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Abstract

We apply the multiplier method to obtain the rational energy decay rate of
the energy of wave equation in case N> 2, under an assumption on the po-
tential energy.
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1. Introduction

Let QO be a bounded domain of R" with boundary 6Q, and let v denote
the outward unit normal vector to Q. Given a point X, € R"\Q, set
m(x):=X—X,,

T, ={xeaQ:m(x)-v(x)<0} and I =6Q\T,

and assume that m-v >0 on T . We are going to study the long time behavior
of the solutions of the following system:
Yy —Ay=0inQ,
y=0onT,,
Yy +0,¥y+Yy,=0onT,

y(0)=Yo, ¥:(0)=yi, yt(0)|r = Wo-

(1

Its decay rate has been investigated by various techniques in the past; see, e.g., [1]
and [2]. Our method will be based on a theorem of Haraux; see [3].

First, we study the well-posedness of (1). We set
E ::{y e H'(Q), y|ro :0},

and we introduce the Hilbert space
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H=ExL*(Q)xL*(T)
with the inner product

((y.2.¢).(abc)y=[ (Vyva+zb)dv+| Eedr.

Proposition 1.1. The system (1) is well-posed in H.
Proof. Let us introduce the operators

A(y.2,7.)=(z,4y,-8,y) and B(y,z,2|.)==(0,0,7,)
with

D(A):={(y,z,z|r)e H:yeH?(Q)andze E} and D(B):=H.

Setting U= (y, Z, Z|F) with z:=y, we have

Golenal)

=(24y-0.y-7)

= (z,Ay,—avy)+(0,0, z|r)
= Au + Bu,

and a simple computation shows that

((A+ B)u,u):(Au,u)+(Bu,u):O—J‘r(z|r)2 dr :—_fl_(z|r)2 dr

Using the techniques in ([4], Page 141), we get R(I -(A+ B)) =H , and then
applying Theorem 1.2.3 in ([5], Page 3), we conclude that the operator A+B
generates a C, semigroup of contraction S(t). U

The main purpose of this paper is to prove the following result concerning the
energy of the solutions.

Theorem 1.2. Let us define the energy by the formula
1

E(t)= E{IQ((Vy)Z +y! )dv+ .[r yt2|r dl“},

and assume the following assumption on the potential energy of smooth solu-

tions:

IQ||Vy||2 dv<C, (Q)jr ||Vy||2 dr<C,(Q)|.

with suitable constants C,(Q), and C,(Q). If (Y,, Y., W) € D(A), then there

exists a constant M such that

forevery t20.
We prove Theorem 1.2 by the multiplier method in the following two sections,

first for n=2 andthenfor n>3.

2. Proof of Theorem 1.2 forn =2

Taking the derivative of E(t), we obtain E,( I yZ (x,t)dl, so that the
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energy is a decreasing function.
Since E(t)= %||u||2 , we can consider the energy of higher order E' (t)= %"ut ||2 .

We multiply the equality y, =Ay by m-VyE(t), then we integrate by parts
for twith 0<S <t<T, and finally we use Rellich’s formula for veQ to ob-
tain the following equality:

—H y2E dtdv——H )? dvdt

=—j j v~mny(t)dtdF+jS IQ E, (t)y,m- Vydvdt

—J' [ E(t [ m-v(Vy)’ avym-Vydedt—UQytm-VyE(t)dv]:.
Since N =2 in this section, we have

j j dtdv_—jf v-myZE(t dtdl"+f J' E, (t) y,m- Vydvdt
—jj ( m-v(Vy)’ avym-Vy)dth

—UQ y,m-VyE (t)dv]S .
Now we majorize all the terms on the right hand side of the above equality:
0<[ [v-my?E(t)dtdr = [T E(t)[ v-my?E(t)drdt
<E(S)], [ .v-my2drdt<E(S)[m], [] -E (t)ct
=E(S)[ml, (E(S)-E(T))<E(S)|m], E(0)

We note that by the Cauchy-Schwarz inequality we have
I ym-vyei| < m], E(1)

forall t>0, so that

T T
s Jo Ec(©)y,m- Vydvdt — UQ y,m-VyE (t)dvl

2

<3|m, E(S)E(0).

Using the inequality |ab| < hence we obtain the estimate

2 _|m] :
, 2m.vo|rscjr|avy| dr

1 2
r(Em-v(Vy) —8Vym-Vy]dF <

with some constants A and C, and this implies the following relations:

j j E(t ( m-v(Vy)? —a,ym- Vyjdl"dt

_[ (t)j |0,y dth<2CI J'(yt2+y§)dtdl“
( _[yldF+J‘ yndF)dt)
( dt+f ~E/(t dt)
(E(

E(S)-E(T)+E'(S)-E'(T))<2CE(S)(E(0)+E*(0)).

E(S

(S)
<2CE(S)([
(S)

<ZCE S
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In passing, we have obtained the estimate
j E(t)[ y’drdt<E(S)E(0).

Using the assumption on potential energy and the above inequalities we obtain

with some constant A that
[.7E?(t)dt <ME(0)E(S)
forall S >0.Now applying Haraux’s theorem (see [2] or [3]) we conclude that

E(t)< E(0)-2M

forall t>0.

3. Proof of Theorem 1.2 forn = 3

For n>=3 we have to modify the proof of the case n=2 because one of the
terms in Rellich’s formula does not vanish any more.
Taking the derivative of E( ) we have E I yt X t)dF so the energy

is a decreasing function. We note that E(t) :—||u , S0 we can consider the

energy of high order: E'(t =5 u||”. So we begin by the equalit = Ay, that
gy g g y q Y Yu =AY,

we multiply by mVyE (t ), then we integrate by parts for £ with 0<S<t<T,
and we use Rellich’s formula for v eQ, to obtain

j j t)dtdv

_[ I E(t)(Vy) dvdt+ fjv myZE (t)dtdl’
+j j t)y,m- Vydvdt - f j [;m-v(Vy)2 —avymVydedt ¥
—Uﬂ y,m -VyE(t)dvI .
Now we majorize all terms on the right hand side of the above equality:
0<[ [v-my?E(t)dtdr = [T E(t)[ v-my2E(t)drdt
S)_[ST .[rv~myt drdt <E(S)|m|, js —E (t)dt
S)Iml (E(S)-E(T))<E(S)[m], E(0
We note that by the Cauchy-Schwarz inequality we have
[, vim-vyav| <m], E(t), wt=0,
so that

_[ f t) y,m- Vydvdt U y,m-VyE (t )dv] <3|m||, E(S)E(0).

2

Using the inequality |ab| < hence we obtain the inequality
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Zﬂdrscjrpvyf dr

: AIF 21n~v

1
‘L(Em-v(Vy)z —avym-Vy)dl" 0,y

for some constants 4 and C, and therefore

LT fr E(‘)(%'“'V(Vy)2 -0, ym~Vyjdrdt

<C[ E(t)[ [0,y drdt<2C [  E(t)[ (y? +y2)dtdr
< ZCE(S)(_[ST ([ yedr+|, yjdr)dt)
<2cE(S)([, ~E (t)at+ [ ~EX(t)at)
<2CE(S)(E(S)-E(T)+E'(S)-E'(T))<2CE(S)(E(0)+E*(0)).
In passing, we have obtained the estimate
[LE(t)[ y?drdt <E(S)E(0).

Using the assumption on the potential energy and the above inequalities hence
we infer that

E2(t)dt <ME(0)E(S).
for all S >0, with some constant M. Now by applying Haraux’s theorem we

conclude that

4. Conclusion

Under some a priori assumptions on the potential energy, we have obtained a
polynomial decay rate of the solutions of the wave equation with dynamic

boundary feedback by the multiplier method.
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