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(OMOMMY 0pen Acces:

Abstract

In this paper, we study the long-term dynamic behavior of a class of genera-
lized high-order Kirchhoff-type coupled wave equations. Firstly, the existence
of uniqueness global solution of this kind of equations in E, space is proved
by prior estimation and Galerkin method; Then, through using Rellich-Kon-
drachov compact embedding theorem, it is proved that the solution semi-
group S(t) has the family of the global attractors A in space E,; Finally,

through linearization method, proves that the operator semigroup S(t)

Frechet differentiable and the attenuation of linearization problem volume
element. Furthermore, we can obtain the finite Hausdorff dimension and
Fractal dimension of the family of the global attractors A, .

Keywords

Kirchhoff Equation, Existence and Uniqueness of Solutions, Global Attractor
Family, Dimension Estimation

1. Introduction

In this paper, we study the long-term dynamic behavior of a class of generalized

high-order Kirchhoff-type coupled wave equations:
Ay s-a) g ua) = K0, @

2
+ ||V”‘v

U, +M ("Vmu

Vv, + M ("Vmu ’ +||va

aytve p-aTv g (uu) = L6 @

the boundary conditions:

%:o,i=o,1,2,-.-,m—1,><eagz,t>o, 3)
n
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on

o) =0,j=0,12,---,2m-1,x € 6Q,t > 0, 4)

the initial conditions:
u(x,0)=u,(x),u (x,0)=u, (x),v(x,0) =V, (x),Vv (x,0)=v,(x),xeQ, (5)

where Q isabounded domainin R" with smooth boundary 0Q,
Uy (X),u, (x) is a known function, g(u,v), f,(x),i=12 are nonlinear source
term and the external force interference terms, m>1, /3 is real number.
Recently, the global attractor and its dimension estimation for Kirchhoff type
equations have been favored by many scholars. Many scholars have done a lot of
research on this kind of problems and obtained good results [1] [2] [3].
Lin Guoguang, Gao Yunlong [1] studied the longtime behavior of solution to
initial boundary value problem for a class of strongly damped higher-order Kir-

chhoff type equation:

Uy +(-A)"u, +(a+ﬂ|v"‘u Z)q (-A)"u+g(u)= f(x), (xt)eQx[0,+x),

they got the existence and uniqueness of the solution by the Galerkin method
and obtained the existence of the global attractor in Hg' (Q)x L*(Q) according
to the attractor theorem, besides, the estimation of the upper bound of Haus-
dorff dimension for the attractor was established.

Guoguang Lin, Ming Zhang [2] studied the initial boundary value problem for
a class of Kirchhoff-type coupled equations:

u, —M (||Vu||2 +||Vv||2)Au - BAu, + g, (u,v) = f,(x),
Vv, —M (||Vu||2 +vv|* )Av—,BAvt +9, (u,v)=f,(x),

they obtained the existence of the global attractor and a precise estimate of upper
bound of Hausdorff dimension.
Lin Guoguang, Yang Lujiao [3] studied the long-time properties of solutions

of generalized Kirchhoff-type equation with strongly damped terms:

Uy +M (|Vmu z)(—A)Zmu+ﬁ(—A)zm u +g(u)=f(x),

by assuming the nonlinear source terms g(u) and Kirchhoff stress term M (s),
the author verified the appropriateness of the solution and proved the existence
of the global attractor, obtained the upper boundary estimation of the Hausdorff
dimension and Fractal dimension of a family of the global attractor.

For more significant research results about the global attractor and its dimen-

sion estimation of Kirchhoff equation, please refer to the literature [4]-[18].

2. Existence and Uniqueness of Solutions

The following symbols and assumptions are introduced for the convenience of

statement:
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V, = H™ (Q)NHE (). Vo = H™ (Q)HE(2) V= H*™ (@)NH3 (@),

= "‘”LZ(Q) v By = Vi xVg xVop XV, By =V x Vg XV, XV,
Er = Vi XV XV X Vo, Vg = L (Q)

In order to obtain our results, we consider system (1)-(5) under some assump-
tionson M (s) and g(u,v). Precisely, we state the general assumptions:

(A1) M (S) eC? ([0, +oo), R) is not decreasing function and for positive con-
stants &;,0,»

(1) e+1<8,<M(s)<6,

(2) M(s) is a non-negative Lipschitz functlon, L is associated with the Lip-
schitz constant M (s), M (s)= (”Vmu”

(A2) Forany u,v,p,qeV, g(u V) g( )eC (R),thereexist a>0,
£20, C(a,&)=0,such that

(9(u.v).p) (3 (v%).0)
2 a(lpl ol )~ {lof” « M )-C (ene) "+ )

Lemma 1 Assuming (A1)-(A2) are true, letting (Uj, Py, Yy, 0, ) € Eq 5
f.(x), f,(x)e L (Q), then there is a solution (u, p,v,q) for problem (1)-(5)
which has the following properties:

() (u,p.v,q)eL”((0,+%);Ey)s

(ii)

25

y(t)<y(0)

{00 <1, ©

where y(t)=[v™u[" +|p|f +[v?"v[ +||q|| .
(iii) There are normal numbers C(R;) and t, =t,(Q)> 0, such that

o pvaf, <[l o o[y +laf <c®).

Proof: Let p=u, +su inner product with Equation (1),
2 m m
(un +M ( v'u )(—A) u+B(-4)"t+9(u.v), p) =(f.(x).p). ®

according to the hypothesis (Al), using the Young inequality, Holder inequa-

+|V™v

tion, Poincare inequality, etc., there are

(v P) =5 [P =2 Pl +27 (1. ). (9)

(M( 2)(—A) u, P) gs (10)
(#(-2)"u.p) = v + 222 mf an

(600 p)= 51l +5 -] 6 0 (12

where 6=0, or 4.
Similarly, letting =V, +&v inner product with Equation (2), the treatment
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of each item is similar to (9)-(11), and the above results are sorted out,

L8 (5 e[l 7 Do+l )2 (1l + )
ol

+&2[(u, p)+(v,q)]+g§0(
a0 2+ (0l )= + 5. ).

using the Young inequality, the Poincare inequality, and the assumptions (A2),

v2my

+|

voul? + [vzmy V™, ’ +||V2”‘vt||z) (13)

+|

The individual items in Equation (13) are treated as follows:
3
£ [(0,p) + (v.0)] = e Julf +vfF )= 5ol +[al"). (14)
by the Poincare inequality has
2 (Julf +MF) = —2 (A + 27" )(

where A, is the first eigenvalue with homogeneous Dirichlet boundary condi-

vrulf v ), (1)
tions of —A, in the same way

~C(ae)(Julf +F )z -C(@e) (4™ + 477 [V
‘) +lol +1al")

d

dt

o —%—%} I +aF (o -2 ) f +
(s~

t

w[). s

VZm

g ((5+ ge)([nf +|

V2My 2)
(17)
+ﬂ{2m))( v, +|V2’"vt 2),
2
<;(|| w)" +||fz<x>|| )
where o> 345 55 204+ 47"), B>Clae) (A" +4"").
2 4 " ’ ’
Let ()= (5+pe)([v"ulf + [V )+ o[ +al
y(t)={V"u ’ +| vy’ +| p||2 +||q||2 , there are normal numbers
k, =min {16+ Be} , such that
y(t)=ky(t)=0, (18)
3
let &, =min {a —3?5—%, 5(50 - 2(2{"‘ + A" ))} , there are
d 2¢ 1
GOy < S{IL 0+ (). (19)
by Gronwall inequality,
2
Y= y(0)e * o (||f I+ 5. (). (20)
so there are normal numbers C(R;) and t, =t,(Q)> 0, such that
DOI: 10.4236/jamp.2022.107150 2184 Journal of Applied Mathematics and Physics
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vl v +aff <C(R,). (21)

J(up v, -

Lemma 1 is proved.

Lemma 2 Assuming (A1)-(A2) are true, (Ug, p,.Vy, o) € E.» fi(X)e H™(Q),
f, (X) eH™" (Q) , then there is a solution (u, p,v,q) for problem (1)-(5), which
has the following properties:

(i) (u,p.v.q)eL”((0,+);E,);

(ii)

+el |

W< (0)e 5+ - (||v OO+ 7 £ (0 ). (22)

where y ”Vmu” +||p|| +|VZm +||q||
(iii) There are normal numbers C(R,) and t,, such that

v"‘*ku"2 +||v2r“+2kv||2 +[v* p||2 +||v2kq||2 <C(R). (23

l(w pv.a)f, =
Proof: Let (-A)‘ p inner product with Equation (1),

(v M ([ [ =) u+ A=) 0+ 0 (uv) () )

=(1.00.(-8)" ),

according to the hypothesis (A1), using the Young inequality, Holder inequa-

(24)

tion, Poincare inequality, etc., there are

(uﬁ'(_A)k p) za"VkPH {”—]"VKPHZ G |V"‘*k (25)
(M {776 + v - u (- o) 22 Lol e ool o
prarutars) (27)

— g|vmu " ﬂ;;ﬁt vl

where 6=0, or ;.
Similarly, letting (—A)Zm g inner product with Equation (2), the treatment of
each item is similar to (25)-(27), using Young inequality, Poincare inequality,

and assumption (A2), the individual terms are treated as follows:
(9(uv). () p)+(9(uv).(-4)*q)
R T T P (R )
(6008 p) (1 (x).(-a)" 20)
<S{Iw el 7ol )« (9 £ 0O #5700 ).

Then sort out the result of appeal and other inner product items, get

(28)

(29)
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%di((m pe) (||V'"*ku ’

G oo oo

+[g§ —_(/11 ”12"")](
+(ﬁ—2—;(ﬂ{”’ + 4" )j(
< {lv* 0of 7 o ).

using the Young inequality, Poincare inequality, and assumption (A2), the indi-

v vt off v

+|

Vel 2 +||V2m+2kv||2) (30)

2
Vmafkut " +|

2
v2m+2kvt " )

vidual terms in Equation (30) are treated as follows:

(9(uv).(-a) p)+(9(um).(-4)*q)

1 A mk 2m-+2k EC (oK o2 2k |12 (1)
<H(a” )(V uf )+ S (ol <l )
(5008 p) (1 (x) (-2)" 20)
<E(|w*p[ +[v* L (vt 0ol + v s, (0 o
——(|| Io|| +|| af g (19 0+ 00 )
where £¢-C,-3>0, &, >— (/11 +ﬂ12m) C(ﬂ.ferﬂ{zm).
tet 5, ()= (0 o) [V ul + |77 = oo off ool
y, (t)= |Vm+ku ’ +|V2m+2kv"2 +||Vk p"2 +||V2kq||2 , there are normal numbers
k, =min{1,5 + Be} , such that
¥, (t) =k, y, (1) =0, (33)
let glzmin{#—% &6, —72(/11'“+/112m)},get
%yl(t)+2k—ily1 s%("v f( || +||V2k "2) (34)
by Gronwall inequality,
_2a,
v (t) <y, (0)e o i (||v f( ||2+||V2k fz(x)||2), (35)
so there are normal numbers C(R,) and t, >0, such that
(u. p.v. ) | =[vmsu + w2 +[vep[ + v a <c(R) (36)

Lemma 1 is proved.
Theorem 1 Assuming (A1)-(A2) is true, (Uy, Py,Vy,0p) € E» f(X) €V,
f,(X) €V, then the initial boundary value problem (1)-(5) has a unique solu-

tion

(u(xt), p(x.t),v(xt),q(xt)) e L*((0,+%);E,). (37)
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Proof: According to literature [9] and Galerkin method, combining with lemma
1 and lemma 2, we can easily obtain the existence of solutions.

Next, prove the uniqueness of the solution:

Assuming (U, Py,Vy,0; ), (Uy, P,1V,.0, ) € E, are the two solutions of the prob-
lem (1)-(5), letting U =u, —u,,V =V, —V,, obtain that

Uy +M (Sl)(_A)m u-M (52)(_A)m u, +ﬁ(_A)m U + g(ult'vl)_g(UZI'V2)= 0,
M (Sl)(_A)Zm v,—M (52)(_A)2m vV, "’ﬂ(‘A)zmvt + g(ul’Vn)_g(UZIVm): 0,

=
+

o(x,0)=0,0,(x,0)=0,v(x,0)=0,% (x,0)=0,x € Q,
a—q_o i=012---,m-1,xeoQ,t>0,

on'

v

——Oj—012 ,2m-=1xeoQ,t >0,
ov’
(38)

2 2 2
where slz||Vmul|| —||va1|| 'S, :"Vmu2

Let T,,V, inner product with the first two equations in (38) and obtain,

2dt"u ” +(M(51)( A)" ul_M(SZ)(_A)mUZ’LTt)+lB||VmUt||2:(g(u2tlv2)_g(ultlvl)'UI>I

Sl (s V=M (5,)(-8) " v, % )+ AV

g(u2 Vzn) g(ullvlt)’vt)’
(39)

using the Young inequality, Poincare inequality, as well as the assumptions (A2),

for processing on the type of individual items as follows:

(M (5,)(=8)" T+ M (5,)(-8)" u, =M (5,)(-4)" u; &
M) d

2= vl (M () (-A)"u, M (s) ()" w5
> M) 3 n, 2—L(( v+ [, ) o

(40)
Ly v vl o) e

2C, (|val +|v*rv

)l

+||m||2],
2

(M(S)(-A)™ v ~M (5,)(-A)"v, %) 2, [||vma||2 o @j (an)

>C,

i

similarly, we obtain

|( 9 (U Vi ) = G (Ugg, Vi ) + g (U v )g(UZt'VZ)'Ut)|

<|(9'(4 |U|+9 Uy ) 7], ) (42)
V| 3

<loG ). I +Jounn. [l <c. 25
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_ < Al
|(9(U1’V1t)_g(u2'vzt) V)| 5(—"21” +@], (43)
Through the (40)-(43), finally will become
e R RRATC (a I d e1
(€, +C)([vnaf + ool )+ == g
(44)
+ ST o S o
sce(v a o)+, (6l + ).
Let vy, (t)=|q || +|% || +M(s)) ("Vm +||V2m ) there are normal numbers
k, = m|n{C7,C },where C, <CyM (s,), such that
d
G2 (O <k, (1), (45)
using the Gronwall inequality, we have
Y, (t)<y,(0)e* =0, (46)
O=lal ()l o) -0 @
$0
U=v=0 (48)

Theorem 1 is proved.

3. The Family of Global Attractors and Dimension
Estimation

Theorem 2 [9] Assume E; is a Banach space, {S (t)}tzo is the operator semi-
group, S(t):E—>E, S(t+7)=S(t)-S(z)(Vt,r>0), S(0)=1, where /is the
identity operator. If S(t) satisfies

1) Semigroup S(t) is uniformly bounded in £ ie. VR >0, exists a constant
C(R) such that when |jul|. <R, thereis ||S (1) < C(R)(Vt € [O,+oo));

2) There exists a bounded absorbing set B in Z, that is, for any bounded set

B c E, there exists a constant t; >0, such that

S(t) B B(t>t,), (49)

3) {S (t)}tzo is completely continuous operator.

Then operator semigroup S(t) has compact global attractor A.

Theorem 3 Let S(t) is a solution semigroup generated by the initial boun-
dary value problems (1)-(5) under the hypothesis of lemma 1 and lemma 2, then
the initial boundary value problems (1)-(5) have the family of global attractors.
There are compact sets satisfying:

A cE cE, and A =w(By)=NUS(t)By.k=12--,m

720t>7
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where By, = {(u p.v.q)€E, :||Vm*ku||2 +||Vk p"2 +||V2m*2kv||2 +||V2kq||2 < ROk} ,

1) S(t)A =A.t>0,
2) A attracts all bounded sets of E,, that is, any bounded set B, cE,,

having

i di B A : e
limdist (S (t)B,, A ) =0, where dist(S(t)B,,A) iléﬁ;g{k

s, -
then compact set A, are called the family of global attractors of semigroup

S(t).
Proof: From lemma 1, lemma 2, for any bounded set By, c E, and
By < {"(u p,V, q)”E <R, } , the equation has solution semigroups
k
S(t):E, > E,,and

I8 () (s, po Voo o), =l +l0, +IVEE,,.,, +lalf, <C(R). 0

where t, >0, (Uy,V, )€ By, , shows that S(t),
Further,

Box = {(U p,v,q) e E, :||vm+ku||2 +||Vk p"2 +||V2m+2kv||2 +||V2kq||2 < Rok} a

_, is uniformly bounded in E, ;

bounded absorption set of semigroup S(t); E, is compactly embedded in
E,, ie, the bounded set in E, is a compact set in E;, so the operator semi-
group S(t) is completely continuous operator. Then there exists a global at-
tractor family of equations

A =o(By )= N US(t)By k=12-,m.

20t>7

Theorem 3 is proved.
After the family of global attractors are obtained, in order to estimate the
Hausdroff dimension and Fractal dimension of the family of global attractors,

the initial boundary value problem (1)-(5) is linearized and obtain that

Uy +M ( vl + v 2)[(v”‘u,vmu )4V, vV )] (-A)"u

m m m mo 09(u,v) o9 (u,v)
M(v “iv 2)—A U+B(-A)"U u V=0,
M (|77 v ) U p-a) v s =R 0
Uy +M ( vl + v 2)[(vmu,vmu)+(vmv,vmv )](-a)"u

m m m mo 09(u,v)  og(u,v)
M(v “iv 2)—A U+B(-A)"U u V=0,
S (R B G R R R e
U(X,O)zfl,Ut(X,O):§2,V(X,O):771,Vt(X,O):nz,
U(x0), =V (x0)_ =0t>0.

(51)

where (&,&,,m,1,) € Eys (U, P,V,0) =S (t)(Ug, Py, Vo, 0p) is the solution of the
initial boundary value problem (51).

Given (Uy, Po:Vo,Uy) € Acs S(t):E, > E,, forany (&,&,,m,1,) € E, there
exists a unique solution (U (t),P(t),V (t),Q(t)) e L”(0,T;E,) to the linear in-
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itial boundary value problem (51).

Lemma 3 For any t>0, R>0, the mapping S(t):E, — E, is Frechet
differentiable. The derivative on p, =(Uy, Pg,Vp,Gy) is a linear operator on
E,,

DS (t)po :(g’é,rn’o-) - (U’P’V’Q)’
where (U (t),P(t),V (t),Q(t)) is the solution of the problem (51).
Proof: suppose o, =(Ug, Pg:Vo: Uy ) € Ey s

Po=(Up+& Py +¢ Vo +71,0p +0) € B with [y, <R, [Bofle, <Ry, we de-
note

S(t)po =p=(u1, p11V1'Q1)vS(t)/30 =(u2- pzvvzqu)-

First, we can prove a Lipschitz property of S(t) on the bounded setson E,,
that is

[s() - s A, <e*[(c¢mo)s, - (52)

We now consider the difference 6=u,-u, -U,o=v,-v, -V is the solu-

tion to problem (53),

2
%+M( |+

V™,

m
Vi,

[)-a)y" o+ p(-a)" 6,=n,

oM [7uf+ 2

m
Vv,

where

h =[M(s)-M(5)](-2)"u,
#2M/(5)] (Vu, VIU )+ (V7 VIV ) (=), (54)

og(uy,,V, og(uy,,V,
+ (&j; 1)Ut+ (6\1/1 1)V+g(u1t’vl)_g(u2NV2)’

h, =[M(s)-M(5)](-2)"v,

+2M(s)[ (VMU VU )+ (V7 V) |(<8)" Y, (55)

+ a9 (U11V11)U n a9 (Ulvvlt)

6u1 aVn Vt+g(ul’vlt)_g(u2’\/2t)'

2 2 2
ol =l 7l
Some items are treated as follows
[M(5)=M (5)](~8)"u, +2M(s)[ (V"U, V"u, )+ (V"V, V", ) | (=4)" b,

=(M(s)=M (3))(~A)"u +2M"(s)[ (V"u;, V"U )+ (V", V"V ) | (<4) " u,

2
where s=||Vmul|| +

=—2M ()| (V"0 V", )+ (-V"V, V™) |(<A)" U + M (s +(1-a)s)

x[(V™ (U =), V7 (U )+ (V7 (% =%, ), V7 (v, ) | (-4) ",
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5)[(Vm (U=, ), V7 (U +))+ (V7 (%=, ), V7 (v2+v1))T(—A)m u,
M'(s) [(V u,—u,),v" uz—ul)) (V" (v =), V™ (v, —vl))](—A)m u,
+2M' s)[ (V"‘(v -V,),V"V. )J( A)" (u, —u,)
—2M(s)[ (V" e,vmul) (vmw,v V) |(-a)"u,
=L+, +1;+1,.

S

(56)

Let (—A)k 6, inner product with the first equation in (53), (—A)2k o, and

inner product with the second equation in (53), obtain

(1.(-a) 6)< (ZM "(5)[(Vm (U=, ), V™ (U +,)) + (V™ (4 -v,), 97 (v, +vl)ﬂvm*ku2,vm*k.9t)
"4 2vmrg

2 |2]
I R ’
8

2|lymekg 2
22k (Vz —V1)||4)+ ¢ - t" J’

<2c ||V”‘ u, —Uu, ||

vm(

V™ (u, —u1)||4 +|

< 201 iz(ﬂ{Zk +X1—2m—4k)(|

&g

(IZ'(_A)k Ht): (M ,(S)[(Vm (u—u,), V" (U, _ul))+(vm (v, =v,), V" (v, —W))J(—A)mk uz,Vm”‘Ht)

2 |om+k o |2
4 Vm( V1)||4+#J
v (y ” ) mk&"]

(1) 6)< (2M (S)[(V7 (1 =,), V™) + (V7 (4= v, ), V™) [V (U, —u), V4 )

N

V™ (u, —uy) ||

V™ (u, -y, )||4 +|

4 -2k -2m-4k
So| (4™ A

+k
<26, |V () + SV e —w)f v -w) + 3 |Vm ‘9||J
< 2¢, iz(ﬂ{Zk A7 4 )( ymk (uz_u1 ” +|V2m+2k " ) Vm+k6’| J’

<I4!(—A)k gt): (_ZM ’(S)[(Vmglvmul)_i_(Vma)’vmvl)]vmkulyvmkgt)

allvmg 2 4|Vm+ka)|2 &2 mGgt"zJ
<2c, 5 + 5 + 3

& &
V2m+2ka)"2)+ 82 Vm+k9t||2 J
—8 )

Vm+k0 2

+|

4 -2k —2m-4k
<20 (4% +4 )(

which implies that
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‘([M (5)-M(5)](-A)"u +2M'()[ (V"U, 97w, )+ (77, 9™, ) |(-A)" u, (-4)*
S%(J{Zk J g4k +1)( 7 2m-2k (v, —V1)||4

*|

V™ (u, —u1)||4 +|

|2

Vm+k9 2 Vm+k9t

+|

2
V2m+2kw" )+CG£‘2

(57)

Analogously,
‘([M ()M (8)] (A" v, +2M"()[ (V"1 V"0 )+ (V™ V™V ) ()" v (-4)* )‘
S%(ﬂ{zk 1 joamk +1)(

Vm+k (uz —u, )"4 +||V2m+2k (Vz —V1)||4

+|Vm+k0 2 +|V2m+2ka)”2)+C8€2|V2m+2k0)t ||2 )
(58)
Further,
09 (Uy, V. og(u
28l Bty -0, )4
_ a9 (fl,vl)(un —UZt)+ ag(uz“nl)(vl—V2)+ag(U1“V1)Ut +ag(u1t’vl)v,(—A)k )
0 on, Oy Ny

ouy, 0,1,

< azg(fz'v) ag(ult’vl) 6zg(u2t, 2)
—{ 2%, (U —Up ) (&~ )+ ———(=6,) + 277 (v =V, ) (m — )

g (53,\/1) (Vl -V, )(Uzt —Uy ) +M(—a)) ' (_A)k Ht J

553 o

<o ) [V e A+ ® e (v ) [V
A R T L e e
C;(Zg (7 (o v v )2 (e +sfomof )j

(59)
where,
& =nuy —(1-1) Uy, =y, ( )5, 8 =hé —(1-1) Uy,
n, =0 — (1 4)V &3 = Igly — (1 )un
C1 om 3m
c14—ma><{cgﬂﬁ — cuﬂiz Cod 2 ,Cuh ? }
Similarly
2y BN g )09,
%(23 (77 (o= ) + 722 (v ) (60)

Vm+k9

|
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Based on the above Equations (57)-(60), it is sorted out that

7 2m+2k " )}

V2m+2ka)t ” )

v 9|| +||V2ka)t|| +u(vm*k9

+|

2l
+(ﬂ—(c6 +6g)e? )(
<o ([ u-u ) +

v v [ o oo [V 4[5+ ool

Vm+k9

K

(61)

4

m+k
+|V ult Uy, || +|

V2m+2k (V V2 )"

+|

V2m+2ka)|| )

where S>(cs+¢,)e7,
by Gronwall inequality

e+l + (776

t
< et J'O(

4
+||V2m+2k (V —V2 || +|

V"ol

)
mG (un — Uy )”

V2m+2k (Vlt _Vzl )||4)C|T

V™ (u, - u, )”4 + ‘

(62)

< Gy |(

&¢mo),,
50 as "(5,{,7],0’)"; —0 in E,, thereare
[s(©)5-5(t) 2 =(DS (t) 20 )(&: & )
l(&.c.mol,

The differentiability of S(7) is proved.

The next step will be used in demonstrating the process of dimension estima-

<G, "(6g ¢, U)"ZEk -0

tion. it seems obvious that the Equations (1)-(5) also can be written as
@ +H(p)=F(9), (63)

;
where @ =(U,p,v,q) , p=U+&U, q=V, +&v,

gu—p
o) (-A) u-g(ﬂ(—A)gV__gq)w(ﬁ(_A) ~2)p o
(-A)"v-2(B(-A)" -2 )v+(B(-A)" ~2)q
0

o)- fl(x)—g(ut,v)+(1—M(”V"‘u” +[V™v ))(—A)mu | )

0
V™ ))(—A)zm v

f,(x)—-g (u,vt)+(1_ M (”V"‘u”Z .
Y'+P(p)¥Y=T,(p)¥+T,(p)¥, (66)

Consider the first variation equation of (63)

where V¥ :(U!P,V,Q)T , P :Ut +¢eU s Q :Vt +&V , and (p:(u, p,V,q)T is
the solution to problem (63), and
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£l -l 0 0
0 0 (1-Be)(-a)" +e21 p(-A)" ~el
(67)
0 0 0 0
Loa(uy)  dg(u,v)  ag(u,v) 0
ou, ou, ov
Lle)=| 0 0 o [ @
_og(uv) o 9uw)  ag(uv)
au ov, ov,
0
(1M (5))(=A)"U =2M (s)[ (V"u, V"U )+ (V", V"V ) |(-4)"u
T, (¢)‘P = 0
(1-M (3))(=A)"V =2M"(s)[ (V"u,V"U ) +(V"v, V"V ) |(-a)" v
(69)

Theorem 4 Under the condition of Theorem 3, the global attractors of initial

boundary value problems (1)-(5) have finite dimensional Hausdroff dimension
2

and fractal dimension, and then d,, (A )< 3 No» de (A)< %no.

Proof: For any fixed (uy, py,Vy.0y) € E, , assume that y, z,,---, 7, are n
elements in E, , and y, (t),y,(t),-,w, (t) are n, solutions of the linearized
Equation (66) with an initial value (O) =1V, (0) =Xor W (0) = X», » Where
N, isa natural number. It can be obtained by calculation

"(//1 () A Ap, (1)

A0 Ey

t (70)
o, EXP IO trF'(go(r)) °Qy, (7)dz.

<lamanz

where A represents the outer product, fr represents the trace of the operator,
Qn, (r)= Qu (7 @05 200 Koo +3 Xy ) represents the orthogonal projection from
E, to spaniy, (t),w,(t), v, (t)} .

At a given time 7, let h, (T) :(gj (f),é‘j (z-),,?j (T),Gj (z’))T =120,
are the standard orthogonal basis of space Span{t//1 (), (1) vy, (t)} , then

define the inner product on E,
(hj ,E) _ (Vm+k§j ,Vm+k §_j)+<vk§j ,Vk 4/_])
+(V2m+2km ,v2m+2k77_j)+(vzko_j ,VZkO'_j),
Iz, = ()., =

Through the above conditions, can get

v [ e[ 2
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by the Holder inequality, Young and Poincare inequality

(P(o)h;.hy)

— g(varké; Vm+k§ ) (Vm+k§] Vm+k§ )+(1_ﬁg)(vm+k§j’vm+ké«j)
+8° (VA& V¢, )+ B(V™¢,, V¢ ) —2(V4¢,, Vi¢))
+8(V2m+2kn V2m+2knj)_(V2m+2k V2m+2k77 )+gz (V2k77] ,VZij)
+ﬂ(v2m+2k V2m+2k ) (VZKO_ vZk )
+(1_ﬂ€)(V2m+2knj 'V2m+2ko_j)

2eva [ ~(2-pe)lvie | [ s llv e

A [ eV [ -2 pe) v o lv |

Vm+k§j| —82

e[V Vo |+ v o Vo [+ i
s e A B Bt
+(£_ 321(22_ ﬁg)J Vm+k§j ”2 +(g_ Co (Zz_ﬂg)]|vzm+zkm "2
r 252 P
(71)
(Fl(q’)hl hJ)
_ (ag(ut V)ng vke ]_(59( i V)ng ng’J
au, j j au, j j
_(ag(ut'v)vkﬂ V¢ ]_(ag(ulvt)vng VZkUJ
av ] ] 6U ] ]
+g(ag(u'vt)v2k VZkO__J_ ag(u'vt)VZk 'VZkGJ
ov, j j , i j
< 8] o oo |- {BL] forc
_ ag (u,.v) ko ok~ |- ag(u,v) % g [l
&~ | IVl - Mallv el
o9 (u V) "Vka ||||V2ko_j||_HM ||V2"o-j||2
8C23 ||V§||2 Czs_cz4 "V 4/1”2 gczs ||V2k "2 Czs_cze ||V2k "
(72)
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;)
5 (Vm+k§ Vm+k ) ZM'( )(Vmu’vmfj)(VZerku,Vkézj)

1 M

—2M’ (S (V Vv, Vmﬂj)(V2m+ku v 4/1) (1—M (S))(V2m+2k77]'V2m+2ij)
—2M'(s)(V"u, Vg ) (VY Vo )

—2M (S (vmv erlj)(v4m+2k Vzk )

<(1=0)4 (|7 g o [+ n v

v v+

vt |[vél)

Vg "”"V%J "H +|

V2m+2knj ||||V2ko_j ")

)
+2Cy (,1[; + A[% ](
+2c,, [ﬂi; + ﬂ{%fk J(|

1_5 7 m+
S (el vl +

+2Cy (’11_2 + ﬂ’l_z_ ](

m k m
1% 250 A2 +2028(ﬂ.12 + 4,2 k}.

2m+2k77] " +||V2ko_ " )

T I T I Vv

(73)
Based on the above Equations (71)-(73), it is sorted out that
(F'(<"(T))hj (z).h; (T))Ek :((_P(¢)+F1(€”)+Fz(¢))hj*hj)
e +2e Cu(2-Pe)A" cy—cC 2
<-| pAn - T , _ 232 24 ”V 4/1"
— ﬁﬂfm - i ;28 _ S (Z—fg)ﬂi " _Cs— Cze ]"VZk "2
(74)
i Cat (Zz_ﬂ‘g)]| Vm+k§j "2 _(g_ Co (22_ ﬁg)J| V2m+2k77j "2
e (Co Do & (s Yyoa p 15,7
— Vel ==
ko my
+2(:28(ﬂ1 2+ 42 J
let
b = min ,B/?im—g +2¢ C21(2 Be) A" _ G =Cy _021(2_135)
2 2 2 2 ’
o Cp (2_/3‘9) AR — £ +2¢ G (Z_ﬂg)ﬂfm Gy =Gy '
2 2 2 2
m k m
000 -2, (ﬂ[z iy ]}
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o {s%czs—l),e%czs—l)},

2 2

we can obtain

Ny

Y(F'(e()h; (z).h, (r))Ek s—nob+ag(||vk§j"2 +||V2k77j||2), 5)

j=1

n n n n
for almost all times ¢ there is ZO:”V'((; "2 < Zozﬂf"l , 20:||V2k77j ”2 < Zoz/lf"’l , S0
i=1 i-1 = 0

trF'(p(z))e Q, (r)<-ngh+ a(zo“ A 20:/11“] (76)
i-1 =1
because of

Gy, (t)= sup sup {%J';trF’(g)(r))ano(r)dr},qno=1|pran0('€), (77)

»o<Bok ¥ (0)eEy
Mo

Gy, () <—Ngb+ a(Zif"l + Zollf"‘lj /0, <—Ngb+ a[zo“ A+ iﬂf"'l} (78)

i-1 =1 i-1 j=1

Therefore, the Lyapunov exponent K, K,, -+, K
bounded, and

n, on set By is uniformly

Ny , Ny )
K1+Kz+'"+Kn0£—nob+a(Zlf1+Zﬂf1} (79)
i1 1

j=

SO

i=1 j=1

(a), < —nob+a(201.“ +Zoif"lj < a[Zoif'l +Zoﬂf”j < %nob, (80)

ny , Ny )
d, <-nyb -2 DAY AT s—gnob, (81)
0 ob i=1 j=1 5
further
0;
max ( ')* <2 (82)
1<i, j<ng 3

Oy

Thus, can obtain d,, (A<)<%n0, de (Ak)<%no-
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