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Abstract

In the present paper on the one hand we apply the central limit theorem to
the solution of the sign problem of a path integral of two-interacting particles
in potential and give an expression for the sign solved propagator (SSP) de-
rived from that solution and on the other hand we perform the angular de-
composition of the path integrals of the 2D and 3D Helium atoms. Finally, we
combine those two results and derive the SSPs of the 2D and 3D Helium
atoms.

Keywords
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1. Introduction

The central limit theorem has an enormous variety of applications in probability,
statistics and various other areas of mathematics and mathematical physics [1]
(2] [3].

Here we apply the central limit theorem to the solution of the sign problem [4]
and the extraction of the sign solved propagator (SSP) [5] [6]. The sign problem
[7] is a major problem in computational physics and quantum chemistry con-
cerning the Monte Carlo evaluation of path integrals. Within all that context in-
itially [4] we considered a toy example concerning multiple integrals and gave
oscillation free equivalent expressions for their evaluation. Subsequently, we ap-
plied the whole approach to both phase space [5] and coherent spaces path inte-
grals [6].

Portmanteau’s theorem and Crammer’s theorem [1] [2] have a central role

DOI: 10.4236/jamp.2022.102040 Feb. 25, 2022 538 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2022.102040
https://www.scirp.org/
https://doi.org/10.4236/jamp.2022.102040
http://creativecommons.org/licenses/by/4.0/

E. G. Thrapsaniotis

within our method. According to Crammer’s theorem let X, be a sequence of
random variables and A, constants with lim A, = such that for a constant a

n—o

D
2, (X, —a)— X . Moreover, let £be a continuously differentiable function in a
D .
neighborhood of a. Then 4, ( f(X,)-f (a))—> f (a) X . Therefore if
D
Jn (X, —#)—Y where Yis normally distributed with covariance $and mean

D
zero then /n ( f(X,)-f( ,u))—) X where Xis normally distributed with mean

zero and covariance f '( y)S f ( ,u) . So after such manipulation, we can use
Portmanteau’s theorem to switch to integral expressions.

Moreover, we have studied the case of the angular decomposition of path in-
tegrals [8]. 3D path integrals with spherical symmetry have the form

N+1

-t Sen| Ela o-e-{Fvo o

n

and angular decomposition

K(rf’l’ ): riz (rf’ ) (Sfi(pf)Yan("gil(pi) (2)

i g=0m=-q

K, (v, 5:t)= [or z%exp{iid{pr—{%+q(zq;l)w(r)m 3)

0

where

If the Hamiltonian of the path integrals includes angular terms we have to use
the Faddeev-Popov delta function trick with respect to the angle and then per-
form standard manipulations (see Sections 3, 4).

In the present paper, we develop further those methods and consider double
phase space path integrals of interacting particles. Further, we study the path
integral of the 2D and 3D Helium atoms. We perform their angular decomposi-
tion, and then we derive their sign solved propagators (SSP).

The present paper proceeds as follows. In Section 2 we consider the application
of the central limit theorem to a double path integral describing two interacting
particles. We solve the sign problem and give the SSP. Then in Section 3, we
consider the angular decomposition of the 3D Helium path integral and in Sec-
tion 4 of the 2D one and apply the results of Section 2 to extract the SSPs. In Sec-
tion 5, we give our conclusions. Finally, in the appendices, we give certain inte-

grals appearing in Sections 3 and 4.

2. Central Limit Theorem and Path Integrals

We consider the double phase space path integral

(rriinnit) = (110 () 22 or () P ey )]

F (4).
xEXp{iJ;dr( p(r)r(z)+p'(z)i'(z)-Hy (p.1; P, r';z'))
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The discrete form of (4) composed of N +1 time slices is

K )(rf,rf,r r’, t)

g e ianEa

n=1 n=1 n=1 (5)
xh(n, 6,0,

N+1
xexp{iZ[pn (r.—r.)
n=1

! ’ ’
rN,rf,r r,rz,---,rN,rf)
. ’ /.
Ho(pn'rn! pn'rn'rn)}}

and 7, =ng,and ontheother Iy =r,

+p(h—r)-¢

We have set on the one hand ¢ =

+1

'_ ’ _ r _
L=, h,=r,and rg, =

. r{ . In the present paper, we consider a Hamilto-

nian H, of the form

Ho(p,rip'sriz) =H (p,r)+H'(p' 1)+ H, (rr) (6)
where
2
H(p,r)=%+v(r,1) )
and
12
TR

Other cases can be handled similarly.

Now we suppose that the integration variables in the multiple integral (5) are
sampled by distributions, which for either the primed or the unprimed configu-
ration space variables, are identical and statistically independent between them
while the corresponding momentum space ones have densities which are the
Fourier transform of the configuration space ones. Therefore on considering the
central limit theorem [1] the following expressions of convergence in distribu-

tion applies

2 2
1 t& t<p— b
VN +1 N—z 2 - 2 —Z )

5 V()| [tV (rt)

b7 (10)

)
p/Z <p’2>
1 t n _
VN +1| —— 2
" N+1z 2 t

For the time-dependent potential the mean value expression has the form

N+1

v(r, )>=—Z(( %)) (11)

and similarly for the primed variables. In each term on the right-hand side of
Equation (11) the expectation value is derived with respect to appropriate sam-
pling distribution. The Gaussian random variables Z and Z' are defined on

the integration spaces. They obey normal probability density with mean zero
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and diagonal covariance matrices

2=2,0l, (12)
and

=3 ®l, (13)

respectively. The symbol ® corresponds to the direct product of matrices and

Iy, isthe N +1-dimensional unit matrix. We have set

s __tzanz1 0 (14)
Pl 0 tal(t)
and
=, —tZO'r’nz 0
=70 o (t)} o
where
2 _yvar[ 2°
lop —Var( 5 ] (16)
ol (t)=Var(V(r,t)) (17)
2 _ p_’z
oy _Var( 5 j (18)
o (t)=Var(V'(r’t)) (19)

The variances are calculated with respect to the same sampling distribution as in
Equation (11). We can assume that the position and momentum random va-
riables are statistically independent.
Therefore the distribution density of the random variable Zin Equation (9) is
1 1
f, (X):Texp[—i—ﬁiq (20)
(2n) " Jot(5) L 2
o = N+1
where X =(Py, Py Py Pyass T Foo o s Ty ) and dEt(z) :(t‘lo—rio'\f (t))
is the determinant of the matrix 3. Similarly Z' has the distribution density

1 1
£, (%) =—“exp{—)‘(’—.,)”(”} (1)
0 (2n) Jaer(5) 25

v ! ’

where X =(p1/’ P2ses Py pl,\Hl'rl'rZ"”’rl\ll'rl\,Hl) and
det(i’) = (tAO'r’nZO'\;Z ('[))N+1

We notice that in Equations (9), (10) we have sums of functions of indepen-
dently distributed random vectors. Then according to an application of Lyapu-
nov’s theorem, for integrable functions with respect to the time, the domain of
attraction is Gaussian and the above convergences in distribution apply.

Now we consider the functions

f(xy)=cos(x+Y) (22)
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g(x y)=sin(x+y) (23)

and apply a corollary of the Cramer’s theorem (see in the introduction) in Equa-

tions (9), (10) to obtain the following convergence in distribution

| coS( tH (p,.r, )) _ COs(t(H(p r))) |
sin(tH (p,.1,)) sin(t(H (p.r))) D
N1 N+1Zn: cos(tH'(p;. 1) ) cos(t(H'(p',r"))) @
_ sin(tH'(p,.1)) sin(t(H'(pr)) ||

The Gaussian random variable X is defined on a space composed of N +1
copies of the system’s space. Therefore as the domain of attraction is Gaussian it

has a normal probability density with mean zero and diagonal covariance matrix

t?diag| o, (t), 0, (t). 01 (t),05 (1) |® 1,4 (25)

where o, (t) =sin’ (t(H ))(aé +oy (t)) , o, (t)=cos’(t(H ))(O',f1 +oy (t)) ,
oy (t)=sin’(t(H '))(O'r’nz +oy (t)) , oy (t)=cos?(t(H ,>)(Gr:12 +oy (t)) . Notice
that another way of looking at the above distribution is as a product of
one-dimensional distributions.

Proceeding further we apply the above-mentioned corollary of Crammer’s
theorem for the functions

¢! s fer s c’C S

f (X0 Xgo X00 X0 ) = XX, = XX, (26)
01X, Xy X0, X0 ) = XX, + XX, (27)

¢! s 1 s c’'s S

and the central limit theorem (24) to obtain the final result

WMZ[ 4 (15,4 % +v<r;,rn>ﬂ

(28)

_exp[—it(<H (t))+(H '(t)))]]—f’—w —iw

The random variables ¥, W are normal with mean zero and diagonal covariance

matrices

[sin2 (t(H))cos? (t(H"))+cos? (t(H))sin® (t(H '))]t2 (o2 +07 (t)+077 + 00 (1))@ 1,1 (29)
and

[sin2 (t(H))sin?(t(H"))+cos? (t(H))cos® (t(H ’))]t2 (ofn +oy () +or +o) (t))® ., (30)
Now we use Portmanteau’s theorem [1] on Equation (28) with respect to the
random variable 3=H +H', express the appearing distribution densities in
terms of the phase space variables and integrate with respect to infinitesimal vo-

lumes V.. to obtain the relation

inf

o 5 100 152
x{exp[—ig:‘z?[(H (poo1)+H'( p;,rn’))]}—exp[—"«'* (1)) +(H' (V)]
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N+1 N+1

\/—{H[f P 1) (P t) |- IH[gl AT pn,n)]}}=0 (31)

Since the covariance matrices are diagonal we have set the Gaussian distribu-

tions of the random variables Yand W, as products of the functions

1
fl(pn’rn):

2no,0, (1)t [sin2 (t(H))cos? (t(H"))+cos? (t(H))sin® (t(H '))]

(32)
tz[smz(t(H))cosz(t(H ))+cos? (t(H))sin?(t(H ))] 207 207 (t)
and
1

2no,0, (D2 [sin2 (t(H))sin? (t(H"))+cos® (t(H})cos® (t(H '))]

gl(pn’rn):

(33)
xeXp{— L |:p” + rnz :I}
t? [sin (t(H))sin? (t(H"))+cos’ (t(H))cos (t(H’))] 207 20y (t)

In the case of the primed factors in Equation (31) we use the same expressions
with primed variances.
Now in the integral of Equation (31) we apply the mean value theorem and

multiply the result with the following function of phase space variables:

h(rourmvroz"'"rON’rof1ro|vr01!r02v : rolerolf)
N+1
Xexp{ Z[pOn On fon- 1)+ pOn( on — Ton 1) ¢H (On’ On):|}

where the point

(34)

! ! 1 ’ ! ’ !
(p011 Poz+*** Pons Ponaar Tors Toz o Ton s Pos Pozs "1 Pons p0N+l’r01’r02"“’rON)

of index 0 is the same point appearing in the mean value theorem. Then we sum
over all the infinitesimal volumes partitioning the integration space and let them

shrink to points to eventually obtain the form (see Equations (5), (6))
K™ (v, i, 50t)

:]ﬂ[[.[drdﬁ[]‘%}i Udrn]ﬁ{[ IC:;}h(ri,rl,rz,--~,rN,rf;ri’,rl’,rz’,---,r,g,rf')
Xexp{iz‘z[pn(rn_rn1)+p;(rn’_r )-eH, (1, n')}}exp(_it(m(t)>+<H’(t)>))
T o T 72 1o T 152 -

N+1
xh(r [/ ARPR Y Y A A r,@,rf’)exp{ [pn L=t )+ (-, 1)—gH,(rn,rn’)]}

o) <pa,rg)]—iﬁ[gl(pn,rn>g;(p;,r;>]}

n=1

Further on performing the integrations on all the p,, p,, I,, I, variables

in the first term in Equation (35) and on the p,, p; variables in the second
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one, we obtain the theorem of the solution of the sign problem for Equation (4),

according to whichas N — o
K(N)(rf,r," . r."t)

=5(r, =n)o(r) =w)h(re v v )

xexp( tH, (17,17 ) Jexp (=it ({H (1)) +(H' (1))
- Udr&ﬁ“dr} Bl G T R rn'urf') (36)

N +1 n=1 n=1

xexp{ |gN lHI Hﬁ[f A A A rnl)]

Hian ]

We have used the functions

f,(r.r.)

1

i 2m2n0, ('[)'f\/[Sin2 (t(H))cos® (t(H"})+cos® (t(H))sin® (t(H ’))]
Xexp{—%fffﬂz [Sinz(t(H))cos2 (t(H"})+cos? (t(H))sinz(t(H'))}(rn -r.) (37)

207 ()t sin® (t(H))cos’ (t(lil ') +cos? (t(H))sin® (t(H '))]}

gz(n nl)
1

) 2120, (t)t\/[sin2 (t(H))sin® (t(H'))+cos (t(H))cos (t(H"})]
xexp{-ga;f[smz<t<H>)sm2<t<H'>)+cos2 (M ))eos ()51,

2 (38)

rn2
Zo—v ()t [sm (t(H))sin? (t(H"))+cos® (t(H})cos* (t(H ))]}
In the case of the primed functions in Equation (36) we use the same expressions
with primed variances.
Now we state that under appropriate conditions only the first term involving
the delta functions in Equation (36) contribute to the exact resultas N —> o0 .In
that case, we call that term sign solved propagator (SSP). To prove that, we dia-

gonalize and integrate the Gaussian products H[f r,r_ 1)f r, n—l J and

N+1
1_[|:g2 ) ag (L 1)} via the same procedure as in ref. [5] and assume the

condition
(G TR R )| <D (N+2) €M b,C >0, yeR (39)

Then if R is the second term on right-hand side of (36) and the range of the
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r, variables is from 0 to < we obtain the following upper bound of the |‘R|

|R| <by (211)3 o, (t)oy ()t [sin2 (t(H))cos? (t(H"))+cos? (t(H))sin® (t(H ’))]

ey H c c
IN+L 00| 4 [AlND am AN w0
+b, (21) o, (t)oy ()t [sin2 (t(H))sin?(t(H"))+cos? (t(H))cos® (t(H ’))J
(N +1) vl C
JN +1 o 4 \/A (N+2) 4n\/Aé(nN+2)
where
N42) 14 2(1+ &0 o262 (1)t*] sin? cos’ '
AN L2t gla)otel OF [ () ()
+cos” (t(H))sin® (t(H"))]
(N42) _ 14 2(14 & )o262 (1)t*] sin? sin? '
AL =142(14 50, Jotiad (1)t [sin? (t(H))sin® (t(H")) )

ot (t(H))cos” (1 (") ]

Again in the case of the primed A/*?, A’N*2 we use the same expressions

with primed variances. fsmz , §c£+2 are constants such that 5{(5"}) ,> -1.
¢ N+

Therefore if the expressions in the curly brackets in Equation (40) tend to zero
as N — oo, then the first term in Equation (36) is exact as N — o and cor-
responds to the sign solved propagator. This is the case if C <4m, since
AN > 10 AN 51 (see Equations (41), (42)). Concluding we have proven

EAN

the sign solved propagator theorem according to which

K(rf ,rf’;ri,ri’;t)

=4(r, —ri)é(rf’—ri'),liir;h (PN PN JRRTRN Y OO S48 S8 VARTRIN o oAl IR )|

N+2 N+2

x exp(—itH , (rf I ))EXP(—it (<H (t)> + <H ’(t)>))

3. The 3D Helium Path Integral

We consider the 3D Helium [9] [10] [11] [12]. Its Hamiltonian has the form
w_P P Z Z 1

. = — + — (44)
“2 2 [ [ [R-7

where Z is the atomic number. T, and T, are the position vectors of the two
electrons with respect to the nucleus.
The path integral of a Helium atom has the form

K, (B0 B 6 ,)—Ilmﬁ?drlnﬁ{f o, }Hfdfﬂ{f dl”

n=1 _o n=1 _w(ZTC)S
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xEexp z;|:p1n ( mn nl)+ﬁ2n'(rén_fén—l)

w2 =2
_g[p1n+p2n_;_é+%]
2 2 |r1n| |r2n| |r1n_r2n|

—t
i — - — — . — — —
T We have set T, =1, T,y=0,, Gy, =h; and T, =0.

(45)

t;
where &=

+
Now we observe that we can write
1 3 1 B 1
Fl (2.2 o0 =  [2. .2
r2”| \/rln + 0, = 2r1n : r2n \/rln +h, = 2r1n f,, COS l912n
1 1
== (46)
\/rln + 1— 2r1" r2“ cos '912n \/rln + an 1—LCOS ‘912n
r1 + 2n rlin+r27ﬂ
r2n rln
3 1 1
2, 2
\/rln +r7 \/1— a (1t )C0S 3y,
where
2
&l o0 ) =7 <1 (47)
1n 2n
= J’_i
r.2n r1n

and I, = |f1n| y b= |F2n| . Therefore the path integral expression (45) becomes

Kl(rlf'rzf 'tf;rli'rzivti)

i mdrmﬁ[ j o ]H

N—e0 n=l n=l| —» (2712)3

(48)

22 \/r1n+r2n \/1 a(ly, 1y )COS Gy,

At this point, we insert in Equation (48) a delta function to get the form

. o _N°°_.N+1°°dr5 NOC_.N+1°0dp~
e i) = i 1 fon 1) 2P T fona ) 02

=1 n=1 _w(ZTC) n=1l| —»

T e FHLo0 - eon )]

n=1l| -
N+1 (49)
xexp Z[pln ( 1n n 1)+p2n'(F2n_r2n—1)
n=1

A

—&
2 2 \]rln+r2n V
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Further, the delta functions in Equation (49) have the representation

5(un -, COS l912n ) = Zi I d/qvn(fi/1ﬂun e”“““ €0S%2n

(50)
252‘ (21, +1)i"R, (cosd,,) j dA,e™* j (ety4y)
where o, =« (I’ln D ) We set the integrals appearing in Equation (50) as
1 % 7| u:
Ej'd/le " (ad) =g, (u) (51)

Then after standard calculations, we obtain the results

L itp<a
9o (U) =1 2a (52)
0 otherwise

and

U i | <a
0, (u)=9 2a? (53)

0 otherwise

Moreover the following recurrence relation is valid
21+1u
9 (U)= gl S (u)-i

—_— u 54
1+1 o o ( ) (54)

Therefore we can perform the integrations in Equation (50) according to Eq-
uations (51)-(54) and place the results in Equation (49) after keeping leading
terms with respect the | . After the angular decomposition, the angular part of
higher-order terms in the expansion (50) contributes infinities as N — o and

we drop them (see below). Now expression (49) becomes

K1<F1f’F2fltf;F1pF2i,ti)

BT FRRRTPRYIN
xn[go<un)]( S (2l 1), (cossm)gm(uw] 55)
n=1 |

N+1=0

N+

x EXp Zl:pln ( - nl)+ﬁ2n'(rén_F2n—1)

n=1

_g| P L z
8[2 : 2 Vr1n+r2n V ]

We have set the range of integration over u, within the interval from -¢, to
a, as otherwise, the functions g, (U) are zero (see Equations (51)-(54)). More-
over in Equation (55) in the case of the N +1 factor, we have kept the full series
appearing in Equation (50) as it involves the final coordinates.

Now in Equation (55) we perform certain standard manipulations including
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angular decomposition of the path integral and the use of the addition theorem
of spherical harmonics for the Legendre polynomial R | (c0s9,y.,) to obtain
the result

Koo Tyt T oty

i &g 2 &
_ﬁg pzlqz z z VP (rlf'rzf’tf'rll’rZH |)I quml (‘91f1¢1f)(56)
=V p=Tth

& d2=0 My =—q,

%M,E,

<Y, ( 110 Pr ) My ( 2t Pt ( 2 !%f) qm (‘91u¢71|) oM, ('92ir¢72i)
The term K, ( Y (YT P 1 8 ,ti) corresponds to the path integral

Kiggy (oot s )

%=1 n=1| — n=1 n=1| Z» 27’[
N+1 2
pt G(w+l) z (57
X EXp i pln(rln r1n—1)+p2n(r2n r2n—1) 3 - +%__
n=1 2 2r1n fin
2
P, U(0+1) Z
+ 22n +-= Zézn _E GI(rll’r12"“’r1N+1’er’rZZ"”’rZNA)

Wehaveset fy=1;, =0, Ly, =h; and I, =r,; whilethe factor

G (I‘ll,rlz, . ,r1N+1,r21,r22,---,r2N+1) appearing above has the form
Gl('11"12""1r1N+1!r211r221""r2N+1)

Na1l @ N+l (58)
= d e
H{{ u }H[go ]gl N+1 Xp '32 ,—rln o ,—

Some of the integrals in Equation (58) are given in Appendix A.

According to our methods in the case of path integrals which involve inner or
outer products in the interaction term or the potential, after the angular decompo-
sition, we evaluate the infinite product from n=1 to n=N as N > and
integrate the n=N+1 factor considering the parameter & as a one form. So

the infinite product becomes

im H{

N—w

n=1| —q, n

le 1 .‘f ge—L | (s9)
exp{ —ie =exp|-i|dr 59
r _un tj r> (T)

where I =max(r,r,) and r. :min(rl,rz).

That result is the same with an average of the interaction term over the solid
angle. So there remains only the zero-order term in a relevant expansion over
spherical harmonics.

Now we combine Equations (57)-(59) to get (see Equation (A5) in Appendix
A as well)

Klqlqz (rlf oot rlilrzi’ti)

t; =1
=3 e |[on [ S on [ 32

I’lf + rzf 0 —0 —0
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t 2
. (P (el Z
expli|dz| pf+p,f,—| 2+—" 2=
X p{ {!. T|:p11 AN [ 2 2r12 0

(60)

+p_§+_qz(qz+1)_ZH_ Lol

— i|dr—
2 2r} r, tJ: .
The combination of Equations (56), (60) gives the angular decomposition of the

3D Helium atom. Now we derive the sign solved propagator of the expression
(60). We set

2
H:&+Q1(q1+1)_£ (61)
2 2r? r
2
A CS O (©2)
2 2r; r
and
H, :i (63)
r>
according to the previous section
K|q1q2 (rlf 'er ’tf ; rili’rZi’ti)
=5(n, 1) (1, —rZi)exp[—i<H +H)(t, -t )] (64)

x J, W,at exp{—i%(tf -, )J
The phase in Equation (64) is calculated with respect to an appropriate sam-
pling function. Then due to the Coulomb degeneracy of the energy of hydro-
gen-like atoms, we conclude that the phase in (64) is independent of the quan-
tum numbers ¢, and 0, and so the expectation value is constant. So within a
ray theory, we can ignore it. Therefore we obtain the following expression for
the SSP of the Helium atom

Kl(ﬁfvrzwtf;rlnrzpti)

=L5(r“ —1,)5 (1 _rZi)exp(—iri(t, —t, )]

r;lf r;li r2f r2i

>f
(65)
xh[r'r JiiiZiquia i'Y (3 ¢7)
B = e e Yo P ,lrl2f+r22f’ b)oam A

xYip (‘91f 1 Pry )Yqzmz (‘92f 1Pa )Y|; (‘92f 1 P2t )Yqj"h (‘91i ' i )Yquz (‘92i ’¢2i)

In the above equation, we have inserted the influence functional h[r (7); r'(r)]
appearing in Section 2 as well. See Equation (4) as well as Equation (43). It ap-
pears in a diagonal form. For instance, in the case of a quantum dot it may cor-
respond to the influence function of a background field. Further, the above prop-
agator can be used in problems concerning the interaction of the atomic Helium

with photonic fields.
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4. The 2D Helium Path Integral

Now we consider the 2D Helium [13] [14]. The Hamiltonian has the form

o P, P Z Z 1 (66)
22 a| Bl A5

where Zis the atomic number. g, and p, are the positions of the first and the
second electron respectively, with respect to the nucleus placed at the origin.
Moreover P, and [, are their corresponding momentums.

The corresponding path integral in its discrete form is
K (/3“ e ;/_jli'ﬁzi’ti)
CoN 2 Ns| = ogf No® o NAL 2 g
:’!IILTJOHJdplnH[I Pan ]Hfdpznl_[l:f Pon :|
n=1 _

0 n=1 790(2%)2 n=l n=1 700(2713)2

N+1
Xexp{i |:ﬁ1n ’(ﬁln _IBln—l)+ Pan '(IBZn _[)Zn—l)

n=1

=2 =2
_g(plupz”_g _z, 1 H
2 2 |p1n| |p2n| |pln_p2n|

t; -t
where ¢ = h .Wehavealsoset g, =p0;, Pa =Poi> Py =P and
+

(67)

Ponss = Py - Now we observe that the two electrons’ interaction term can be

written as
1 1 ~ 1
o=l oot P20 NPt P2
In 2n Pin T Pan 4P " Pon Pin T Pan = €P1nPon COS Py,
1 1
2 2 2
\/pln +p2n \/1_2plr11022005¢12n
ln+ 2n
1 1 (68)
2 2 2
\/pln +p2n 1-— — cos @ion
Pin | Pon
p2n pln
1 1

Pt + P2 1=a (P P )OS P,

In the last equality, we have set
2
&( Py o) = ————<1 (69)
P Pon

pZn pln

Moreover p,, = | /31n| > Pon = | /32n| . Then the path integral (67) takes the form

K(ﬁlf ' Popo by ;ﬁli’/_jzi'ti)

- o] T B fon ] § 2

n=l _» n=l| _» (271:)2 n=1 _ n=l| _» (27‘5)2
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N+1
XeXP{iZ{ﬁm '(/31n _,Bln-1)+ Pan '(/32n _/32n—1)
n=1

(70)

pln p 2n A Z 1 1
_g|tn Pn &
2.2 pn P \/pln + iy \/1 a(Prns P2n ) COS P,

To proceed we insert in Equation (70) a delta function and get
K(/31f 1Pty ;lbli'ﬁZi’ti)

wftion il fiion i 2

N+1| = N+1
x |:,[ n:|H a(pln’pZn)Cosg)lZn ):| (71)
n=1l| —» n=1

_N+1 R ~ _ - = =
x €eXp IZ Pin '(pln _pln—1)+ [ '(pZn _pZn—l)

n=1

T A A 1
2 2 pPn P \/p12n+,022n \/:I.—Wn

Now the delta functions in Equation (71) have the representation

§(w, -, cos gy, ) 21 J-d/1 g /n"h gi‘n@n COS P12

17 Zidw 1 i2qWw,
=E-[d/1"e 0 3o (Auaty )+ nan:l cos (K, @, ) Ld/ie o 3 (Aaety)

. (72)
= ljd/ln cos(4,w, ) J, (4,a,)
T

1 i i cos(kn(pm).[d/ln [e‘”ﬂwﬂ +(-1)" e””W”]]kn (Anety)
Tk =1 0

where o, =« ( Pin+ Pan ) . Moreover, the integrals appearing in Equation (72) are

cos {Zk arcsin (WH
(04

given by the expressions

5 (W, ar) = [dAcos(Aw)J, (Aa) = — W<a (73)
0 a’—w
0 |W| >a
sin{(Zk +1)arcsin(wﬂ
(04
faen (W, ) .[d/lsm W) dy, (Aa) = —— W] < & (74)
0 |W| >a
If k=0 Equation (73) becomes
1

° . — |w| <a
f (w,ar) = [dAcos(Aw)J, (Aar) = Va? —w? (75)

0 0 |W| >a
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Therefore we can perform the integrations in Equation (72) according to the ex-
pressions (73)-(75) and place the results in Equation (71) after keeping leading
terms with respect the k_’s as after the angular decomposition the angular parts
of higher-order terms in the expansion (72) contribute infinitiesas N — . So

Equation (71) becomes

K(,ﬁlf ' Paroty ;ﬁli’ﬁZi'ti>

~ lim lﬁ{ T dp,, Nﬂﬁ (dpl”z ]ﬁ T dpznﬁI:T e ]ﬁﬁ . }lﬂ[[ (w,,2,) ]

2
N—o 1 _w(zn) n=1| _a, n=1

X[ fo (WN+1'aN+1) +2 Z (_1)kN+1 COS[ZkNu%sz fzck,w1 (WN+1'aN+1)

knsg=1

— n=1l _»

+2 z (_1)kN+1 COS[(ZKNH +1) ¢12N+1:| fZSkN+1+1 (WN+1!aN+1 )] (76)

kn11=0

N+1
XEXp{i {ﬁm '(/_jln _ﬁln—l)+ P2 ‘(ﬁzn _ﬁZn—l)

n=1

_,{f’fuh_i_ 2 ]
2 2 pn P m F
We have set the range of w, in the interval from -, to «, as otherwise,
the functions f,, and f,, are zero (see Equations (73)-(75)). We notice that
in the case of the N +1 factor appearing in Equation (75) we have kept the full
series (72) as it involves the final coordinates.

Now in the two-dimensional path integral (76) we perform standard manipu-

lations including an angular decomposition to get

K (s Por te: B oty

1 S S 1 lq )1 g -2 ¢ .
e Z Z 2— i %)—e 2(rar (pz){Koqlqz (plf’pi’tf’pli'pZi’ti)

\ Prt PriPat Pai d=— Gp=—° 2n

+kZ,( 1) ( 2ik( g1 (ﬂzf)+e—2ik(¢nf—wzf))K§kq1q2 (plflpzfltf;p]_iypziati)

1

(77)

S i(2k+1)( g - —i(2k+1)( ¢y - s i
+Z( ) ( (’0” (/)Zf)-‘re (V’lf wf))KZkﬂqlqz (plflp2fitf’pli!p2iiti):|

k=0

g, and @, have appeared after the angular decomposition and are the azimu-

thal quantum numbers corresponding to electrons 1 and 2 respectively. The

2k +1{%92

C
K{{;}( } (plf Pt Les P Poin ) terms above correspond to the path integral

K{{zé l}qlqz (plf Pt tes P Pai ,ti)

i ]| ol 9P [T =t dp,,

-t f1fon 5 frfon. 81 1]
N1

xexpy i [pm (P10 = Pro1) + Pan (P20 = Pons)

:
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-+ =
2 [ —— 2 =
g Py 24_£+h+ 24_i
2 2loln pln 2 2p2n pZn (78)
XF{{%} }(pnnplzv""p1N+1!p21!p221"'vp2N+1)
2k+1]

We have set py, =55 P = Poi> Piva =P and Py, = pp¢ While the fac-

c
S
tors F{Zk

}(puaplzv"'lplmllpzl’pzz""1p2N+1) appearing in the two cases of
2k +1]

Equation (78) above has the form

Cc
F{{zsk} }(plllplz"“’plN+1'p21'p22"“’p2N+1)

2k+1)

:ﬁ n % H[foc (Wn’an)] f{zsk} (WN+1'aN+1) (79)
n=l| g, T |n=l {2k+1}

. Nil 1 1
XEeXp4-—le
n=1 \/plzn +p22n \/1_Wﬂ

We observe that the above multiple integral can be decomposed in N +1
one-dimensional integrals.

Now we solve the sign problem. The following inequality is valid
F{zsk} }(pn’plzv"'lp1N+1’pz1lpzzv"'lp2N+1)

{2k+1

<b (80)

where b is a positive constant. Therefore the sign solved propagator theorem is

applicable and the corresponding sign solved propagators are

K{{gé 1}f11qz (plf 1 Poi e Puis Poi vti)
:5(,01f _p1i)5(,02f _pZi)eXp{_i<Hg1q2>(tf -1 )} (81)

X’!‘im F{zsk} Prtr Prer s Pre 1 Pag 1 Pags "1 Pas
=% {2k+1} e N

In Equation (81) we have set

2 G - 2 Gy ——

2 29! p 2 20 P

An appropriate sampling function is used in the evaluation of the expectation
value of H{' on the phase in Equation (81). However, in most of the final re-

sults of interest, that phase does not appear. Eventually

C

K{{zsl } (plf 1Ptk ;pli'pzi’ti)

2k+1f %102

=5(/—71f —Pli)5<p2f _pZi)h[plf ' Pa Jexp(—i<H5‘1“2>(tf b ))
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X I{g} bt

o1
| —— ., |exp| —-i—(t; -, (83)
{2t+l} \,plzf + Pat - { P ( f )J
o

The I{ZSk } functions are given in Appendix B. We can insert the above expression
2k+1,

in Equation (77). As in Equation (65) a possible influence functional h[ Pit i Par J
has been inserted and appears in a diagonal form. It may correspond to the effect
of a background field in a 2D quantum dot.

Another application is the use of the present SSP in the evaluation of the geo-
metric phase of the 2D Helium [14].

5. Conclusions

In the present paper, we use the central limit theorem to the solution of the sign
problem and the extraction of the SSP in the case of a double phase space path
integral corresponding to two interacting particles in a potential.

Further, in order to apply that theory, we consider the 3D and 2D Helium
atoms. We perform the angular decomposition of their path integrals and via the
present theory, we extract their SSP expressions.

Concluding the present paper’s methods based on the use of the central limit
theorem are tractable and can be used in atomic physics problems or in the study

of quantum dots.
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Appendix A: Integrals

In the equations of Section 3 there appear integrals of the following form (see
Equations (51 to 54) for a definition of the @, (u) )

J,“(b,u):jdug,(u)exp{—i\/lb_iu} (A1)

After standard calculations we obtain

J{,’(b,u):i(u—lﬂb\/l—u)exp{ D

%}5— {T} (2

3% (b,u)= —241 i(ib*VI-u +b” (u=1)+2iby1-u (u+5)+6(u* ~1))

0!2

. b 1 . . b
exp| —i ib? (12 +b?) Ei| —i
g p[ x/1—u}24a2 (12+5°) [ 1—u}
1 .
18057 (—lb‘“\/l—u —b*(u—-1)—6b*(u-1)(u+9)
—2ib3\/1—u(u+29)+120a2(u—1+ib\/1—u)—120(u3—1)
—24ib1-u (u2 +3u +11))exp {—i

1
480a°

(A3)

J3(bu)=

b } (A4)
NJ1-u

b? (360—1200:2 +60b? +b4) Ei[—i b }
1-u

+

The functions J; in Equations (60), (64), (65) have the form
J(b,a)=3(b,a)-3’(b,—a) (A5)

bt n-r o+
L Further 1—a:|1 2| and V1t =—212

2, 2 2, 2 2, 2
ALY Vi th Vi +h

Appendix B: Integrals

where b=

In Section 4 there appear integrals of the forms

. = (-ib)" "2 dg  cos[2ké
5 ()= 3, ) 40 o2

o Nt m (1—asin(6’))

(B1)

(B2)

PRI (<ib)" * dg sin[(2k +1)¢]
|2k+l(by ) % nl 7;!./2 T (1—asin(6’))n/2

t -t
. Therefore

\/pff +p22f

where b=

(-ib) ZFl(nJrl n 1;a2j (B3)

12 :%i (-ib) 2F1(2+£,E+1;2;a2j (B4)
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z, (~ib)" (n n 1 zj (3 n 1n.1 zj
IS = Fl——+=La? |-, R > —+2,—2.2 B5
2 Z r 122272 a 2| 501 s a (B5)

+1;g,3; a? H (B6)
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