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Abstract

In this paper, we study the fifth-order Camassa-Holm equation with weakly
dissipative term. We first give the local well-posedness result and the blow up
criterion. Then, we establish sufficient conditions to guarantee that the solu-
tion exists globally in time. Finally, the infinite propagation speed of this equ-
ation is also investigated.
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1. Introduction

http://creativecommons.org/licenses/by/4.0/ Tn 1993, Camassa and Holm [1] derived an integrable shallow water equation

(ORORY o s

taking the form as

U, — U, +3uu, =2u,u,, +u,u,., (1.1)

where U(X,t) denotes the height of the water above the flat bottom. Equation

X

(1.1) describes wave motion in shallow water regime. Due to its mathematical
importance and wide applications in physics, such equation has been intensively
studied in the past decades and many interesting results have been obtained.
Local well-posedness for the initial datum in H® with s>3/2 was proved in
[2] [3]. The blow-up phenomenon was studied in [2]-[7]. McKean [7] (see also
[6] for a simple proof) proved that the Camassa-Holm equation breaks if and
only if some portion of the positive part of Y, lies to the left of some portion of
its negative part, here Yy, :(1—6§)u0. The hierarchy properties and algebro-

geometric solutions of the Camassa-Holm equation were proposed in [8]. Global
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weak solution was studied in [9] [10] [11].
Later, researchers are concerned with the Camassa-Holm equation with weakly

dissipative term

Y, +uy, +2u y+ 1y =0, y:(l—ai)u. (1.2)

Wu and Yin proved in [12] [13] that the solution of (1.2) decays to zero as time
goes to infinity if the initial momentum density Yy, does not change its sign.
Unlike the Camassa-Holm equation, there are no traveling wave solutions of (1.2)
(see [12]). Global existence and blow-up phenomena were studied in [12]-[17].

In recent years, the following fifth-order Camassa-Holm equation was studied
by Liu and Qiao [18]:

y, +uy, +bu y=0, y= (1—a28§)(1—ﬂ26§)u, aff #0, (1.3)

where b,a, are real constants. In [18], the authors studied peakon solutions
including single pseudo-peakons, two-peakons and three-peakons interactional
solutions of (1.3). In [19], Tang and Liu proved that the Cauchy problem of this
equation is locally well-posed in the critical Besov space 827{12 orin B  with
1< p,r<+4omo, s> maX{3+]/p,7/2} when a=pf=1. Zhu, Cao, Jiang and
Qiao [20] studied the global existence of the solution of (1.3) with a# f#0.
For more mathematical studies of (1.3), we refer to [21] [22] [23] [24] [25].

So far, there have been many researches on Camassa-Holm equation. Howev-
er, the results on the fifth-order Camassa-Holm equation are few. In this paper,
we consider the Cauchy problem of the fifth-order Camassa-Holm equation with

weakly dissipative term

y, +uy, +bu,y+1y=0, t>0,xeR, (1.4)
y=(1-a%8})(1-p?0})u, t>0,xeR, (1.5)
u(x,0)=uy(x), (1.6)

where beR isaconstantand @, €R are two parameters satisfying aff #0.
Our main purpose is to study the existence of global solution for this problem
and investigate the properties of the solution.
Throughout the paper, we denote by L° (R) the Lebesgue space equipped
with the norm
1

Jul.» =(LR|U(X)|p dx)B if 1< p <400
and
Jull- =esssup{lu(x)[;x e R}.
For seR, H*(R) denotes the nonhomogeneous Sobolev space defined by

iﬁ(R) =.[R(1+|§|2)S

where U (§ ) is the Fourier transform of w.

e (R)=u e S'(R) | o(e a < o]

This paper is organized as follows. In Section 2, we present the local well-
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posedness result and the blow up criterion. In Section 3, we discuss the problem
of global existence. Finally, we consider the infinite propagation speed in Section
4.

2. Blow up Criterion

In this section, we discuss the blow up criterion for the solution to (1.4) - (1.6).

To this aim, we first give the following existence theorem.

Theorem 2.1. Let U, € H*(R) with s >%. Then the Cauchy problem (1.4)
- (1.6) admits a unique solution U (X,t) such that
ueC([0,T);H*(R))NC*([0,T);H**(R)),

where T =T (||u0 Hs ) >0.
Theorem 2.1 can be proved by applying Kato’s method [26]. Since the argu-

ment is standard, we omit the details for simplicity. If T <o and

lim [Ju|,s =oe,
->T°

HS

we say the solution blows up in finite time. If the norm ||u is bounded at

H S
any large time, we say the solution exists globally.

Define
¥ A
o - B ;
2 ne ‘- 2 2 e’ az#p,
G(x)= Aet=p7) 2Aa’-F) 2.1)
Sl P B Py a=p,
da a

then the function [<l—a26§ )(l— B0 )J_l y can be expressed as
u(tx)=[(1-a0?)(1-p202) ] y(t.x) =G ey.

Now we state the main result of this section.
Theorem 2.2. Assume that U, € H* (R), and T is the maximal existence time
of the solution obtained by Theorem 2.1.

If b> % , then the solution blows up in finite time if and only if

liminf u, = —oo. (2.2)
t-T xeR

2)If b< %, then the solution blows up in finite time if and only if

limsupu, = +oo. (2.3)
t>T xeR

Proof: Using (1.5), we obtain
vl = [fu—(a? + B2, + a2,y | de
- '[R[uz +(a? + B )2 uZ —2(a’ + B )uu,, +a* pul,, +2a° Bru

- 2(&2 + ﬁz )azﬂzuxxuxxxx}dx

XXXX
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2
= .[R[uz +(oz2 +,82) w2 + 2(0(2 + )uf +a’ plul, +2a’ U,

+2(a” + ) e’ Bu, Jdx,
then

Colulfye <Ivli <Cuffye -
In case of b > % , we have

], yidx= [ u(y"), dx-bf, yiudx- ], Aydx

2 dt
1
= (E— bjjm y2u, dx — J'R/lyzdx,
which implies

d .
a"y"i2 +22|y[> = (1~ 2b)jR y?u,dx < (1-2b) inf ux_[R y2dx.
If infu, >—M , then

xeR

d
Mz <[-a-20)M -22 ]

By Gronwall’s inequality, there holds

-(1-20)M 24 ]t |

Iyl <! Yol

(2.4)

(2.5)

(2.6)

Hence, "u(x,t)"H4 is bounded for all te[O,T) , which contradicts the

maximal property of 7.

1 R .
In case of b <E, we can obtain similar result with the same arguments as

above. This completes the proof of Theorem 2.2. [

3. Global Existence Results

In this section, we will show two global existence results. To begin with, moti-

vated by Mckean’s deep observation for the Camassa-Holm equation [7], we de-

fine the particle trajectory by

g =u(gt), 0<t<T, xeR,
q(x,0)=x, xeR,

where T'is the lifespan of the solution. From (3.1), we get

dg
d_xt: Oy = Uy (a,t)q,, te(0,T),

which yields
qxzexp{ﬁux(q,s)ds}, 0<t<T,xeR,
q,(x,0)=1, xeR.

(3.1)

(3.2)

The relation (3.2) implies that ¢, is always positive, hence q(X,t) is an in-

creasing function. A direct calculation gives
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d
V@) =[vi(a)+u(a.)y, (@)+bu, (@) y(a)J; =-2y(a)e,
so we have
y(a)ay =eyo(x). (3.3)
From (3.3), we also get
a1 1
e’ [ ybdx= [ ygdx. (3.4)

Theorem 3.1. Assume b =% or b=2,and uye H*(R) with s >E then
the solution of (1.4) - (1.6) exists globally in time.
Proof: We first consider the case b= % . Multiplying both sides of Equation

(1.4) by yand integrating with respect to x, we have
d
sl +22lvle =0,

2= g™ " Yo "LZ . By (2.4) and Sobolev’s inequality, we see

that "uxuﬁ is bounded by ||y||

global solution.

hence, we obtain ||y||

2> SO We can extend the local solution to be a

Then, we give the proof for b=2. Let
E(t)= .|']R<[u2 +(a®+ B )ul +a2/32u§x}dx,

then
%E(t):fm[Zuut+2(a2+ﬂ ) U +2a’p%u U xxt]dx
= j}R[Zuut ~2(a® + % )uu,, +2a2ﬁ2uuWde
= ZIRuytdx
=—2J.Ru(uyx +2u,y +Ay)dx
=—2AE(t).

The above identity gives E(t)= ’“‘E(O) , SO once again we can see ||ux||Lw
is bounded. This ends the proof of Theorem 3.1. [J

Theorem 3.2. Let a # 8 and U, e H*(R) with s> % . Assume that

Yo = (1—a28§)(1—ﬁ26i)u0 does not change sign, then the solution of (1.4) -
(1.6) exists globally in time.
Proof: Differentiating _[R ydx with respect to #and using (1.5), we have

%_[R ydx =—[_(uy, +bu,y+Ay)dx
= —(b—l)_[R uxydx—/lj]R ydx

=—(b-1)[ u, (u —(&® + 7 Uy, + 0 B )dx—ﬁJ'R ydx
=—A[_ ydx,
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which yields
IR ydx = e J'R y,dx. (3.5)

When a # 3, using the expression of G (see (2.1)), u(x,t) and u,(xt)

can be represented as

“ k£ x £
u =—(e “[ evy(&t)déven| e “y(f,t)df]

2(0{2—,82) o
_X s X £ :
_2—(a2ﬁ_ﬂz)(e P10 ely(st)de e’ [ e ﬁy(g,t)dg},
and
1 ( e y(andsrer e (§t)df§J
Uy =————| —€ «| ecy(&t)ds+er| e y(S,
=) (3.7)
+2(a2—ﬂ2)(e Jetviands-erf e v(r:,t)dg}

Without loss of generality, we may assume Yy, >0 as the case y, <0 can
be discussed similarly. If > £ >0, by (3.5) and (3.7), we have

X _X [
u, sﬁ(eﬁje_iy(;t)dgw ﬂ.[xweﬂy(g,t)d;‘]
1
—F— ,t)d t)d
<2(a2_ﬂ2)(jky(§ t)de+ [, y(&.t)de)
1
=a2_ﬁze J-Ryo(é:’t)dé:’
and
1 Xox t o 5
2—————| e «| exy(&t)dE—e” | e Py(&,t)d
u 2(a2_ﬂ2)[ [Lewy(&t)de—e’[ e 7y (&) «fJ
1 x
pry e S G
Similarly, if f>a >0, we can also obtain

1 it 1 _at
_'Bz_aze J'Ryo(g,t)dfsux(x,t)sﬂz_aze J'Ryo(é,t)dg.

Hence, by Theorems 2.1 - 2.2, we know that the problem (1.4) - (1.6) has a
unique global solution. O

4. Infinite Propagation Speed

In this section, we study the infinite propagation phenomenon for the Equation
(1.4). To this aim, we set

E, (1) :.[Reéy(x,t)dx, F(t)= J'Re%y(x,t)dx,
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and

E, (1) :jRe%y(x,t)dx, F,(t)= _[Re_%y(x,t)dx.

The main result of this section is stated as follows.

Theorem 4.1. Let b>0,AeR. Suppose that the initial value Uy(X)#0 is
supported in the interval [a,c]. Then for any te(0,T], the solution u(Xx,t)
0f(1.4) - (1.6) can be expressed by

X

@ gap()-— P (1), x>qlct),
%) E, (1) 2t~ ) E, (1) a(e.t)

Lezﬁ(t)—%eﬂﬁ(t), x<q(at).

2

. 3 . 2p° 5 2t .
Moreover, if a>0,0< < Ea,OSbSmln 3- 30 then e El(t) is
a

a strictly increasing function and e"F, (t) is a strictly decreasing function. Si-

2
Zaﬂz %} , then E’HE2 (t) is a

milarly, if #>0,0<a< %ﬂ,OSbSmin{S—

strictly increasing function and e"F, (t) is a strictly decreasing function.
Proof: By (3.3), we have
y(a(xt),t)=0, x<aorx>c.

Since
U(X’t):[azaiﬂz pl_azﬁ_ﬂz pzj* y(X,t)
a _@ ﬂ ‘X;g‘
ZWJ.RG Y(g)df—ij y(§)d§ (4.1)
x-¢] |x-=¢f
[N B ey T
2(0{2 _ﬁZ)Iq(a,[)e y(g)dg 2(&2 _ﬁZ)J.q(a,t)e y(é)dgr
when Xx>q(c,t), we get
e ct X<
()= e " Y e T u(os
_ @ g e T
_z(az—ﬁz)e Jieo® y(é)dé_Z(az—ﬂz) [ian e y(6)de
=Le% t I — e%E2 t).
2 5) oy B
Similarly, when X<q(a,t),we have
u(xt)=—> e%F1 )-—F e_%F2 t).
( ) Z(sz—ﬂz) ( ) 2(0!2—ﬁ2) ( )
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Note that

s
=k Yi (‘:E’t)dég (4.2)

B
' y= (1—a26§ )(1—ﬁ26§ )u =u —(az + )uXX +0 Uy
then we get
Y, =-uy, —byu, -1y
—(b+1)uu, +(a’ + B )u U -’ BU U (4.3)
+b(a? + B2 Uy, —ba® B2U U, — Ay.

Inserting (4.3) into (4.2), we have

dE(;t(t) =-(b +1)J.R eéuuxdx + (0‘2 + ﬁZ)JR egumudx —a’p? IR egumxxudx

+b(a? +,82)'[Reéuxxuxdx—bazﬁzj‘Re:‘ Uy Uy X = 2E, (1),

then

d(e’“El(t))_e b+1I oo Ul 2+ﬂzj eZudeMI enu?dx
dt 20 F 20t o

+ﬂ—23fRe§u2dx—Szﬁjkegufdx+%fﬂgegufxdx
(04
—(a r )j ey 2dx + —— ﬂ j'e“ uZdx — Bbaﬁ J'e“u dx

2a

5 3 aﬂ je”u de.

:e“(zineauzdx (b-8)a’+2/" Iea udx
o

(4.4)
Applying similar arguments as above, we can obtain
d(e™F (t x b—3)a?+2
—( i ))ze*t —lj eu2dx + —( Ja"+2p J'e“ udx
dt 20 °R 20
(4.5)

5 3b
a’B J'eau de.

According to (4.4) and (4.5), it is easy to see thatif « >0, 0<f< \/ga and

24" 2} the function eMEl( ) is strictly increasing and the

Ogbgmin{S—
a

function e"F, (t) is strictly decreasing. In the same way, we can obtain the de-

. 3 . 2% 5
sired result when >0, O<a < Eﬂ and 0<b<min 3——2,5 . O
a
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