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Abstract

In this paper, we consider the Cauchy numbers and polynomials of order k and
give some relation between Cauchy polynomials of order k and special poly-
nomials by using generating functions and the Riordan matrix methods. In ad-
dition, we establish some new equalities and relations involving high-order
Cauchy numbers and polynomials, high-order Daehee numbers and polyno-
mials, the generalized Bell polynomials, the Bernoulli numbers and polyno-
mials, high-order Changhee polynomials, high-order Changhee-Genocchi
polynomials, the combinatorial numbers, Lah numbers and Stirling numbers,
etc.

Keywords

High-Order Daehee Numbers and Polynomials, The Bernoulli Numbers and
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1. Introduction

Combinatorial constants are widely used in many disciplines such as probabilis-
tic calculations, theoretical physics problem solving, computer algorithm analy-
sis, etc. Cauchy numbers are special sequences that are widely used in number
theory, numerical analysis, etc. In recent years, many papers in [1] [2] [3] [4]
have been devoted to the study of Cauchy numbers and polynomials identities
by various methods. High-order Cauchy numbers and polynomials are intro-
duced by Taekyun Kim, Dae San Kim, Hyuck In Kwon and Jongjin Seo in [1].
Higher-order Cauchy of the first kind and poly-Cauchy of the first kind mixed
type polynomials are introduced by D. S. Kim, T in [2]. About Cauchy numbers

and polynomials and other polynomials, more combinatorial identities are de-
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rived. In this paper, we establish some new identities and properties by using
High-order Cauchy polynomials.

The High-Order Cauchy polynomials of the first kind and the second are de-
fined by the following generating function in [1] [2].

The High-Order Cauchy polynomials of the first kind are defined by the fol-

lowing generating function

tl'l

[m ij (L+t)’ =§C£”(X)m- (M)

When x=0, k=1, C,=C, (0) are called the Cauchy numbers.
The High-Order Cauchy polynomials of the second kind are given by the ge-

nerating function

tﬂ

((1+t)|:1(1+t)J (L) = 3 (1) @

When x=0, k=1, C, = én (0) are called the Cauchy numbers of second
kind.

The generating functions of the relevant special combinatorial sequences in-
volved in this paper are as follows [3]-[17]:

The a-Cauchy numbers of the first kind are given by the generating function
to be

t(1+t)” ~
In(1+t) _n

Ms

ot

0

The a-Cauchy numbers of the second kind are given by the generating func-

tion to be

t(1+t
tL+t) t_ @

In(1+t) = " nl

Ms

For « eN", the high-order generalized Cauchy numbers are given by the

generating function to be
K n
at < t
— | =xa (@) (5)
(1+t) -1 n=0 n!
The High-order Daehee polynomials of the second kind are given by the ge-
nerating function to be

((1+t)|n(l+t)] (L+1) =3B (x )t” ©)

t n=0

When x=0, k=1, D, (X) =D, (0) are called the Daehee numbers of second
kind.

For « e N7, the a-Daehee polynomials of the first kind are given by the ge-
nerating function to be
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[MJ (1+1)" = i D) (x)ﬂ. (7)

(1+t) -1 = n!

The generalized Bell polynomials of the first kind are given by the generating

function
(eet_l —1)k © tn
T:;B(n,k)m. (8)

The generalized Bell polynomials of the second kind are given by the generat-

ing function

ﬂ(n,k)%. ©)

(In(l+|n(1+t)))k i
k! =

1

The generalized Bernoulli polynomials are given by the generating function to
be

e -1

( t je“:iBE“)(x)ﬂ. (10)
n=0 n!

© n
When o =1, (ﬁje“ =Y B, (X)t—I are called Bernoulli polynomials.
e - n:

n=0
For a eN", the high-order degenerate Bernoulli numbers of the second are

given by the generating function

{“—tJ 1+t =36 (05 (1)

(L+t) -1 = n’
The high-order Changhee polynomials are defined by
2 Y 2 t"
2| (1+1)" =D Chl (x)—. 12
2] ey -Tenoh 0

When x=0, Chr(,k) =Chr(,k)(0) are called the Changhee-Genocchi numbers.

When k =0, we get the following generating function

© n
1+t =3 ch® (x) L. (13)
n=0 n!
The negative order Changhee polynomials are defined by
248) 0 vk B (k) o
(%) (1+1)" = 2Cn ™ () (14)

The high-order Changhee-Genocchi polynomials are defined by

2+t n=0

(MJK (1+t)x :iCGr(]k)(X)tn_:. (15)

When x=0, CG =cG! (0) are called the high-order Changhee-Genocchi
numbers.

The Lah numbers are given by the generating function
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il

kl =ZL(n,k)m (16)

The generalized Lah numbers are given by the generating function

@( +1)' ZL(nkr) (17)

k! nxk

When r=0, L(n, k;O) = L(n, k) .
The classical Harmonic numbers are given by the generating function

—In(l t) th (18)

The generalized Harmonic numbers are given by the generating function

—In(1-t " .
—( t”f(l 1)) => H(n+r+1r)t". (19)
- n=0

The Stirling numbers of the first kind and the second kind are defined by

In* (1+t)25( ) 20)

nxk

(t ) =>S, (nk) (21)

nxk

The generalized Stirling numbers of the first kind and the second kind are de-
fined by

In* (1+t) nker
(1+t) k %S( . ) 22

-,
=>'S,(nk; r) (23)
nzk
For integer n,r >1, the combinatorial numbers are defined by
(=In(-t))’ (nj k
— = P(r,nk)t"™. (24)
(1_t)k+1 g k ( )
then Equation is equivalent to
(-In(1-1)) & [n+kj
— = P(r,n+k,k)t". (25)
(1_t)k+l nZ—o k ( )

Lemma 1 (Inversion Formula) [15] Let f,g be functions defined on the

set of positive integers, then

g, =2.S,(nk)f, < f,=>5,(nk)g,. (26)
k=0 k=0

g,=2.S(nkir)f, < f,=>S,(nk;r)g,. (27)
k=0 )
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A Riordan array is a pair (g(t),f(t)) of formal power series with

fo=1 (0) =0. It defines an infinite lower triangular array (dn,k) o accord-

nke

ing to the rule:
d, =t Ja(®)(f(1)" (28)

Hence we write R(dmk ) = (g (1), f (t)) .
Lemma 2 [16] [17] If D=(g(t), f(t))=(d.x),,_,

h(t) is the generating function of the sequence (h,), ., ie, f(t)=> " ft"
or h(t)=G(h). Then we have

> d,. <[ ]a(On(1 (1) @)

is a Riordan array and

2. Properties about Cauchy Polynomials

In this section, we establish some identities and give some properties of high-order
Cauchy polynomials by using generating functions.

Theorem 2.1. For nonnegative integer n, we obtain

» ]c&'”<x1>c£;2><x2>~-cé;m><xm>

n
My +Ng +---+Np =N nl! nz,"‘x nm

(30)
_ Cr(1r1+<-»+l'm) (Xl Foeeet Xm )
Proof By (1), we get
zclgrlﬁuﬂ’m) (X1 ot X, )t_
n=0 n!
~ t R+t Iy (1+t)Xl+X2+m+Xm
In(1+t)
) tn1 ) . t"m
= S ()t 3 el (k)
m=0 1- Ny =0 m*
o0 n tn
- c® (x)...clm) (x )——
§H1+n24-‘z":+ﬂmn(nlln2|'..|nmj e (Xi) M ( m)n!
Comparing the coefficients of t—l in both sides, we get the identities.
n!
Corollary 2.1. For X = O(i =1, 2,-~-) in (30), we obtain
n —
2 [ - jCﬁI”Cé? Gy =g, (31)
mAng+np=n\tps s " 7y Ty
Corollary 2.2. For m=2 in (30), we obtain
3 n r r+
Z[kjcﬁ '(¥C (1) =€ (x+ ). (32)
k=0

Corollary 2.3. For s=0 in (32), we obtain

S (et 00, =P ) =

k=0

For y=0 in (33), we obtain
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u n r r
kzg[kjcﬁ '(x)._, =C\" (x). (34)

For r=0 in (33), we obtain

n

Z[chn—k(x+ y), =C, (x+Y). (35)

k=0

Similarly, we can obtain
Theorem 2.2. For nonnegative integer n, we obtain
n N 2 2(r
5 e S 00EE (1) 3,
My +Np +--+Np =N

n,n,,---, N, (36)

— CA(r1+~-~+I'm) (Xl 4.4 Xm )

n

Theorem 2.3. For integer n>k >1, we have

M g(”]cy(x)sl(n_m,k). (37)

dx* “=lm

Proof From generating function (1), we have

(L~ j
—0 ka n!
t

n

In* (1+t)

:(In(1+t)] Aty
=3 (LTS (k)

_ n_k(;jcg)(x)sl(n—r;w,k)tn—n!.

n>k m=0

n

Comparing the coefficients of t—' in both sides, we can easily get the identi-
n!

ties.
Similarly, we can obtain
Theorem 2.4. For integer n>k >1, we have

d~ lé(l)(x)

kt " nk(n 2(1)

— 25 e (98, (n-miK), (38)
m=0

Theorem 2.5. For nonnegative integer n, we obtain

C(2x+r), r<s,

Zn:(njlﬁﬁ{)(x)Cﬂm(x): (2x+71), r=s, (39)

DI (2x+5), r>s.

Proof From generating function (1), (6), we get
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>3 0B ekl (0,
IO RO

((1+t )in( 1+t)] (1+t)x[|n(1t+t)T (1)

¢ (s-r) ,
X+r
In(1+x)] (1+t)7, r<s,
=11+t r=s
(r-s)
(In(l;x)} (1 t)z“s, r>s
o0 n
Z;)Cf’r)(2x+r)tn—, r<s,
o0 tn
= nZ_O(ZX‘f‘r)nm, r=s,
i“)f)g' S)(2x+s)nfmm, r>s
= !

n

Comparing the coefficients of — in both sides, we can easily get the identities.

n!
Corollary 2.4. For nonnegative integer 2, X=0 in (30), we have
ct(r), r<s,
) s )
2| | P Co =1(r), r=s,

e Dl (s), r>s.

n

Similarly, we can obtain
Theorem 2.6. For nonnegative integer n, we have
CP(x+r), r<s,
n n ~ A~
Z[mijn’)(x)Cgs)m(x): (20), r=s,
m=0

D" (x+s), r>s.

Corollary 2.5. For nonnegative integer n, x=0 1in (41), we have
) e Ct(r), r<s,

) (mj D,'C}Y, =1L r=s,

n=0 D" (s), r>s.

n

Theorem 2.7. For nonnegative integer n, a € N*, we have

M-
>
N——
()
T=
1=
—_
N
~
O
—~
N
>
~
=
A
v

3
g
3

N
N\
>
—
O
Bl
[ —
—~
>
~—
@]
S5~
L
3
—_~
>
~—
Il
N

3
é
3

3
I
o

=
>
N—
(@]
=
1=
—_
N
~
)
=
N
—_
N
>
N—
-
\%
w

(40)

(41)

(42)

(43)
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Proof From generating function (1), (7), we get

n=0 m=0

n

zz(; ), (a) DY (20) -,

at 2x
- 1+t)7,
(1+t)" -1 (+Y)
r
of In(1+t
ata (1+t)* [n( +t)
(1+t)" -1
S t" & B t"
;Cﬁr)(“)mgds r)(ZX)F,
— S (r) ﬂ“’ _n
= nz::OCn (a)mg(Zx)nn',
Zcﬁr)(a)t—sz.r’s)(zx)t_,
n=0 n' = ni
ii(” ¢ (@)CtN (205, res,
n=0 m=o\ M
- ian " c) 2X ’
X2 o (@)(2%),_,

Comparing the coefficients of — in both sides, we can easily get the identities.

n!

Corollary 2.6. For nonnegative integer 2, X=0 in (43), we have

n(n
> jcﬁ’_)m (@) r<s,
m=0 m
IR TNCIC I A <l R RE) _
> Dy, G =4 o (@), r=s, (44)
m=0 m m=0 m
nfn
> ]cﬁ')m ()D, r>s
m=0 m
Theorem 2.8. For nonnegative integer n, we have
s ARG (k+1)
- +.
Z Cm (X)C:—m - Cn (X+ OC) (45)
m=0 m
Proof From generating function (1), (5), we get
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t ) t(L+t)"
:[m(m)J ) @y
:(In(lt+t)J (1+1)" (1+1)"
=ic§k“>(x+a)tn—nl.

n

Comparing the coefficients of t—' in both sides, we can easily get the identi-
n:

ties.
The proof of the Theorem 2.9 is similar to the proof of the Theorem 2.8, we
can obtain
Theorem 2.9. For nonnegative integer n, we have
n

Z[njéék)(X)Cn“m =CY (x+a). (46)

m=0

Corollary 2.7. For nonnegative integer n, x=0 1in (45), (46), we have

> ( " ]c;”c:m =l (q). (47)

m=0 m

n(n) A ks

Zo[m]q”k)c"am =" (a). (49)
m=

Theorem 2.10. For nonnegative integer n, we have

Zn: S, (n—m,k;r) (1) C¥ (x—k)=L(n,k;x—r). (49)
m=k
Proof From generating function (1), (22), we get
> 38, (n-mkir)(-2) c¥ (x-k)
n=k m=0 H
=SS (nkin) s Y (- o (x-k)
n=k n!n:O n!
In(1+t))" “
AV ULSA) N R S
k!(1+t)" (In(1+t)

n

Comparing the coefficients of t—' in both sides, we can easily get the identi-
n!

ties.
By means of Lemma 1, the inverse relation (27). This leads to the following
conclusion,

Theorem 2.11. For nonnegative integer n, we have
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Zn:Sz(n—m,k;r)L(m,k;x—r):(—l)k M (x—k). (50)
m=k

Similarly, we can obtain

Theorem 2.12. For nonnegative integer n, we have

Zri“sl(n—m,k;r)(—l)k CY¥(x)=L(n,k;x—r). (51)
Zri:82(n—m,k;r)L(m,k;x—r):(—l) C™M (x—k). (52)

Theorem 2.13. For integer n, k >1, we have

3 (1) G, (x)Hy = (-1)" nClE (x-1). (53)

m=0

Proof From generating function (1), (18), we get

ZH t"

m=0 n! n=0 n'n =1

Comparing the coefficients of t—' in both sides, we can easily get the identi-
n:

ties.

Theorem 2.14. For nonnegative integer n, we have

n (-1 CE Y (x-1), r<s-1,
()" H(m+r+1r)C (x)=1(n- X), r=s-1 (54)
" (-1)' DI+ (x-1), r>s-1.

Proof From generating function (1), (19), we get

ég(_l)“*m H(m+r+1r)CY, (x)tn_"!
=i(—1)”c<>tn—nliH(n+r+1r)
N I LIS
- In(l—t)} - =y
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< _\" (s-r-1) _ ﬂ _
nZ_o( 1) C " (x l)n!, r<s-1,
© tn

= nZ:O(n—x)nm, r=s-1,
N _1\" (r+1-s) _ ﬂ
nZ_O( 1) D 1)n" r>s

n

Comparing the coefficients of — in both sides, we can easily get the identities.
n!

Theorem 2.15. For integer n>m>1, o eN", we have
» [i ;‘kjDi{?(x)cgm)(x)L(n,m;r):(_1)m[r’:]jbgﬁg(zx+r_m). (55)
I+ J+K=n 1 )
Proof From generating function (1), (7), (17), we get
S n m m . tn
> 3 [0 e poremnt

n=m i+ j+k=n
k

_ z D™ (x)ti_:_icg“ﬂ (x)ili L(k,m;r)%
-t \"
(an(@+t)) o " N [mj oy
{(m)“ _J t+) [In(l t)j () =)
-t \"
at " 2x(l+tj r
_((1+t)“—1} () )
- ib,(]f';)(2x+r—m)n—nl(_lz:tm _ i(_l)m(r:jbgf*;)(zx”_m)tn_n'.
-

Comparing the coefficients of - in both sides, we can easily get the identities.
n!

Theorem 2.16. For nonnegative integer 1, we have

Eferieeroo-E0J5) et o

m=0 m=0 m

Proof From generating function (1), (14), we get
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Comparing the coefficients of — in both sides, we can easily get the identities.

Theorem 2.17. For integer n>r >1, we have

(57)

HECETEE
=] r>s.
(@05
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n

Comparing the coefficients of t—' in both sides, we can easily get the identi-
n!

ties.
3. Identities about High-Order Cauchy Polynomials

In this section, by means of the Riordan matrix, we derive some new equalities
between High-order Cauchy polynomials and Striling numbers, Bell numbers,
Bernoulli numbers, Lah numbers, Changhee numbers and so on.

Theorem 3.1. For nonnegative integer n, we have

33 L(ikir)C™ (x)5, (n.k) =

e (n+m) S,(n+mm,r-m-x).  (58)

Proof By Lemma 2 (29), we get
k!
R| —=L(n,k; = (1+t 59
[mittnkin)) [ ) 9

S L(j k)Gl (1) =k i'L““) (4

j=0 j J!

=kI[t J(1+t) [{mJ (L+y)ly =ﬁ}

n!

:msz(n+m,m,r—m—x).

Corollary 3.1. For r=0 in (58), we have
n k i n!
L(j.k)C™(x)S,(n,k)=———S, (n+m,m,—-m-x). 60
kgogo(l)k()z( )(n+m)!2( ) (60)
By means of Lemma 1, the inverse relation (27). This leads to the following
conclusion.
Theorem 3.2. For nonnegative integer n, we have

Zn:;(ker) 2(k+mm,r—m-x)S, (nk)= gL(Jnr) '"(x)_ (61)
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Theorem 3.3. For nonnegative integer n, we have

5s. (o) -

Proof By (29), we get

n+mY”
0 j S, (n+m,m;r+x).

m
= nl[tn][$j e(f+><)t _ n![tm-m:'(et _1)m e(r+x)t

_n!m!S, (n+m,m;r+x) _(n+
- (n+m)! -

which completes the proof.
By (27), we have

Theorem 3.4. For nonnegative integer n, we have
n k
Zsl(nkr)E v j o (k+mm;r+x)=C\™ (x),
k=0

which completes the proof.

Theorem 3.5. For nonnegative integer n, we have

-1
n+m

iis(k,j)qm)(x)sl(n,k):[ . j s, (n-+m,m;x).

Proof By (29), we get

R(EB(n,k)jz(l,eet‘l—l), R( S(nkj 1|n(1+t)).

(62)

(63)

(64)

(65)

(66)
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- n![t”}[#jm e =ni[t"" (e -1)" e

Im! - -
:n.m.S(zn(n;r)nl,m,x):[n:nmj S, (n+mm:x),
+m)!

which completes the proof.
By (27), we have
Theorem 3.6. For integer n>1, we have

)

kio(kHn]_lsz(k+m,m;x>sz(n,k)=i_8(n.j)CE””<X)- “

m j=1

Theorem 3.7. For nonnegative integer n>1, we have

$ 3ol s, (k et (9

k=0 j=0
Bﬁr‘m)(ZX), m<r,
n (68)
~(2x)", m=r,
n+m-r)"
{ o j S,(n+m-r,m-r;2x), m>r.
Proof By (29), we get
k!
R[msz(n,k)]:(l,e‘ -1). (69)

: < jts, (k, j) ™
ZCEm)(X)SZ(k,j):k! J Sz(k’J) j (X)
j=0 j=0 k! Jl
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B"™ (2x), m<r,
~(2x)", m=r,

-1
n+m-r
S,(n+m-r,m-r;2x), m>r,
n

which completes the proof.

Theorem 3.8. For integer n,r >1, we have

n+Xx
[m+ijU—nLn+xm+x) m<r,
n mex) X+n
P(r,nk)——->= = 70
kZ:(:) (r.n.k) k! [n—mj' m=r (70)
(-0~
TR ms>r.

Proof By (29), we get

R[(EJP(r.n,k)}[%,l%]- (71)

(n+xj
r-mn+x,m+x), m<r,
m+ X
X+n
B (n m] m=r
(1frC?J m>r
(n—ryp '

which completes the proof.
Similarly, we can obtain

Theorem 3.9. For integer n,r >1, we have
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n—m+x
( . jP(r—m,n—m+x,x), m<r,
n (N Ci™ () X+n-m
P k)— = = 72
kz_:‘)(kj (r.n.k) k! ( n-m J m=r. (72)
(m-r) v
(—1)"4—CrH (x-1) m>r.
(n—r)!
Theorem 3.10. For nonnegative integer n, we have
o (m\C™ (x) (-1)"C!™ (-m-x-1)
= . 73
g[kj k! n! 73
[ ™) e () = (1) e 74
21 JEDT R G () = (1) G (x+r) (74)
S Jiren-ken Y W= e en. o
k=0
n n+i Clﬁm)(x):(—1)"C(m)(—m—x—i—1) 6)
\k+i k! n!
Proof By (29), we get
n 1 t n-k r r
R =|—,— |, R|(-1 =(1-t) ,t). 77
W) A fi-eod e
-k-1 i
(M M) o
n—k (1—t) K+i (1—t) 1-t
We only prove the first equation.
0 () C™ (x) 1 y ) t
LS v b L i 1 =
kz(:)(k] k! [ Jl—t In(1+y) (A+y)ly 1-t
1 t)
=[t"]— —t
[ Jl—t((l—t)ln(l—t)} a-)
n —t i —(m+x+1)
= —t
) om0
_ (D' (-m-x-1)
- n! ’
which completes the proof.
Theorem 3.11. For nonnegative integer n, we have
n n) chl’), Ci"(x)
2"k nk K T —c™(x-r). 79
2 [kJ(n—k)! @ G () 79
Proof By (29), we get
ax Ch\") 1
R|(-2)"™ =k | = t (80)
CR= s
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which completes the proof.
Theorem 3.12. For nonnegative integer n>1, we have

ZZU 4705, (n-1, p)Ch)CL (x)= CG:’j(aljﬂl)Cgm)(x)- (81)
Proof By (29), we get
R(WJ =(2 (24 8) " In(1+at)). (82)
2. C6E () €I (x)
JZ:; n! il
= [t“]zk (2+/3t)—k [(ln(1y+ y)] (1+ y)x ly= In(1+at)}
e 2 ) In(1+at) i x
_[t ](2+ﬂtj {In(1+ln(l+at))j (L+in(i+at))
et i (M)’
_[t ];Ch. B I;cp ()—p!
[ en A e (0 Z s pa’
=[t]2|§(‘; ZI_%U]SI(”_I’ p)aPChf_kg,/}'*pcgm) (x)tn—n!
.izlz‘a(n—l)m a®f°S, (n-1, p)Ch,Ci" (x),
which completes the proof.
Corollary 3.2. For a=p in (81), we have
nd(n “i(q,a)C™
53} Jersn-tperticp (9- 3G,
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