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Abstract

In this article, we establish the existence of positive solution for the following
Hadamard fractional singular boundary value problem
H -

DAx(t)+ f(t.x(t))=0, te(ab), 0O<a<b<ow, 2<u<3,
x(a)=ax'(a)=x(b)=0, where f:(a,b)x(0,00)—>(0,0) is continuous
and singular at t=a, t=b and x=0. Further, "D /. is Hadamard frac-
tional derivative of order . Moreover, the existence of positive solution has
been established using fixed point index for a completely continuous map in a
cone. Also, an example is included to show the validity of our result.
Keywords

Hadamard Fractional, Singular BVPs, Positive Solutions, Fixed Point Index

1. Introduction

In this article, we are concerned with the existence of positive solution for the

following Hadamard fractional singular boundary value problem (SBVP)
"DAx(t)+ f (t.x(t))=0, te(ab), O<a<b<ow, 2<u<3
x(a)=ax'(a)=x(b)=0,

where "D JR Hadamard fractional derivative of order x . Moreover,

f:(a,b)x(0,0) —>(0,0) is continuous and singular at t=a, t=b and
X =0. We provide sufficient conditions for the existence of positive solution of
the Hadamard fractional SBVP (1.1) using fixed point index for a completely
continuous map defined on a cone. By a positive solution x of the Hadamard
fractional SBVP (1.1) we mean xeC[a,b], " DixeC (a,b), satisfies (1.1) and
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x(t)>0 for te(a,b).

BVPs involving fractional order differentials have become an emerging area of
recent research in science, engineering and mathematics [1] [2] [3] [4]. Applying
results of nonlinear functional analysis and fixed point theory, many articles
have been devoted to the existence of solutions and existence of positive solu-
tions for fractional order BVPs, for details see [5]-[13]. However, most of the ar-
ticles have been devoted to Riemann-Liouville or Caputo fractional derivatives
[5] [6] [8] [9] [11] [12], whereas few are devoted to Caputo-Fabrizio or Hada-
mard fractional derivatives [7] [10] [13]. During the past few decades, great work
has been done on the literature of SBVPs, for example [14] [15] are excellent
monographs. However, fractional order BVPs having singularity with respect to
both time and space variables are few [5] [10] [11].

Recently, the author [10] generalized the definition of Caputo-Fabrizio frac-
tional derivative for an arbitrary order and introduced the notion of Capu-
to-Fabrizio fractional left and right derivatives denoted by "D/ and “"D/,
respectively, and established the existence of symmetric positive solutions for the

following Caputo-Fabrizio fractional singular integro-differential BVP

R )
J't e X(r)dz', te(—l,O]

(2= *Dix(t)+ 1 (ex(0) =22 117

—H

t *27”(‘4)
Ie X(T)dT, te[O,l),

x(+1)=x'(0")=0, we(12),

where "Dy'x(t)= “D/x(t) for t>0, “Dyx(t)=“Dx(t) for t<0.
Moreover, fis singularat t=-1, t=1 and x=0.

An important feature of the present manuscript is that Hadamard fractional
derivative " Da’j in SBVP (1.1) has been considered for an arbitrary a >0 and
existence of positive solution has been formulated over an arbitrary interval
[a,b] =(0,0). Consequently, SBVP of the type (1.1) has not been considered
before.

The manuscript is organized as follows. In Section 2, we recall some defini-
tions from fractional calculus and some preliminary lemmas for construction of
the Green’s function associated with linear operator in (1.1). Some properties of
the Green’s function are also presented in the same section. In Section 3, by us-
ing the fixed point index for a completely continuous map on a cone of Banach
space and results of functional analysis, we formulate the existence of positive
solution in Theorem 3.1. Further, we give an example to illustrate our main

theorem.

2. Preliminaries

In this section, we shall state some necessary definitions and preliminary lemmas.
The following definitions and lemmas are known [3].

Definition 2.1. [3] The Hadamard fractional left integral of order x>0 ofa
function x:[a,o0) >R, a>0,is defined as
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G(t,7)=

H|;x(t):Lj;(mljﬂ1x(f)d_f, t2a

() T T

Definition 2.2. [3] The Hadamard fractional left derivative of a function
x:[a,0) >R, " 1x(Y (t)e AC[a,oo) , a>0, neN, of order xe(n-1,n)

is defined as
1 dY et dr
AD“x(t)= t— In— —, t>a.
X (t) F(n—y)( dtj L(nrj x(7) — t>a

Lemma 2.3. [3] For ue(n-1,n), neN, yel[a®), a>0, the Hadamard
fractional differential equation "D/ x(t)+y(t)=0, t>a, hasageneral solution

x(t)= kZ:Ck (Inijﬂk —Lﬁ(ln ljﬂl y(r)d—r, t>a,

T(u) T T

where ¢, e R, k=12,---,n.
The following lemmas are important for Lemma 2.6 and Theorem 3.1.

Lemma 2.4. For pe(2,3), yel[a,b], the Hadamard fractional BVP
"D“x(t)+y(t)=0, te(ab),
é (2.1)
x(a)=ax'(a)=x(b)=0

has a solution
X(t)=I:G(tvf)y(f)i—Tl tefab], (2.2)

where the Green's function G is defined as

p-1 u-1 u-1 u-1
(Inlj [Ing) —(Inlj (Ingj , as<rt<t<h,
1 a T T a
b a1 pu-1 p-1
FUOO”] (mlj (mﬁj , ast<r<h.
a a T

Proof. The Hadamard fractional differential Equation (2.1) has a general solu-

tion

x(t) = gck [In%}ﬂk —%f;(ln ijﬂl y(r)d—T, tefab],

()7 :

where ¢ eR, i=12,3.Now,using x(a)=ax'(a)=x(b)=0, we have

u-1
c,=0,¢,=0,¢ =;J‘:(In9j y(r)d—r.

So,

-%j;[mij”'ly(r)d{. tefab],

T
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O

which is equivalent to (2.2).
In the following lemma we provide some important properties of the Green’s

function (2.4).
Lemma 2.5. For t,z,s €[a,b], we have

M G(tr)< E‘”Zj’
v(r)
o
iy G(tr)>— 1)
e r(m('“g)w

(iv) G(t,7)=w(t)G(s,7),

where
(

u(t)= ('”%)M('”gj' v(t)= (m%j(ln%j”, w(t) =

Proof. (i) For a<z<t<b, wehave

o] 2y o 03

b

e ACRTES Sl

However, G(t,7) is maximum along 7 e[a,b] satisfying 6—(t,r) 0, which
T

ot (o (o)

implies that

Therefore, T
e (o 1 e e )
o T )
o T )
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SRR SR ) S )
_r(u)(lnzyl(l a] (I aj (I tj

o
F(y)(lnij

Also, for a<t<7<b, wehave

(ii) Again, for a<7 <t<b, we have

el 2 o 037

l"(,u)(ln

a

o] (] e T

a

However, G(t,z) is maximum along te[a,b] satisfying %(t 7)=0, which

it (2] < (1) (2]
Therefore,
sty z— o] (] () () (2] (]

implies that
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et (o) (022 )(nR) T o)
G(t,7) F(#)(Ing)w[l a] [I tj(l aj@ J r(ﬂ)(ml;j"”

Also for a<t<7<b, wehave

, we have

G(tr)> ”(t)v(’) > t) _G(s,7) =w()G (s,7). 0

For xeC[a,b], we write ||X|| max, _ [ab]| (t )| Clearly, (C[a,b],"-") is a
Banach space. For r>0, Q, ={xeC[a,b]:|x|<r} is a bounded and open
subset of C[a,b]. Moreover, P:= {X eC [a, b] x(t)= W(t)"x” forallte [a, b]}
is a cone of C[a,b].

Throughout this article, assume that the following holds:

(A) j: f(tew(t))dt<eo for ¢>0.

(Ay) fe C((a,b)x(O,oo),(O,oo)) and there exist (4, p)e(a,b)x(0,0) such
that

F(9p)<f(tp)<f(tx), (Lx)e(ab)x(0,x).

Moreover, for each te(a,b), f(t,-) isdecreasingon (0,p).

(As)
sup K 1
0 ()L 1
In view of (A;), there exist R >0 such that
R 1
dt b\
v (6 Rw(®) S r<u>(lnaj

So, we can choose ¢ >0 such that
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R-¢ 1

[u() (6 (R-epw() " r(ﬂ)(ungj'

1
Choose n, €N such that —<e&. For ne{n,,n,+1,n,+2,---}, define a map
nO

(2.4)

T,:P—>P as

(T =]'6(te)f (T,|x(f)|+ljd_f, te[ab]. 2.5)

n)r

Lemma 2.6. The map T,:Q, . NP — P is completely continuous.
Proof.For xeP, te[a,b],from (2.5), using Lemma 2.5 (iv), we have
b 1\dr
(TX()=[6(te) ¢ (f,|x(f)|+ﬁj7
b

)]s r)f[r,|x(r)|+ijd—f, sefab]

w(t)(T,x)(s), se[ab]

\%

which implies that
(Tx) () =w(t)|T,x|. te[ab],

which implies that TP — P. Moreover, T,:Q. , P — P is continuous and
compact. U
Also, we need the following fixed point index result [16] for our main theo-
rem.
Lemma 2.7. [16] Assume that T:Q_ NP — P is a completely continuous
map such that |Tx|<|X| for x€8Q, NP . Then, the fixed point index
inde, (T,Q, NP,P)=1.

3. Main Result

Theorem 3.1. Assume that (A))-(As) hold. Then the Hadamard fractional
SBVP(1.1) has a positive solution.

Proof. For X e€0Q, , NP ,wehave (R—¢)w(t)<x(t)<R-¢ for te[ab].
Therefore, in view of (2.5), Lemma 2.6, using Lemma 2.5 (ii) and (2.4), for

te[a,b], we have
dr

(T =]"6(te) 1 [T,|x(r)|+%)_

T

—— kv (r,|x(r)|+ljd_f

n)t

which implies that
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ITx|<|x]. xeoQq, NP,

which in view of Lemma 2.7, leads to

inde (T,,Qq_, NP,P)=1.

So, there exist X, €Qy . NP such that T X, =X,. Moreover, using (2.5),
Lemma 2.6, Lemma 2.5 (iii), we have

b 1\dz

% ©)=[6(tr)f[n)x, (r)|+—j7

dr

¢jbv(r) f(9,p) =

Consequently, x, € P satisfy

% (0)=]"6(t7)f (T, X, (r)+

1\d

—j—r, tefab], (3.1)
n,t

and

rw(t)<x, (t)<R-g, te[ab],

which shows that the sequence {X, }::”0 is uniformly bounded on [a,b]. Moreo-
ver, since the Green’s function (2.3) is uniformly continuous on [a,b]x[a,b],
the sequence {X”}::no is equicontinuous on [a,b]. Thus by Arzela-Ascoli theo-
rem the sequence {X, }::ﬂo is relatively compact and consequently there exist a
subsequence {Xnk }k .

_ converging uniformly to xeC [a,b]. Moreover, in view
of (3.1), we have

X, ()= 6(tr)f (T, X, (mijd_ﬁ

r.1k
as k — oo, in view of the Lebesgue dominated convergence theorem, we obtain

X(1)=["6(t7) (7 x(r) L, (3.2)

T
which in view of Lemma 2.4, leads to
"DAx(t)+ f(t.x(t))=0, te(ab)
x(a)=ax'(a)=x(b)=0.
Also, " D/ xeC (a,b). Further, from (3.2) in view of (A,) and using Lemma 2.5

(iii), we have

X(0)= 6 (te) f (7x(2)) 2> rw(t), te[ab],

T

which shows that x(t)>0 for te(a,b).Hence xeC[a,b] with
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H D/ xeC (a,b) is a positive solution of the Hadamard fractional SBVP (1.1). [J
Example 3.2.

Hle‘gx(t)+;{m+it)J:O, te(Le),

Yx( (3.3)

where
0< A< sup < (29)
xe(0,1)
et 21 e\*° 19 e 2 dt
i i 0| ()
1 t t 4 1.9 e t
x(Int) (Int)
Here

f(t,x):+[m+%]
(Int)l.g(ln(t%j X(t)

Clearly, f:(1,e)x(0,00)—>(0,0) is continuous and singular at t=1, t=e
and x=0. Further, foreach te(1,e), f(t,) isdecreasingon (0,1) ,and

f (e;g,l]ﬁ f (t,l)S f (t,X), (t,X)e(l,e)x(O,oo).

Moreover,

[T f (tew(t))de=["f (t,c(lnt)l'9 (In%Ddt <o forc>0,

suop1 - K 0t
xe(0, )L v(t) f (t,zcw(t))T
K
= sup
KE(O,l)

ﬂf : (Int)z‘l(lntt?je‘6 x(Int)" (Inf] +4K(Int;g(lnej %
t

1

>—".

r(2.9)
Hence, the assumptions (A;)-(A;) are satisfied. Therefore, by Theorem 3.1, the
Hadamard fractional SBVP (3.3) has a positive solution.
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