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Abstract

An explicit algebraic stress model (EASM) has been formulated for
two-dimensional turbulent buoyant flows using a five-term tensor repre-
sentation in a prior study. The derivation was based on partitioning the
buoyant flux tensor into a two-dimensional and a three-dimensional com-
ponent. The five-term basis was formed with the two-dimensional compo-
nent of the buoyant flux tensor. As such, the derived EASM is limited to
two-dimensional flows only. In this paper, a more general approach using a
seven-term representation without partitioning the buoyant flux tensor is
used to derive an EASM valid for two- and three-dimensional turbulent
buoyant flows. Consequently, the basis tensors are formed with the fully
three-dimensional buoyant flux tensor. The derived EASM has the
two-dimensional flow as a special case. The matrices and the representation
coefficients are further simplified using a four-term representation. When
this four-term representation model is applied to calculate two-dimensional
homogeneous buoyant flows, the results are essentially identical with those
obtained previously using the two-dimensional component of the buoyant
flux tensor. Therefore, the present approach leads to a more general EASM
formulation that is equally valid for two- and three-dimensional turbulent
buoyant flows.
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1. Introduction

Previously, tensor representation theory has been used by So et al (2002) Ref.
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[1], to derive an explicit algebraic stress model (EASM) for homogeneous turbu-
lent buoyant shear flows. Two different approaches have been adopted: one based
on the proposal of Gatski and Speziale (1993) Ref. [2], and another employed the
more general approach of Junger and Gatski (1998) Ref. [3]. The starting point of
their analysis is the normalized anisotropic Reynolds stress equation simplified
assuming homogeneous equilibrium turbulence. Thus derived, the equation is
quadratic in the anisotropic stress tensor b=b; = (z’ij -(2/3) ko ) / 2k which is
symmetric and traceless. Here, & = 7;/2 is the turbulent kinetic energy,
T = m is the kinematic Reynolds stress tensor, u; is the /% component of the
fluctuating velocity and the overbar is used to denote ensemble average. The re-
sulting equation is implicit in b. However, tensor representation theory can be
used to render this equation explicit; thus allowing explicit algebraic stress mod-
els to be developed for buoyant shear flows.

Up to this point, the derivation is quite general because no assumptions have

been made to limit the model for two-dimensional (2-D) flows. As for the as-
sumptions of homogeneity and equilibrium, they were made to simplify the b
equation so that it can be reduced to an algebraic equation. Gatski and Speziale
(1993) Ref. [2], and Jongen and Gatski (1998) Ref. [3] also invoked these as-
sumptions in their derivation of the non-buoyant EASM. In principle, the re-
presentation theory can be used to formulate the tensor representation for b if
the basis tensors chosen are traceless. For incompressible flows, the kinematic
shear strain rate tensor S=S; = (6Ui Ox; +0U; /ox; ) / 2 and the rotation rate
tensor W =W =((’;‘Ui 0x; —0U; /ox, ) / 2 are traceless. Since the buoyant flux
tensor, I'=T7 = (Gij —-2Gy; /3) / 2G, that appears naturally in the b equation
for buoyant flows is also traceless, it would appear that S, W and I' could be
used as basis tensors to form the tensor representation for b. Here,
G=G;= —ﬁgi@—ﬂgjui_ﬁ is the buoyant production tensor, G' = Gj/2 is the
buoyant production of %, g;is the ith component of the gravitational vector, U; is
the ith component of the mean flow velocity vector, x; is the ith component of
the space vector, 8 is the fluctuating temperature, B is the coefficient of thermal
expansion of the fluid and ;=1 for /= jand 0 for i# j.The instantaneous ve-
locity vector 0, and temperature 6 are decomposed into ensemble mean and
fluctuating parts, e, 0, =U,+u, and §=0+6.

If the assumption of 2-D flow were invoked, the properties of the tensors S, W
and I' will become quite different. While the tensors S and W become 2-D
with elements in one row and one column being identically zero, I' remains a
3-D tensor and its use to form the basis tensors for b with § and W becomes very
complicated. Therefore, an assumption was made to split the buoyant flux tensor
into two parts, a symmetric traceless tensor f = £; that has the same properties as
S and W for 2-D homogeneous shear flows, and a three-dimensional tensor N =
Nj. This was accomplished through the introduction of a 2-D tensor é}EZd) , first
proposed by Pope (1975) Ref. [4], to define fi = (Gij —c?iEZd)G)/G and
N; = §i§2d)/2—§ij /3. The 2-D tensor (5}22(” is defined as
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Thus partitioned, f has properties similar to that of S and W in the case of 2-D
homogeneous shear flows, ie., elements in one row and one column are identi-
cally zero, and the theoretical derivation of the EASM can be carried out to give
an explicit expression for b.

The tensor representation thus proposed limits the applicability of the EASM
to 2-D flows only. In the EASM derived by So et al (2002) Ref. [1], a five-term
representation was assumed. Among the five basis tensors, three involve S and
W, while two involve S, W and f. It is the presence of these last two basis tensors
that render the representation not applicable to 3-D flows. Therefore, the de-
rived EASM needs further extension to 3-D flows. It is recognized that the limi-
tation stems from the partitioning of T' into f and N. Therefore, if the derived
EASM is to be equally applicable to 3-D flows, a way has to be found so that T"
can be chosen as one of the tensors used to form the basis tensors. This suggests
that the basis tensors should be formed from S, Wand T.

The present paper is an extension of the model of So et al (2002) Ref. [1] to
3-D flows. However, the analysis will invoke the incompressibility assumption
because S and W will remain as traceless tensors even for 3-D flows. Instead of
splitting I' into a 2-D symmetric traceless tensor f and a 3-D tensor N, the
present approach uses S, W and I' as the basis tensors to formulate a repre-
sentation for b. A seven-term representation was derived for the general 3-D
case. For pure shear flows without buoyancy, the EASM reduces to the form
proposed by Gatski and Speziale (1993) Ref [2], ie. a three-term representation.
The seven-term representation of b is simplified to a four-term representation
involving S, W and T as basis tensors, and its performance is found to be es-
sentially identical to the EASM of So ef al (2002) Ref. [1] for 2-D homogeneous
buoyant shear flows with a five-term representation involving S, W and f as ba-

sis tensors.

2. Mathematical Formulation

The EASM of So et al (2002) Ref. [1] was derived from the Reynolds stress equ-
ation assuming the validity of Boussinesq approximation and equilibrium tur-
bulence. The governing equation of the Reynolds stress anisotropy tensor as
given in So et al (2002) Ref. [1] is

1 2 a 1
—Jb—a3(b8+5b—§{bs} I)+a2 (bW—Wb)+7“(b2 L) |j —aS+L,0Q)

where L=d/A+[3(G/¢)/A]T and d=d; is the anisotropic dissipation
rate tensor. In Equation (2),
Yg=(C;/2+1)(P/e)+C,/2-1+(G/e) = a'(F/e)+ B’ +(G/e),

o
31=(4/3_C2)/2’ a2=(2—C4)/2, a3=(2—C3)/2, a,=Cs/2, a,=C,-1,
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A=k/e, a'=C;[2+1, and p'=C,/2-1. The model constants are specified
as C, =34, C,=036, C,=125, C,=040, C,=42, C, =18 and
C,=0.3. Also, P=P,/2 is the shear production of %, ¢ is the dissipation rate
of k£, and B, =-uu (GUJ/GXK) uj_uk(an/axk) is the shear stress production
tensor. Equation (2) is implicit in b and further derivation is needed to render it
explicit. In deriving Equation (2), the pressure-strain model of Speziale et al

(1991) Ref. [5] has been assumed. It can be written here as:

mn “ij

—(C,+C/P)ehy; +C, kS, +c:3|<(biksjk +b, Sy — b S, 5 j
(3)
- C4k (biijk - bjkWik )+ CSS(bikbkj bmnbnmalj j C (Gij _EGé}j j
Following the work of Rivlin and Ericksen (1955) Ref. [6], let T , T® RS TN
be any symmetric 3 x 3 traceless tensors formed from the tensors S, W and TI'.

A linear relation of the form,
N
=>Q, 1", (4)
n=1

can be established between b and the tensors T (n=1,2,---,N ), which are not
necessarily linearly independent. With b being a function of S, W and T, there
will be 41 tensors forming this basis altogether. According to Jongen and Gatski
(1998) Ref. [3], for pure shear flows, three of the basis tensors are sufficient to
give a relatively good approximation for 3-D flows. In view of this, a seven-term
representation for b with four terms involving T' is assumed in the present

analysis. These seven basis tensors are given by
_s, TP -sw-ws, TU-5*-1(s?]I,
3
T =1, T® =TW-Wr, T® =12 —%{rz} 1, (5)
7) 2
= r3+sr—§{rs} I

Assuming d; = 0 and a, = 0 and forming the scalar product of Equation (2)
with each of the tensors T(m), m=12,---,7, and using (4), the following equa-

tion is obtained,

_gi/lnzi;Qn (T(n) ,T™ ) - ZasiQn (T(”)s, 7M™ ) + Zangn (T(n)W, T(m))

/ (6)
—a (57 28 7m)
The above equation can be written in a compact form as,
7
Y ANQ, =(RT™). 7)
n=1

where A(n? and (R, T™) are given by,

A = —g—ll(T(”),T(m) ) —2a, (T<”>S,T<’“> ) +2a, (T(”)W,T(m)) . (8a)
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(RT™)= ai(s,T(m>)+@(r,T<m>). (8b)

The solution of (7) can be obtained by determining the matrices (TS, T),
(TW, T, (T, T™) and (R, T“). Here, a distinction can be made depend-
ing on whether the solution is sought for 2-D or 3-D flow. In the following, two
different solutions are presented: one for 3-D flows with a 7-term basis and
another for 2-D and 3-D flows with a 4-term basis. The 7-term representation
gives rise to matrices that are very complicated, and it is not possible to simplify
them to give analytical expressions for the coefficients @, The choice of a
4-term representation, on the other hand, allows simplifications to be made to
deduce analytical expressions for Q,, and yet permits b to reduce to the buoyant
case without shear identically. That way, the solution can be compared with the
5-term representation previously derived by So ef al (2002) Ref. [1] with §, W

and f as the basis tensors.

3. Solution with a 7-Term Basis

According to Clapham and Nicholson (2009) Ref. [7], in linear algebra, the Cay-
ley-Hamilton theorem states that every square matrix over a commutative ring
satisfies its own characteristic equation. In view of this property, it is helpful to
invoke the Cayley-Hamilton theorem in the present analysis. Therefore, using
the Cayley-Hamilton theorem identity for their entries, the matrices (T‘”S, T¢™),
(T@W, T@), (T®, T™) and (R, T®) can be reduced to:

1, 1 1
7B 0 Y Tho —2n;; T =3 W5 3
1
1 1 31, += 1
0 _5771774 _5772773 0 The Tz 2 T2Tho T ~Thsg _57717714
+1h,
1, 1 1 1 1
E Ui 0 —~Thils g Thilg § Thiha E Thily g o
1 1
1 1 ZnZ4z
Tho Thy —~ s Ty The 6776778 3 s 2 "l
—Th
1 617, — 177
3.+ 22 Mgl 1 2
—2n, Tz 2 T2Tho SThTha The _577 7o — E 1 The _67767714 /) +§7787714
11 214l
1 B 1
1 1 1 1 1 6771777 67767710
Thy _5771775 T — T, 6776778 The _87767714 5777778 _6776779 1
+ 17,
3
1.1 17777 17777 17777 +1,7,7
1 1 _2+_ 2 <l — L e'ho L Ble T4y
5’71778 —Ths _5771’714 ST | 3 T 2 hile Myt 57737714 6 1 6 E 2
—Th +§778779 +§7787710
(9a)
DOI: 10.4236/jamp.2022.104082 1171 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.104082

R.M.C. So

(T(n)W,T(m))

1 1
0 5771772 =317 0 Ty 5772778 =35 ~The The
1 =315 + 147
1 1 1 1 1 31,, —=1,1 2L is
3ns _5771772 0 5772’73 +E771774 31s _5772778 31,3 ""5772’714 SV 3
_ +200)1h0 +— i,
714776 2
1
1 1 — 1,1y — 3N 1
0 _5772773 _5771774 0 Thy 2 e # T _57717714 —Ths
+1hh,
1 1
Ths E']z M5 — 35 —Th? 0 E 276 — 31h3 0 The
1 MaTh, — 3N
1 1 31, —=1n,1 1 1 1 g2 2
31is _5772773 =317 _57727714 aopEne 313 _5772776 0 5772777 +§7767712 3
_ + o105 + 217,17,
Thih 2
1
— 1,1 — 31 1 1 1
The 217" 2 T2 0 _5772777 _5776’712 0 57767714 —The
+174776
31721 = Malle 1 3102 ~ Melhz 1
/v 3 The + = ThTha ~The 3 The == MeTha 0
=211, — PG 2 —211,175 — 2 Mls 2
(9b)
/) 0 7B 7N 2n, 75 21
0 mn, — 61 0 =217, MyMg —OMys A 2y,
1 1 1
715 0 g’hz Tho 2y =5 3%
(T(”) T ) _| s =21, Tho s 0 Uy 21, . (9¢)
21, 7,75 — 615 =21y 0 MM — 6113 0 216
1 1, 1
Mo 2 My —3™Ms 0 57 3/16ls
1 1 2
2 2my I 2, 211 I T s =2y
a,(G/e
aym, + %%
8% (G/e) .
2 14
a,(G/e
ar; + % Tho
a. (G/e
(R'T(m) ) | Ak +%’76 ’ (9d)
2a,m,
3 (G/e
a7y +¥777
2a,(G/e
22,1, +# 9
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where the scalar invariants 7;/s are given by
m={S ) = (WP = {8 my = (WIS} s = (WST) g, = {7,
n, = {F3}, 1y ={I'S}, ny = {FZS}, Mo = {SZI‘}, My = {SZFZ}, Ty = {WZF},
Ths ={W’T?|, 1, = {WST}, s = {W’ST'}, g = {WSI?}, 7, = {WI'S?}, (10)
The ={WS’TS}, 1y = (WI?ST}, 1, = (WS’T?}, 1, = {W*S’T},
M = WIS}, 1, = {W’TWS}.
Matrix A” in Equation (8a), its inverse, and the scalar coefficients of Equation
(4) are deduced by making use of the MAPLE software. The coefficients thus
determined will allow Equation (4) to reduce correctly to the pure shear flow

limit when T is set to zero and the pure buoyant flow limit when S and W va-

nish in Equation (2).

4. Solution with a 4-Term Basis

In the case of a 4-term representation, solution can be sought depending on
whether 2-D or 3-D flows are considered. For 3-D flows, only the first four rows
and columns of Equation (9) have to be retained and no further simplifications
to the scalar coefficients 77; can be made. On the other hand, for 2-D flows, the 4
* 4 matrices thus obtained are reduced to simpler forms as some of the 7/s from

Equation (10) in this case simplify to

1 1
n73=0, 1,=0, 15 ==, Ths =1,

2 2
1 1
M7 =0, mg = _57717714”720 =0, 7y =5772771ov (11)
1 1
Uy 25772779: 23 2577277141

while others are as given in Equation (10). Thus simplified, the matrices, (T,
T, (R, T™), (T®S, T™) and (T™W, T), in the 2-D case become

Ui 0 0 g
0 -2nn, 0 -2,

(T, 7 )(Zd) - (12a)

1, 5
0 0 -

6 A Tho
Mg —2my,  Th B

a,(G/¢)
A

_2—36 (G/é‘) Tha

(R,T(m) )(Zd) = 4 , (12b)

8 (G/‘E)

—/1 Tho

a (G/g)
A

am + s

Qg + s
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1
0 O 67712 Tho
(24) 0 0 0
(T(n)S,T(m)) =1, 1 ) (12¢)
g’h 0 0 g’hﬂs
1
Mo 0 —mig 1
6
0 -mn, 0 —my
2d 0 0
(T(n)WlT(m))( ) _ 771(;72 0 o 7720778 ‘ (12d)
Mae ~1s 0 0
The matrix A® in the 2-D case is reduced to
n 1 n
_g_; —23,m,1, —5337712 _g_; — 23370, — 23,1,
28,117, 2% 0 2’%+ 28,17,17,
, (13)
N n? 0 _in _@_las,m
3" 6 gA gl 3 2"
n Mo 1 U
g; —2a,1,, + 28,17, 29_1/41_ 22,17, _g%_gasnﬁa _g_;_ 2a,7,

The inverse of A® and the scalar coefficients in this case are again obtained
using the MAPLE software and the resultant coefficients Q; to @, can be simpli-
fied to

Aa, (G/k
Ql:3aigl+leg as( / )’ (14a)
D, D,D,m
242 272 G/k
Qz:Saiazg A +szg aﬁ( / ) (14b)
D, DD,y
2;2 @ 2223 (G/k
Q3:_681839 A _ Qy,8,9 aﬁ( / ), (14¢)
D, D.D,m,
Aa, (G/k
o, = 9% (C/K) (14d)
D,
where
Dl 26359212772 +2a5922{2771—3, (ISa)

D, = 28,947, 1,7 — 4859 Amm, 5o — NTToMe + MosM: — 611,715 + 20775 > (15b)

and Qp, @, @2 and Qy, are given in Appendix L.

Once derived, b depends on T', A, P/¢, and G. A model for U0 is re-
quired if T is to be evaluated. In So et al (2002) Ref. [1], u,_c9 was evaluated
by solving its transport equation with a suitable model for the pressure scram-
bling term and the modeled transport equations for 6 and &, the tempera-

ture variance and its dissipation rate. The variable A can be determined by solv-
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ing the modeled transport equations for k and & Therefore, T', G and A are all
known, and the only unknown left is P/s . An equation for P/s can be de-
rived following the approach taken in So et al (2002) Ref. [1]. Again, the equa-
tion is found to be cubic, and it can be written as

a’z[Ej +A1(Ej +AZ[E]+A3=0, (16)
& & &
A =2a'[gj+2a’ﬂ', (17a)
&

GY o < 2 ,
Aﬁ(;] +(28 —2a/1778a6);+/32—2a§/12772—§a§ﬁzf71—281a/12m) (17b)

GY : G
A = —2An58, [;j _[Zlae (B'1g — 28217, + 28, A1, ) + 231/12771](—

& j (17¢)
_zalﬂ’ﬂzﬂl-

Details of the derivation of Equation (16) are given in So et al (2002) Ref. [1].
Since the roots of a cubic equation can be found in any mathematical handbook,
such as Ref. [7], they are not given here. If b is to be explicitly determined, the
heat flux model of So et al. (2002) Ref. [1] can again be adopted.

5. Discussion

The results given in Equation (4), Equation (14) and Equation (15) reduce to the
pure shear flow and the pure buoyant flow limit when T" and S are set to zero indi-
vidually. When T is set to zero, Equation (4) yields a 3-term representation with Q,
= 0. The other scalar coefficients reduce to Q, =3a,94/D,, Q, =a,04Q, and
Q, =—6a,a,g°4’ / D, , which are the same as those given by Gatski and Speziale
(1993) Ref. [2] and Jongen and Gatski (1998) Ref. [3]. Furthermore, when Equa-
tion (4), Equation (14) and Equation (15) are substituted into Equation (2), the
equation is satisfied identically. As for the pure buoyant limit, setting S to zero
reduces Equation (4) to a 1-term representation and the result is given by
b=-a;(G/k)gAT, because W is also zero. This is identical to the expression
obtained from Equation (2) when § = W = 0 is substituted. In other words, Equ-
ation (4), Equation (14) and Equation (15) reduce to the two limiting forms cor-
rectly. Therefore, it remains to be shown that when Equation (4), Equation (14)
and Equation (15) are used to calculate 2-D homogeneous buoyant shear flows
the results are essentially identical to those given previously by So et al (2002)
Ref. [1].

The EASM previously derived by So et al (2002) Ref. [1] and denoted as
EASM/GS or EASM/BJG, has been validated against the direct numerical simu-
lation (DNS) data of Gerz et al (1989) Ref. [8] and also against calculations us-
ing a two-equation turbulence model, ie, an EASM without accounting for
buoyancy effects and a full Reynolds stress model assuming the SSG model of
Speziale ef al 1991 Ref. [5] for the pressure strain term. Since EASM/GS and
EASM/BJ]G give identical results, from this point on, the model of So et al
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(2002) Ref. [1] will be referred to as EASM/BJG. This comparison reveals that,
while accounting for buoyancy effects is important in an EASM, the full Rey-
nolds stress model gives the best prediction of the DNS data because of its ability
to model the history of the flow. The present EASM, denoted as EASM/T, is es-
sentially a more general version of EASM/BJG. Therefore, its validity can be ve-
rified by comparing with the calculations of EASM/BJG and the DNS data. Cal-
culated results from the two-equation and the Reynolds stress model will not be

2 T T T T T
——EASM/T (@ Ri=0.1
—~ EASM/BJG
° © DNS
1.5F 1
. //_,_//
1 o 0 0 ©° o o o 9
ﬁ i S B w05 s0n 0 @ © B R
05 1
0 1 1 1 1 1
0 1 2 3 4 5 6
T
2 T T T T T
—  EASMT M Ri=1.0
-~ EASM/BJG
° ° DNS
1.5F 1
S
1 4
0.5+ ° B g o
0 1 1 1 1 1
0 1 2 3 4 5 6

Figure 1. Comparison of the calculated 4 with DNS data. (a) is for the Ri = 0.1 case, and
(b) is for the Ri = 1.0 case.

DOI: 10.4236/jamp.2022.104082 1176 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.104082

R. M. C. So

shown because they have already been compared to EASM/BJG in So et al
(2002) Ref. [1]. The details of the calculations, including the assumption and the
normalization used to reduce the governing equations to ordinary differential
equations, the numerical method, and the specification of the initial conditions
for the Gerz et al (1989) Ref. [8] case, have been fully discussed in So et al
(2002) Ref. [1]. These details will not be repeated here, the interested readers
could consult the reference. Calculations have been carried out for a range of
Richardson numbers ranging from Ri= /g, (d@/dz)/(dU/dZ)2 =0.1 to 1.0.

10 T T T T ,

— EASM/T
—~ EASM/BIG
° ° DNS

@Ri=0.1

0 1 1 1 1 1
0 1 2 3 4 5 6
T
2 T T T T T
— EASMT ®Ri=1.0
~~ EASM/BJG
° ° DNS
1.5F .
N
| QQ o] (e}
~ ] o ©°
D

Figure 2. Comparison of the calculated temperature variance with DNS data. (a) is for
the Ri = 0.1 case, and (b) is for the Ri = 1.0 case.
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Here, S = dU/dz is the shear gradient, d®/dz is the temperature gradient, g. is
the gravitational constant and zis the vertical coordinate aligned with the gravi-
tational direction gs.

The plots k/k,, 67 / 62, ug/u'e’ and -wl/w6' versus 7= St are shown in
Figures 1-4, respectively. The subscript “o” is used here to denote the initial
value and 7is the dimensionless time. Here, the prime is used to denote the root

mean square value of the fluctuating quantities. Only the results for Ri = 0.1 and

1 T T T T T
—— EASM/T (a) Ri=0.1
-~ EASM/BIG
08 - o pNs 7
. 06Ff 1
o
> 5 o o © (o S o )
2 g 2"
=04t I
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0 ﬁo 1 1 1 L 1
0 1 2 3 4 5 6
T
1-5 T T T T T
—— EASM/T ®)Ri=1.0
-- EASM/BJG
12} - oDNS 1
- 09Ff 1
b
~
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Figure 3. Comparison of the calculated streamwise heat flux with DNS data. (a) is for the
Ri = 0.1 case, and (b) is for the Ri = 1.0 case.
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Figure 4. Comparison of the calculated normal heat flux with DNS data. (a) is for the Ri
= 0.1 case, and (b) is for the Ri = 1.0 case.

1.0 are shown in Figures 1-4. Essentially the same predicted behavior is seen for
other values of Ri. The predictions of EASM/BJG and EASM/T are essentially
identical, thus showing that a one-term explicit representation of the buoyant
flux is sufficient to describe the buoyant behavior as that given by a 2-term re-
presentation. Therefore, partitioning of I' into f and N is restrictive. It is
demonstrated here that such a partitioning is not necessary. As a result, a fairly
general form of EASM for turbulent buoyant shear flows has been derived. The
resulting EASM is valid for both 2-D and 3-D flows.
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6. Conclusion

This paper shows a more general way to derive an EASM for 3-D buoyant shear
flows. The approach reveals that it is not necessary to partition the buoyant flux
tensor into a 2-D symmetric traceless tensor f and a 3-D tensor N to deduce
analytical expressions for the coefficients of the representation for b. The deriva-
tion can be carried out directly using I, even though I is a symmetric trace-
less 3-D tensor. Thus, the methodology established here can serve as a general
approach to derive EASM for a variety of flows where external body forces give

rise to a symmetric traceless 3-D tensor in the b equation.
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Appendix

Qi = 6175 1y 0Bl — 2775 11,85 71 85 — 6175 10,5175 85 + B1gg71,77; 87702,
+ 217,157,838 175 + 671, 10,10,48,84 775 — 677, 717110808471 + 3677,7750842,
+ A1 na5 8,115, + 61 115175 858,77 — 3677775 8585175, — 1215 1,858,
+ 1207017 111148, 85 8 +1207,11571,85 8511, — 611775 71,7714 3,8,
= 24m 11,148, af Thod; + 12771778772771206‘3? af + 1277177134 8,8,
- 12771’712477106‘33'4 —361,7143, a477120

Q= _4’797713771433?35 - 67717782’72a2a4771oas +367,8, a-4’71303'3 + 6’797712778772323433
—12x, 7712 7,8, af a32 Tho —12mmem4h035 —12m8,a,1 a377124 +6mm,a, 77134
+12m,83a,175, + 30 11511,8, 10 + 617, 11,858, 11470s — 6775 11,8, 84716711085
— 361, ag a4771477120 - 67717732 m, a22 AT, + 87712 ’737714assa§ Tho
+ 24011577, 11085 88, — 317,77,8, 775 — 1817417, 8, 171 + 6777 771484

Qs 1= 4111 11,1148, 8 + 207510, BTy +1 2004171175 8585 1o = BT1g170, 1T
— 201 10,0858, g + 210 11,1148, 70 + 11 16715776 — 8111570, 7haBo B4 ThoBs
— 21751y 0BTy — 2104 Ty haBoRy — TTTaTTs — ATHT0ThoBe8, + 21015701y

242,22

+ 477177134a2a4 —24ngn,8;8,m;, +1277277130a3a4 + 677877277120 -12n,n,,3, a477120

42':1282_ 1124 2120_2126
Qup = M1,005 — 21477y + 61,1000 — 1,731
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