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Abstract 
In this article, we establish the existence of positive solution for the following 
Hadamard fractional singular boundary value problem  

( ) ( )( ) ( ), 0, , , 0 , 2 3,H
a

D x t f t x t t a b a b+ + = ∈ < < < ∞ < <µ µ   

( ) ( ) ( ) 0,x a ax a x b′= = =  where ( ) ( ) ( ): , 0, 0,f a b × ∞ → ∞  is continuous 

and singular at t a= , t b=  and 0x = . Further, H
a

D +
µ  is Hadamard frac-

tional derivative of order µ . Moreover, the existence of positive solution has 
been established using fixed point index for a completely continuous map in a 
cone. Also, an example is included to show the validity of our result. 
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1. Introduction 

In this article, we are concerned with the existence of positive solution for the 
following Hadamard fractional singular boundary value problem (SBVP)  

 
( ) ( )( ) ( )

( ) ( ) ( )
, 0, , , 0 , 2 3,

0,

H
a

D x t f t x t t a b a b

x a ax a x b

µ µ+ + = ∈ < < < ∞ < <

′= = =
   (1.1) 

where H
a

D µ
+  is Hadamard fractional derivative of order µ . Moreover,  

( ) ( ) ( ): , 0, 0,f a b × ∞ → ∞  is continuous and singular at t a= , t b=  and 
0x = . We provide sufficient conditions for the existence of positive solution of 

the Hadamard fractional SBVP (1.1) using fixed point index for a completely 
continuous map defined on a cone. By a positive solution x of the Hadamard 
fractional SBVP (1.1) we mean [ ],x C a b∈ , ( ),H

a
D x C a bµ

+ ∈ , satisfies (1.1) and 
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( ) 0x t >  for ( ),t a b∈ . 
BVPs involving fractional order differentials have become an emerging area of 

recent research in science, engineering and mathematics [1] [2] [3] [4]. Applying 
results of nonlinear functional analysis and fixed point theory, many articles 
have been devoted to the existence of solutions and existence of positive solu-
tions for fractional order BVPs, for details see [5]-[13]. However, most of the ar-
ticles have been devoted to Riemann-Liouville or Caputo fractional derivatives 
[5] [6] [8] [9] [11] [12], whereas few are devoted to Caputo-Fabrizio or Hada-
mard fractional derivatives [7] [10] [13]. During the past few decades, great work 
has been done on the literature of SBVPs, for example [14] [15] are excellent 
monographs. However, fractional order BVPs having singularity with respect to 
both time and space variables are few [5] [10] [11]. 

Recently, the author [10] generalized the definition of Caputo-Fabrizio frac-
tional derivative for an arbitrary order and introduced the notion of Capu-
to-Fabrizio fractional left and right derivatives denoted by 

0
CF D µ

+  and 
0

CF D µ
− , 

respectively, and established the existence of symmetric positive solutions for the 
following Caputo-Fabrizio fractional singular integro-differential BVP  

( ) ( ) ( )( )
( )

( ) ( ]
( )

( ) [ )

1
0 22

0 1
2

0

e d , 1,012 ,
2

e d , 0,1 ,

t

tCF

tt

x t
D x t f t x t

x t

µ τ
µ

µ
µ τ
µ

τ τµµ
µ

τ τ

−
− −

−

−
− −

−


∈ − − − + =  −   ∈

∫

∫
 

( ) ( ) ( )1 0 0, 1,2 ,x x µ±′± = = ∈  

where ( ) ( )0 0
CF CFD x t D x tµ µ

+=  for 0t ≥ , ( ) ( )0 0
CF CFD x t D x tµ µ

−=  for 0t ≤ . 
Moreover, f is singular at 1t = − , 1t =  and 0x = . 

An important feature of the present manuscript is that Hadamard fractional 
derivative H

a
D µ

+  in SBVP (1.1) has been considered for an arbitrary 0a >  and 
existence of positive solution has been formulated over an arbitrary interval 
[ ] ( ), 0,a b ⊂ ∞ . Consequently, SBVP of the type (1.1) has not been considered 
before. 

The manuscript is organized as follows. In Section 2, we recall some defini-
tions from fractional calculus and some preliminary lemmas for construction of 
the Green’s function associated with linear operator in (1.1). Some properties of 
the Green’s function are also presented in the same section. In Section 3, by us-
ing the fixed point index for a completely continuous map on a cone of Banach 
space and results of functional analysis, we formulate the existence of positive 
solution in Theorem 3.1. Further, we give an example to illustrate our main 
theorem. 

2. Preliminaries 

In this section, we shall state some necessary definitions and preliminary lemmas. 
The following definitions and lemmas are known [3]. 

Definition 2.1. [3] The Hadamard fractional left integral of order 0µ >  of a 
function [ ): ,x a ∞ →  , 0a > , is defined as  
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( ) ( ) ( )
11 dln , .

tH
a a

tI x t x t a
µ

µ ττ
µ τ τ+

−
 = ≥ Γ  ∫  

Definition 2.2. [3] The Hadamard fractional left derivative of a function 
[ ): ,x a ∞ →  , ( ) ( ) [ )11 ,nnt x t AC a−− ∈ ∞ , 0a > , n∈ , of order ( )1,n nµ ∈ −  

is defined as  

( ) ( ) ( )
11 d dln , .

d

n n
tH

a a

tD x t t x t a
n t

µ
µ ττ

µ τ τ+

− −
   = >   Γ −    ∫  

Lemma 2.3. [3] For ( )1,n n∈ −µ , n∈ , [ ),y L a∈ ∞ , 0a > , the Hadamard 
fractional differential equation ( ) ( ) 0H

a
D x t y t+ + =µ , t a> , has a general solution  

( ) ( ) ( )
1

1

1 dln ln , ,
kn t

k a
k

t tx t c y t a
a

µ µ ττ
µ τ τ

− −

=

   = − ≥   Γ   
∑ ∫  

where kc ∈ , 1, 2, ,k n=  .  
The following lemmas are important for Lemma 2.6 and Theorem 3.1. 
Lemma 2.4. For ( )2,3µ ∈ , [ ],y L a b∈ , the Hadamard fractional BVP  

 
( ) ( ) ( )

( ) ( ) ( )
0, , ,

0

H
a

D x t y t t a b

x a ax a x b

µ
+ + = ∈

′= = =
              (2.1) 

has a solution  

 ( ) ( ) ( ) [ ]d, , , ,
b

a
x t G t y t a bττ τ

τ
= ∈∫            (2.2) 

where the Green’s function G is defined as  

 ( )
( )

1 1 1 1

1 1 1

ln ln ln ln , ,
1,
ln ln ln , .

t b t b a t b
a a

G t
b t b a t ba a

µ µ µ µ

µ µ µ

τ
τ τ

τ
µ τ

τ

− − − −

− − −

       − ≤ ≤ ≤       
       = 

     Γ ≤ ≤ ≤          

(2.3) 

Proof. The Hadamard fractional differential Equation (2.1) has a general solu-
tion  

( ) ( ) ( ) [ ]
13

1

1 dln ln , , ,
k

t
k a

k

t tx t c y t a b
a

µ µ ττ
µ τ τ

− −

=

   = − ∈   Γ   
∑ ∫  

where ic ∈ , 1,2,3i = . Now, using ( ) ( ) ( ) 0x a ax a x b′= = = , we have  

( )
( )

1

3 2 1 1

1 d0, 0, ln .
ln

b

a

bc c c y
b
a

µ

µ

ττ
τ τ

µ

−

−

 = = =  
  Γ  

 

∫  

So,  

( )
( )

( )

( ) ( ) [ ]

1 1

1

1

1 dln ln
ln

1 dln , , ,

b

a

t

a

t bx t y
ab

a

t y t a b

µ µ

µ

µ

ττ
τ τ

µ

ττ
µ τ τ

− −

−

−

   =    
    Γ  

 

 − ∈ Γ  

∫

∫
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which is equivalent to (2.2).                                         □ 
In the following lemma we provide some important properties of the Green’s 

function (2.4). 
Lemma 2.5. For [ ], , ,t s a bτ ∈ , we have  

(i) ( ) ( )

( )
,

ln

u t
G t

b
a

τ
µ

≤
 Γ  
 

,  

(ii) ( ) ( )

( )
,

ln

v
G t

b
a

τ
τ

µ
≤

 Γ  
 

,  

(iii) ( ) ( ) ( )

( )
1,

ln

u t v
G t

b
a

µ

τ
τ

µ
+≥

 Γ  
 

,  

(iv) ( ) ( ) ( ), ,G t w t G sτ τ≥ ,  
where  

( ) ( ) ( ) ( )1 1

ln ln , ln ln , .
ln

u tt b t bu t v t w t
a t a t b

a

µ µ

µ

− −
      = = =      
        

 
 

 

Proof. (i) For a t bτ≤ ≤ ≤ , we have  

( )
( )

( )

1 1 1 1

1

1 1 2 1

1

1, ln ln ln ln
ln

1 ln ln ln ln ln .
ln

t b t bG t
a ab

a

t b t t b
a ab

a

µ µ µ µ

µ

µ µ µ µ

µ

τ
τ τ

µ

τ τ τ
µ

− − − −

−

− − − −

−

        = −                   Γ  
 

         = −                     Γ  
 

 

However, ( ),G t τ  is maximum along [ ],a bτ ∈  satisfying ( ), 0G t τ
τ

∂
=

∂
, which 

implies that  
2 1 1 2

ln ln ln ln .t b t b
a a

µ µ µ µ

τ τ

− − − −
       =       
       

 

Therefore,  

( )
( )

( )

( )

1 1 1 2

1

2 1

1

2

1

1, ln ln ln ln ln
ln

1 ln ln ln ln
ln

1 ln
ln

t b t b tG t
a ab

a

b t b t
ab

a

b
ab

a

− − − −

−

− −

−

−

−

          ≤ −                       Γ  
 

         = −                     Γ  
 

 ≤  
  Γ  

 

µ µ µ µ

µ

µ µ

µ

µ

µ

τ
τ τ τ

µ

τ τ τ
µ

µ

1

ln ln lnt b t
a

−       −               

µ

τ τ
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( )

( )

( )

2 1

1

1 ln ln ln
ln

.
ln

b t b
a a tb

a
u t

b
a

− −

−

     ≤      
      Γ  

 

=
 Γ  
 

µ µ

µ

µ

µ

 

Also, for a t bτ≤ ≤ ≤ , we have  

( )
( )

( )

( )

( )

( )

1 1

1

1 2

1

2 1

1

1, ln ln
ln

1 ln ln ln
ln

1 ln ln ln
ln

.
ln

t bG t
ab

a

t b b
ab

a

b t b
a a tb

a
u t

b
a

µ µ

µ

µ µ

µ

µ µ

µ

τ
τ

µ

τ τ
µ

µ

µ

− −

−

− −

−

− −

−

   =    
    Γ  

 

     ≤      
      Γ  

 

     ≤      
      Γ  

 

=
 Γ  
 

 

(ii) Again, for a t bτ≤ ≤ ≤ , we have  

( )
( )

( )

1 1 1 1

1

1 1 2 1

1

1, ln ln ln ln
ln

1 ln ln ln ln ln .
ln

t b t bG t
a ab

a

t b t t b
a ab

a

µ µ µ µ

µ

µ µ µ µ

µ

τ
τ τ

µ

τ τ τ
µ

− − − −

−

− − − −

−

        = −                   Γ  
 

         = −                     Γ  
 

 

However, ( ),G t τ  is maximum along [ ],t a b∈  satisfying ( ), 0G t
t

τ∂
=

∂
, which 

implies that  
2 1 2 1

ln ln ln ln .t b t b
a a

µ µ µ µ

τ τ

− − − −
       =       
       

 

Therefore,  

( )
( )

( )

( )

1 1 2 1

1

2 1

1

2

1

1, ln ln ln ln ln
ln

1 ln ln ln ln
ln

1 ln
ln

t b t b tG t
a ab

a

t b t t
a ab

a

b
ab

a

− − − −

−

− −

−

−

−

          ≤ −                       Γ  
 

         = −                     Γ  
 

 ≤  
  Γ  

 

µ µ µ µ

µ

µ µ

µ

µ

µ

τ
τ τ τ

µ

τ τ
µ

µ

1

ln lnb
a

−             

µ τ
τ
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( )

( )

( )

2 1

1

1 ln ln ln
ln

.
ln

b b
a ab

a
v

b
a

− −

−

    ≤     
     Γ  

 

=
 Γ  
 

µ µ

µ

τ
τ

µ

τ

µ

 

Also, for a t bτ≤ ≤ ≤ , we have  

( )
( )

( )

( )

( )

( )

1 1

1

2 1

1

2 1

1

1, ln ln
ln

1 ln ln ln
ln

1 ln ln ln
ln

.
ln

t bG t
ab

a

t t b
a ab

a

b b
a ab

a
v

b
a

µ µ

µ

µ µ

µ

µ µ

µ

τ
τ

µ

τ
µ

τ
τ

µ

τ

µ

− −

−

− −

−

− −

−

   =    
    Γ  

 

    ≤     
     Γ  

 

    ≤     
     Γ  

 

=
 Γ  
 

 

(iii) For a t bτ≤ ≤ ≤ , we have  

( )
( )

( )

( )

1 1 1 1

1

2 1 1 2 1 1

1

1

1, ln ln ln ln
ln

1 ln ln ln ln ln ln
ln

1 l
ln

t b t bG t
a ab

a

b t b b t b
a a a ab

a

b
a

µ µ µ µ

µ

µ µ µ µ

µ

µ

τ
τ τ

µ

τ τ
µ

µ

− − − −

−

− − − −

+

+

        = −                   Γ  
 
            = −                           Γ  

 

≥
 Γ  
 

( )

( )

1 1

1 1

1 1

1 1

n ln ln ln

ln ln
1 ln ln ln ln
ln ln ln ln

1

ln

t b b t
a a

b t
t b b t a
a ab b t b

a a

µ µ µ µ

µ µ

µ µ

µ µ µ

τ τ

τ
τ τ

µ
τ τ

µ

+ −

+ −

− −

+ −

        −                 

    
                = −                      Γ               

≥

Γ

1 1

1 1

1 1

ln ln
ln ln ln ln .

ln ln ln

b t
t b b t a
a t ab b t b

a a

µ µ

µ µ

µ µ µ
τ

τ
τ τ

+ −

− −

+ −

    
                −                                    

 

Now using ( ) ( )

1 1

1

ln ln
: ln

ln ln ln

b t
t at
a b t b

a

µ µ

µ µ
τθ θ τ

τ τ

+ −

−

   
        = − ≥ 

      
    
    

, we have  

https://doi.org/10.4236/jamp.2022.105113


N. A. Asif 
 

 

DOI: 10.4236/jamp.2022.105113 1637 Journal of Applied Mathematics and Physics 
 

( )
( )

( ) ( )

( )

1 1

1 1

1, ln ln ln ln .
ln ln

u t vt b bG t
a t ab b

a a

µ µ

µ µ

τττ
τ

µ µ

− −

+ +

     ≥ =     
        Γ Γ   

   

 

Also for a t bτ≤ ≤ ≤ , we have  

( )
( )

( )

( )

1 1

1

1 1

1

1

1 2

1, ln ln
ln

1 ln ln ln ln
ln ln ln

1 ln ln ln ln
ln ln

t bG t
ab

a

t b b
a t ab b

a t a

t b b
a t ab b

a a

µ µ

µ

µ µ

µ

µ

µ

τ
τ

µ

τ
ττµ

τ
τ

µ

− −

−

− −

−

−

−

   =    
    Γ  

 

     =      
         Γ     

    

     ≥     
        Γ    

   
( ) ( )

( )

1

1 .
ln

u t v

b
a

µ

µ

τ

µ

−

+



=
 Γ  
 

 

(iv) For [ ], , ,t s a bτ ∈ , using ( ) ( )

( )
,

ln

v
G s

b
a

τ
τ

µ
≤

 Γ  
 

, we have  

( ) ( ) ( )

( )

( ) ( ) ( ) ( )1, , , .
ln ln

u t v u t
G t G s w t G s

b b
a a

µ µ

τ
τ τ τ

µ
+≥ ≥ =

   Γ    
   

       □ 

For [ ],x C a b∈ , we write [ ] ( ),maxt a bx x t∈= . Clearly, [ ]( ), ,C a b ⋅  is a 
Banach space. For 0r > , [ ]{ }: , :r x C a b x rΩ = ∈ <  is a bounded and open 
subset of [ ],C a b . Moreover, [ ] ( ) ( ) [ ]{ }: , : for all ,P x C a b x t w t x t a b= ∈ ≥ ∈  
is a cone of [ ],C a b . 

Throughout this article, assume that the following holds: 
(A1) ( )( ), d

b

a
f t cw t t < ∞∫  for 0c > .  

(A2) ( ) ( ) ( )( ), 0, , 0,f C a b∈ × ∞ ∞  and there exist ( ) ( ) ( ), , 0,a bϑ ρ ∈ × ∞  such 
that  

( ) ( ) ( ) ( ) ( ) ( ), , , , , , 0, .f f t f t x t x a bϑ ρ ρ≤ ≤ ∈ × ∞  

Moreover, for each ( ),t a b∈ , ( ),f t ⋅  is decreasing on ( )0,ρ .  
(A3)  

( ) ( ) ( )( ) ( )0,

1sup .
d, ln

b

a

t bv t f t w t
t a

κ ρ

κ

κ µ∈
>

 Γ  
 

∫
 

In view of (A3), there exist 0R >  such that  

( ) ( )( ) ( )

1 .
d, ln

b

a

R
t bv t f t Rw t

t a
µ

>
 Γ  
 

∫
 

So, we can choose 0ε >  such that  
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( ) ( ) ( )( ) ( )

1 .
d, ln

b

a

R
t bv t f t R w t

t a

ε

ε µ

−
≥

 − Γ  
 

∫
             (2.4) 

Choose 0n ∈  such that 
0

1
n

ε< . For { }0 0 0, 1, 2,n n n n∈ + +  , define a map 

:nT P P→  as  

 ( )( ) ( ) ( ) [ ]1 d= , , , , .
b

n a
T x t G t f x t a b

n
ττ τ τ
τ

 + ∈ 
 ∫          (2.5) 

Lemma 2.6. The map :n RT P Pε−Ω ∩ →  is completely continuous.  
Proof. For x P∈ , [ ],t a b∈ , from (2.5), using Lemma 2.5 (iv), we have  

( )( ) ( ) ( )

( ) ( ) ( ) [ ]

( )( )( ) [ ]

1 d, ,

1 d, , , ,

, ,

b
n a

b

a

n

T x t G t f x
n

w t G s f x s a b
n

w t T x s s a b

ττ τ τ
τ

ττ τ τ
τ

 = + 
 

 ≥ + ∈ 
 

= ∈

∫

∫  

which implies that  

( )( ) ( ) [ ], , ,n nT x t w t T x t a b≥ ∈  

which implies that nT P P⊂ . Moreover, :n RT P Pε−Ω ∩ →  is continuous and 
compact.                                                        □ 

Also, we need the following fixed point index result [16] for our main theo-
rem.  

Lemma 2.7. [16] Assume that : rT P PΩ ∩ →  is a completely continuous 
map such that Tx x≤  for rx P∈∂Ω ∩ . Then, the fixed point index  

( )FPind , , 1rT P PΩ ∩ = .  

3. Main Result 

Theorem 3.1. Assume that (A1)-(A3) hold. Then the Hadamard fractional 
SBVP (1.1) has a positive solution.  

Proof. For Rx Pε−∈∂Ω ∩ , we have ( ) ( ) ( )R w t x t Rε ε− ≤ ≤ −  for [ ],t a b∈ . 
Therefore, in view of (2.5), Lemma 2.6, using Lemma 2.5 (ii) and (2.4), for 

[ ],t a b∈ , we have  

( )( ) ( ) ( )

( )
( ) ( )

( )
( ) ( ) ( )( )

1 d, ,

1 1 d,
ln

1 d,
ln

,

b
n a

b

a

b

a

T x t G t f x
n

v f x
b n
a

v f R w
b
a

R

ττ τ τ
τ

ττ τ τ
τµ

ττ τ ε τ
τµ

ε

 = + 
 

 ≤ +    Γ  
 

≤ −
 Γ  
 

≤ −

∫

∫

∫

 

which implies that  
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, ,n RT x x x Pε−≤ ∈∂Ω ∩  

which in view of Lemma 2.7, leads to  

( )FPind , , 1.n RT P Pε−Ω ∩ =  

So, there exist n Rx Pε−∈Ω ∩  such that n n nT x x= . Moreover, using (2.5), 
Lemma 2.6, Lemma 2.5 (iii), we have  

( ) ( ) ( )

( )

( )
( ) ( )

( ) ( )
( )

( ) ( )
( )

1

1 d, ,

d,
ln

,
ln

2

,
, where ln .

2

b
n na

b

a

x t G t f x
n

u t
v f

b
a

w t f b
a

f brw t r
a

µ

µ

µ

ττ τ τ
τ

ττ ϑ ρ
τ

µ

ϑ ρ
µ

ϑ ρ
µ

+

 = + 
 

≥
 Γ  
 

 =  Γ +  

 = =  Γ +  

∫

∫

 

Consequently, nx P∈  satisfy  

 ( ) ( ) ( ) [ ]1 d, , , , ,
b

n na
x t G t f x t a b

n
ττ τ τ
τ

 = + ∈ 
 ∫         (3.1) 

and  

( ) ( ) [ ], , ,nrw t x t R t a bε≤ ≤ − ∈  

which shows that the sequence { }
0n n n

x ∞

=
 is uniformly bounded on [ ],a b . Moreo-

ver, since the Green’s function (2.3) is uniformly continuous on [ ] [ ], ,a b a b× , 
the sequence { }

0n n n
x ∞

=
 is equicontinuous on [ ],a b . Thus by Arzelà-Ascoli theo-

rem the sequence { }
0n n n

x ∞

=
 is relatively compact and consequently there exist a 

subsequence { }
1kn k

x
∞

=
 converging uniformly to [ ],x C a b∈ . Moreover, in view 

of (3.1), we have  

( ) ( ) ( ) 1 d, , ,
k k

b
n na

k

x t G t f x
n

ττ τ τ
τ

 
= + 

 
∫  

as k →∞ , in view of the Lebesgue dominated convergence theorem, we obtain  

 ( ) ( ) ( )( ) d, , ,
b

a
x t G t f x ττ τ τ

τ
= ∫                 (3.2) 

which in view of Lemma 2.4, leads to  

( ) ( )( ) ( ), 0, ,H
a

D x t f t x t t a bµ
+ + = ∈  

( ) ( ) ( ) 0.x a ax a x b′= = =  

Also, ( ),H
a

D x C a bµ
+ ∈ . Further, from (3.2) in view of (A2) and using Lemma 2.5 

(iii), we have  

( ) ( ) ( )( ) ( ) [ ]d, , , , ,
b

a
x t G t f x rw t t a bττ τ τ

τ
= ≥ ∈∫  

which shows that ( ) 0x t >  for ( ),t a b∈ . Hence [ ],x C a b∈  with  
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( ),H
a

D x C a bµ
+ ∈  is a positive solution of the Hadamard fractional SBVP (1.1). □ 

Example 3.2.  

 
( )

( )
( )

( )
( )

( ) ( ) ( )

2.9
1 44 1.9

2 0, 1, ,
ln ln

1 1 0,

H D x t x t t e
x tet

t
x x x e

λ
+

 
 + + = ∈
     

 
′= = =

    (3.3) 

where  

( )

( )

( ) ( )
( )

0,1

6.64 2.1 1.9

1 4 1.9

2.9
0 sup .

2 dln ln ln ln
ln ln

e e e tt t
t t tet

t

κ

κ
λ

κ
κ

∈

Γ
< <

 
 

    +              

∫

 

Here  

( )
( )

( )
( )44 1.9

2,
ln ln

f t x x t
x tet

t

λ  
 = +
     

 

 

Clearly, ( ) ( ) ( ): 1, 0, 0,f e × ∞ → ∞  is continuous and singular at 1t = , t e=  
and 0x = . Further, for each ( )1,t e∈ , ( ),f t ⋅  is decreasing on ( )0,1 , and  

( ) ( ) ( ) ( ) ( )
19
29 ,1 ,1 , , , 1, 0, .f e f t f t x t x e

 
≤ ≤ ∈ × ∞  

 
 

Moreover,  

( )( ) ( )1.9

1 1
, d , ln ln d for 0,

e e ef t cw t t f t c t t c
t

  = < ∞ >  
  

∫ ∫  

( ) ( ) ( )( )

( )

( ) ( )
( )

( )

0,1
1

0,1

6.64 2.1 1.9

1 4 1.9

sup
d,

sup

2 dln ln ln ln
ln ln

1 .
2.9

e

e

tv t f t w t
t

e e tt t
t t tet

t

κ

κ

κ

κ

κ

λ κ
κ

∈

∈
=

 
 

    +              

>
Γ

∫

∫

 

Hence, the assumptions (A1)-(A3) are satisfied. Therefore, by Theorem 3.1, the 
Hadamard fractional SBVP (3.3) has a positive solution.  
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