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() ® Next, we introduce some minimization with corresponding energy functional
and define
m, = inf E(u),
b ueMy ( )
where

Mb:{UEHl(RN)ZHU L :b}, b >0,

and

E(u):EJKN[gz(u)‘Vu‘Z +v(x)u2}_2/1p [(‘x‘*‘u‘p)‘u‘p]
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We also define
w, = inf F(v),

veW,
where

W, = {v e H; (RN ) : "G’1 (v)|

LM:b}, b>0,

and

1 _ A - P\~ P
F(v):EjRN (|Vv|2+V(X)G 1(\,)2)_£ij [(|x|*|G (V)| )|G (V)| }
Proof: Forany veW,,let u=G™(v), from the definition of g we get

w1
<

-[]RN |VU|2 = .[]RN m < a—z &N |VV|2 < +00,

and
[aur<] V(6™ (V) < 4o,
so ueM,. It follow that F(v)= E(G’l(v))= E(u)>m,, hence @, 2m,,

moreover, for any ueM,, let v=G(u), then u =G* (v) We assume

2Np

E(u)<+ow, since Ue Hl(]RN) , 2< 2Np <2, then uel®# (RN) . By
2N —u
Hardy-Little-Sobolev-inequality, we have
1

5 RN[QZ(U)WUF +V(x)u2}

A
- E(u)+2—prN (1 luf® ) uf”

sE(u)+mUN|u|;ﬂN1j " <o
2p "R -

The proof of Lemma 2.4
Proof: (1) For any Ve H, (RN ) , we have
2Np

J.RN N —
Yz
proof of Lemma2.3, by Hardy-Little-Sobolev-inequality, we have
A

P ()= (VY (967 () 2= (e[ o (o

2Np 2Np .
G (v)|2N*N SCJ-RN |V|2N—,U < +00, where 2< <2, similarly as the

2N-—u

SLIRN (v +V(X)V2)+/21§[IRN G (V)|22NNp”j N

2a?

2N—pu

1 2 AC 2Np N
SEJ‘RN (|Vv| +V(x)v2)+2FJURN |V|2Nﬂj < 400,

With the proof of continuity, note that F consist of three terms. By Lemma 1.1,

we need to check the convolution term only. Using Hardy-Little-Sobolev-inequality
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A N(x| |G
2p R

{7
(Xl a l”)(
V1l

gl

"Xl W) Jle v
’ —|G’l(v)|p)|G’l(vn) ’
a )
e |
p—|Gl(v)|p)rj ,

) Jle )

=

—1

=1~

+C G(v)

G (v)

(1

and

o (w)f -l (o) <

C |+ ).

. We know "Vn_V"HﬂRN)_’O if Nn—>+0. So {v,} is

2N

where =
2N —u
bounded in H, (RN ) . By Sobolev embedding theorem and Lemma 3.4 [22]

Je(P#le ))& () = Lo (W#[6 ()]l (v)

For (2) we consider the second and the third terms of the functional F, we see

for ¢eHy (RN ) , using Holder inequality, we get

2t

[V (0(67 (vetg) ~67 (v )- jRN () ;)

s y Gt (v+tsg) ~ G(v)
=|[asf v ( )[Q(G \vrsg) 9(6 () ]

<j:ds[ o | C(vrtsg) G V) jlds( RNV(X)¢2)%.

‘g (™ v+ts¢ g(G™(v) )‘

Using the definition of gand Lemma 1.1, we know

{gfe—f i wl jf sl trsaeof
<cC (|G‘1 (vtsg) +[G (v)|2)
<C v+ tsgf + v )
< (v +lo")

By the dominated convergence theorem
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G (v+tsg) ~ G (v)
9(G*(v+tsg)) g(G(v))

j:ds RNV(X)[

}é‘—)O, t—0.

For the third term, we have

(1 6 |}|G v 6 (v,)
J.]RN ( ) ¢_J‘IRN g(G_l(V))
[|x|’” (e (w)f -Je (v)|p)}|G’l(vn) )
9(67(v))

e )

A

<AJ.JRN

+A

<Clw [( G (v -6 ()| j L., (HGl gvn <);| G ),

+C(LRN

G (v)

and
o) -l W) | =c{lw]" ")
P
(SO U 0 Ul
| . | |1 <C (M| + M),
9(G™(v,)) 9(G™(v)) ‘
where 1= SN , 2<pr<2 . Since |, v||H1RN)—>O if n—o 4w ,
—u

Hy (]RN) embedding into L’ (]RN) is compactand {v,} isbounded in
Hy (]RN ) Using Lemma 3.4 [22], we know

[|x|_” *| ]|G (v,)
=T

y Dxl*"*IG*(v)I"JIG*ml“G*(v)
RN g (G—l (V))

G (v)

¢

¢|—>0, Nn— +oo

By Lemma 1.1
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g o W o)+ M I

from Sobolev embedding theorem, we get F'(Vv) is a continuous linear func-
tional on H, (RN ).l

3. Main Conclusion

Remark 3.1. From assumption of V, we know H, (RN ) embedding into
L? (RN ) is compact. In the process of the proof of theorem 3.1, it is important
for us to construct auxiliary function, then by implicit function theorem to prove
it and lemma 3.4 [22] play a great role in this paper. Moreover, when ¢>2" is
a open question for Equation (1.1), someone could do it if they are interested.

Proof of Theorem 3.1: Step 1: By the assumptions of (Vy) or (V2), @, is
achieved at some 0<v, <W, with v, #0.

Let {v,} €W, be a minimizing sequence for ,. Set u =G™(v,), then
{u,} €M, is a minimizing sequence for m,. We can assume U, >0. It shows
that E(u,)—>m,, so thereexist C>0 such that

C>E(u,)
1

=l 07w+ (00 ] (ol

A
Z%J.]RN [|Vu|2 +V (X)ugJ_?pJRN (|x|*|un|p)|un|p.

By Hoélder inequality and Hardy-Little-Sobolev-inequality,
2

o[ (oo < o)
S[(IR“ ) (1 ||)”J

2(1-0)p

_ ('[RN |un|2)9p p

2p—-6p+6pgq—q-1

<pb (EIRN |Un|2 +C(g)b).

2(q+1)—2pr
where §=—————, 0<0p<l, r= , €>0,
(q-1)pr 2N —u
op
C £ )" (1-0p), th
)= — - , then
()= 55| " a-00)
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C>E(u,)

b o
Z%IRN [|V‘Jn|2 +V (X)Urﬂ—z—p(sLRNV(x)un2 +C(5)b)

%‘9{"““‘1 2p-0p+6pq
eb T A 20-05:039
2| 820 (v v f)- e

2p-0p+0pq-q-1
. a Aeb N
Taking ¢ >0 small enough such that T > 0. It implies that
p
u,(x) is bounded in Hy (]RN) . By the compact embedding result from
Hy (]RN) into L' (RN) for 2<r<2". We may assume that u, — U, in
Hy (RN) , u,—>u, in L (RN ) for 2<r<2" and u,(x)>u,(x) ae

xeR". Hence u, eM,, since u, >0, U, >0 and u, #0. Similarly as the
proof of Lemma 2.4 (1), we have

[l (|x|*|un|p)|un|p > [ (Xl Y s 1 e

Hence
m, = limE(u,)
. 1 2 A
2'”J‘Jff{ngN[gz(“n)|V“n| +V(x)u§}—2—pJ.RN (|X|*|un|p)|un|p}
>E(u,).

Step 2: Set hy,, (V)= ﬁJ‘RN G (V(X))|q+1 for 2<q+1<2", then
hy.o (v) € CH(Hy (RY),R).
In fact, for any ¢ € H, (RN ) , by Lemma 1.1 and Holder’s inequality, we have

PSR P 7 ()
th“( )'¢>‘ .[RN g(G’l(v))

< (" ([l

<C ”(p"H\l/ (rM)"

=
q+1)q+1

*

then hy,(v)e (H\} (RN ))

Khéu (Vn )_ hget (V) ' §0>‘

| [ler ) e ) et e )
J‘RN{ g(G’l(vn )) g(G’l(v)) ](ﬂ (1)

IA

G (v) [e™ (v e (v)
g

G(v,)) G v) | (bl
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and

q+1 n |v|q+l),

q-1 Gt (Vn ) |qq

Since v, >V in Hé (RN), H&
and {v,} is bounded in (R
Lemma 3.4 [22], we have

(0 (%)~ (). 0) >0, 1> 5

( ) embedding into L' (RN ) is compact
N), where 2<r<2". By 2<q+1<2" and

then h,, (v) eCl(Hé (RN )R) for 2<q+1<2".

Step3: Forany b>0, there exist #(b)eR such that
0<u, =G™*(v,)eM, is a weak solution of Equation (1.1) with 2=A4(b). In
fact, by lemma2.4,

Take limit t =0, we get <F (Vb) > 0, by arbitrariness of v one has
<F’(vb),—v>>0 It follows that < ,V> 0, for every Ve./\/( ha.a (4 ))
Set V' e H, (]R ) be such that < M v> 1, for every ¢eH, (RN) let

< q+l(vb)’¢)
Then y € N'(h;,,(V,)), it means <F( ,)w)=0,ie.
(F(%))=(F'(%) V) {1 (%) )
Put f=/(b)=(F'(%),V), we have
<F'(Vb) > ﬂ<hc;+1( )‘ﬂ>
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