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Abstract

This paper is devoted to the study of a (2 + 1)-dimensional extended Potential
Boiti-Leon-Manna-Pempinelli equation. Firstly, By means of the standard
Weiss Tabor Carnevale approach and Kruskal’s simplification, we prove the
painlevé non integrability of the equation. Secondly, A new breather solution
and lump type solution are obtained based on the parameter limit method
and Hirota’s bilinear method. Besides, some interaction behavior between
lump type solution and N-soliton solutions (N is any positive integer) are
studied. We construct the existence theorem of the interaction solution and
give the process of calculation and proof. We also give a concrete example to
illustrate the effectiveness of the theorem, and some spatial structure figures
are displayed to reflect the evolutionary behavior of the interaction solutions
with the change of soliton number Nand time ¢

Keywords

BLMP Equation, Lump Type Solution, Interaction Behavior, Parameter Limit
Method, Hirota’s Bilinear Method

1. Introduction

Many nonlinear phenomena in nature can be represented by nonlinear partial
differential equations (NLPDE). Soliton theory, as one of the important contents
in the field of NLPDE, has received extensive attention in recent years. Therefore,
it is of great significance to find soliton solutions of nonlinear equations and
analyze their structural properties. With the development of soliton theory,
many methods of solving soliton are proposed, such as the Darboux transforma-

tion method [1] [2], Hirota bilinear method [3] [4], polynomial-expansion me-
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thod [5] [6], Lie group method [7], wronskian technique [8], etc. A large of exact
solutions of nonlinear equations, including soliton solutions, periodic solutions,
rational solutions and interaction solutions and so on, have been studied by
these methods. In recent years, the research on lump solutions and interaction
behavior between solitons, such as rogue wave, the fusion and degeneration of
the lump solution, especially the interaction between lump solutions and soli-
tons [9] [10] [11], has become a hot topic because of its application value in
nonlinear science.

In this paper, we consider the following (2 + 1)-dimensional extended Poten-
tial Boiti-Leon-Manna-Pempinelli (¢PBLMP) equation [12],

Uy +CU —3c1(uyuxx +uxuxy)—c2uxy —-cu,, =0, (1)

where u is a multivariate function about X,y,t, and ¢c,cC,,c, are arbitrary real
parameters. In fact, when ¢, =1, ¢, =c, =0, Equation (1) will be simplified as
the following standard form of the pPBLMP equation.

Uy, + Uy, —3U U, —3U,U,, =0. (2)

The (2 + 1)-dimensional BLMP equation [13] was firstly proposed by Boiti et
al. and based on the relationship of weak Lax pairs. Equation (2) is described the
interaction between the long wave propagating along the x-axis and the Rie-
mann wave propagating along the y-axis. Some exact solutions of the BLMP eq-
uation were obtained in works [14] [15] [16] [17]. Recently, some research re-
sults have been made on eBLMP, such as Ren studying the D’Alembert wave and
soliton molecules of the e BLMP equation [12]. Paliathanasis obtained some new
periodic solutions of the eBLMP equation [18]. In addition, there are many me-
thods to study similar equations. For example, Luo obtained the parametric form
of soliton solutions according to the solution of the constructed Riemann-Hilbert
problem [19], and Zeng obtained a class of soliton solutions of the (2 +
1)-dimensional time fractional equation by using the new mapping method [20].

In this paper, we first give detailed proof of the integrability of Equation (1).
Moreover, as far as we know, the breather solutions, lump solutions and some
mixed solutions of Equation (1) have not been obtained, and we will get these
new results. More importantly, we find that most of the papers only study the
interaction solutions between the first-order lump solutions and N-solitons,
where the number of solitons N is usually less than 3. We obtain the existence
theorem of the interaction solutions between the higher-order lump solutions of
Equation (1) and different types of N-soliton solutions. This paper will study

these new nonlinear phenomena and dynamic behaviors.

2. Painlevé Test

In this section, we give out the standard test with Kruskal’s simplification, which
is constituted by three steps, the leading order analysis, the resonance determi-
nation and the resonance conditions’ verification, respectively. According to the

standard WTC approach, we investigated the general solution of Equation (1) of
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the following form:

N .
u(xy,t)=p > u;(xy,t)e’,
=0

(3)
o(x,y,t)=x+h(y,t).
Step 1: Leading item analysis.
We assume the first item of (3) is
u(x y,t)=e“u,. (4)

Substituting (4) into (1), comparing the lowest derivative term and the nonlinear

term, we get
a=1 Uy (xyt)=-2¢, (5)

Step 2: Determine resonance point and recurrence relation.

Substituting « =1 into (3), we obtain the expansion of u, that is
N .
u(x,y,t)=>up"™ (6)
j=0

Inserting (6) and its derivatives into (1). Comparing the power terms of ¢ and

letting the coefficient be zero, we can get the recurrence relation about u;,
Ui (1=4)p, +up, (1=-3)(i-4)p, +u; 5 (i-4)oy,
—U; 5 (1-3)(1-4)0, —cy(u; - (1-3)(i-4)g, +u; 5 (i-4)9,)
+eu, (1-9(i-2)(i-3)(i=4)e, 7

—GClgui (i-1)u,, (j-i-1)(j-i-2)p, =0.

Finishing items that contain u i
cue, (i-1)(j+1)(i-4)(i-6)
=~ (i-4)9, ~U;, (1-3)(i-4)g, ~u; 5 (i-4)p,
+eU, (1-3)(I-4)p, +05(u, (I -3)(i-4)p, +u; 5 (i-4)p, ) @

j-1
+6¢, ) U (i-Du, (j-i-1)(j-i-2)p,.
i=1
It can be found from (8) that the resonance point occurs when
j=-114,6. 9)
Step 3: Verify compatibility conditions.
In (7), when j=0,
24c,u, +12c,u =0. (10)
Solve (10) and get u, =-2.
When j=1, we have
—6c, (U, -0+Uu,u, -0) =0, (11)
We get that U, is an arbitrary function, so j=1 is the resonance point.
When j=2, we get

DOI: 10.4236/jamp.2022.1010194

2897 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.1010194

M. Lietal.

te = 6c, (12)
When j=3, we get
u, = cl(pW—_(py‘ (13)
48,0,
When j=4, we have
—6c, (—6u,u, +6u,u, ) =0. (14)

We can get that u, is an arbitrary function, so j=4 is the resonance point.
Substituting j =6 into the left side of (7), we get
205, +6U,0, +2U0,, —6C,U,0, —6C, (U0, +2U0,, ) 5
+120,U40, — 6, (40Uq0, +6U,U,0, +4Ulp, +10U,Us ).
The items containing u,, Uu,, U, in (16) are combined respectively, and the
sum of these items is zero. But the left side of (15) is 2u,,¢, , which is reduced
Py
4c,

to

. Therefore, when ¢, =0, the (10) is integrable.

In summary, j=-114 satisfy the resonance condition, but j=6 does not
satisfy the resonance condition. Although it does not pass the Painlevé test, it has
many undiscovered mathematical properties. For example, we can obtain the

lump solutions and N-solitons by introducing bilinear method.

3. Degradation of Breather Solution and Emergence of Lump
Solution

In this section, we study the degeneration of the double breathing solutions and
the emergence of lump solutions of the ePBLMP equation. According to Ref.

[12], we can assume that
u(xy,t)==2(In f (x,y,t)) , (16)

where f=f (X, y,t) represents the real function to be selected. Then substi-
tuting Equation (16) into Equation (1), we can obtain the following bilinear

form of Equation (1),

(D,D, +¢,D;D, —¢,D,D, —¢,D; ) f - f =0, (17)

where D denotes the bilinear operators. In Equation (17), through the extended
homoclinic test method [21], we choose a new test function, which is first ap-
plied to Equation (1).

f (X, y,t) =m, cosh(r,)+m, cos(n,)+m,cosh(n,), (18)

where 7 =k (ax+by+dt+r) and k,a,b,d;,r(i=123) are arbitrary
parameters. By substituting Equation (18) into Equation (17), the following pa-
rameters are obtained:

Cak, o akib(mi-mi) o ap

k = ,a. y ]
' a k;b,m; 8,
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d, = al(—as?clks2 +C, — b;? +3aj,

aghyks (mf —m;
d, :%(—wgk;cl—cz +a)+hycy, (19)
2727112

d; :ag(—a§k32<:1+c2 +3a) +bycs,

abZkic, (m? —m?)’
b2kZm?

can obtain the double breathing solution of Equation (1), (See Figures 1(a)-(c)).

where «a =

. Plugging Equation (19) into Equation (16), we

L 2(myk,a, sinh (,) —m,k,a, sin (17, ) + m;k,a, sinh () o)
m, cosh (77, ) +m, cos (7, ) +m; cosh (7;)

where

8 a,

aksb, (mf —m; )
= I(2 T
2 2m2

= —ag—ks[a1><—a1—b3y+al(—a§clk§ +C, = b;:3 +3aJt+q],

abk; (mf —ms)
b,k m;

(21)

X+b,y+ (—3a§k32c1—c2+a)t+bzc3t+r2}

773=k3(a3x+b3y+a3(—a§k§cl+cz+3a)t+b3c3t+r3).
When m,(i=12,3) satisfies l!ii_rg(ml+m2+m3):0, k, = pk;,

m, = Bcosh(pk;), my =ycosh(ok,), m,=—(B+y)cos(nk,), letting k, >0
in Equation (20). We will get the lump type solution of Equation (1), (See Figure
1(d)).

U= 33(793_1891)_(13"‘7) pzf%’z (22)

RO+ (B+7) PPOE + 102 + Pp* +(B+y)n’ + 0

2 —
where ¢ =1lima, =M,
kg0 p°b, (ﬁ"‘?’)

b,c
0, :—a3x+b3y+a1(cz— ;33]t—%r1,

6, =OoX+b,y+3c,t+h,ct+1,,
6, =a;X+byy +a,c,t +bct+r.

(23)

In fact, the breather solution (20) represented is double breather solitons which
take on the characteristics of a periodic wave with variable 7,, and shows the
characteristics of double solitary waves with variable 7, and 7,, the breather
solution with this form is also called double breather solution by some scholars
[22] [23]. In Figure 1, we give the evolution diagram of spatial structure for the
2
double breather solutions with the change of time £ However, the period T
3
of €0s(7,) tends to infinity as k; — O, the breather and period of solution (20)

is degenerate as a lump type solution (22) when the parametric k, tends to 0.
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Figure 1. The evolution behavior of the breather solution Equation (20) with time: (a)

t=-0.1; (b) t=0;(c) t=0.1, and where the parameters are set as 31:—%» a=2,
1 3 1 1 .
bZ:_E’ b,=3, ml:mZ:E, m3:5, kzzkgzz, c,=¢=1, ¢,=3. (d) Spatial

structures of lump type solution Equation (22): a =a,=b,=n=p=2, m,=-

>

o Nlw

-
Il

N-‘
Il

Wy
Il

, m=b,=c=c,=f=p=y=0=1, ¢,=3,

4. Evolutionary Behavior of Interaction

Now, we study the interaction between lump solutions and N-solitons (where N
is any positive integer). Firstly, we give a theorem and prove the calculation

process. Here, we choose a new test function:

M
h(x,y,t)=a, +Z(aix+biy+dit+mi)2,
i=1

3yt = 3o el o4

J

where a,,a,b;,d;,m (i =12,---,M ),5j, P;,N;.S; (j =12, N) are some free
real parameters. Obviously, h(X,y,t) is a polynomial function, and g(X,Y,t)
is an exponential function. They combined to form f(X,y,t). By substituting

(24) into (16), we will get a new interaction solution of ePBLMP.
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Theorem 1. Let f(X, y,t) satisfies Y " ab =0, d, =c,a +cb,
> bd —c,> " b2=0, g;=0, n, =c,a +¢,p}, then f(xy,t) is the solu-
tion of Equation (1).

Proof. By direct calculation

P(D,.D,D,)f-f

(25)
=(D,+¢,D} -¢,D, -¢;D,)D, (h-h+h-g+g-h+g-g).
We first consider
(D,D, +¢,D{D, —¢,D,D, —¢,D; )h-h
=2h;h—h.h +2¢,(h,h=3h, h +3h,h, —hh ) 06

~2c, (h,h—hh)-2c,(h, h-hh )
=6c,h,h, +2(h, —c,h, —cshy )h+2(=h +c,h +c;hy )h,.
From h, =0, h,-c,h

pression

w—Ch, =0, —h +c,h, +ch =0, and relational ex-

S ab=03"bd-c,>" b?=0d =c,a +cb. (27)
Obviously g, =0,s0 P(D,,D,D )(g-g)=0.So that
2(Dt+chf—czD -c,D ) ,(h-9)
=2(Dt+c1DX3—cD -c,D ) (hg hg)
:Z(hylg—hygl)+201( yXXg—3hyxxgx+3hyxgxx—hygxxx) (28)
-2¢,(h,9-h,g,)-2c,(h,g-h,g,)
=601hyxgxx+2(hyt—czhyx—cahyy)g—z(gt+clgxxx—czgx)hy
From g, +¢0,,, —C,0, =0, we get

N N N
2.9 (Cz P; _Clp?)elj +¢,),0,pje" —c, ) 6, pe’ =0, then
j=1 j=1 j=1

n; =(c,p; —¢.pj}), (29)
where |j = ij+(C2 p;—¢C p?)t +5;. Substituting (27), (29) into (25) completes
the proof of the theorem.

Corollary 1. Take
M
f(x,y,t)=a,+> (ax+by+dt+m, )2

i=1

+ZN:5J cosh( p,x+(c,p, —¢,p} )t+s) (30)

1
+iﬁ| COS(pIX+(CZp' _Clpf)Hs')'

when (30) satisfies > ab =0, d, =c,a +cb, 3" bd —c,> " b? =0, then
h(X, y,t) is the solution 0f(17), and f (X, y,t) is also the solution of (17).
Secondly, we will apply the results of Theorem 1 to the (1). When M =2,N =0

in (24), two sets of relations can be obtained by direct calculation.
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d =3;,8 =a,3, =a2,b1 =0!b2 =0!d1 =d1’d2 =d2’m1 =m,m, =m,, (31)

and

a4 =35,8 =a,8, :_atl)_blibl :bl’bz :bZ'dl =a1C2+b1C3,
? (32)
+b,c;, m =m;,m, =m,.

d2 - _ aiblcz
b2

According to (16), (24) and (32), we obtain the interaction solution between

lump type solution and N-soliton solution (See Figure 2 and Figure 3).

2 bl2 N (pjxrajy+njtes))
—4a; 1+b—2 (x+ct)+> 5,p;e
2 j=1
2
a, +[1+El2

2

U=-

(33)
J(af (x+Ct)" +(x+cy) +9

Figure 2 shows the evolution of the spatial structure of the interaction solution

with the increase in the number of solitons. Here, we select parameters in Figure 2,

(a): a,=10, a,=-2, b =2, b2=%, ¢=1,¢,=-2, ¢cg=4, m=m,=0.

1 1
(b)» (C)»(d): a0=4) a1=_2) b1=2) bzzi) Clzl) C2=_2» 03=4) p]_:Z»

Figure 2. Spatial evolution behavior of interaction solution (33) with soliton number: (a)
N=0;(M) N=1;(c) N=2;(d) N=3.
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Figure 3. When N =2, the evolution behavior of the interaction solution (24) with the
change of time « (a) £=-20 (b) t=-10 (c) =10 (d) ¢= 20.

1
P, =%, Py =3 o,=1, m=m,=s=8,=5,=t=0. Besides, we also give
the evolution behavior of the interaction solution with time when N =2, from
Figure 3, we find that with the development of time, the lump type solution is

swallowed up by 2-solitons.

5. Conclusion

In summary, according to the bilinear form of ePBLMP (1), we constructed dif-
ferent test functions and obtained the double breather solution of the ePBLMP
equation. The lump type solution is obtained from the breather solution by us-
ing the parameter limit method. Meanwhile, we also studied the interaction be-
tween lump type solutions and N-solitons. The spatial evolution behavior is
demonstrated by images. More importantly, we give the theoretical calculation
process of the interaction solution between lump type solution and N-solitons,
and the correctness of the theory is verified by a concrete example. We believe
that there are many nonlinear partial differential systems, although not integra-
ble, also have similar dynamic behavior, such as high-dimensional Sine-Gordon
equation, Ablowitz-Kaup-Newell-Segur systems, etc. we will focus on this in the

future. At the same time, we also hope that the dynamic behavior obtained in
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this paper can provide new perspectives and useful information for the field of

mathematical physics.
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