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1. Introduction

This paper investigates the following primal value problems of a system of gene-

ralized Kirchhoff-type coupled equations:

U, +M (”Dmu Z +||Dmv E)(—A)Zm u+B(=A)"u +g, (u,v) = f,(x), (1)
Vv, +M (||Dmu|z +||D”‘v Z)(—A)zmv+ﬂ(—A)2m v, + 0, (u,v) = f,(x), )
u(x,0)=uy(x),u (x,0)=u,(x),xeQ, ®3)
V(%,0) =V, (X),v (x,0)=v,(x), xe Q, 4)
ou v .

—F=0.25=0(i=022,,2m), (5)

where Q is a bounded region with a smooth boundary in R", 6Q represents
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the boundary of Q, u,(x),u;(x) and vy(x),v;(x) are known functions,
where g;(u,v), f;(u,v)(j=12) are nonlinear terms and external interference

terms, respectively, and are known functions on Qx(0,T), A is the normal

number, M (" D"u

p CAN . . .
+||Dmv|| ) is a non-negative first-order continuous deriv-
p P

p
:”Dmu
p
Q
The innovation of this article is that the rigid term is changed from

M ("Dmu 2+||Dmv 2) to M (||Dmu||z+||Dmv

. . . P
ative function, and m>1 is the normal number, "Dmu dx.

z ) , and we mainly make appropriate

assumptions about this, and then use the Holder’s inequality, the Young’s in-
equality, the Poincare’s inequality, interpolation inequality, and the Gronwall’s
inequality to obtain the required a priori estimate.

Recently, Yang Zhijian [1] studied the long-term behavior of kirchhoff-type
equations with strong damping on R", demonstrating that the related conti-
nuous semigroup has a connected, fractal dimension and Hausdorff dimension

of the global attractor in the equation

u,—M (||Vu||2)Au—AuI +u+u +g(u,v)=f(x),in R" xR".

At the same time, Yang Zhijian [2] processed a class of Kirchhoff-type global
attractors and Hausdorff dimensions, and obtained the global attractors, regu-
larities and Hausdorff-dimensional equations of the Kirchhoff type produced in

a class of elastoplastic flows
Uy —div{o-(|Vu|2)Vu}—Aut +A%u+h(u)+g(u)=f(x),in QxR".

In addition, Xiaoming Fan, and Shengfan Zhou [3] also demonstrated the
presence of a tight-core section during the nonlinear vibration of the nonlinear
elastic string in which the non-degraded Kirchhoff type strong damping wave
equation simulates, and obtained an accurate estimate of the upper boundary of
the Kirchhoff type of the kernel section in the equation

U, — oAU, —(ﬁ+;/(jg|vu|2 dx)iju+h(ut)+ f(ut)=g(xt),xeQt>r.

In addition, Lin Guoguang and Gao Yunlong [4] studied the long-term beha-
vior of a class of strongly damped high-order Kirchhoff-type equations for solv-

ing the initial edge value problem

Uy +(_A)m U, +(a+/3'|v”‘u 2)q (—A)m u+g(u)=f(x),(xt)eQx[0,+x).

They used the Galerkin method to obtain the understanding of the uniqueness
of existence, and based on the attractor theorem to obtain the existence of the
global attractor at Hg' (Q)x L2 (Q), and established an estimate of the Haus-
dorff dimension of the attractor.

In paper [5], Lin Guoguang and Zhou Chunmeng studied a class of high-order

strong-damped Kirchhoff equations on the initial edge value problems
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Ug +M (|Vmu

:)(_A)zmquﬁ(—A)zm U +u[”u=f(x),a>0,
u(x,0)=u,(x),u (x,0)=uy(x),xeQ,

olu .
u(x,t)=—-,j=12,---,2m-1,x € Q.

6VI

Wherein m>0 p>2, QcR" is a bounded region with a smooth boun-
dary 0Q, >0 is a dissipation coefficient, (—A)Zm U, is a strong dissipa-
tion term, |u|p U is a nonlinear term, and p>-1, f(x) is an external force
Z +||Dmv||Z) , the method

interference term, when studying rigid term M ("Dmu
in the literature is referred to.

Guoguang Lin and Lingjuan Hu [6] studied a class of nonlinearly coupled
Kirchhoff equations with strong damping

Uy +M (”Vmu”2 +|va 2)(—A)m u+pB(-A)"u +g,(uv)=f,(x),

Vv, + M (|Vmu ’ +||va||2)(—A)mv+ﬁ(—A)m v+, (u,v) = f,(x),
u(x,0)=uy(x),u (x,0)=u,(x),xeQ,
v(%,0) =V, (), (x,0)=v,(X), xe Q,

U _0%Y 20 (i=012,,2m-1) xedQ
on' on'

where Q is a bounded region with a smooth boundary in R", 6Q represents
the boundary of Q, g, (u,v)(j=12) isa nonlinear source term, f,(x),f,(x)
is an external force interference term, and ﬁ(—A)m u, ,B(—A)m V(,B > O) is a
strong dissipation terms.

More research on the Kirchhoff equations see [7]-[13].

Using the Rellich-Kondrachov compact embedding theorem, it is obtained
that the solution semigroup S(t) generated by the Kirchhoff equation has a
NV Vo xV (k=0,1,---,2m) 5
then proves that the solution semigroup S(t) has Fréchet differentiability on

family of global attractors in space E, =V,

space E, ; Dimensional estimation of the family of global attractors yields that
both the Hausdorff and Fractal dimensions are finite, and that the Fractal di-

mension does not exceed twice the Hausdorff dimension.

2. The Existence and Uniqueness of Global Solution

For narrative convenience, we introduce the following symbols and assump-

tions:

Set V =D. Consider the Hilbert space V, = D((—A)a/ 2),a € R, whose inner

product and norm are (-,o)v =((—A)a/2,(—A)a/2) and ||0|L/ =“(—A)a/2 , Te-

a

spectively. Apparently
Vo = L(€).Vyy = H () A HY (Q) Vi, = HZ™ (@) HE (),
V, = H (Q)NH; (Q), Ey =V, xV, xV,, xV,,
E, =V, XV XV, ka,(k=1,2,---,2m).

m+k m+k
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The assumption is as follows:
(H1) Let M(s) be a continuous function on interval D, (D, e(Q), and

M (s)eC'(R"):

;; 1< sty <M (5) < 4, set M(s)zM( D"u z+ D"v z)

when [0l 20, 2w [orulf +[o"? ) So™uf > 2 oo
dt 2 p p/dt 2/

when & ol <0, 2na ([l +[on ) & o >;M%||D2mu2

3)

When & —[a™ >0,3|v|( D"’ + ”)EHAZ"“ I >1 i||A2’“u||2,
dt 2 2

when a2 <0, 2w [orulf o) Sfaff > 2 g Sacnf
dt 2 dt 24t

(H2) Forany u,veV, \](U,V)ZH:Gl(U,V)-FGZ u,v)]dx,

Gl(u,v):.fou 9 (s,v)dg, Gz(u,v):J'ngz(u,n)dn.

Then forany x>0, the existenceof ¢>0, ¢, >0, c; >0, makes
(gl(u,v),u)+(g2(u,v),v)—cJ(u,v)+y(

23 (u,v)+ &2 (Julf +*) = ~2c;.

2 2
D"u +||Dmv|| )2 —C,;

(H3) g;(uv)(j=12)e C'(R) is a differentiable non-subtractive function

that makes
o, (uv)] < c(a+]ul + "),
g,u(u v)|<c(t+u 7+ ),
uv) <L ful” + 7).

(H4) Let 0<x,k, <1, for E,, there are constants |, =1, (E.), I, =l (E,),
such that

"gli (U,V)— Oy (U’V)" s Ik "(U’ (U V) Vamak Vomek

|92 (8.9) = gy (u,v)] < Iy (0,9) —(u,v) |l\/2m+k><v2m+k , (i=uv),

V(0,7), (U, V) € Vi XVomsks ||(G"7)”v2m+kxv2m+k <c(E,),
"(U,V) L/2m+k Nomik < C(Ek )
where ||(L],\7)—(u,v) Ll/zm . " D™ ( " +||D2m+k v)”I .

Make a priori estimates as following:
Lemma 1 Assumes that (H1) - (H2) holds, and (uy,2,,V,, 0 ) € Ey»
f, (X), f, (X) el? (Q) , then Equations (1)-(5) have solutions (u,z,v,q) and
have the following properties

1) (u,z,v,9) e L”((0,+);E, ) ;
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1(2C, C
2 & (t)gk—[—‘ *2eT (1 +I f2||2)j,
1

where E "Dzmu” +||Z|| +|Dzm

+al <c(Ro).-
3) There are positive constants ¢(R;) and t, =t,(Q)> 0, such that
D2 U+ 2 + |02 +[alf <c(R,).

2
(w2 v.a), =
Proof: z=u, +su and the Equation (1) as the inner product, that is
(utt +M ( p)(— P u+ B(-A)"u, + g, (u,v), z) =(f,(x).2).

d
where (uwZ)=——|| -]zl +«93IIUIIZ+‘8——|| s

(M ("D"‘u”p +[D"v p)(—A)2 u,z)

P
:M( my? )(li D%™u
2 dt

gl e o

(ﬂ(—A)Zm ut,z) = ,B(Dzmut, Dzmz)
= p|p*"2| - ep(D™"u, D?"2)

p
D"u +

D"y

“rel

)

> B o - 22 e
2 2

(gl(u,v),z):%i.[: 9, (.v)dgdx+&(g, (u,v),u).

Similarly, q=V, +&v and the Equation (2) as the inner product, that is

(vn+M( D"u E+ D™v Z)(—A)va+ﬂ(—A)zmvt+gz(u,v),q)=(fz(x),q).
where,
d
()= S el + 2+ S-S
(M( D™u ) +||D'”v||§) —A)" v,q)
= (o] +[om )( 9 pemyff + oDy ]
2dt
2 j |D2m +g,uo| D2y’
(B(-2)"v..a)= (D", D*"q)
=ﬂ|D2m 2 8ﬂ(D2mV Dqu)
2£|D2m 2 ﬂg|D2m
2

(9,(u.v).q) :%ZUOV g, (u.7)dmdx+&(g, (u,v),v).
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The above result and other product terms are collated, using the Holder’s in-

equality, the Young’s inequality

1d

L el 2l + HMIMMﬁMHW T,
A D% + o+ & S0+ [05f
+Blomaf - £ o +£||Dz"’q L o

H 9 (¢.v)dgdx+ (g, (u,v) ” g, (u,7)dmdx+e(g, (u,v),v)

S(fuZ)+(fz,Q)SE(||f1|| +el )+8(||Z|| +|al’).

Again by hypothesis (H2), obtained

D"u

-£(g,(u,v),u)—£(g, (u,v),v)<-ecd (U,V)—i—g[u( 2 +||Dmv||2)+gcﬂ

< —&cd (u,v)+ euc? ("Dzmu

2 2
+||D2mv|| )+ ec,,.
Reuse the Poincare’s inequality to obtain

el illoPnulf |l lolf +23 (a) (I )
+28(,uo _&—ﬂc j("DZmu"z +||D2mv 2)+[§—48J("Z"2 +"quz)

+26¢3 (u,v)+28° (Julf + V)

1
<2z, + (|5 +[ ).

Again by hypothesis (H2), obtained 2J (u,v)+ ¢’ (||u||2 + ||v||2 ) +2¢, >0,
At this point, Order

y(t)= y(”Dzmu i +||D2mv||2)+||z||2 +lalf +23 (uv)+ 2 (Juff + ).

Then there is a constant of k, =min {1, ,u} such that y(t)+2c/, >kE,(t)>0,
of which, E,( —||D2mu|| +||Z|| +||D2m +||q|| Since ¢>0,

2
Then Order &, = mln{—g(,uo —%—,uc j £—48,C5,2£}.
y c

%

Here to denote y(t) =¥ (t)+2c],, using the Gronwall’s inequality, that is

%

d 1
FYO+ay(R)<2ee, s (6] <L)

.x 2C c
y(t)<y(0)e °‘+T“+2—gg(||fl||2+||f2||2).
Therefore,

1, oY) 1 e 1(26, ¢ 2 2
027025 - ML yope s 22 o) |

1
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1
ky

stants c(R,) and t, =t,(Q)> 0, such that for t>t,,

2
Well, E, (t)ﬁ [L+—("f || +||f || )], that is, there are positive con-

C

l(u,z,v.q)| ZEO = u||2 +)7|f +||D2mv||2 +alf <c(Ry)-

Lemma 1 is proved.

Lemma 2 Assumes that (H1) - (H3) holds, and f,(x), f,(x)e Hk(Q),
|( fl,u)+(f2,v)|£20, then Equations (1)-(5) have solutions (u,z,v,q) and
have the following properties

1) (u,z,v,q)e L”((0,4%);E, )

2) E ()< y(O)e"‘1‘+E—3;

1

3) There are positive constants ¢(E,) and t, =t, (Q)>0, such that

l(u. z,v.q)| ||D2m*k +||Dkz||2 +||D2””"v ’ +||Dkq||2 <c(Ey).

Prove: (—A) Z and the Equation (1) as the inner product, that is
) A) T A=A U+ g, (uv) () z)

(utt +M ("Dmu”E +(|D"

=(f.(0).(-2)2).

2 &4 d

where, (un,(—A)k z) ||D z|| —g"D z|| +te ||D u" +——||D u"

[m(
i (jo"

ﬂd|
2 dt

24t

p
D"u| +
p

" )(-a)"u,(-a) z)

o) Gl

D2m+k u

D2m+k

vl

o)

2m+k
D u" +gy0|

(ﬁ(—A)zm ut,(—A)k z) = ,B(Az"‘ut ,Akz)
~ap((-a)"u,(-a) 2)

2
2 _ ﬁg ||D2m+ku 2
2

2
D2m+k 7

:ﬂ|

> £||D2m+kZ
2

Similarly, (—A)k g and the Equation (2) as the inner product, that is

(vll +M(
~(f.(x).(-8)"a).

where,

D"u

4ol Ay v B(-A) v+ g, (1), (<) q)

d
(v (-a) @)=l efprafl oo+ S fon
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m

u z+||D"‘v||p) (-A) an v,(—A)k q)
)(1 d |
2 dt

D2m+k

(M(D
=|v|(

ﬁi"DZerk
2 dt

D2m+k

)

pmul”
p

D™ kv" + g|

+5,Uo|

(B(-2)"vi(-a) a) = B(A™™v, A%q)
’ - oB((-A)"v.(-)" a)

ﬂTgZ"DZerkv :

:ﬂ||D2m+kq
2£|
2

D2m+kcI 2 _

The above result and other internal product terms are sorted out

d 1d
L300 ef - oforaf + o2 oruff +S-S o+ Lotaf oot
d d d .
R L e |
+gﬂ0||D2m+kV +£||D2m+k22_,3752|D2m+ku" +§"D2m+kq
Lo (g, 09). (A 2)+ (0 (u). () a)

S(fl(x),(—A)k 2)+(£,(x).(-A)" a) =(D*f,, D"2) +(D* ,, Dq).
Again by hypothesis (H3), obtained
||g1(u,v)||2 = ”gl(u,v)r dx < |

c(1+|u|r1 +|v|rl)2 dx

- c”(l+2|u|rl +2|v|* +]u % +|v|2r1 +2|uf* |v|rl) dx
Q

<of (braefu™ 1" 21" 20 ox
Q

25

- 3c£(1+ o™ + v e < 3 (L Jullt + M ).

similarly, [, (u V)" <301+ ol +VIE; )

“("1 -1) 4mr; n(rj—l)
™

D2m

By interpolation inequality, there is ||u||2 <c|

mrj—n(rj -1)

n
(1)
Julis, <efo®u] 2 Ju

This can be concluded

n(r] 1) amrj - n(r]—l)
S

M, <cp*™

where, 0<r; <2n/[n-4m]’ (n =4m,0<r; < +oo),
Therefore, ||g1(u,v)||2 +|g (u,v)||2 <c,.
Reuse the Young’s inequality and the Sobolev-Poincare’s inequality, thus

(0.0 20,00, (- a) - -5 fioay o+ of )
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“f-a)q

(S Bl +loref )

In summary, according to the Holder’s inequality, the Young’s inequality is

obtained

al
+25(y0—%)(|

+zgmaqupww)

oot eff < [otal ol + [0 )

o o 2 [o'ef + o

c

2
D2m+ku|| +|

2
D2m+ku|| +|

<2+2[(D",,D"2)+(D"1,.D'q) ],

that is

d

al
+ 25(;10 —%)“
+2¢° ("Dku”2 +||Dkv||2)

<ol +foref)

0% ) ot of «[otaf 42 (Joruf +Jor))

ot o £ Joro oo

C*

2
D2m+ku|| +|

2
D2m+ku|| +|

At this point, Order
y'(t)= u(I D2k +|
2¢&

So there are %y’(t)+kly’(t)£c3, kl:min{;(yo—%j,ﬂcgg—%‘ie},

o o]+ o]+ (Joruf o )

Reuse the Gronwall’s inequality,

y'(t) < y'(0)e ™ +E—3,t >0,

1

2 2 2 2
D*"*ufl +]D* "+ [D*"*y{+ D'

= (t):|

S,u(|

o

y (1) y (o)t + 2.
1

2 2 2 2
oot s+ o + ol

IA

2 2 2 2 2 2
o uff [0+ o] ool +4* ([ouf +for )

thatis E,(t)< & .

1

Thus, there is a positive constant, there is a positive constant c(E,) and
t, =t,(Q) >0, so that for t>t,, there are

2 2 2 4 2 2

oz, = o] o oo o <ee).

Lemma 2 is proved.

Theorem 1 (The existence and uniqueness of solution) Suppose (H1) -
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(H3) holds, and (u,,z,,V,,0, ) € E,

- (5) have an unique solution
(u(x.t),z(xt),v(xt),q(xt))e L”((0,+);E, ).

Proof: Using the Galerkin method, combining lemmas 1 and 2, where the first

, fi(x), f,(x)eH « (Q), then Equations (1)

a priori estimation has been proved; the second step: approximate solution.

We can take sequences W, W, W, W, € H"™* (Q)NL*(Q)(Vi), vr,
Wy, Wy, W, W =(u;,V;), where the linear combination of w, is dense in
H2me* Q)N L? (Q), so w; represents the eigenvalue function corresponding
to the eigenvalue, and Ww,,W,,---,w, is the standard orthogonal basis that con-
stitutes H?™*; and 4, is the eigenvalue of (-A) with a homogeneous Di-

richlet boundary condition on (, then there is
(=A)™* w, = 22w, (k =0,1,2,-,2m).
Set the approximate solution of the initial edge value problem (1)-(5),

U, =u, (t) :legjr (t)w,, v, =v, (t):jz'; £, (W, .

Easy (u,,v,) is dense in HZ™* xH?m¥

oy )+ (M {Joru (0 + o, ()" u<t>.u,.)
< wm 00 (0 )0 = ()5,

w)+(m(lo"w o] +||Dm o <>,v,.)
( A=A 1)y )+ (9 (ur (0),vi (0)v,) =(f. (x)v, ) 1< j <.

And the above nonlinear system of ordinary differential Equations (6) satisfies

and satisfies the following condi-

tions

t

r

the initial conditions:

0, (0) = Uy, =X (Ug W, )W, > Uy (F > 0), in HE™ (Q)NLE(Q)  (7)

j=1

r

uy (0) =y, = (u,w; )w; > uy,(r—> o), in HE (QNL(Q)  (8)

=

r

Ve (0)=vg, =X (VW) Jw; =V, (r > 0), in H™H(Q)NL(Q)  (9)
=L

~<‘
==
=2
I
:<
M ~

(vl,wj)wj -V, (r—>») inHy (Q)NL*(Q) (10)

Il
JiN

The general conclusion of the system of nonlinear ordinary differential equa-
tions is easy to know, which ensures that the approximate solution of the prob-
lem (6)-(10) exists on the interval [0,t,].

Known z=u,+s&u, q=V,+¢&v, binding lemma 1, lemma 2, in space E,,
and we can pick subsequence {u,} from sequence {u,} and subsequence
{v,} from sequence {v,}, such that (u,,z,v,,q;)—(u,z,v,q) is weak *

convergence in
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L ([0,+0); E, ). (11)

and z,,q, isbounded on L’ ((O,T);Eg”“k).
By the Rellich-Kondrachov compact embedding theorem, E, is compactly
embedding in E,, (u,z,V,,0;)—(u,z,v,q) is strong convergence almost

everywhere.
This can be obtained from the above assumptions and lemmas

M( D"y (t)"p)(—A :
- M ([D7u, ( IVI 20, )-2)

L*(0,T; H2m+k( ) ,and ( )zm u (t) ( )zm u’(t) weak converges in
L*(0,T; H2rn+k (Q)), g(ur ) g( ) weak converges in
L™ (0,T; HZ™ (Q)).

Thus it is possible to take r =g in (1), (2), and take the limit. To the fixed /

weak converges in

and 4> j,get
(u;,uj)+(M(|D u Dmv,(t)||s)(—A)2”‘uﬂ,uj)+(ﬂ(—A)Z”‘u;,uj)
+(g(u(t),v(t)),uj):(fl(x),uj).
it satisfies all j, and thus for Vu e L”(0,T;H™ (Q)NL*(Q)),
(vz,vj)+(M( D™u D", (t)"Z)(—A)zm vﬂ,vj)+(ﬂ(—A)2m V,',an)
+(g(u(t),v(t)),vj):(fz(x),vj).
it satisfies all j, and thus for Vu e L”(0,T;H™ (Q)NL*(Q)).
It is easy to obtain that the system of Equations (1)-(5) exists
{un+M(sl)(—A)2m U =M (5,)(=A)" U, + B(=A)" u, +9, (U, v, )~ g, (Uy,V,) =0 1)
Ve + M (8)(=A)" v, =M (8,)(=A)" v, + B(=A)" v, + G, (Uy, v, )~ G, (Uy, v, ) = 0

(o) +|

(®);+

where,

D"v,

;)
o)
Use u,,v, and Equation (12) as the inner product in turn, and get it

5 dt("u || +|V, || )+,3(||D2m | +||D2mv " )

H(M () (-A)" w =M (5,) ()" Uy, .

(M () (-4)™ v =M (5,)(-2)" v,

+(91(U11V1)_gl(uz-vz)lut)"'(gz (ul’vl)_QZ (UZlvz)th)zo-

Using the Young’s inequality and the Sobolev-Poincare’s inequality, it is de-

v1||i) M(s,)=M ("Dmuznz +|

M (s,)= M

U=u, —Uy, V=V, —V,.

rived
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(14)
> A0+ (- ) (-4) " o)
> 42 o e, Ju|
In summary
(M (5)(-8) "M (5.)(-A) v )2 2L e u] )
|( (Ul V1)_gl(uz VZ)'ut)|
:( (uy v ) = Gy (U V5 )+ 9 (U, V2 ) = gl(uz'vz)'ut)|
= (VA AP o (T T T
£( Tt fvy |+ v, | )v,ut)+(c(1+|u1|r“l+|u2|r171)u,ut) (16)

< oo el ) Il fo(wef )l

<c, [||v||2 +|uff +@] <c, {cf [ +¢2 |2y +@]
Similarly,

|(gl(ul,v1)—gl(uz,vz),ul)|sc{cf"Dzmv 2+@J (17)
Substituting (14)-(17) into Equation (13), combining lemmas 1 and 2, using

2 )) + [i_f"“ 2c, +¢; ]("Ut I+ )

2
+c2 ||D2mu

the Poincare’s inequality, to obtain
d 2
o+ (e

+4c,c? ("Dz’“u

+||D2mv

’ +||D2mv||2)§ 0.

Order y"(t) = + [ + e Jo*"uf

+||D2m

)
Then there are diy"( )+k,y"(t)<0, k, =min {% ZC4+C5,4C5C*2},
y"(0)

2

~t

Using the Gronwall’s inequality, get y"(t)< e,

S0y ()= u [+l + s Joulf + D] )E
That’s "Ut" :||Vt| :||D2mu|| :"Dzmv =0, hence

w(x,t)=(u(xt),v(xt))=(0,0).

Theorem 1 is proved.

3. The Family of Global Attractors and Dimension
Estimation

Theorem 2 [7] Assume F is a Banach space, and {S (t)} is the operator

t>0
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semigroup on £,
S(t):E—>E, S(t+r)=S(t)+S(r)(vt,r>0), s(0)=1.

where I is the identity operator, if S(t) satisfies

1) Semigroup S(t) is uniformly bounded in £

2) There exists a bounded absorbing set B, in E

3) {S (t)}tzo is completely continuous operator.

That is to say that operator semigroup S(t) has compact global attractor A.

Where (1) means VR > 0, exists a constant C(R) such that when [|u[|. <R,
there is "S (t)u"E £C(R) (Vte[O,oo)), and (2) means for any bounded set
BcE, there exists a constant t, >0, such that S(t)B<=B, (Vt>t,). In
theorem 2, if S(t) is a solution semigroup generated by the initial boundary
value problem (1)-(5), (u (t), z (t),v(t), q (t)) =S (t)(uo, ZO,VO,qO) , and Banach
space E is changed into Hilbert space E,, there will be family of global attrac-
tors.

Theorem 3 Let S(t) is a solution semigroup generated by the initial boun-
dary value problems (1)-(5), under the hypothesis of lemma 1 and lemma 2. As-
suming that the existence and uniqueness of solution, then the equation has a

global attraction subfamily. That is:

A cE cEy(k=12,-,2m),and A =a(By )= US(t)By -

s>0t>s

where
By = {(U, Z,v,q) eE, :||D2m+ku||2 +||DkZ||2 +||D2m+kv||2 +||Dkq||2 < C(Rk )}’

1) Invariability: S(t)A = A
2) Attractiveness: A, attracts all bounded sets of E,, that is, any bounded

set By E,, dist(S(t)By, A )= sup inf Is (t)x- y||Ek —0(t—0).

Then compact set A, is called family of global attractors of semigroup
S(t).

Proof: Verify theorem 2 to prove the existence of family of global attractors,
under the condition of theorem 1, and the initial boundary value problems
(1)-(5) generate solution semigroups S(t):E, — E,.

1) So for any bounded set B, < E, , having

I3 ) e 2000000 ), =[O% 4l + [+ [0+ oo < (R).

where t>0 and (U,2),Y,0,)<B, , shows that {S (t)}tZO is uniformly
bounded in E,;

2) V(Ug, 24,y 0y ) € E,, when t>max{ty,t,}, there is
”S (t)(ug, 2, Vo, G )||2Ek <C(R,), thus B, is a bounded absorption set of semi-
group S(t);

3) E, is compactly embedded in E,, ie., the bounded setin E, isa com-
pact set in E, so the operator semigroup S(t) is completely continuous op-

erator.
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Theorem 2 is proved.

Since the solution semigroup S(t) has a family of global attractors in space
E,, the dimensionality estimates of the global attractors subfamily are now
made, and the resulting Hausdorff and Fractal dimensions are finite to prove.

Linearize the problems (1)-(5) first, as follows:

Uy +M'(| p)(| D"’ p)’(Dmu +D"V)(-A)"u
+M (||D’“u||2+|Dmv Z)( A) u +/3( ) U, + 9y, (u,v)U +3,, (u,v)V =0,
Ve + M ( +om; )(| )’(DmU+DmV)(—A)2mv
M (||Dmu||p+|Dmv p)( AY"V +,B( AY™V, + Gy (W)U + Gy (UV)V =0,
ULV _geso

ontl,, on'|,

( )=§1 ( )=§2

V(x,0)=m,V,(x,0)=7

(18)
where (&,7,,&,.1,) € B s (Ug Vo, Uy, vy ) € Ao (U,v,u,, V) =S (t)(Ug, Vo, Uy, vy )
is the solution to the problem (18) obtained by (uy,V,,u;,Vv,)e A, Given
(Ug:Vo,ty, vy ) € A, S(t): E, — E,, it can be proved that for any
(&.m.&,.m,) € E,, there is a unique solution to the linear initial edge value
problem (U (t),V (t),Ut (t),Vt (t)) el” ((0,+oo); E, )

Theorem 4 for the arbitrary t>0, r>0, map S(t):E,— E, is a Fractal
differentiable. @, = (uo,vo,ul,vl )T the differential is a linear operator on
Fi(&m &) —(U(t)V ()0, (t)V (), where
(U(t).V (1)U, (t).V,(t)) is the solution to the problem (18).

Proof: Set @, = (uo,vo,ul,vl)T e E,, there is

Dy = (Up + &V +77,Uy + &V, 477, ) € By, 50 |@i], <7 ||cT)0||Ek <r
Thus one obtains the Lipchitz property of S(t) onbounded set E,, hence

[s®)@, s (OB, <e|(&m &), -

Let o=U0-u-U,H =V-v-V be the solution to the problem, then

0'“+M(| ! ) 2m0+ﬂ(—A)2m o, =h =h, +h, .
H, +M (| D™y +||D'“v|| ) "H+B(-A)"H, =h, =h, +h,,
where
hy =M ( "+ Z)("Dmu”p m z) (D" +D"V)(-A)"u
Mmamm DQMMU+MmDWM VD@MME
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hy, ==, (T,V)+ 9, (u,v)+ 9y, (u,v)U + g, (u,v)V,
E)( p)I(D"‘U +DmV)(—A)2mv
E)(—A)ZmV+M( || )

hy, = =0, (T,V)+ 9, (u,v)+9,, (u,v)U +0,, (U,V)V.

Take the inner product with the first equation of (19) and ( —A)k o, ,and get it
(o (o) )= 3 lo'aif
(M (Jomul! +[om} )-a" o (-a) o)
d
=M (ol +forly )

(B(-2)" 0, (-8) 0, ) = p|D*" 3 .

D™v D"u p+ D"v

th:M’(

p
D"ul|” +
p

D"v

M

p
D"u| +
p

Dm

2m+k
Dol

this is,
salotal <5m (o +Jo
= (M(-8) ;).

Order

2
2m+k
D m+ O-t ||

) 4lo el +4

s=D"u,w=D"v,S=D"U0,W=D"V,0d=0-Uu,V=V-vV,
0 =(1-)5+a5,0;, = (1-a; ) W+a,w,

0, =(1-a,)s+a,6,,6, =(1—-a, ) W+a,b;.

N (0) =M (sl + il ) (Il +1wp) etz 5,2 (0.0,

get
—N(6,,6,)(D"a+D"7)(-A)" T+ N (8)D"a(-A)" u
~N(0)D"c(~A)" u—N(0)D™7(-A)" u~N(6)D™H (-A)"u

~N(6,,6,)D"a(-A)" G-N'(6,,6,)(1-a,)(D"d) (-a)"u

~N(6)D"0(~A)""u=N(4,6,)D"(~4)"d
~N'(6,.6,)(1-a,)(D"7) (~A)" u~N(6)D"H (A" u.

So

(EVEY

S LICIEY B

D2m+ka A™ Dm+ko_t ||

+¢|N'(6,.6,)], [p*a “l-a)"a

+|N (o), "u D“”ka||||D2m*kat||

D2m+k\7 Aml] Dm+ko_t||

[N (8.6 |
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D2m+k\7 2 _
L(=2)"u

C 2 C 2
g_3k||okat|| b ( o +|D2m+kH||)+05|
m
24

+(Ce 4 _ kj("Dzmk | \72)_
2 40/1l

In the same way, the second equation of (19) and (—A)k H, is used to take

+C

+n (o) D*" o

Dm+k H |||

2
D2m+k DZerkO_t ||

D2m+k

the internal product and organize it

Do +[orH [ (o o] )(Jor o + [0+

2l
alfomaf olomn )

C4m (||D2m+ko_||2 +||D2m+kH||)+05 ||D2m+ko_t||2 (20)

C 2
S—i"DkO't" +

{2 4@mﬂwmwuwwm
At the same time, when U, +¢U =P, V, +&V = P", there is
by = (9 (T.9) = gy (u.v) = gy, (uv)(T-u) = gy, (uv) (V=)
hyy == (T.V) = 9z (U,V) = Gy, (U, V) (T~ 1) = Gy, (U, V) (V-V)).
From there, get
== {0 (u+ R (T-0).v+ B (7-v)) - gy, (uv)}(T-v)
{0y (u+ R (T-0),v+ R (V-V)) =gy, (uV)}(V-v) |dR,
hyy = =[,[ {920 (U+ P (T =), v+ B, (T-V)) = g, (u,v)}(T-0)
+{Ga (U P (T=1), v+ P, (V=)= Gy, (u,V)}(T-V) [P,

Get VP, P, e[O 1],

)+hm+h22.

6 (04 B0+ (7 )0, (00 <L ),
V(U+Pl V+P V- V -0, u V)"SIkPlK1 (U,V)—(U,V)I\Zm K Vomik
2u (U + PZ V+ P ) Y2 (U,V)" < Ilz PZKl (U V) (U V) L/2m+k Vomk

92y (U + P V+ P ) 9oy (U V)" <R (U \7) (U V) L/2m+k Nomk
thereupon
"}«HZ |< 201 || U \7 U V) L’Z:rk Nomik '
Similarly,

Kp+1

In | < 2¢; || (T, v)-(u,v)

Vamsk XVamek
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By assumptions, the Formula (20) can be obtained

Foforu)

Do +[oH[f +ﬂo(lDz””*k

2al

e
203 ("Dk " ||DkHt|| ) T (| D2n+k | +|D2m+kH|| )
2(cs—ﬂ)(| D2m+ko_t||2 +||D2m+kHt|| )
+[Cé + ZC;jmk J(| DMk | +|p2zmiky 4)
K +1 Ko +1

+4c, ||(U,V)—(u,v) ‘.

+4cl|| (T,V)—(u, v) ‘.

<[22 282D ot oot o oo+ )
+[cé +—2C§/7:m+k +ng(| D2l +| DMy 4).
Order a = max{dfc3 +4(C'4;ﬁ),im},
A A Hoy
Then there is
Eloref [0 o jo o o1 )

Sa(||okat||2 Ho [+ o oo

\74).

Using the Gronwall’s inequality, there is

o)

D2m+k

+

+¢ (||D2m+ku 4

Lo ol +[otr 4o [0 o + [ Hf )
Scneolzt (51’7711521772 )T ;
Then when (fl,nl,fz,fyz)T zEk -0,
“S(I)CDO—S(t)cDO —F((§1v7711§21772) ) c 2
2 C < e (51 MG 772) k_)o'

(& &ma)'|_

Theorem 4 is proved.

The Hausdorff and Fractal dimensions of the global attractors subfamily are
estimated below.

The problem of linearization is reduced to W'+ P (@)¥ =T, (¢)¥+T,(p)¥ .

Atthis point, ¥ =(U,PV,P') €E,, P=U,+eU, P =V, +&V,
p=(uzyv, q)T € E, are the solutions to Equation (21), ¥(0)={&,{,n,0}€E
t>0.
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el -1 0 0
p(p)= (1 ﬂg)(o) +&21 B( A)O 3 _O|
0 0 (1-pe)(-A)" +&21 p(-A)" —el

0 0 0 0

T, (¢)= —gluéU,V) 8 _glv(()u V) 8

—0y (u,v) 0 —-g,,(u,v) O

0

(p)¥ = (1-M(s))(-A)"U - ZM’E)S) '(D"U +D™V)(-A)"u

(1-M(s))(-A)"V =2M'(s)s'(D"U + D"V )(-A)"v

p p
where S=||Dmu|| +||Dmv|| Order

we(Jo; +||Dmv||z)(||vmun Ao oruc-
o, {Jordf +[on o )Dmv e
0, = jo" uu o )(nomuu Jor oo sy
0. = Joruf «fov ol o oV -y

Theorem 5 Under the conditions of theorem 4, problems (1)-(5) the global
attraction subfamily A, has the Hausdorff dimension and the Fractal dimen-

sion, and

. 18- l
d, (A()Smln{N IN e N“WZJ-M? 1<§},

de (A)<2N,(k=12,--,2m)

Proof: Let N e N,, the N solutions of the problem (21) are x, %5, ", ¥ >

considering N of them, given time 7, there is

|;(1(S)/\;(2(S)/\---/\;(N (s)| «

AT Eg

= |;(1 (0)/\;{2 (O)/\"’/\ZN (O)LNE eXpJ.STrF'((o(z))' By (Z')dZ'.

st o(7)=(o) LA, B[ (a2 (0)-- 5 0) i
an orthogonal projection from E, to span{ (7)o (7 )} and

y;(7)= {514’1771 1} =L N is
By (7)E, = span{;(l(r),;(z (7)., 2y (7)} standard orthogonal radicals.
Set the corresponding inner product and norm,

(yj’yj)gk :(D2m+k§"D2m+k§”j)+(Dké’j'Dk4f"j)
+(D2m+k D2m+k~) (DkO' Dk~)
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ill, =(iwi), =l ot [+ o n [ +[o'e [ <1
TrF'(¢(7)) By (7) = z(F’(fp(f))- By (1) ; (2).y; (7)),
=2 (F o) (3, (7), -

S0,

~(P(2)y;1y;)

(€D2m+k§ D2m+ké/J D2m+k§]) ( D2m+knj_D2m+ij,D2m+kﬂj)
((1 fe)(-A)"" D, +£°D"¢;,D 41)‘(/3(‘A)2m D"g’j,D"gj)
~(eD¥¢;.D"¢y) - ((1—/3,9)(—A)2m D"r]j+gsz77j,Dko-j)

DX
~(B(-A)" D*,,D"c )—(nga D“s;)
2

<B2 ormag 4 LA o o £ ot
-2 2 &c,—4 2 (22)
222 o | { 4=t g s2a oo [ + S o
(F1(¢)yj,yj)Ek
:(_glu(u,v)Dkfj,Dkgj)+(—glv(u,v)Dk77j,Dk§j)
+(~0,, (u,v)D*¢;, D 5 ) +(~g,, (u,v) D*7;, D¥a) )
(23)

0., (wv), [om|[ot¢|
92, (uV)], [O“n [0
Cis ZClS ||Dk77j "2 _i_%"Dkaj "2 .

<Jou (v, [P*5| [P ¢+
+Hoa (wv, [0 [P e+
< Cs ‘;Cﬂ ||Dk§j||2 +015 ;’Cle ||Dké,j|2 .

(T2 (2)y;s y.)
=(1-M( (( A)" D¢, Dg) 2(D*D¢;,D*¢;)-2(D*D,¢;, D))
( 3))( )" D7;,D ‘7) 2(D“Dyg;, D o) -2(D*D,¢;, Do )
(s))(D*"*¢;.D*¢;)-2(D"D;. D¢, )=2(D*DS;, DY) )
(1 M( ))(Dzm k’71’D2m+k°"j)_Z(DkDa‘fjvDkai)_z(DkD4§j’Dkaj)

<ﬂ(|
2
+1‘&“
2
<Ihh)
T2

S I L N L R R S L

2 2 2 2
2m+k 2m+k k k
ot [+ oo [ e D6 [ e 0o |

paneg, "2 +1—%| D2y, "2 (24)

J{MJF Clo +2Cy0 +szj||Dk§j ||2

e e
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According to Formulas (22), (23) and (24), there is

(F'(¢)yi’yi)gk :((_P(¢)+rl(¢) ( ))hl’hJ)

e T B e
2 2 2 2 2

+clg+2020+czzj||D al {ﬂ o —ﬂojuozmk [ (25)

_ 1- "
+[80142 4/”/?12m+252+cl7+618+cz“( Ho) 4 +CZIJ"Dk°'i||2

2 2

oo e, e, o + 5+ 2% ot

Order
2m
fzmin{z_zﬂg+”0_1 _ﬂgclz/q'l _ G5 +Cy

2 2 2

—l 2m
+ Cys (/”02 )ﬂ1

4_;‘(:14 ﬂﬂfm—?_gz—cn-'—clg +c24 (:uO _1);{12m _C21},

—Cp — 2020 —Cyp,

2 2

& Cs+C LGt G
Y=max{—+2 1 i¢c . +C,,—+-8 18
{2 2 C19 21 2 2

To all time 7, thereare 0<t, =

“ " <1, making

é(F'(@yj,yj)Ek =]i_l((—P(¢»)+1"1(¢.)+1~2 @)y,.9;)
werSfotaf ot f )
—Nf+zrij:z}kl,

1q V4
If —S Akt —,
N AT <oy

1t , . _
00 (3)- 3 sup {0 (o) )= - 24 |
oA 7j<Ex t
then gy =limsupg, (s)<0.
Theorem 5 is proved.
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