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Abstract

In this paper, a stationary one-dimensional Poisson-Nernst-Planck model
with permanent charge is studied under the assumption that n—1 positively
charged ion species have the same valence and the permanent charge is small.
By expanding the singular solutions of Poisson-Nernst-Planck model with
respect to small permanent charge, the explicit formulae for the zeroth order
approximation and the first order approximation of individual flux can be
obtained. Based on these explicit formulae, the effects of small permanent
charges on individual flux are investigated.
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1. Introduction

The cell membrane is a biological membrane that separates the interior of all
cells from the outside environment which protects the cell from its environment.
Ion channels are large proteins embedded in cell membranes that have holes
open to the inside and the outside of cells. Ion channel opening gives rise to a
passageway through which charged ions can cross the cell membrane. It is now
well-known that migration of charges for ionic flow through ion channels can be
described mathematically by the Poisson-Nernst-Planck model [1] [2].

A stationary one-dimensional Poisson-Nernst-Planck model [3] [4] [5] is

1 d[ dcbj_ [ ]
———| g.6h(x)— |=—¢ zjc/,x+Qx s
47 o 7oL de o
o =0, Z—kTDih(x)c[(x) o i=12,---,n,

where @ is the electric potential, ¢, is the concentration for the ith ion spe-
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cies, z, is the valence, Q(x) is the permanent charge of the channel, 4, (x)
is the electrochemical potential, /(x) is the area of the cross-section of the
channel, J, is the flux density, D, is the diffusion coefficient, ¢, is the rela-
tive dielectric coefficient, &, is the vacuum permittivity, & is the Boltzmann
constant, 7'is the absolute temperature, and eis the elementary charge.

The boundary conditions are, for i=1,2,---,n,

®(0)=V, ¢,(0)=L; ®(1)=0, ¢,(1)=R. (1.2)
4 (x) in the classical Poisson-Nernst-Planck model takes the following form
,u[.(x):z,.e¢(x)+lenw (1.3)
c()

with ¢, isa constant.

The Poisson-Nernst-Planck model (1.1) can be viewed as a simplified model
which is derived from the Maxwell-Boltzmann equations [6] [7] and the Lange-
vin-Poisson equations [8] [9]. More sophisticated Poisson-Nernst-Planck model
has been also developed and analyzed [10] [11]. The dynamics of the classical
model (1.1) has been analyzed [12] [13] [14] [15] to a great extent. Especially,
the existence and uniqueness of solutions for the boundary value problems (1.1)
and (1.2) has been obtained in [16] under the assumption that Q(x)=0. In
[17], under the assumption that Q(x) is a piecewise constant function, the
general dynamical system framework for studying the boundary value problems
(1.1) and (1.2) has been developed by employing the geometric singular pertur-
bation theory [18] [19] [20]. As we know, under the assumption that Q(x) isa
piecewise constant function, it is basically difficult to obtain the explicit formula
for individual flux with respect to permanent charges, so it is also not easy to
analyze the effects of permanent charges on individual flux. In this paper, the ef-
fects of permanent charges on ionic flows through ion channels are investigated
under the following assumptions.

(Al) zy=--=z,,=2z>0 and z, <0.

(A2) O(x)=0 for O<x<a, Q(x)=0 for a<x<b and Q(x)=0 for
b < x <1, where Qis a constant and Q will be set to be small in the later analysis.

By re-scaling,

e — e 2 &,60kT

=—0, V=—3V, ¢ ==
¢ kT kT e D.

The model (1.1) is reduced to a standard singularly perturbed system of the fol-

lowing

pe i(h(x)i¢j:_[zcl +otze, 2,6, +0(x) ],

h(x)dx dx
h(x)(%+zcl %j =-J,
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with the boundary condition, for j=1,---,n.
$(0)=V, c;(0)=L,, $(1)=0, ¢,(1)=R,. (1.5)

Under the assumptions (A1) and (A2), the existence of the solutions of (1.4)
and (1.5) has been studied in [21]. In this paper, it is additionally assumed that
the constant Q is small, then by expanding the solutions of (1.4) and (1.5) with
respect to small Q, the explicit formulae for the zeroth order approximation and
the first order approximation of individual flux can be obtained. Based on these
explicit formulae, the effects of small permanent charges on individual flux are
investigated. As n=2 in (1.4) and (1.5), namely, only one positively charged
ion and one negatively charged ion are involved in the Poisson-Nernst-Planck
model, the effects of small permanent charges on individual flux has been ana-
lyzed in [22]. On the other hand, assuming that the constant Q is large, the ef-
fects of large permanent charges on individual flux have been also analyzed in
[23].

2. Brief Reviews of Relevant Results in [21]
Let u= 5%(& , T=ux.System (1.4) becomes

ehp=u, &= —[zcl +tze,  +zc, +Q(x)}—5h_1 (7)h.(7)u,

e¢, =—zcu—eh, (7)J,,

2.6
g¢,  =—zc, u—sh_ (7)J, 26
g¢, =—z,cu—ch (7)J,,
J,=0,---,J, =0, 7=1.
By using the rescaling x =&&, one has
¢ =u, u= —[zc1 +otze,  +zc,+ Q(x)} —eh™ () h, (7)u,
¢ =—zcu—eh, (7)J,,
(2.7)
e =—zc, u—¢h (t)J,,
¢, =—z,cu—ch (7)J,,
J/=0,---,J =0, 7'=¢.
Define
B, = {(V,u,Ll,-..,Ln,Jl,--',Jn,O) e R*** : arbitrary u,Jl,--‘,Jn},
(2.8)

B, :{(O,u,Rl,---,Rn,Jl,---,Jn,l)e R*" : arbitrary u,Jl,---,Jn}.

Then a solution to Equations (1.4) and (1.5) is to finding an orbit of Equation
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(2.6) or (2.7) from B, to B,.

Due to the fact that Q(x) isa piecewise constant function, so we analyze the
limiting fast and limiting slow orbits of Equations (2.6) and (2.7) on three inter-
vals [0,a], [a,b] and [b,1] respectively.

Let ¢(a)=¢", ¢ (a)=¢, -, ¢,(a)=c,, where ¢*, ¢, -+, ¢ are

unknowns to be determined. Let

B, :{(¢a,”’claa'"aC:aJn"',J,,,a)ERZ'”S :arbitrary u,J,,--+,J, }

n

Let ¢(b)=¢", ¢ (b)=c, -, ¢,(b)=c,, where ¢", ¢/, -, ¢’ are un-
knowns to be determined. Let

B, :{(¢b,u,clb,'",CS,JI,-'-,J b)e]Rz”” ;arbitraryu,Jl,"'aJn}-

n’

Then an singular orbit of Equation (2.6) or (2.7) from B, to B, consists of
three parts: that is, a singular orbit over the interval [0,a] connecting orbit
from B, to B,, a singular orbit over the interval [a,b] connecting orbit
from B, to B,, and a singular orbit over the interval [b,1] connecting orbit
from B, to B,.

Based on [21], an singular orbit of Equation (2.6) or (2.7) from B, to B, is

equivalent to solving the following algebraic equations:

z¢} ez(¢a ) et zcjflez(w ) +z,c, ez"w ) +0 =0,
b b _ b_
zclbez(¢ ¢) +eoet ch,’flez(qﬁ ¢) + chﬁez"(¢ ¢) +0=0,

sen(g" =g )2 et g (e or el |
:Sgn(¢a’m_¢”)\/2|:cla+-~-+cs—(Cf’m+"'+cj’m>—Q(¢"_¢“’m):|’

Y v )
=sgn (4" —¢b)\/2[cl" S (i +"'+Cf"')}

J1+“.+Jn—1
L L g 1 L g
e +~~-+cn_1—(cl” +~--+cj_1) z(¢ —¢° )
= 1_ a,l a,l (29)
H(a) lnc' +eetey)
L L
€ ot
b b, R R b, R
_Cl ' +'“+anl_(cl +"'+C"71) 1 Z(¢ r_¢ )
- R R >
H(1)-H () s
e e,

n—1

, :z[cl“”+---+C;’L’1—(01L+"'+C,f,)] . Zn(¢L_¢a,l)
! z,H (a)

et e
In———
L L
¢ +te,
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Z|:CIR+”'+0571—(CIIJ'F+'”+Cgfl):| | zn(¢b’r—¢R)
z, (H(1)=H (b))

s
ef + el
In b,r b,r
Cl’ +.”+an1
¢b,m — ¢a,m _ Z(']l +“.+Jn71)+zn‘]n

zzn(J1 +~--+Jn)

z(J, +--~+Jn)(cl””"+~--+cf,”_’;’)+Q(J1+---+Jn_l)
z(Jl+---+J,,)(c{’””+---+c,‘j;’f)+Q(J1 +---+J,H)’

iy ez a et (et 0[gt -4)
: _

n

xIn

=, (H()-H (@) H(b)-Ha)’

and
S(pt g
J, e —cle (o6
et B 2(gh - g
/i Sua 4 +cZ’fl—(clL+-- +cff,)e( )
b,m a,m z(‘”a'm7¢b )
¢’ —¢ e
- — (2.10)
b,m m a,m a Z(¢ 4 )
¢+t C ¢t tc e
=z ¢b,r7¢R
cf—ce ( )
= i=l-,n-1
b R 2 2 > 2
+ + _ | b beeet b,r Z(¢ 4 )
¢ ¢ —lq e
where
z Zn
L _ _ZnLn o L _ _ZnLn o
G = Lz Gy = Ln ’
z(L +-+L,,) z(L +-+L,,)
L _ 1/ 1 ZnLn
¢ =V - In ,
z-1z, Z(L1+ +Ln1)
z Zn
a B a Bl
clal :C,a _chn ,C:’I — C: _chn ,
z(cla+---+c,’f71) z(cf+---+c;'71)
a
¢a,, _p - 1 In -z,C, ’
_ a a
P P
am __ _a Z(¢ 4 ) am __ _a Zﬂ(‘ba*‘ﬁa’m)
i =¢e I °
z ¢b7¢b,m 2, ¢b7¢b,m
o= cle ( ), I =cle ( ), (2.11)
z
b 2z, b z—z,
Clbr — Clb _chn ’ch _ Cb _chn ,
b b n b b
z(c1 +---+CH) z(c1 +--~+cn71)
1 -z’
¢b,r — ¢b _ ln n-n

_ b b\’
z—-z, z(c1+---+cn71)

DOI: 10.4236/jamp.2021.99147

2325 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.99147

G.J. Lin

3. Taylor Expansions of (2.9)-(2.11) with Respect to Small
2]
In this section, it is assumed that |Q| is small. All unknown quantities in
(2.9)-(2.11) are expanded in Q as follows
§ = +4'Q+H 0" +0(07). 4" = +# 0+ H 0" +0(07),
¢ =ch+ciQ+ch 0’ +0(Q2),cl.b =ch +chQ+ch 0 +0(Q2), (3.12)
Ji :Ji() +JIIQ+Ji2Q2 +0(Q2)5i :1523'”’"'
Let

_H(a)
H(1)

,ﬁ:%, (3.13)

Inserting the formulae (3.12) into (2.9)-(2.11) and expanding the algebraic
equations (2.9)-(2.11) in Q, then by comparing the terms of like-powers in Q,

one has
Proposition 3.1. Zeroth order solution in Q 0f(2.9)-(2.11) is given by
a,l al _ am am __ a a
Cgo ot CL0=C Tt =Cp TG
=cl + -tk +a[clR +eetel —(cf +---+cf_l)},
Z(clao +od ) ==2,Cy0>

b,m

b,r byr  _ bm _ b b

Co toFCL0=6C0 TG L =60t C
1 L R R L L
=c +---+c,H+/3[cl +---+cH—(c1 +---+c"71)},

b b _ b
Z(CIO +---+cH’O)——Z c

n-n0>

R R a a
ln(c1 +---+cn_1)—ln(clo +---+cn_1’0) }

al _ gra,m __¢a _
0o — - Y0 —
ln(clR+~-+cR )—ln(clL e )

n-1 n-1

a a L L
ln(clo+-~+cn71,0)—ln(cl +~-+cn71) p

+

>

R R L L
ln(c1 +---+cn_1)—ln(c1 +---+cn_1)

R R b b
ln(c] +---+cn_1)—ln(c]0+---+cn_1’0) .

)= = =— 7 ; D

ln(cl +---+cH)—ln(c1 +-~+cn,l)
(3.14)
ln(clho+"'+CZ—1,0)_IH(CIL+'“+c'f*1) R

>

1n(c,R+---+cf_])—ln(c]L+---+cf_])
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L L R R
¢ +---+cn_1—(cl +-~+cn_1)

H(l)[ln(cf+---+cL )—ln(cf+---+cfflﬂ

n-1

J10+"'+Jn71,0 =

[V +In(L +-+ L, ) ~In(R +-+R, )],

k-t _
J ., = T V+InL —InR ),
" H(l)(lnc:—lncf)(zn A ")
R L z(¢L7¢R)
']i0= = z(¢L7¢R)(']10+.“+']n—1,0)’
cf+-~+c,f4—(cf+~-+cnﬂl)e

A7) L (R +-+R, ) =R (L +-+L, )
R+-+R_ —(L +~~-+LH)e”7
(Rl. —Ll.eZV)(ch +---+cf1’_1,0)
Ri++R_ —(L++L, )e"

Co =¢

(7-#) L (R ++R, ) =R (L +-+L, )
R+-+R_ —(L+-+L,_)e"
(Ri —LieZV)(CfO +---+c,b,_1!0)
Ri++R_ —(L++L, )e"

b _
Co=¢€

i=1,2-n-1.

Corollary 3.2. Under electroneutrality boundary conditions
z(L+L,+-+L,)=-z,L,=L and z(R +R,+--+R,_)=-z,R, =R, one
has ¢l =L,,ct =L, cf=R,-,cf =R, ¢" =V, ¢" =0, and

a,l a,l _ a,m a,m _ a a
2(c +erettg) =z (el + ety ) = 2(cly o+l

l1-a)L+aR,

z(c]"0+---+c,‘1’710)=—z cl

n-n0>

b,m

b,r b,r _ b,m _ b b
Z<Clo +"‘+Cn4,o)—z(clo +“'+cnfl,0)_z<cl()+”'+cn71,0)
I(l—ﬂ)L-i-ﬂR,

b b
z(clo+---+cHO)=—z e

n-n0>
In{(l-a)L R|{-InR _
n[( a) +aJ n 7

InL-InR

In[(1-B)L+BR]-InR 7
InL-InR

J o Smo_ —
o= g = =

by _ abm __ b _
= ==

(3.15)

L-R

J et J =
o+ F oo zH(1)(InL-InR

zV +InL-1nR),
i )

L-R _
J = 7+InL-R),
0 M mR) Y T EnR)
z(R - L&
Jio :(R—T(J"’ +ot o)
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{r-#) LR-RL | (R -1 )[(1-a)L+aR]

o = R—Le” R—Le” '
- _ z(R -Le” )[(1-B)L+BR
cf0=ez( #) LR R"VL+ ( )[( Vﬂ) / ],i=1,2,---,n—1.
R—Le* R—Le*

Proposition 3.3. First order terms of the solution in Q of (2.9)-(2.11) are
given by

zZ 1
a a n a b
) +...+cn71’1 ﬁ(¢0 _¢0 )+

i 2(2”—2)’
b _Zn(l_ﬂ)

b b
C“+"'+C",1’l: (¢(;1_¢0)+2—’
z,—z (Zn—Z)
a za

[ —

K =_zn—z 2(zn—z)’

l_ﬁ a
=%(¢0 —¢é’)—2(zn >
(1+zA)(1 +znﬂ)[cl“0 oo, —(c,bo +ekel )}
Z(z—zn)(c,"0 +---+c§_]’0)(cf’0 +---+cf_1!0)

L L a a
1n(c1 +---+cn_1)—ln(c10 +-~~+cn_1’0)

1

(3.16)

ln(cf+---+cf_1)—ln(clR +---+cf_1)
1 . nald-a)2

+
2Z(Z—Zn)(c1ao +...+c§71’0) (z—zn)(cl"0 +-~-+c;’,l’0)’

(1+z/1)(1+znl)[c]“0 +ote, —(c,bo +---+c,lz’71,0 )}
Z(Z—zn)(c,“o +---+c§_1’0)(cf’o +---+cf_1!0)

R R b b
ln(cl +-~~+cn_1)—(lnc10 +~--+lncn_1,0)

¢ =

ln(c]L +---+c,f_l)—1n(c]R +---+cf_1)

1 2, (1-5)(¢ —4) 2
22(z—zn)(clb0 +---+cf_1’0) (z—zn)(clb0 +---+c:_1,0)’
(7o) L (R +-+ R, ) =R (L +---+L, )

Ro++R_ —(L++L, e
(R,. —Ll.eZV)(c,"1 +---+c,‘f_,‘1)
R+-+R_ —(L++L, )e"

+

¢y =—z¢'e

+

(7-&) L (R +-+R, ) =R (L +-+L, )
R+-—+R_ —(L++L, e
(R[ —Ll.e:z’7)<clb1 +---+c,b,_],1)

+ =12, n-1,
R+-+R_ —(L+-+L,_ )¢

b b
cy=-z¢e

and
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A[1+(1=B)z,A](1+z4)
Syt = (Z—Zn)H(l) )
:A[1+(I—B)Z/1](l+zn/1)

3.17
N e IO e
[ciR _CiLez(¢L—¢R):|(J“ +.”+Jn71,1)
J”: 91.:1927”'9”_19
cf+---+cfﬁl—(cf+---+cnﬂl)ez(¢L7¢R)
where
¢" —¢"
lzln(cL+-~+cL )—ln(cR+-~-+cR )’
1 n—1 1 n—1
_chO+”'+crbr—1,0_(cltl0+”'+c;l—l,0)
(3.18)

cf++c 1—((:,R +---+cf71)

T (,a a b b
(CIO TG )(CIO +”.+Cn71,0)
L
n
L

L R R\’
ln(c1 +tc (c1 +---+CH)

)—ln
~ ln(clbo +---+cﬁ_,‘0)—ln(cf0 +---+c§_1’0)
y .

4. Effects of Small Permanent Charge

In this section, the effects of small permanent charges on individual fluxes are
analyzed under electroneutrality conditions z(L +L,+---+L,_ )=-z,L, =L
and z(R +R,++R,_)=-z,R, =R.

For |Q| small, the individual flux 7, of the 7th ion species are

J,=DJ, +DiJi1Q+O(Q2)ai=1:2,”',n-

From Proposition 3.3, it follows that

Tyt d, =(zl7+1nL_1nR)[A[(l_B)Z"VHnL_lnRJ}

(z—z,)H(1)(InL-InR)’

_ A[(1-B)zV +InL-InR]

Ju=(z,V+InL-InR) = |, (4.1)
(z,-z)H(1)(InL-InR)
z(R - Le”
Jil :(RTGZV)(J“ +"'+Jn71’1),l' 21,2,"',1’1—1.
where, in terms of «, 8 defined in (3.13), A and Bdefined in (3.18) become
[(1-a)L+aR][(1-B)L+BR](InL-1nR) (42)
B(LR)= 1n[(1—ﬂ)L+,BR]—ln[(1—a)L+aR}.
A
Remark 4.1. Note that lim M = —l # 0, it means that
Vﬁéln% R—LCZV R
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= 1 R
V =—In— 1is not a zero point of J, , also, it can be easily seen that there are
z
_ 1 R _ _
only two values V, =—In— and V, = lnw such that
z L z, (1 -B )

J,=0,i=12n-1,

T, 2z, LA(1-B)
Remark 4.2. Note that lim —-= >
7o VS (z-z,)LH(1)(InL-InR)

i=1,2,---,n—1, where the sign of A(1—B) has been analyzed by in [22].

Remark 4.3. J,, in(3.3) is exactly similar to J,, in [22], whose properties
have been analyzed in [22].

Let max{l71,l72} denote the larger value between ¥, and V,, min{l71,172}
denote the smaller value between ¥, and V.

Theorem 4.4. (i) If A(1-B)<0, for I7>max{l7l,l72} or I7<min{l7l,l72},
then J, >0; for min{l71,172} <V< max{l71,172} , then J,; <0,i=1,2,---,n—1.

(i) If A(1-B)>0, for I7>max{171,172} or I7<min{l71,172}, then J, <0;
for min{l7l,172} <V< max{l71,172} ,then J, >0,i=1,2,---,n—1.

Proof If A(1-B)<0, based on Remark 4.2, then it follows that

J, ZZZnLl.A(l—B)

lim —_12I= 2
Vo= V" (z-z,)LH(1)(InL-InR)

>0,i=12,---,n—-1.

By Remark 4.1, there are only two values 7, and ¥, such that
Ji(7) =7, (7)=0,i=12,,n~1,

therefore the statement (i) can be obtained. Similarly, the statement (ii) can be
also proved.

Theorem 4.5. If A(1-B)<0, for V >V,, then J,J, >0; for V <V,, then
Ty <0,i=1,2,n—1.

If A(1-B)>0,for V >V,,then J,J, <0;for V <V,,then
Jody>0,i=1,2,n-1.

Equivalently, for A(1-B)<0 and V >7V,, small positive Q strengthens the
individual flux |~7,|> for A(1-B)<0 and V <V,, small positive Q reduces
the individual flux |jl.|,i =1,2,---,n—1.

For A(1-B)>0 and V >V,, small positive Q reduces the individual flux

|7,|5 for A(1-~B)>0 and V <V,, small positive Q strengthens the individual
flux |T|,i=1,2,-,n—1.
Proof. Based on Corollary 3.2 and Equation (4.1), one has
z(R -Le” L—R _
0= ( . ) (z2V+InL-IR),
R-Le”" zH(l)(lnL—lnR)
_ . (4.3)
2(R-Le”), A[(1-B)z,7 +InL-InR]
Jy=————"(zV+InL-InR) =
R-L¢ (z—z,)H(1)(InL-InR)
From (4.3), the statement can be obtained. O
DOI: 10.4236/jamp.2021.99147 2330 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.99147

G.J. Lin

5. Conclusion

In this paper, a stationary one-dimensional Poisson-Nernst-Planck model with
permanent charge is studied under the assumption that n—1 positively
charged ion species have the same valence and the permanent charge is small. By
expanding an singular orbit of Poisson-Nernst-Planck model (1.1) in small |Q| ,
the explicit formulae for J,, and J, are obtained. The signs of J, are dis-
cussed in Theorem 4.4, which indicates that as |I7| is sufficiently large, fixing
the other parameters, J, behaves like >. The effects of small permanent
charges on individual flux are investigated in Theorem 4.5, which means that
small Q can strengthen or reduce the individual flux under suitable conditions.
However, for |Q| that is not small, the regular perturbation analysis does not
work, so it seems not easy to analyze the effects of permanent charges on indi-
vidual flux by directly using (2.9)-(2.11).
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