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(OMOMMY e pcces:

of positive solutions for the following third-order boundary value problem (BVP
for short):

u"(t)=Aq(t) f (tu(t)), te(0,1), (1)

u(0)=au(n), u'(n)=0, u"(1)=0, )
where o e (O 1) ne [ j are constants, A is a positive parameter,
X

q:(0,1) > [0,0), f:[0,1]x[0,50) >[0,) are continuous and ¢(t) may be
singularat t=0 and 1.

Third-order differential equations arise in a variety of different areas of applied
mathematics and physics, e.g., in the deflection of curved beam having a constant
or varying cross section, a three-layer beam, electromagnetic waves or gravity dri-

ven flows and so on [1]. In recent years, third-order boundary value problems have
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been studied by many methods [2]-[10], such as upper and lower solutions method,
monotone iterative method and the different fixed point theory, etc.
In [11], Sun proved the existence of triple positive solutions to the following

BVP by using a fixed-point theorem due to Avery and Peterson:
u”(t)=a(t) f (tu(t),u’(t),u"(t)), te(0,1),

u(0)=6u(n), u'(n)=0,u"(1)=0,
where 5€(0,1), e [%,1) are constants. a:(0,1) —>[0,0) and

f :[0,1]x[0,00)xRx R —[0,0) are continuous.

By applying the Krasnoselskii’s fixed point theorem, Sun [12] established the
existence of infinitely many solutions to the following BVP, which is the special
case for ¢ =0 inBVP (1) and (2):

u"(t)=2a(t)F(tu(t)), te(0,1),

u(0)=u'(n)=u"(1)=0,
with 1>0, e {%,1} , where a(t) is nonnegative continuous function de-

fined on (0,1) and F:[0,1]x[0,00) —[0,0) is continuous, a(t) may be
singularat t=0 and/or t=1.

Motivated by the above works, here we study the third order BVP (1) and (2).
Under certain suitable conditions, we establish the results of existence, multip-
licity and nonexistence of positive solutions for BVP (1) and (2) via the fixed

point index theory.

2. Preliminaries

In this section, we present some notation and Lemmas that will be used in sub-
sequent sections.
Lemma 2.1. [11] Let a#1, heC 0,1] , then the BVP

u”(t)=h(t), te(0,1), (3)
u(0)=au(n), u’(7)=0, u"(1)=0, (4)

has a unique solution

where

G(t,s)= ) (5)
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Lemma 2.2. [11] Suppose O0<a <1, %£n<1,

g(s)= min{s?,n*}, then

ag(s)<G(t,s)<g(s), t,se[0,1].
Let E=C[0,1] be equipped with norm |ju]|= tm[g)lﬁ u(t)| , then (E"") is a

real Banach space.

1
From Lemma 2.2, we know that if O<a<l, ESr]<l , then for

heC*[0,1]= {x eC[0,1]:x(t)>0,te [0,1]} , the unique solution u(t) of BVP
(2.1) and (2.2) is nonnegative and satisfies

trggvrf]u(t)20:||u||.

Define the cone Pby

P= {u eC[0,1]: tr:?(l)r;]u(t) > a||u||},
then Pis a non-empty closed and convex subset of E.
For u,veE, we write u<v if u(t)<v(t) for any te[0,1]. For any
r>0,let K, ={ueE:|u|<r} and oK, ={ueE:|u|=r}.
Define the operator T:P — E by

(Tu)(1)= [;&(t:s)a(s) T (s,u(s))ds. ©)

In view of the Lemma 2.1, it is easy to see that uis a positive solution BVP (1)
and (2) if and only if uis a fixed point of the operator AT .
In the following, we assume that:
(H) q(t)=0, g(t)#0 and _f:q(s)ds <o,
(H) feC([0,1]x[0,),[0,0)) , f(tu) is non-decreasing in u and
f(t,u)>0 forany te[0,1], u>0.
Lemma 2.3. Assume (H,)-(H;) hold, then the operator T:P - P is com-

pletely continuous.

Proof. For u e P, according to the definition of 7and Lemma 2.2, it is easy
to prove that T(P)c P. By the Ascoli-Arzela theorem, it is easy to show
T:P— P iscompletely continuous.

The proofs of our main theorems are based on the fixed index theory. The
following three well-known Lemmas in [13] [14].

Lemma 2.4. Let Ebe a Banach space and P C E be a cone in E. Assume that
Q is a bounded open subset of £ Suppose that T:PNQ — P is a completely
continuous operator. If there exists X, € P\{@} such that x—Tx# uXx,, for all
XxePM0oQ and x>0, then the fixed point index i(T,PnQ,P)=0.

Lemma 2.5. Let Ebe a Banach space and P C E be a cone in E. Assume that
Q is a bounded open subset of £ Suppose that T:PNQ — P is a completely

continuous operator. If inf |Tx||>0 and uTx=x for Xxe PnoQ and

xePMoQ
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1 21, then the fixed point index i(T,PNQ,P)=0.

Lemma 2.6. Let Ebe a Banach spaceand P C E be a cone in E. Assume that
Q is a bounded open subset of Ewith @ € Q. Suppose that T:PNQ —> P is
a completely continuous operator. If Tx# ux for all xe PNoQ and p21,
then the fixed point index i(T,PnQ,P)=1.

Now for convenience we use the following notations. Let

f(t,x) f (t,x)

£9 = lim max——2, {* = lim max——2,
x—0* te[0,1] X x>+ te[0,1] X
f(t,x f(t,x
f, = lim min ( ) f, = lim min ( )
x—0* te[0,1] X X—>+o0 te[0,1] X

Az_[:g(s)q(s)ds,
={(4,u): 4> 0,u e P is apositive solution of BVP (1.1)and (1.2)};
= {2 >0:there existsu P such that (1,u) € ®};

A" =supA, A =infA.

3. The Main Results and Proofs

Lemma 3.1. Suppose (H;) holdsand f; =0, then ® = .
Proof. Let R >0 be fixed, then we can choose A, >0 small enough such
that 4y SUp, . ||Tu|| <R.Ttis easy to see that
A Tu = pu, Yue PNnoKg, 1.

By Lemma 2.6, it follows that
i(4T,PAKg,P)=1. )

From f; =0, it follows that there exists r e (0,R) such that

f(t,x)zﬁx, vxelo,r], te[0.] (8)

We may suppose that A,T has no fixed point on P NJK,. Otherwise, the
proof is finished. Let e(t)=1 for te[0,1], Then e e dK,. We claim that

U= Tu+pe, YuePnoK,, u=0. 9)

In fact, if not, there exist u, e PN oK, and g4 >0 suchthat u, = A,Tu, + €,
then g4 >0.For u e PnoK, and 44 >0,byLemma 2.2 and (8), we have

Jugf| = vy (t) = (ATu, ) (1) + e(t)
Zﬂof;G(t:S)q() (8. (s))ds + 14
Zaﬂojlg S ( (s))ds + 4

> al, Ju (s)ds+ 4

%Ajg
1
Zz"“lllfog(sm(s)dsw=||u1||w=r+M,

we get I >r+ g, which is a contradiction. Hence by Lemma 2.4, it follows that
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i(4,T,PNK,,P)=0. (10)

By virtue of the additivity of the fixed point index, by (7) and (10), we have
i(4T, P (K \K,),P)=i(4T,PKg,P)=i(4T,PNK,,P)=1

which implies that the nonlinear operator A;T has one fixed point
u, P r\(KR \ Kr) . Therefore, (4,,u,)e ® . The proof is complete.

Lemma 3.2. Suppose (H;) and (H,) hold, f* =0,then ®=J.

Proof. Let r >0 be fixed. From (H,) and the definition of cone 2, it follows
that there exists C >0 such that f (t, u (t)) >C forall te[0,1] and

uePnoK,. Then for sufficiently large A with 4> and ue PnoK,,

a
we have

(ATu)(t /lj G(t,s)q(s) f(s,u(s))ds
>/1aCI g(s)a(s)ds>r, te[0,1].
This implies that infp ;. ||/1Tu||>0 and pATu=u for uePndK, ,
4 =1.ByLemma 2.5, it follows that
i(AT,PNK,,P)=0. (11)

From f® =0, there exists R>Tr such that
f(t,u)ﬁﬁu, v e[aR,%0), te[0,1]

Then for ue PndKg, by the definition of cone P, we get
min, o, U(t) 2 |u|=aR, and so

(ATu)(t ﬂj G(t,s)q(s )f(s,u(s))ds

uAjg s)ds<R, te[0,1].

We obtain ATu=# uu for ue PnoKg, u=1. It follows from Lemma 2.6
that

i(AT,PNKg,P)=1. (12)
According to the additivity of the fixed point index, by (11) and (12), we have

i(/lT,Pm(KR\Kr),P):i(/IT,PmKR,P)—i(ﬂT,PmKr,P)zl,

which implies that the nonlinear operator AT has at least one fixed point
ueP m(KR \K, ) . Therefore, (A,u)e ® . The proof is complete.
Lemma 3.3. Suppose (H,) and (H,) hold, f,=f, =0, then 0<1 <.
Proof. By Lemma 3.1, it is easy to see that A" > 0. It follows from (H,) and
fo=1f, =0 that there exists C>0 such that f(t,u)>Cu for all u>0

and te[0,1]. Let (2,u)e®, by the definition of cone P and Lemma 2.1, we
obtain that
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u(t)=(ATu)(t /1J' G(t,s)a(s) f(s.u(s))ds
ziacjog (s)a(s)u(s)ds
> la*C ||u||f:g(s)q(s)ds
= Aa’AC|ul,
so |u=2a’AC|ul,
3.3.
Lemma 3.4. Suppose (H;) and (H,) hold, hold and f°=f* =0, then
O0<A <o0.
Proof. By Lemma 3.2, it is easy to see that A. <oo. It follows from (H,) and
f=f" =0 that there exists C, >0 such that f(t,u)<Cu for all u>0
and te[0,1].Let (A,u)e®, from the definition of cone Pand Lemma 2.2, we

have

< (aZAC )71. This completes the proof of Lemma

1

u(t)=(ATu)( /1IOG( (s,u(s))ds
</10J' g(s)a(s)u(s )

<26, Julf;0(s)a(s)ds
= AAC |u|, te[0,1],

so ||ul|< AAC, ||ul,

> :t: . This completes the proof of Lemma 3.4.
1

Lemma 3.5. Suppose (H;) and (H,) hold, f,=f =, then (O,A*)CA
Moreover, for any Ae (O,ﬂ*), BVP (1) and (2) has at least two positive solu-
tions.

Proof. For any fixed Ae (O,/I*), we prove that A€ A. By the definition of
A", there exists 4, €A, such that 1<2,<1" and (4,,u,)e® . Let
R<min, .U, (t) be fixed. From the proof of Lemma 3.1, we see that there ex-
ist 4, <A,r<R and u(t)e Pm(KR \ Kr) such that (4,u)e®. It is easy
to see that O<u, (t)<u,(t) forall te[0,1]. Then we have

ur(t)=4a(t) f (L (1)), te(0.),
and
ug(t)=4,0(t) f (t,u,(t)), te(0,1).
Consider now the modified BVP:
u”(t)=A4q(t) f,(tu(t)), te(0,1), (13)
u(0)=au(n), u'(n)=0, u"(1)=0, (14)
where
f(tu (1), u(t)<uy(t),
f(tu(t))=1f(tu(t)), u(t)<u(t)<u,(t),
f(tu, (1)), u(t)=u,(t).

Clearly, the function Af, is bounded for te[0,1], ueP and is conti-
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nuous in U . Define the operator T,:E — E by
(Tu)(t) = [;G(t.s)a(s) f,(s.u(s))ds, ucE, te[0.].

Then T,:P — P is completely continuous and all the fixed points of opera-
tor AT, are the solutions for BVP (13) and (14). It is easy to see that there exists
f, >|u,| suchthat |[ATu|<r, forany ue P .From Lemma 2.6, we have

i(/ITl,PmKrO,P):l. (15)
Let
U={ueP:u(t)<u(t)<u,(t),vte[01]}.

We claim that if Ue P is a fixed point of operator AT,, then UeU . In fact,
if u=ATu, then

u(t)=(2Tu)(t) = A[.G(t,s)a(s) f,(s.u(s))ds
<4, [16(6,5)a(s) f (s.u,(s))ds = (4,Tu, )(t) = u, (t),

and
u(t)=(2Tu)(t) = 2[.G (t,s)a(s) f,(s.u(s))ds
> 4[.G(t5)q(s)  (s.u;(s))ds = (ATu,)(t) = uy (t).
From the excision property of the fixed point index and (15), we obtain that

i(AT,U,P)=i(4T,,PNK,,P)=1.

From the definition of T,, we know that T, =T on U, then
i(AT,U,P)=1. (16)
Hence, the nonlinear operator AT has at least fixed point v, eU . Then v,
is one positive solution of BVP (1) and (2). This gives A€ A, (4,v;)e® and
( 0, l) cA.
We now find the second positive solution of BVP (1) and (2). By f, = and
the continuity of f (t,u) with respectto u, there exists C>0 such that

2u C

f(tu)z———
(u) AdlA oA

, Yu=0,te[0,1]. (17)
For e(t)sl,let
Q ={u e P:there exists > 0 such that u = ATu + ze}.

We claim that € is bounded in E. In fact, for any ueQ, it follows from
Lemma 2.2 and (17) that

U(t) = (ATu)(t)+ re(t) = (ATu)(t)+
> AJ':G(t,s)q(s) f(s,u(s))ds

zﬂaj:g(s)q(s){zu(t) C }ds

Aa:A  aA
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20 |u C
> laj:g (s)q(s){vu—ﬁ} ds

=2|u]|-4cC.

This implies ||u||§/IC. Thus Q is bounded in E Therefore there exists
R, >||u,| such that

u=#ATu+rze, VUEP(’\@KRl,TZO.

By Lemma 2.4, we get that

i(AT,PAKg,P)=0. (18)

Using a similar argument as in deriving (10), we have that

i(/IT,PmKrl,P):O, (19)

where 0<r <min ., U (t). According to the additivity of the fixed point in-
dex, by (16), (18) and (19), we have
i(2T,P Ky V(T UK, )).P)
=i(AT,PNKg,P)=i(AT,U,P)=i(AT,PAK ,P)=-1,
which implies that the nonlinear operator AT has at least one fixed point
v, eP m(KRl \(Uu Krl )) . Thus, BVP (1)-(2) has another positive solution. The
proof is complete.
Lemma 3.6. Suppose (H;) and (H,) hold, f°=f” =0, then (A +0)c A

Moreover, for any A e (/L,+oo) , BVP (1)-(2) has at least two positive solutions.
Proof. For any fixed 1e (/L, +oo) , we prove that A € A . By the definition of

A, there exists 4 €A, such that A <A <A and (4,u)ed . Let
1

r >—||u1|| be fixed. From the proof of Lemma 3.2, we see that there exist
a

A >4, R>r and u,(t)e Pm(KR \ Kr) such that (4,,u,)e ®. By the defi-
nition of cone 2, it is easy to see that 0<u, (t)<u,(t) forall te[0,1]. Define

\Y; :{u eP:iy(t)<u(t)<u,(t),vte [0,1]}.
Using the method similar to get (16), we yield
i(AT,V,P)=1, (20)

Hence, the nonlinear operator AT has at least fixed point v, €V . Then v,
is one positive solution of BVP (1) and (2). This gives A€ A, (4,v,)e® and
(/L,+oo) cA.

We now find the second positive solution of BVP (1) and (2). From f°=0,
there exists 0< 1, <min, U, (t) such that

u
f(t,u)sﬁ, vue[0,r,],t[0,1].

Then for ue P 0K, , we have
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(ATu)(t) = 2[,G(t.s)a(s) f (s,u(s))ds
Ju

u
Slﬁg(s)q(s)%dh?h f, te[0,].

This implies ATu# uu for ue PNoK, , u=1.1It follows from Lemma 2.6
that

i(AT,PAK,,P)=1. (21)

Using a similar argument as in deriving (12), we have that

i(/lT,PmKRO,P):l. (22)

where R, >|u,|. According to the additivity of the fixed point index, by (20),
(21) and (22), we have

i(4T.P (K \(V UK, ) P)
=i(AT,PAKg ,P)=i(AT.V,P)=i(AT,PAK,,P)=—1,

which implies that the nonlinear operator AT has at least one fixed point
v, eP m(KRO \(\7u IZ,O )) . Thus, BVP (1)-(2) has another positive solution. The
proof is complete.
Lemma 3.7. Suppose (H,) and (H,) hold, f,=f, =oo,then A= (0,1*].
Proof. In view of Lemma 3.5, it suffices to prove that 1" e A . By the defini-

*

tion of A", we can choose {ﬂn}cA with A, 2%(n=1,2,...) such that

A, > A" as n—oo. By the definition of A, there exists {u,} = P\{#} such
that (4,,u,)e® . We now show that {u,} is bounded. Suppose the contrary,
then there exists a subsequence of {u,} (still denoted by {u,}) such that
Ju,| > as n—soo. It follows from {u,}=P\{6} that u, >c|u,| for all
t €[0,1]. Choose sufficiently large 7 such that
2’ Ar
2

>1.

By f_ =, there exists R>0 such that f (t,u)z zu for all u>aR and
te[0,1]. Since |u,| > as n— o, there exists sufficiently large n, such
that "unO " > R . Thus, we have

> U, (1) = (4, Tuy, )(t) = 4, [ G(t.5)a(s) f (s.u, (s))ds

> %*arﬁg (s)a(s)u, (s)ds

u

Mo

z%azr Uy, j:g(s)q(s)ds =%a2rA Uy,
This gives
2
A a2 Ar <1, (23)

which contradicts the choice of 7. Hence, {un} is bounded. It follows from
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the completely continuous of 7' that {Tu,} is equicontinuous, ie., for each
&>0,thereisa >0 such that

U, ()=, ()] = 4 (Tu ) (4) = (Tu, ) (t, )| < A& < s,

where n=12-, t,t,€[0,1] and [t —t,[<&5.Then {u,} is equicontinuous.

According to the Ascoli-Arzela theorem, {u,} is relatively compact. Hence,

there exists a subsequence of {u } (still denoted by {u,}) and u” €P such
that u, —>u" as n—ow. By u =A4Tu,, letting n— o, we obtain that
U =ATu".If u" =8, using a similar argument as in deriving (23), by f, =0,
we also get a contradiction. Then U € P\ {9} ,and so A" €A . This completes
the proof.

Lemma 3.8. Suppose (H;) and (H,) hold, f°=f* =0,then A =[A,+x).

Proof. In view of Lemma 3.6, it suffices to prove that A. € A . By the defini-
tion of A, we can choose {1,}cA with A <24 (n=12,) such that
Ay = A as n—oo. By the definition of A, there exists {u,} = P\{6} such
that (4,,u,)e® . We now show that {u,} is bounded. Suppose the contrary,
then there exists a subsequence of {u,} (still denoted by {u,}) such that
|u,| > as n—soo. It follows from {u,}=P\{6} that u, >a|u,| for all
te[0,1]. Choose z small enough such that

2. AT <1.

By f” =0, there exists R>0 such that f(t,u)<zu for all u>aR and
te[0,1]. Since |u,|—>o as n— oo, there exists sufficiently large n, such
that "u . " > R. Thus, we have

Uy, (8)= (2, Tug )(t) =2, [[G(t.s)a(s) f (s.u, (s))ds
< 2&1.[:9 (s)a(s)u, (s)ds
_[Olg (s)a(s)ds=24zA

<207

Uno

Uno

This gives
2A7A>1, (24)
which contradicts the choice of . Hence, {un} is bounded. It follows from

the completely continuous of 7 that {Tu,} is equicontinuous, Ze, for each
&>0, thereisa 6 >0 such that

u, (t)-u, (t2)|:/1n

(Tu, ) (t)—(Tu, ) (t, )| <A,&<2Ae,

where n=12--, t,t,€[0,1] and |t,—t,|<5.Then {u,} is equicontinuous.
According to the Ascoli-Arzela theorem, {u,} is relatively compact. Hence,
there exists a subsequence of {u,} (still denoted by {u,}) and u.eP such
that u, >uU. as n—o. By u,=A4Tu,, letting n—o , we obtain that
U, = ATu.. If u. =@, using a similar argument as in deriving (24), by f°=0,
we also get a contradiction. Then u, e P\{6}, and so A € A. This completes
the proof.

From Lemmas 3.1, 3.3, 3.5 and 3.7, we get the main result as follows.
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Theorem 3.1. Let (H,), (H,) be fulfilled and suppose that f,=f =oco, then
there exists A~ >0 such that BVP (1)-(2) has at least two positive solutions for
A e(O,/l*), at least one positive solution for 4 =A1" and no positive solution
for A>A".

By Lemmas 3.2, 3.4, 3.6 and 3.8, we obtain the main result as follows.

Theorem 3.2. Let (H,), (H,) be fulfilled and suppose that f° = f~ =0, then
there exists A. >0 such that BVP (1)-(2) has at least two positive solutions for
A > A., at least one positive solution for 4 =A4. and no positive solution for
Ae (O, L) .
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