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Abstract 
In this paper, we have proposed a novel model called proximal support ma-
trix machine (PSMM), which is mainly based on the models of proximal 
support vector machine (PSVM) and low rank support matrix machine 
(LRSMM). In design, the PSMM model has comprehensively considered both 
the relationship between samples of the same class and the structure of rows 
or columns of matrix data. To a certain extent, our novel model can be re-
garded as a synthesis of the PSVM model and the LRSMM model. Since the 
PSMM model is an unconstrained convex problem in essence, we have estab-
lished an alternating direction method of multipliers algorithm to deal with 
the proposed model. Finally, since a great deal of experiments on the minst 
digital database show that the PSMM classifier has a good ability to distin-
guish two digits with little difference, it encourages us to conduct more com-
plex experiments on MIT face database, INRIA person database, the students 
face database and Japan female facial expression database. Meanwhile, the fi-
nal experimental results show that PSMM performs better than PSVM, twin 
support vector machine, LRSMM and linear twin multiple rank support ma-
trix machine in the demanding image classification tasks. 
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1. Introduction 

Classification is an important research field of machine learning, in which the 
support vector classifier is a common and important tool. There are many excel-
lent designs of support vector classifiers. For example, the proximal support 
vector machine (PSVM) [1] has considered the relationship between samples 
within a class, which makes congener samples have aggregation effect. Subse-
quently, a great deal of vector classifiers were developed on the basis of PSVM 
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classifier, see [2] [3] [4] [5] [6]. Moreover, deferent from PSVM with single model, 
the twin support vector machine (TSVM) [7] has designed two relatively small 
SVM-type models, which makes samples can be quickly classified by a pair of 
nonparallel separating planes. Inspired by TSVM, there also have developed a lot 
of twin-type vector classifiers, see [8] [9] [10] [11]. For more innovative designs 
of support vector classifiers, see [12] [13] [14] [15]. However, with the progress 
of modern science and technology, data to be processed is often expressed as 
matrices rather than vectors in application. When using vector classifiers on ma-
trix data, the input matrices have to be reshaped into vectors, which will destroy 
the structure of rows or columns and thus lose important classification informa-
tion unique to matrix data. Additionally, the reconstruction of matrix will in-
evitably lead to the superposition of rows or columns, resulting in a high-dimen- 
sional vector. It is not conducive to conduct large-scale testing in matrix classi-
fication tasks. 

Realizing the above problems, many works have been proposed to extend the 
classification strategy of support vector machines to matrix space, which can get 
the eminent results in matrix classification problems. For example, L. Luo et al. 
have proposed low rank support matrix machine (LRSMM) [16] on the basis of 
the soft-margin support vector machine (Soft-SVM) [17], which has considered 
the correlation of rows and columns of matrix samples by using nuclear norm as 
the convex approximation of matrix rank. X. Gao et al. have proposed linear 
twin multiple rank support matrix machine (LTMRSMM) [18] on the basis of 
TSVM [7], which has considered the practical situation that matrix data are 
multiple rank. Q. Zheng et al. have proposed the robust support matrix machine 
[19] on the basis of the bilinear support vector machine [20], which has consi-
dered the spatial-temporal structural information of the input matrices and thus 
can eliminate non-standard noises of samples. For more cutting-edge works, see 
[21] [22] [23] [24] [25]. The designs of these SMM-type models provide us a new 
idea to solve matrix classification problems. 

In this paper, to generalize the classification method of PSVM [1] to matrix 
space, we propose the proximal support matrix machine (PSMM) on the basis of 
PSVM [1] and LRSMM [16], and we give the novel model as follows: 

( )
( ) ( ) 22 2

, 1

1min 1 ,
2 2l m

n

i iFb i

Cb y bτ
× ∗∈ × =

 + + + − + ∑
W

W W W X
 

 

where ,l m
i iy×∈ ∈X    are given matrix sample and category label for each i 

and ,C τ  are two given penalty parameter. In design, our model has absorbed 
the advantages of PSVM and LRSMM, which has comprehensively considered 
the relationship between samples within a class and the structure of rows or 
columns of matrix samples. Meanwhile, since the novel model is essentially a 
convex problem, it encourages us to establish an alternating direction method of 
multipliers (ADMM) algorithm [26] to deal with the PSMM model. Finally, we 
mainly focus on image classification, which is a very significant problem of ma-
trix classification. We conduct a series of comparative experiments on minst 

https://doi.org/10.4236/jamp.2022.107155


W. Zhang, Y. L. Liu 
 

 

DOI: 10.4236/jamp.2022.107155 2270 Journal of Applied Mathematics and Physics 
 

digital database [27], MIT face database, INRIA person database [28], the stu-
dents face database [29] and Japan female facial expression database [30]. The 
final experimental results show that our method performs better than PSVM [1], 
TSVM [7], LRSMM [16] and LTMRSMM [18] in demanding image classifica-
tion tasks. 

The remainder of this paper is arranged as follows. In Section 2, we give the 
notations and lemma used in our paper. In Section 3, we recall the models of 
PSVM [1] and LRSMM [16] related to our novel model. In Section 4, the PSMM 
model is proposed and then an ADMM algorithm is established to solve it. In 
Section 5, some experimental analyses are presented to verify the performance of 
the PSMM classifier. In Section 6, our work is summarized.  

2. Preliminaries 

As a matter of convenience, we give the notations and lemma in this section, 
which will be used in this paper. 

For a given matrix l m×∈A   with ( )rank r= AA  and the singular values  
( ) ( )1 0rσ σ≥ ≥ >

A
A A , we define the singular value decomposition of the ma-

trix A  by  
T ,l m×= ∈A A AA U V Σ                         (1) 

where ,l r m r× ×∈ ∈A A
A AU V   and AΣ  is a diagonal matrix with diagonal en-

tries ( ) ( )1 , , rσ σ
A

A A . And, the Frobenius norm of the matrix A  is denoted 
as  

[ ] ( )
1 1
2 22 2

, 1

r

iF ij
i j i

σ
=

   
= =   

  
∑ ∑

A

A A A  

and the nuclear norm of A  is denoted as  

( )
1

r

i
i
σ

∗
=

= ∑
A

A A  

whose subdifferential is denoted by 
∗

∂ A . We reshape A  into a vector 
lm∈a   with a traditional and common matrix reconstruction approach:  

( ) [ ] [ ] [ ] [ ]( )T

11 1 21: vec : , , , , ,l lm= =a A A A A A   

and define the Frobenius norm [ ]
1
22

,
Fij

i j

 
= = 
 
∑a A A . 

Lemma 1. (see [31], Theorem 2.1) Given a matrix l m×∈A   with  
( )rank r= AA  and the singular value decomposition as defined in (1). For  

0γ > , the following problem  

21min
2l m Fγ

× ∗∈
+ −

Q
Q Q A


 

has unique closed-form solution, denoted by *Q , as follows:  

( )* T:γ γ= = A AQ A U D V  
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where γD  is a diagonal matrix with ( ) ( )1 , , rσ γ σ γ
+ +

 − −    A
A A  as di-

agonal entries and [ ] { }max ,0t t
+
=  for any t∈ .  

In this paper, we give a matrix data set ( ){ } 1
,

n
m i i i

T y
=

= X  with l m
i

×∈X   
and { }1,1iy ∈ − , and denote the label vector as ( )T

1, , n
ny y= ∈y   . For the 

convenience of calculation, we define a linear mapping : l m n× →   by  

( ) ( )T
1, , , , n

n= ∈A A X A X   

and denote   as the Hadamard product between two matrices. Additionally, we 
also denote the n-order identity matrix as I  and define an all one vector  

( )T1, ,1 n= ∈e   .  

3. Related Work 

The design inspiration of PSMM proposed in this paper mainly comes from 
PSVM [1] and LRSMM [16]. In order to show the rationality and advantages of 
the PSMM model in design, we review and analyze the models of PSVM [1] and 
LRSMM [16] in this section. 

3.1. Proximal Support Vector Machine (PSVM) 

Different from Soft-SVM model [17], the PSVM model is described in ( ),bw  
space of lm ×  . Additionally, PSVM defines a pair of proximal hyperplanes 

, 1b+ = ±w x  and constrains samples of the same class to be as close to the 
same proximal plane as possible. This is because the higher the fitting degree of 
proximal planes to the samples, the more obvious the boundary between the two 
types of samples, and then the better the classification effect of classification hyper-
plane. The strategy of PSVM can be presented as the following model, for de-
tails, see [1]:   

( ) ( ) ( ) 22 2

, 1

1min 1 ,
2 2

n

i ib i

cb y b
=

 + + − + ∑
w

w w x            (2) 

where ( ): vec lm
i i= ∈x X   for each i is the reconstructed vector sample,  

( ), lmb ∈ ×w    is the decision variable and c∈  is a given penalty parame-
ter. A new input l m×∈X   has to be reshaped into a vector lm∈x  , and then 
it can be assigned by the decision function: ( ) ( )sign ,vy b= +x w x , where  

( )sign ⋅  is the symbolic function.  
Compared with Soft-SVM [17], PSVM [1] has considered the relationship be-

tween samples within a class, that samples of the same class are required to be 
close together, so that congener samples have aggregation effect. The advantage 
of this consideration is that the distribution trend of congener samples can be 
grasped, which makes PSVM have a good performance in prediction. Meanwhile, 
the PSVM model (2) is an unconstrained quadratic programming problem in 
essence, so that the cost of PSVM classifier is lower than that of Soft-SVM clas-
sifier. Thus, PSVM has more advantage than Soft-SVM in large database classi-
fication, for details, see [1]. 
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3.2. Low Rank Support Matrix Machine (LRSMM) 

Different from vector data, each matrix data has an identifying intrinsic struc-
ture, which reveals significant category information in matrix classification. As 
an important structural information, the correlation of rows or columns of ma-
trix is closely related to the rank of the regression matrix W . Meanwhile, it is 
an effective measure for filtering the redundant information of samples to im-
pose the low rank constraint on W  in application. However, matrix rank mi-
nimization problem is a typical NP-hard problem. Realizing this difficulty, in-
spired by the idea that the nuclear norm is the best convex approximation of 
matrix rank, LRSMM was developed on the basis of Soft-SVM [17], which has 
achieved the low-rank target of samples by minimizing the nuclear norm of W . 
The LRSMM model is presented as follows, for details, see [16]:   

( )2

, 1

1min 1 ,
2

n

i iFb i
C y bτ

∗ +
=

 + + − + ∑
W

W W W X            (3) 

where ,l m b×∈ ∈W    are decision variables, C∈  and τ ++∈  are two 
given penalty parameters. A new input l m×∈X   can be assigned by the deci-
sion function: ( ) ( )sign ,my b= +X W X .  

4. Proximal Support Matrix Machine (PSMM) 

In this section, we propose a novel matrix classification method PSMM on the 
basis of PSVM [1] and LRSMM [16], which has generalized the classification 
method of PSVM to matrix space and also has inherited the design in LRSMM of 
constraining matrix samples to be low-rank. The formulation of our novel mod-
el is given as follows:   

( ) ( ) ( ) 22 2

, 1

1min 1 ,
2 2

n

i iFb i

Cb y bτ
∗

=

 + + + − + ∑
W

W W W X         (4) 

where ( ), l mb ×∈ ×W    is the decision variable, C∈  and τ ++∈  are two 
given penalty parameters. In order to take into consideration the relationship 
between congener samples, PSMM also defines a pair of proximal hyperplanes 

, 1b+ = ±W X . And, the formula ( ) 2
1 ,i iy b − + W X  is used to calculate 

the Euclidean distance between the ith sample and the proximal hyperplane. In 
(4), we can achieve the target that samples of the same class should gather near 
the same proximal plane by minimizing the sum of these Euclidean distances. 
Additionally, to meet the need that matrix samples should be low-rank in appli-
cation, the nuclear norm of the regression matrix W  is introduced into our 
objective function in the inspiration of LRSMM [16]. 

The design of the PSMM model (4) has many advantages. On the one hand, 
since the nuclear norm of W  is the only nonsmooth part in the PSMM model, 
PSMM algorithm presented below will be simpler than LRSMM algorithm [16] 
in framework design. And, in the following experiments, it can be found that the 
cost of PSMM classifier is much lower than that of LRSMM classifier. On the 
other hand, compared with PSVM [1], PSMM has taken into account the intrin-

https://doi.org/10.4236/jamp.2022.107155


W. Zhang, Y. L. Liu 
 

 

DOI: 10.4236/jamp.2022.107155 2273 Journal of Applied Mathematics and Physics 
 

sic structure of matrix data, so that the performance of PSMM classifier is better 
than that of PSVM classifier in the following matrix classification tasks. Thus, to 
a certain degree, the novel model (4) is a synthesis of PSVM model (2) and 
LRSMM model (3). 

4.1. Model Solution 

Since the PSMM model (4) is a convex problem, we can devise an ADMM-type 
algorithm [26] to solve the proposed novel model. Firstly, the PSMM model (4) 
can be equivalently written in the following form:   

( ) ( ) ( ) 22 2

, , 1

1min 1 ,
2 2

s.t. .

n

i iFb i

Cb y bτ
∗

=

 + + + − + 

=

∑
W S

W S W X

W S
        (5) 

And, its corresponding augmented Lagrangian function is given as follows:   

( )( ) ( ) ( ) 22 2

1

2

1, , ; 1 ,
2 2

,
2

n

i iF
i

F

CL b b y bρ τ

ρ

∗
=

 = + + + − + 

+ − + −

∑W S W S W X

S W S W

Λ

Λ
   (6) 

where l m×∈Λ  is the Lagrangian multiplier of the problem (5) and 0ρ >  is 
a given parameter of the penalty term. Consequently, we can take advantage of 
the augmented Lagrangian function (6) to establish the iterative framework of 
PSMM algorithm, which is based on the framework of ADMM. Given the state 
variables ( )( ), , ;k k k kbW S Λ  at iteration k, the proposed framework for updat-
ing variable status is given as follows:   

( ) ( ) ( ) 221 1 2

, 1

2

1, arg min 1 ,
2 2

,
2

n
k k

i iF
b i

k k k
F

Cb b y b

ρ

+ +

=

  = + + − +  
+ − + − 


∑
W

W W W X

S W S WΛ
   (7) 

21 1 1arg min ,
2

k k k k
F

ρτ+ + +
∗

 = + − + − 
 S

S S S W S WΛ        (8) 

( )1 1 1k k k kρ+ + += + −S WΛ Λ                     (9) 

Note that we have to solve the two optimization problems (7) and (8) on each 
update. Thus, it is necessary to determine their explicit solutions, which can re-
duce the cost of our algorithm to a great extent. 

Solving (7) can be transformed into solving the following model:   

( )
( )

22 22

, ,

1 ,min 2 2 2
s.t. 1 , , 1, , .

k k
F Fb

i i i

Cb

y b i n

ρ

ξ

+ + − + −

− + = =
W x

W x W S W

W X 

Λ
        (10) 

That is because the optimal partial variable of (10), uniformly denoted by 

( )1 1,k kb+ +W , is actually the optimal solution of the problem (7). Since the model 
(10) is essentially a smooth convex optimization problem only with equality 
constraints, we can solve this problem by its dual problem. The Lagrange func-

https://doi.org/10.4236/jamp.2022.107155


W. Zhang, Y. L. Liu 
 

 

DOI: 10.4236/jamp.2022.107155 2274 Journal of Applied Mathematics and Physics 
 

tion of (10) is given as follows:   

( ) ( )
( )

22 22

1

1, , ; ,
2 2 2

1 ,

k k
F F

n

i i i i
i

CL b b

y b

ρ

λ ξ
=

= + + − + −

 + − + − ∑

W W W S W

W X

ξ λ ξ Λ
 

where ( )T
1, , n

nλ λ= ∈ λ  is the Lagrange multiplier of (10). For each k, we 
define the following matrices:   

( ) ( )T
1, , , n = =  Y yy X Y X X  

    

( ) ( ),k k k k= =S y S y 

  Λ Λ  

Consequently, the Karush-Kuhn-Tucher (KKT) conditions for the model (10) 
are given as follows:   

( )

1

1

1
1

1, , 1, ,

1 , 0, 1, ,

n
k k

i i i
i

n

i i i i
i

i i i

y

b y i n
C

y b i n

ρ λ
ρ

λ ξ λ

ξ

=

=

  = + +  +  
 = = =

− + − = =

∑

∑

W S X

W X





Λ

              (11) 

According to duality theory and (11), after simple calculation, we can get the 
dual problem of (10) as follows:   

( )max
n

d
∈λ

λ                       (12) 

where ( )d λ  has the following expression:  

( )

( )

21 1, , ,
1 1

1 1, ,
2 2 1

k kd
C

ρ
ρ ρ

ρ

= − − −
+ +

− −
+

e S

Y X

 

 

λ λ λ λ λ

λ λ λ λ

Λ

 

and the optimal solution of (12) is denoted by kλ . Since the dual problem (12) 
is essentially an unconstrained quadratic programming problem, by the opti-
mality theorem, we find that solving (12) is equivalent to solve the following 
system:   

1 2 1 0,
1 1 1

k kd
C

ρ
ρ ρ ρ

∇ = − − − − − =
+ + +

e S Y X   

λ λ λ λΛ  

i.e.,  

2 1 1 .
1 1 1

k k

C
ρ

ρ ρ ρ
 

+ + = − − + + + 
I Y X e S  λ Λ            (13) 

If the coefficient matrix of (13) is invertible, then the optimal solution kλ  of 
(12) has the explicit exact expression as follows:  

1
2 1 1 .

1 1 1
k k k

C
ρ

ρ ρ ρ

−
   

= + + − −   + + +   
I Y X e S  λ Λ  

Therefore, by the KKT system (11), the optimal partial variable of (10)  
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( )1 1,k kb+ +W  has the following explicit exact expression:  

1

1

1

1

1
1

n
k k k k

i i i
i

n
k k

i i
i

y

b y

ρ λ
ρ

λ

+

=

+

=

  = + +  +  

 =

∑

∑

W S XΛ
 

which means that the iterative format (7) can be written in a more concise form:  

( )1 1

1 1

1, , .
1

n n
k k k k k k

i i i i i
i i

b y yρ λ λ
ρ

+ +

= =

  = + +  +   
∑ ∑W S XΛ  

Additionally, the problem (8) can be equivalently written as follows:  
2

11 1arg min .
2

k k

F

τ
ρ ρ

+
∗

   + − −  
   S

S S W Λ             (14) 

By Lemma 1, we can deduce the closed-form solution of (14), so that the itera-
tive format (8) has more straightforward expression as follows:  

1 1 1 .k k k
τ
ρ ρ

+ + 
= − 

 
S W Λ  

4.2. Convergence 

Since the model (5) is a convex problem only with equality constraints, then the 
convergence property of PSMM iterative framework can be guaranteed by [26] 
[32], so that we can get the following results:   

Definition 1. For given parameters C∈  and τ ++∈ , we say  

( )( )* * *, ,bW S  is the proximal stationary (P-stationary) point of (5) if there ex-
ists a Lagrangian multiplier * l m×∈Λ  such that   

( )* * * *

1
0 1 ,

n

i i i i
i

C y y b
=

 = − − + − ∑W X W X Λ           (15a) 

( )* * *

1
0 1 ,

n

i i i
i

b C y y b
=

 = − − + ∑ W X              (15b) 

* *0 τ
∗

∈ ∂ +S Λ                       (15c) 

* *0 = −S W                         (15d) 

Theorem 2. Suppose ( )( )* * * *, , ,bW S Λ  be the limit point of the sequence 

( )( ), , ,k k k kbW S Λ  generated by the PSMM iterative framework, then  

( )( )* * *, ,bW S  is a P-stationary point and thus a locally optimal solution to the 
problem (5).  

Remark. Since ( )1 1,k kb+ +W  minimizes ( )( ), , ,k kL bρ W S Λ , then we have 
the following relation:  

( ) ( )1 1 1 1

1
0 1 ,

n
k k k k k k

i i i i
i

C y y b ρ+ + + +

=

 = − − + − − − ∑W X W X S WΛ    (16) 

( )1 1 1

1
0 1 ,

n
k k k

i i i
i

b y y b+ + +

=

 = − − + ∑ W X                (17) 
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Similarly, since 1k+S  minimizes ( )( )1 1, , ,k k kL bρ
+ +W S Λ , then we also have 

the following relation:   

( )1 1 10 k k k kτ ρ+ + +

∗
∈ ∂ + + −S S WΛ                (18) 

1) It is not difficult to find that the iteration formula (9) always produces a gap 

( )1 1k kρ + +−S W  between the state variables kΛ  and 1k+Λ  at iteration 1k + , 
so that there always has a residual between kΛ  and the locally optimum *Λ  
on each update. Meanwhile, from the perspective of feasibility, the locally op-
timal point of (5) must meet the feasible condition (15d). Nevertheless, 1k+W  
and 1k+S  are generally unequal on each update. To this end, we denote  

1 1 1:k k k
p
+ + += −E S W  as the primal residual at iteration 1k + . Aditionally, com-

bining (9) and (16), we can obtain the following equality:  

( ) ( )1 1 1 1 1

1
0 1 ,

n
k k k k k k

i i i i
i

C y y b ρ+ + + + +

=

 = − − + − + − ∑W X W X S SΛ  

which means that there always exists a residual ( )1k kρ + −S S  for the condition 
(15a) on each iteration. We denote ( )1 1:k k k

d ρ+ += −E S S  as the dual residual at 
iteration 1k + . 

2) Conversely, by (17), it is easy to know that 1kb +  always satisfies the condi-
tion (15b) at iteration 1k + . Similarly, combining (9) and (18), we can obtain 
the following equality:  

1 10 k kτ + +

∗
∈ ∂ +S Λ  

which means that 1k+S  and 1k+Λ  also always satisfy the condition (15c) at 
iteration 1k + .  

4.3. Stopping Criterion 

Based on the above analysis, we know that the PSMM algorithm can obtain the 
locally optimal solution when the following conditions are satisfied:   

1 0 as ,k
p k+ → →∞E  

1 0 as .k
d k+ → →∞E  

Therefore, inspired by [26], we set a stopping criterion that the decision va-
riables stop updating and output when  

1 1, .k k
p p d dF F

ε ε+ +≤ ≤E E  

The tolerances , 0p dε ε >  can be predetermined by the following criterion:  

{ }1 1max ,k k
p abs rel F F

nε ε ε + += + W S  

1k
d abs rel F

nε ε ε ρ += + Λ  

where absε  and relε  are absolute and relative tolerances, respectively, and their 
settings depend on the application, for details, see [26]. Furthermore, the specific 
procedure of PSMM algorithm is shown as follows: 
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5. Experiments 

To verify the binary classification effect of our method, we conduct the experi-
mental analysis of PSMM classifier in this section. There are five selected image 
data sets, including minst digital database [27], MIT face database, INRIA per-
son database [28], the students face database [29] and Japan female facial ex-
pression database (JAFFE) [30]. And, we conduct comparative experiments on 
these data sets with PSVM [1], TSVM [7], LRSMM [16], LTMRSMM [18]. We 
summarize the main information of the selected data sets in Table 1. Some pic-
tures of these databases are shown in Figures 1-5. All experiments are imple-
mented in Matlab R2019a on a workstation with AMD A10-7300 Radeon R6 
1.90 Hz, 10 Computer Cores 4C+6G, 4 GB RAM, and 64 bit Windows Server 
2009 system.  
 
Table 1. Summary of five image data sets. 

database size (pos/neg) dimension class number 

Minst 5000/5000 28 × 28 10 

MIT 2706/4381 20 × 20 2 

Students face 200/200 200 × 200 2 

INRIA person 2416/12180 64 × 128 2 

JAFFE 175/175 256 × 256 7 
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Figure 1. Some pictures from minst digital database. 
 

 
Figure 2. Some pictures from MIT face database. 
 

 
Figure 3. Some pictures from the students face database. 

5.1. Classification on Minst Digital Database 

Minst digital database [27] comes from National Institute of Standards and 
Technology, which includes handwritten characters from zero to nine. Due to  
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Figure 4. Some pictures from the INRIA person database. 

 

 
Figure 5. Some pictures from the JAFFE database. 

 
the differences in writing habits of volunteers, different digits may have similar 
contours, resulting in wrong judgment. The purpose why we chose this database 
is to distinguish handwritten numerals with little difference in contour. 

Through the observation of a large number of handwritten character samples, 
we found five digital pairs, and the two numbers of any digital pair are similar in 
morphology. They are (0, 6), (1, 7), (2, 7), (3, 8) and (5, 6), respectively. And, 
their comparisons are shown in Figure 6. We conducted binary classification 
experiments on the two numbers in the specific digital pair. The experimental 
results show that PSMM performs better than PSVM [1], TSVM [7], LRSMM 
[16] and LTMRSMM [18] in distinguishing handwritten digits with similar con-
tours, for details, see Table 2. 
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Figure 6. Comparison pictures of handwritten digits with 
similar contours. 

 
Table 2. Experimental results on minst digital database. 

Minst PSVM TSVM LRSMM LTMRSMM PSMM 

Subject 

Accuracy 
(%) 

Accuracy 
(%) 

Accuracy 
(%) 

Accuracy (%) 
Accuracy 

(%) 

Time (s) Time (s) Time (s) Time (s) Time (s) 

(0, 6) 
97.23 98.05 97.59 97.40 98.60 

0.09434 0.21151 25.29174 4.79779 0.79307 

(1, 7) 
98.35 98.87 97.24 98.07 99.07 

0.10088 0.22491 31.38959 5.42440 0.81284 

(2, 7) 
96.02 97.54 95.80 96.77 97.87 

0.10020 0.20906 23.40696 5.40644 0.69939 

(3, 8) 
91.71 92.53 91.09 93.12 94.80 

0.09304 0.21207 26.43666 5.07218 0.55883 

(5, 6) 
94.51 95.79 94.49 95.64 96.66 

0.09083 0.21531 31.84351 5.23974 0.60023 

5.2. Classification on Portrait Database 

Through the results on minst digital database, we found that the novel classifier 
has a good ability to distinguish two categories with little difference. It prompted 
us to further apply it to more complex portrait classification tasks, such as face 
recognition, gender judgment, pedestrian detection and emotion recognition, 
which require classifiers to have the ability to distinguish details. To test the 
performance of PSMM classifier in these complex tasks, we selected the follow-
ing four portrait databases. 

1) MIT face database is affiliated to Massachusetts Institute of Technology, 
with a total of 7087 samples, including 2706 face samples and 4381 no face sam-
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ples. All images are gray images stored in BMP format, with width and height of 
20. We chose it for face recognition experiments which is to judge whether there 
is a face in picture. 

2) INRIA person database [28] was collected to detect whether there exist 
people in the image, including 2416 pedestrian pictures and 12,180 landscape 
pictures. All images are color images stored in JPG or PNG format, and we have 
normalized the samples into 61 × 128 gray level matrices to unify the specifica-
tions of samples. 

3) The students face database [29] contains 400 photos of medical students in 
Stanford University, which consists of 200 males and 200 females. All images are 
gray images stored in JPG format, with the width and height of 200. In the 
process of gender judgment, hair style will be a disturbance, because girls may 
have short hair and boys may have long hair. Therefore, this database we chose 
will further test the ability of classifiers to distinguish facial details. 

4) Japan female facial expression database [30] has 213 facial expression im-
ages, which are composed of 7 facial expression images of 10 women. The seven 
expressions are afraid, surprised, happy, sad, angry, disgusted, neutral, respec-
tively. All images are gray images stored in TIFF format, with the width and 
height of 256. We conducted binary classification experiments between each 
emotion and the rest to observe the sensitivity of PSMM classifier to facial ex-
pression differences. 

Through a large number of preliminary experiments, we have determined the 
appropriate training set size of each database. And, the stability and progres-
siveness of the novel algorithm have been verified by properly increasing the 
number of test samples and massive repeated experiments, for details, see Tables 
3-6. 
 
Table 3. Experimental results on MIT face database. 

MIT PSVM TSVM LRSMM LTMRSMM PSMM 

Test set 
Accuracy 

(%) 
Accuracy 

(%) 
Accuracy 

(%) 
Accuracy (%) 

Accuracy 
(%) 

pos/neg Time (s) Time (s) Time (s) Time (s) Time (s) 

100/100 
87.70 85.95 89.10 87.00 92.60 

0.00678 0.01823 9.61162 1.53774 0.09710 

200/200 
89.10 86.15 88.80 85.28 92.15 

0.00753 0.01756 10.32216 1.69821 0.09709 

300/300 
90.10 87.45 90.07 88.38 92.93 

0.00455 0.01756 10.73969 1.70013 0.09879 

400/400 
88.09 84.64 88.45 85.65 92.72 

0.00712 0.01797 10.17160 1.65579 0.09469 

500/500 
90.28 88.73 91.37 87.36 93.61 

0.00705 0.01726 10.37729 1.61703 0.10190 

https://doi.org/10.4236/jamp.2022.107155


W. Zhang, Y. L. Liu 
 

 

DOI: 10.4236/jamp.2022.107155 2282 Journal of Applied Mathematics and Physics 
 

Table 4. Experimental results on INRIA person database. 

INRIA PSVM TSVM LRSMM LTMRSMM PSMM 

Test set 
Accuracy 

(%) 
Accuracy 

(%) 
Accuracy 

(%) 
Accuracy  

(%) 
Accuracy 

(%) 

pos/neg Time (s) Time (s) Time (s) Time (s) Time (s) 

100/100 
79.60 83.00 82.00 72.55 86.85 

0.53785 1.36313 19.32664 4.96127 3.46110 

200/200 
79.73 82.45 80.53 72.40 87.20 

0.54470 1.36510 20.32056 5.21338 3.82192 

300/300 
80.02 84.25 82.32 75.28 87.23 

0.55377 1.37249 20.67401 5.15255 3.72906 

400/400 
79.39 82.76 79.24 73.60 86.57 

0.68570 1.73248 26.24048 6.93018 4.62039 

500/500 
79.44 81.91 79.18 74.27 85.67 

0.70342 1.75017 31.68549 7.36364 5.26839 

 
Table 5. Experimental results on the students face database. 

Students PSVM TSVM LRSMM LTMRSMM PSMM 

Test set 
Accuracy 

(%) 
Accuracy 

(%) 
Accuracy 

(%) 
Accuracy  

(%) 
Accuracy 

(%) 

pos/neg Time (s) Time (s) Time (s) Time (s) Time (s) 

40/40 
90.13 90.63 88.63 80.25 94.25 

0.67461 1.69127 5.29848 1.17995 4.77109 

50/50 
88.20 88.20 88.00 80.00 92.60 

0.69538 1.65039 5.30147 1.16947 5.33867 

60/60 
88.42 88.83 87.67 79.92 93.00 

0.67033 1.66927 5.50830 1.16938 4.78024 

70/70 
88.86 88.79 87.86 78.57 93.07 

0.66228 1.61085 5.45025 1.15839 4.82768 

80/80 
90.69 91.44 90.32 78.00 93.88 

0.65905 1.61492 5.69662 1.10800 5.03019 

5.3. Parameters Selection 

The penalty parameter C affects the fitting degree of the proximal plane to sam-
ples. If the value of C is too small, the prediction ability of proximal planes will 
be lost, resulting in under fitting. Conversely, C with too large value will produce 
over fitting phenomenon, which will lead to the poor generalization ability of  
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Table 6. Experimental results on the JAFFE database. 

JAFFE PSVM TSVM LRSMM LTMRSMM PSMM 

Subject 

Accuracy 
(%) 

Accuracy 
(%) 

Accuracy 
(%) 

Accuracy (%) 
Accuracy 

(%) 

Time (s) Time (s) Time (s) Time (s) Time (s) 

afraid 
66.73 82.50 78.44 79.06 86.41 

2.59157 5.67755 4.84327 0.77936 11.52640 

surprised 
71.51 84.51 83.67 84.17 90.17 

3.31090 7.07017 6.49447 1.37633 18.93282 

happy 
61.62 86.30 84.20 82.10 90.17 

3.63068 7.86516 6.38803 1.55475 21.77760 

sad 
62.43 78.88 72.59 74.68 82.10 

3.63619 7.83720 8.26077 1.52470 16.67137 

angry 
67.51 87.50 86.34 85.33 90.00 

3.62794 7.90733 7.06966 1.38328 22.54246 

disgusted 
66.22 86.21 82.07 82.07 88.80 

3.62028 7.88570 8.71498 1.59652 19.36869 

neutral 
58.01 80.01 76.84 77.83 84.17 

3.63031 7.83308 8.32018 1.51735 17.49704 

 

 
Figure 7. Effects of different C on the performance of PSMM classifier in the task of judging the existence of human face. 
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Figure 8. Effects of different C on the performance of PSMM classifier in the task of judging the existence of pedestrian. 

 

 
Figure 9. Effects of different C on the performance of PSMM classifier in the task of judging the gender of students. 
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Figure 10. Effects of different C on the performance of PSMM classifier in the task of distinguishing afraid expression. 

 

 
Figure 11. Effects of different C on the performance of PSMM classifier in the task of distinguishing surprised expression. 
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Figure 12. Effects of different C on the performance of PSMM classifier in the task of distinguishing happy expression. 

 

 
Figure 13. Effects of different C on the performance of PSMM classifier in the task of distinguishing sad expression. 
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Figure 14. Effects of different C on the performance of PSMM classifier in the task of distinguishing angry expression. 

 

 
Figure 15. Effects of different C on the performance of PSMM classifier in the task of distinguishing disgusted expression. 
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Figure 16. Effects of different C on the performance of PSMM classifier in the task of distinguishing neutral expression. 

 
our model. Thus, predetermining the value of C is of vital importance for PSMM 
classifier. To observe the influence of different C on the classification accuracy of 
the novel model, we select C from {1 × 10−3, 2.5 × 10−3, 5 × 10−3, 1 × 10−2, 2.5 × 
10−2, 5 × 10−2, ∙∙∙, 1 × 101, 2.5 × 101, 5 × 101} and fix the values of other parame-
ters, i.e., 2, 1τ ρ= = . The results of different data sets are shown in Figures 
7-16. 

6. Conclusion 

In this paper, a novel SMM-type method called PSMM is proposed for the ma-
trix classification problems, which has absorbed the advantages of PSVM and 
LRSMM. In design, the novel method has considered both the relationship be-
tween samples within a class and the structure of rows or columns of matrix da-
ta, which makes PSMM have good properties to meet the challenges of complex 
image classification problems. Finally, to verify the performance of our design, 
we conduct a large number of comparative experiments. It can be seen from the 
experimental results that PSMM performs better than PSVM, TSVM, LRSMM, 
LTMRSMM in the demanding image classification tasks. Moreover, since we only 
considered the linearly binary classification situation and the selection of penalty 
parameter C in this paper, there still have some relevant topics worthy of in-depth 
study in the future. For example, how to extend the PSMM algorithm to multiple 
classification situation, how to introduce appropriate kernel function to create 
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the nonlinear version of PSMM and how to select a stable parameter combina-
tion. We will take these topics as our future directions.  
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