR, there is the following relationship between rest mass 122, and rela-

tivistic mass m.
,1/2
m=my(1-5°)"", B=v/c. 3)

When fis extremely small, Equation (3) can be expanded as a power series in

p, as indicated below.
12 1 3
m=m,(1-4%) " =m,|1+=L°+=p*+--- |. 4
o (1-4) ( Pk j (4)

It is known that, if a body is moving at low velocity, Equation (4) can be ap-

proximated at high precision using the first two terms. Thus,
mcz~mcz(1+lﬁzj—m 02+1m v? (5)
~ My 5 =M, 5 MoV

The second term on the right side of Equation (5) is the kinetic energy in
Newtonian mechanics.

Now, how is the relativistic kinetic energy of a body defined in the STR?

Einstein and Sommerfeld defined the relativistic kinetic energy K, as fol-
lows [2].

K, =mc?—myc’. (6)

The “re” subscript of K, stands for “relativistic.”

If the relativistic kinetic energy of a body is defined with Equation (6), then it
is possible to derive yet another formula for K, . That formula is found as fol-
lows [3].

Now, Equation (2) is rewritten as follows.
2 2
(me?)” = mgc? +(m%c* —mgc) = (myc®)” +c?p’. ?)

Comparing Equations (6) and (7), the relativistic momentum p,, can be de-

fined as follows.
p2 =m*c’ —mic’. (8)
Hence,

pz = (m+my)(me? —myc?). (9)

The following relation holds due to Equations (6) and (9).
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2
_ P

= . (10)
m+m,

re

Based on the above discussion, it was found that the relativistic kinetic energy

of a body moving in isolated systems in free space can be described with Equa-
tions (6) and (10).

2. The Relativistic Kinetic Energy of an Electron in a
Hydrogen Atom, Part 1

The author has previously derived a number of formulas for the relativistic ki-
netic energy of an electron in a hydrogen atom. This paper brings all of those
formulas together. First, Section 2 derives a formula for the relativistic kinetic
energy of an electron in a hydrogen atom by referring to Equations (6) and (10).

An energy-momentum relationship applicable to the electron in a hydrogen
atom has already been derived in a previous paper [4] [5].

Naturally, this relationship should be derived mathematically. However, we
can also predict this relationship based on simple considerations.

Now, consider the case where an electron at rest in an isolated system in free
space is attracted by the electrostatic attraction of the proton (hydrogen atom
nucleus), and forms a hydrogen atom.

The electron at rest has a rest mass energy of m,c?. When this electron is
taken into the region of the hydrogen atom, it acquires an amount of kinetic
energy K equivalent to the emitted photon.

Now, the following relationship holds if the energy of a photon emitted from

an electron is taken to be Av.
hv =K . (11)

re

If an electron at rest in free space acquires kinetic energy by emitting a photon,
then an energy source is needed for that energy. Normally, we believe that the
energies Av and K. are supplied by the electron reducing its potential energy.
However, although potential energy has a name, it has no real substance. The
only energy of an electron at rest in an isolated system in free space is rest mass
energy. Thus, the author had the idea that the reduction in rest mass energy of
the electron corresponds to potential energy [6] [7]. Here, if we represent the
reduction in rest mass energy of the electron as —Am.c”, then the potential

energy can be defined as follows.
V (r)=-Am,c?. (12)
Also, if the law of energy conservation is taken into account, then the follow-
ing relationship holds.
-Am,c® +hv + K, =0. (13)

Next, the relativistic energy of an electron in a hydrogen atom, m,c’, is de-

fined as follows.

m,c? =m,c® —hv =m,c? +V (r,)+ K n=12,- (14)

re,n?
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Here, nis the principal quantum number.
The relativistic energy of an electron in a hydrogen atom becomes smaller

than the rest mass energy. That is,
m,c® < m,c>. (15)

The behavior of an electron inside an atom, where there is potential energy,
cannot be described with the relationship of Einstein Equation (2).
Now, referring to Equation (6), it is natural to define the relativistic kinetic

energy of an electron in a hydrogen atom as follows [8].
Kre,n = _Ere,n = meC2 - mncz' (16)

Also, this paper defines E_ as the relativistic energy levels of the hydrogen
atom.

However, the term “relativistic” used here does not mean based on the STR. It
means that the expression takes into account the fact that the mass of the elec-
tron varies due to velocity. According to the STR, the electron’s mass increases
when its velocity increases. However, inside the hydrogen atom, the mass of the
electron decreases when the velocity of the electron increases.

Next, the relativistic kinetic energy of an electron in a hydrogen atom is de-

fined as follows by referring to Equation (10).

2
_ Pren

- me +mn ’ pre,n = mnvn' (17)

re,n

In this way, two formulas have been obtained for the relativistic kinetic energy
of the electron in a hydrogen atom (Equations (16), and (17)).
The following equation can be derived from Equations (16) and (17).

pZ
m,c® —m,c* = —""—, (18)
m, +m,

Rearranging this, the following relationship can be derived.
(mnc2 )2 +cp2, = (mecz)z. (19)
Equation (19) is the energy-momentum relationship applicable to the electron

in a hydrogen atom.

In the past, Dirac derived the following negative solution from Equation (2).

2

2 \¥2
E =+mc® = +m,c’ (1—\/—] . (20)
c

If the same logic is applied to Equation (19), then the following formula can
be derived.

2 \¥2
2 2 v
E=+mc" =+m.c (l+—’;J . (21)

However, Equation (21) does not incorporate the discontinuity peculiar to the

micro world. Therefore, Equation (21) must be rewritten into a relationship
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where energy is discontinuous.
The author has previously derived the following relationship as a new quan-

tum condition to replace the quantum condition of Bohr [9].

vV, «
Ry (22)
c n
Here, « is the following fine-structure constant.

e2

a= .
4meg he

(23)

Using the relation in Equation (22), Equation (21) can be written as follows.

AN
+m, c? = +m,c? [1+ _ZJ (24a)
n
nz ¥
=+mc? : (24b)
)
Hence,
m nz2 V2
L — (25)
m, (n*+a

The relativistic kinetic energy of the electron can be expressed as follows.

Kien = —Epn =m,c* —m,c? (26a)

ren

2 \¥2
= m,c? [1_(#20:2} ] (26b)

3. A New Quantum Condition More Useful Than Bohr’s
Quantum Condition, Equation (22)

It was possible to derive Bohr’s quantum condition from Equation (22).

The energy levels of a hydrogen atom derived by Bohr, and its relativistic
energy levels, can also be derived from Equation (22).

In 1913, Bohr derived the following formulas for the energy levels of a hydro-

gen atom, and the orbital radius of the electron orbiting inside the atom [10].

1( 1 2 me* 1 a?m.c?
= —— € — = € , n=1,2,..._ 27
BO,n 2(‘“‘%) 2 on? (27)
K )
Mo :471:50W.n , n=12,--- (28)

e

The subscript “BO” signifies a physical quantity predicted by Bohr.
When deriving Equations (27) and (28), Bohr assumed the following quantum

condition.

m.V, - 2mly, , = 21N (29)

First, both sides of Equation (22) are multiplied by m, - 2xr,.
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m,Car

.27, (30)

myv, -2nr, = n

Next, if Equation (23) is substituted for a and Equation (28) is substituted for
r,on the right side of Equation (30), we obtain the following.

2 2
mevn-ann:meC[ ¢ jZn-4ngo W2~ omnn (31)

n | 4neyhc m,e’

e

With this, it was possible to derive Bohr’s quantum condition (29) from Equa-
tion (22).
Next, Equation (27) is derived from Equation (22).
When both sides of Equation (22) are squared, and then multiplied by m, /2,
1mVv: 1ma’
2 2

(32)

Hence,

n

E = —%mevn2 = (33)

If Equation (22) is taken as a departure point, the energy levels of the hydro-
gen atom derived by Bohr can be derived immediately. However, from a relati-
vistic perspective, (1/2)m,V is an approximation of the kinetic energy of the
electron. Therefore, the energy in Equation (33) is also an approximation of the
true value.

Next, the relativistic energy levels of a hydrogen atom are derived from Equa-
tion (22).

First, if both sides of Equation (22) are squared, and multiplied by

mZ /(m, +m, ),

2 2 2 2
m V a m
7= (34)
m,+m, ¢ n® m +m,

n n

From this, the relativistic energy of the hydrogen atom E_ is,

2,,2 2.2 2

mv, a’c® m

N et (35)
m, +m, n° m,+m,

E =-

re,n

If the relationship in Equation (24) is used here,
_akc? [ n? 1

2
=— m: - .
re,n 2 n2+a2j e n?2 12
m,|1+| — 5
n“+a

n
Next, the following formula is multiplied with the numerator and denomina-

(36)

tor,

When this is done,
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2 2 2 2 \¥2 2 \1
Eop=—2 [2” 2}[1—[ . ZJ -1 (37a)
' n n"+o n" +o n"+o
2, 2 2 2 \¥2 2, 2
_a'me’( n n |[nira (37b)
n® (n"+a® )|\ n°+a® ol
2 n’ u
=m,C [nz s ] - (37¢)
a? e
= I'T]eC2 [14——2} -1 (37d)
n

This enables derivation of Equation (26b) from Equation (22).

When the part of Equation (37d) in parentheses is expressed as a Taylor ex-

pansion,
Kyop =—Epp ~M,C? {1—(1—%+§%—%ﬂ ~ “szngcz . (38)
Here, based on Equation (22),
a’ = vir;z . (39)
If & in Equation (39) is substituted for Equation (38),
Eren = —rgeTC;. vir;z = —%mevﬁ = Ego,p- (40)

This shows that Equation (27) for the energy levels of the hydrogen atom de-
rived by Bohr is an approximation of Equation (37d).
Only Eg,, can be derived from Bohr’s quantum condition Equation (29). In

contrast, Eg,, and E_, can be derived from the new quantum condition Equ-

re,n
ation (22). Equation (22) is superior to Equation (29).

Incidentally, in Equation (27) for the energy levels of the hydrogen atom de-
rived by Bohr, the energy of an electron at rest infinitely far from the proton was
regarded as zero (Figure 1).

The rest mass energy of the electron is not taken into account in Bohr’s theory.
Thus, the author derived a Equation (37) for the energy levels of the hydrogen

atom, taking into account the rest mass energy of the electron [11] (Figure 2).

4. r Corresponding to the Relativistic Energy Levels of an
Electron in a Hydrogen Atom

There are still other formulas besides Equation (26) for the relativistic kinetic

energy of an electron in a hydrogen atom. Those still unknown formulas will be

derived in Section 6, and Sections 4 and 5 are preparation leading up to that.
Now, the total mechanical energy of the hydrogen atom is given by the fol-

lowing formula.
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Ego
A
2
aghn electron
: >
o0
a’mc’
EBO n 2n2
Ego., Y.

Figure 1. In Bohr’s theory, the energy when the elec-
tron is at rest at a position infinitely distant from the
proton (atomic nucleus) is defined to be zero.

Eab
A
2 7, electron
mec re,n ; r
e8]
- L.
E,,=mc R 1
(7 +a?)
mc*+E,,
2
m,c

Figure 2. According to the STR, the energy of an elec-
tron at rest at a position where r=o is mc’. E

re,n

is given by the difference between mc® and m.c?.

. 2 2
Thatis, mc”-E,, =mc".

Efeyn = Kfe,n +V (rn) = _Kre,n' (41)
Also, if the formula for potential energy is used, then E_  can be written as
follows.
1 11 ¢ 1 r, r,/2
Een =2V ()= —=--mc’*=-mc’ / . (42)
2 24mg, 1, 2 r, r,

From Equation (42), m,c? is:

r,/2 r—r/2
m,c’ =m,c® +E,, =m,.’ —mGCZL er/ J: m,c’ (—” i/ j (43)

r

n n

The following equation holds due to Equations (24b) and (43).

2 2
n :(rn—re/ZJ . )

n® + o’ r,
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From this, the following quadratic equation is obtained.

2 2 2 2 2
2 n" +o n"+a |,
r, —[ = Jrern +[ " j7=o. (45)
If this equation is solved for r,,
-1)2
LT n? a?
rn :Ee[l"r ?j 1i(1+ n—zj . (46)

Next, if the electron orbital radii corresponding to the energy levels in Equa-

tion (21) are taken to be, respectively, r;  and I,

r (n2+a2)1/2

Mon = —————— (47)
2 (n2 +a2)1/ -n
r (nz +C{2 )J/Z
P TR (48)
2 (n2 +a2) +n
Also, Equations (47) and (48) can be written as follows [12].
I n
len = |1+ ————7— | (49)
2 (n2 +a2)y -n
r n
on =— | l-———0— |- (50)
2 (n2 +a? )]/ +n

Here, the subscript “re” is attached to rfor consistency with E .
The next compares the orbital radii of an electron in a hydrogen atom r;  and
the orbital radii of an electron with a negative mass r_ .

The following ratio is obtained from Equations (47) and (48).

r‘f—'”=—(n2+a2)i:_n- (51)
r-re,n (n2+a2) +n

In this paper, r;  is called the orbital radius, as is customary. However, a
picture of the motion of the electron cannot be drawn, even if that motion is
discussed at the level of classical quantum theory. The electron in a hydrogen
atom is not in orbital motion around the atomic nucleus. The domain of the or-
dinary hydrogen atom that we all know starts from r=r,/2 (mnc2 = O) .

With the aid of quantum mechanics, I, and I, can be regarded as the
locations (positions) where presence of the electron has maximum probability.

The negative solutions for £ and r have been discussed in another paper [5].
Therefore, that problem is not considered in this paper.

Incidentally, the following equation holds due to Equations (42) and (26a).

1 1 e
£ m,c? —m,c?. (52)

2 4mey 1y,
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Finding r,, from Equation (52),

kM (53)
2 m,—m,

re,n

Next, if we calculate the denominator of Equation (53),

m, 1 (nz + 0!2 )1/2
= 1 = T (54)
m, —m, 1— — (n2+a2) -Nn
(1— a’ / n? )
Also, the following relationship holds due to Equations (25) and (44).
1/2 +

m 2 fen — 1 2
—= [ 2 ’ 2 ) == / : (55)
m, n"+a rre,n

Here, we rewrite Equation (19) using previously obtained formulas. First, Eq-

uation (22) has the following physical meaning.

Vo, MV, Pen «

n = ==, (56)
c mc mc n
Next, Equation (25) can be written as follows.
m,c e )
== - (57)
mc \n’+a
Thus,
pre,n _ pre,n _mnc
mc mc mgc
af nt Y
=— (58)
n (nz +a’ J
2
n’+a?)
Using Equation (58), cp,, is,
ot \*
c =c-mc . (59)
pre,n e (nz ¥ 0!2 J

Finally, Equation (19) can be written as follows using Equations (25) and (59).

272 2P
2 n’ ! 2 o ¥ 2)?
me’| —— et ime| ——; =(m.c?)". (60)

5. The Relationship between Phase Velocity and Group
Velocity of an Electron Wave in a Hydrogen Atom

In parts of Sections 5 and Section 6, the points needed for discussion in this pa-
per are quoted from Ref. [13].
According to Maxwell’s electromagnetism, the following relationship holds

between the momentum p and energy E of light.
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E =cp. (61)

If a photon as a single particle is assumed to have a frequency v, Einstein con-

cluded it has the following energy.
E=hv. (62)
Here, A is the Planck constant. Also Equation (62) can be written as follows
using the angular frequency .

E=lo, h:l. (63)
T

o is defined as follows.
w=2nv. (64)

The following equation can be derived from Equations (61) and (62).

14

p

Also, the wavenumber x is defined as follows.

A
K=—. 66
o (66)
de Broglie applied Equation (65) to matter, in classical physics, the following
relation holds between momentum p and kinetic energy K.
2

K, = 1mv2 - (67)
2 2m
Here, if Equations (63), (65), and (66) are used,
2 2 222 222
2m 2mA° 2m A 2m
Therefore,
hk?
w=—":. 69
om (69)
The phase velocity V. and group velocity Vv, of a material wave are
defined as follows (in the following, these may be abbreviated as v,,,v,.)
@ do
Vphase 2?’ group — W (70)
In light of the above, the phase velocity of the wave is as follows.
=0 fk_ P _V (71)
k 2m 2m 2
Also, the group velocity of the wave is as follows.
v :d—a):ﬁzﬁzv. (72)

 dk 2m m

6. The Relativistic Kinetic Energy of an Electron in a
Hydrogen Atom, Part 2

The electron’s phase velocity Vv, , is given by the following formula.
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Von = AV, (73)

Here, v, is the phase velocity of the electron wave when the principal

p.n
quantum number is in the n state. Also, A, and v, are the wavelength and
frequency of the electron wave.

Equation (73) can be written as follows using the relationship of Equations (62)

and (65) (velocity and frequency are easily confused, so caution is necessary).

Vpn :ﬂ'nvn:LKn = <
' h

Py

L5 (74)
Pn

Due to the above, the formula for the relativistic kinetic energy of the electron
corresponding to Equation (61) is as follows.

Kre,n = _Ere,n = Vp,n pre,n' (75)
K = Ere,n = m V V (76)

ren ng,n“pn-

The energy of a photon is found as the product of the photon’s momentum
and the speed of light. The kinetic energy of an electron, in contrast, is deter-
mined by the product of the electron’s momentum and its phase velocity.

Here, the phase velocity of the electron wave is derived with two methods by

appropriately combining those formulas.

First,
K mv:, 1 m
Vp,n __ren _ n-gn — n Vg,n' (77)
pre,n me + mn mnvg,n me + mn
The following relation is used here.
o\
m, =m, [1+ —2] . (78)
n

When that is done, Equation (77) can be written as follows.

m
V. =

pn 2 \V2 Vo,
a
m, (1+an +1

n

n

(79)
- 2 gn’
(n*+a? )]/ +n
Next, the following equation obtained from Equation (22) is used.
ac
Vg,n = 7 (80)
Then,
nc 2V’
v =—||1+—| -1|. (81)
ol
Equation (81) can also be written as follows.
c V2
Vo =—[(n2 +a2) —n:|. (82)
a
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In the second method, the phase velocity is defined as follows.

2 —
. Mm_mj) (83)
' 2_ 2
c(mZ -m?)
Rearranging this equation,
c(m, —m, )ﬂ2 (m,—m, )]/2
n
" (m,-m, )]/2 (m, +m, )]/2 (84)
Y2
=c me - mn
m, +m,
Rearranging further,
- Y2 -1/2
v =c¢|lm _L m,
T (eam)t | | (/)"
_ (85)
2, 2\? V2
(n +a ) -N
(n2 + az) +n

The following formula can be derived from Equations, (51) and (85).

i\
Vo = c[ ’i‘”J . (86)
rre,n

Next, let us consider the kinetic energy of the electron.
First, from Equations (75) and (84),

12
m,—m
Kre,n :VP,n pre,n = Cpre,n [m: + m: ] * (87)
Next, from Equations (75) and (85),
2 /2
n® +a? )]/ -n
Kre,n = Cpre,n W . (88)
(n ta ) +n

Also, from Equations (75) and (86),

i\
Kre,n =CPren {%] : (89)

re,n

Finally, we confirm the relationship between v, and v_,.
First, from Equation (77),
v m
Pl . (90)
Vgn M +m,
Next, from Equation (79),
\ n
Bl = —a (91)
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Thus,

<

po (92)

~

<
[

ag,n
Equation (92) does not perfectly match the value obtained from Equations (71)
and (72). This topic will be left to the future.

7. Conclusions

The author first defined the following two formulas for the relativistic kinetic

energy of an electron in a hydrogen atom.

Kre,n = mec2 - mnCZ. (93)
p2
ren m, _r::nn 1 Pren = MyVy- (94)

Equation (19), the energy-momentum relationship for an electron in a hy-
drogen atom, was derived from Equations (93) and (94). Then the following

formula was derived by applying Equation (22) to Equation (19).

2\¥2
Kyon = —Eyp = Mm,C? [1—(1#;‘—2) ] (95)

The author used the relationship in Equation (22) when deriving Equation
(96). However, the following relationship is naturally regarded as more impor-
tant than Equation (22) [14].

h :Z. (96)

mc n
In Section 6, the following formula was derived for the relativistic kinetic

energy of an electron in a hydrogen atom.
Kien =V Pron- (97)

re,n

In Maxwell’s theory, on the other hand, the energy of light is given by the fol-
lowing formula.
E =cp. (98)

Equations (97) and (98) are extremely similar formulas. They can be regarded
as formulas for the energies of particles and waves. The phase velocity of an
electron wave is likely an important physical quantity on a par with the speed of
light.

Also, Equation (97) can be described as follows.

Kien =MV, vV (99)

n-g,npn*

If the velocity of an applicable particle is low, then m, =m, so taking Equa-

tion (92) into account,

1 1
K. =mv v ~=mv:~=mv’=K

re,n nYg,n¥p,n 2 n'n 2 e'n chn*

(100)

The formula for the classical kinetic energy of an electron holds because Equ-
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ation (99) holds.
The following summarizes the formulas, including the phase velocity of the
electron.
First, from Equations (75) and (84),
m,—m v
Kre,n = Vp,n pre,n = Cpre,n (#J . (101)
m, +m,
Next, from Equations (75) and (85),
2 y2
n’ +a? )]/ -n
Kien = CPren T (102)
n" +oa ) +nNn

Also, from Equations (75) and (86),

r. V2
Kre,n=Cpre,n(%J : (103)

re,n

Finally, the table below summarizes the formulas for the kinetic energy of an

electron in a hydrogen atom derived by classical mechanics, the STR, and the

author.
Classical mechanics STR This paper
K =M,c’ —m,c?
_ b,
om,+m,
12
nZ
2
Kre.n :mec [1_[n2+a2] }
1
Ka= Emvz K, =mc? —mc? Kien =Yoo P
K _ p72 K 7 prze Kre,n = mnvg,nvp,n
o= T y2
2m m+m, m, —m,
Kre,n = Cpre.n me + mn
1/2
(n*+a’ )]/2 -n
Kre.n = Cpre,n T, N2
(n*+a®)" +n
BT
r
Kre‘n = cpre‘n [ fi.n J
IFre,n
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