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Abstract

In this paper, we investigate the existence of positive solutions for the singu-
lar fourth-order differential system u = ou+ f (t,u,u",go), 0<t<l,

—@" = ,ug(t,u,u"), 0<t<l, u(O) = u(l) = u"(O) = u"(l) 0,

¢(0)
may be singular with respect to both the time and space variables. The results

(p(l) =0; where x>0 isa constant, and the nonlinear terms f,g

obtained herein generalize and improve some known results including singu-
lar and non-singular cases.
Keywords

Positive Solutions, Fixed Point Theorem, Singular Solutions, Bending of an
Elastic Beam, Cone, Boundary Value Problem, Existence, Multiplicity

1. Introduction

It is well known that the bending of an elastic beam can be described with
fourth-order boundary value problems. An elastic beam with its two ends simply

supported, can be described by the fourth-order boundary value problem
u (1) = f(tu(t).u" (1)), 0<t<l,
u(O) = u(l) = u”(O) = u"(l) =0.
Existence of solutions for problem (1) was established for example by Gupta [1]
[2], Liu [3], Ma [4], Ma et al [5], Ma and Wang [6], Aftabizadeh [7], Yang [8],
Del Pino and Manasevich [9], RP Agarwal et al [10] [11] [12] (see also the ref-

erences therein). All of those results are based on the Leray-Schauder continua-

(1)
)

tion method, topological degree and the method of lower and upper solutions.

Recently, Wang and An [13] studied the existence of positive solutions for the
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second-order differential system by using the fixed point theorem of cone ex-
pansion and compression.

By applying the cone compression and expansion fixed point theorem, Cui
and Zou [14] showed that a fourth-order singular boundary problem has a unique
positive solution.

By constructing a new type of cone and using fixed point index theory,
Lépez-Somoza and Minhés [15] investigated existence of solutions for the Ham-
merstein equations.

In [16], the authors use a mixed monotone operator method to investigate the
existence of positive solution to a fourth-order boundary value problem which
describes the deflection of an elastic beam.

In this paper we shall discuss the existence of positive solutions for the

fourth-order boundary value problem
u™ = pu+ f (tuu",p), 0<t<1
—¢" = ug(tuu"), 0<r<1
u(0)=u(1)=u"(0)=u"(1)=0,
9(0)=¢(1)=0, (3)
where 4 isa positive parameter and
£ (t,u,v,0):(0,1)x[0,00)x(—o0,0]x[0,00) = (0,0) is continuous. In fact as we

will see below one could consider in Section 2 and 3

f(tuv,0)< £,(2) £, (tu,v,0) with
£ (t.u,v,0):[0,1]x[0,00) x (—=0,0]x[0,00) = (0,00) and  £; :(0,1) —> (0,+00) is

continuous provided
1pl
_[0 IOK(r,r)K(r,s)fl (s)dsdr < +o0;
here K'is as defined in Section 2. Moreover, our hypotheses allow but do not re-

quire g(¢,u,v):[0,1]x[0,00)x(—0,0) — (0,0) to be singularat v=0.

2. Preliminaries
Let Y= C[O,l] and
Y, ={u € Y:u(t)ZO,t 6[0,1]}.

It is well known that Y'is a Banach space equipped with the norm
||u||0 =SUp, o] |u (t)| . We denote the norm ||u||2 by

_ "
e, = max (e ",

It is easy to show that C?[0,1] is complete with the norm [ju||, and
e, <l + 1o, < 2, -
Suppose that K (z,s) is the Green function associated with

—u"=f(t), u(0)=u(1)=0, (4)
which is explicitly expressed by
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We need the following lemmas.

Lemma 1. K(7,5) has the following properties:

1) K (t,5)>0,Vt,5€(0,1);

( ) < K(s,s),Vt,S € [0,1];
3) K(t, S) > K (t,t)K(s,5),Vt,s€[0,1];
|K 1S K(tz,s)|S|tl—t2|,forall h,ty,s €[0,1]

Lemma 2. ([17]) Let Ebe a real Banach space and let Pc E be a cone in E.
Assume Q,,Q, are open subset of Ewith 8e€Q,, Q, cQ,,and let
0:PN (ﬁz \Q, ) — P be a completely continuous operator such that either

) ||Qu|| < ||u||,u e P10Q, and ||Qu|| > ||u ,ue PNoQ,;or

2) ||Qu|| > ||u||,u e PN0Q, and ||Qu|| < ||u ,uePNoQ,.

Then Qhas a fixed point in P (ﬁz \Q, ) .

The boundary value problem

—¢" = ug(t,u(r).u"(1)), 9(0)=p(1)=0,

can be solved by using the Green’s function, namely,

:ﬂJ‘;K(t,v)g(v,u(v),u"(v))dv,O<t<l. (5)
Thus inserting (5) into the first equation of (3), we have
u = ,uu(t)J‘; K(t,v)g(v,u(v),u”(v))dv
+ f(t,u,u",,u.[;K(t,v)g(v,u(v),u"(v))dv),
u(0)=u(1)=u"(0)=u"(1)=0. (6)
Now we consider the existence of a positive solution of (6). The function
ueC*(0,1)NC?[0,1] isa positive solution of (6),if u>0, ¢€[0,1],and

uz0.

Then the solution of (6) can be expressed as
= uf, [oK () K (r.5)u(s) [, K (s.9) g (vau(v)."(v) dvdsde
[ LK (VK (725) £ (5 ()07 (5) 2], K (5.9) (ot ()" (v) s 7
and the second-order derivative u" can be expressed by
()=, K (1) () [ K (529) v ()" () ], K (5,9) g (vt ()" () s
-IOK(t,s)f s,(s),u"(5))ds.

Set

(8)

P:{ueCz[O,l]:u(O): (1) Ou() tt
—u"(t)2 K (t,1)|u"], .t €[0.1]}.

el -

Note P is a cone in C? [0,1]. For R>0, write B, :{ueCz[O,l]:"u"2 <R}.
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We now define a mapping 7 : P — C’ [0,1] by

Tu(t) = ,uJ'; j()lK(t,r)K(T,s)u(S)J';K(s,v)g(v,u(v),u"(v))dvdsdr

9
+ J; LlK(t,z’)K(r,s)f(s,u(s),u”(s),,uj(:K(S,v)g(v,u(v),u”(v))dv)dsdr.
It is easy to see thatif u e P than
" " 13
—u (t)ZO' u'l, s te{z,z} (10)
where o = i .
16
Lemma 3. Let we P. Then the following relations hold:
1) (Tw)(l) > K(t,t)"Tw”0 for te [0,1] ,and
2) —(Tw) (t)2 K (1,1)|1w"], for re[0,1].
Proof. For simplicity we denote
1= ,u.[; J;K(T,T)K(r,s)w(s).[;K(S,v)q(v)dvdsdf
+I;j;K(r,r)K(r,s)h(s)dsdr,
J= yI;K(S,S)W(S)I;K(s,v)q(v)dvds +I;K(s,s)h(s)ds,
and
q(v)=g(v.w(v).w"(v)),
h(s) = f(s,w(s),w"(s),,uj‘;K(s,v)g(v,w(v),w"(v))dv).
From Lemma 1 it is easy to see that
K (t,t)1 <Tw(t)<I and 1 €[0,1] (11)
K(t,0)J <—(Tw) (1)< J, t€[0,1] (12)

Using (11-12), we have

|[Tw], <1 and <J,

-]

hence

(Tw)(1) = K(t,t)”Tw"0 for 1 €[0,1] and

—(Tw) (1) 2 K (t,)|[Tw"

, forze[0,1].

(H1) Throughout this paper, we assume additionally that the function
f(t,u,v,p) satisfies

f(t,u,v,w) <A (t)f2 ((u+|v|)(o), te (0,1), u>0,v<0,
where f,:(0,1) > (0,+) and f, :[0,+00)— (0,+c0) is continuous provided

J; I;K(T,T)K(T,s)fl (s)dsdz' < 400,

Moreover the function g (#,u,v):[0,1]x[0,+00)x(—0,0) — (0,+x) satisfies.
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(H2) There exists an a >0 such that g(¢,u,v) is non-decreasingin v<a
for each fixed r€[0,1] and weR" =[0,+), ieif —a<v,<v, <0 then

g(t,u,vl) > g(l,u,vz) .
(H3) For each fixed 0<r<a

0< ‘[Olg(s,u,—rK(s,s))ds < o0, Vu e[0,+0).

Let us introduce the following notations

D, = jj K (z,s)dsdr,
D, = [ K( ,5) £, (s)dsdz,

D3:IOK r,7)dr

D, = [} K(s.5) f; (s)ds,
D; :J;I;K(%,TJK(r,s)dsdr.

Lemma 4. Let (H1), (H2) and (H3) hold. Then for all u < PN\B,/B, where
r<a<R the following hold

(1u)(e) D o, M

+D, sup fz( U K(s,v)g(v,u(v),u”(v))dv}(u(s)+

seOl

"(s)|)), r(0.1),

and
~(7u ()< D,

+ D, sup fz( U K(s v)g(v,u(v),u"(v))dv}(u(s)+|u"(s)|)),te(O,l),

s€(0,1)
where

= sup I g(v w, rK(v v))dv+ sup sup I v v)g(v,w,z)dv.

wel0,R] wel[0,R] z€[a,R]

Proof. It is easy to see that D, <D, and D, <D,.Let ue PN\B,/B., then
by Lemma 6, ||u||O < ||u”||O and by Corollary 7, ||u||2 = ||u"||0 .
Also since u € P we have —u"(t) > K(t,t) ", te [0,1] .

By Lemma 1. and (H1)-(H3) we have

= ,u_[; '[;K(t,r)K(‘r,s)u(S)I;K(s,v)g(v,u(v),u"(v))dvdsdz-
[ LK (VK (525) 1 (s ()07 (5), 2], K (5.9) g (o (V)" (v) v dsd

= yI;I;K(t,T)K(r,S)u(s) ”(J')< K(s,v)g(v,u(v),u”(v))dvdsdr

+ ,u.f; I;K(I,T)K(r,s)u(s) _[ K(s,v)g(v,u(v),u"(v))dvdsdr

‘u”(v)‘Za

+ LK (60K (725) £ (ss0(5) (), 2], K (5.9) 8 (v (v)o” (v) v s

0’
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< ,U_[; I;K(t,r) (7.5)|luf, sup J. K (v,v)g(v,w,—rK (v,v))dvdsdz

we| [OR ‘u ‘<a

wuf [ K(e.0)K(z.s)|uf, sup sup [ K(v.v)g(v.w,z)dvdsdr

wel0.R] 2efa.R] ()
+[ [ K (r.0)K(r.s) £ (5) /5
(,u“;K(s,v)g(v,u(v),u"(v))dv}(u(s)+|u”(s)|))dsdz’

< 'u.[ol .[; K(z.7)K(z.5)[u, WSE‘TBQ _[; K (v.v)g(v,w,~K (v,v))dvdsdz

+,u.f;J.;K(r, T s ||u|| |: sel[z% ZZEup J g(v,w,z)dv}dsdr
w1 K( ,5) £, (s)dsdz
vseﬁ)l)l fz( U K(s v)g(v,u(v),u"(v))dv](u(s)+|u"(s)|))

<Ml . s 1 ([ [ () (00)0 ) )
< ,uD3M||u||O +D, vsel(lopl)f2 (U;K(s,v)g(v,u(v),u"(v))dv}(/m(S)+|u”(s)|)),

and similarly we also have

Tu <,u_[ I r s dsdr"u" M
+J s)dsdr sup £ (U K(s, V)g(v,u(v),u”(v))dv}(,uu(s)+ u”(s)|))
< uD, ||u|| M+D, sup fz( U K (s, v)g(v,u(v),u"(v))dv}(u(s)+|u"(s)|)).

Lemma5. T(P)c P and T:P— P iscompletely continuous.
Proof. Let u € P, then we define mapping 7: P — C*[0,1] by (9). Then for

any u € P, itis clear that
—,uj j (s v)g(v,u(v),u”(v))dvds
—IO t,s (s,u s ,u s ,,ujo s,v g(v,w(v),w"(v))dv)dsSO

By Lemma 3,

(13)

Tu(t)= K (t,1)||Tul,, t€[0,1]
and

(Tu)’

, te[O,l].

() (1) K(t,t)‘

0

Hence T(P)cP.

Let ¥V < P be abounded set. Then there existsa d >0, such that
sup{"u"2 ‘ue V} =d.

First we prove T'(V) is bounded. Since [u, = max{"u”o ,||u”||0} , and

el <[l we have
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y[I;K(s,v)g(v,u(v),u" v))dv](u(l)+|u"(t)|)

< ,uM("u”O +||u"||0) <2dM u, forallte [0,1].

Let M, =sup{f,(w):we[0,2dM u]}. Now from Lemma 4 we have for any
ueV and te[0,1] that

|Tu ‘,uj I (t,7)K (z,5)u(s )I K (s, )g(v,u(v),u"(v))dvdsdz’
+J.J. ( s),u I ) "(v))dv)dsdr
<D e, M+, sup fz( & () (v),u"(v))dv:'(u(s)+u”(s)|))

< uDdM +M,D,.

(14)

We have a similar type inequality for

(1u (s).

Therefore T(V) is bounded.

Next we prove that T'(V) is equicontinuous. Now from Lemma 4, we have
forany ueV andany 1,7, €[0,1] that

(72) (1)~ (7)1, )

< uf, [|K (1.7) = K (1.7)| K (z.5)u(s) [ K (5.v) g (v.e(v),u" (v)) dvdsd
+[ LK (5.7) - K (1.7)| K (2.5)

S (ssu(s)o" (5) af K (529) 2 (0(v), 07 (v)) v dsdz

< uf, [|K (1.7) = K (1,7)| K (z.5) dsd |ul, M

# [ K ) =K (12| K (729) £ (5)

Alu] & v>g<v,u(v),u"(v))dv]<u<s>+|u" 5 |>)dsdr

<,u|t —t2|JI (s,v dvds"u” M+M, |t ZUI s)dsdr
_(,uD3dM+MdD4 |t1— L.

We have a similar type inequality for |(7u )” (t,)—(Tu )” (2,)-
Therefore T(V) is equicontinuous.

, >0
which implies that u, (1) —>u(z),u, (t)—>u"(¢) uniformly on [0,1]. Similarly
for f(t,u,v) <f (t)f2 (|u|+|v|) . f ( u, (t) +u! (t)|) > f (|u (t)|+ u”(t)|) un-
iformly on [0,1] and g(t,un (t)) > g(t,u(t)) uniformly on [0,1]. The asser-

tion follows from the estimate

|Tu, ()= Tu(t)
< ,ujo IO T s) u, (S)J; K(s,v)g(v,un (v),u,'l'(v)) dv
—u(S)LiK(s,v)g(v,u(v),u"(v))dv

dsdr
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+

LK (60) K (w04 ()] (ﬂU;K(S,V)g(V,u" (v),u;(v))dv}(u" (5)
u, (s)|>) -/ (,UU;K(s,v)g(v,u(v),u"(v))dv}(u(s)+ u"(s)|))‘dsdr

and the similar estimate for

(1w, ()~(10) (1)

by an application of the standard theorem on the convergence of integrals.

The Ascoli-Arzela theorem guarantees that 7:P — P is completely conti-
nuous.

Lemma 6. If u(0)=u(1)=0 and ueC’[0,1], then ||u||0 S"u”"0 , and so,

e, =

Proof. Since u(0)=u(1), thereisa a €(0,1) such that u'(a)=0, and so

u'(l)zJZu"(s)ds, te[O,l].Hence |u | I|u" |ds<”u" )|ds<||u"||0,

te [0,1] . Thus ||u'|0 <

u"l|,. Since u(0)=0, we have u(t)= J' "(s)ds

te [0,1] ,and so |u(t)| < .[;|u'(s)|ds < ||u’||0 . Thus ||u||0 < ||u ||0 < ||u

b - Since

i, = max {JueJu'l, §and ], <[], » we obtain that fu], =[],

Corollary 7. Let »>0 andlet u<dB, (1P. Then ||u||2 = ||u"||0 =r.
3. Main Results

Theorem 1. Let (H1), (H2) and (H3) hold. Assume that the following condition
holds

(H4)
lim supM =0,
w—0" w
and
liminf min inf inf 2250,
> t{%%} u€l0,+%) pel0,+0) |V|

1
If uelo,
# ( 4DM

1 r

j , then problem (3) has at least one positive solution.

Proof. Let us choose 0<¢, < . Then by (H4), there exist 0 <r <a such

2
that

fZ(W)Sclw, we[O,r]. (15)
Let uedB, (P, then by Corollary 7, |uf, =[u"], = and u(0)=u(1)=0.
Also since ||u , < ""0 we have u(t)S"u”o <r, | |<||u || =r, Vt e[ ]

Let M, = sup I;K(v,v)g(v, w,—rK(v,v))dv.
we[O,r]

We now show that
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1
" < 0,1, if u<
(s)|) r, se[ , ],1 Y7, Y,

0< ,u_[;K(S,v)g(v,u(v),u”(v))dv(u(s)+

r

, then we have

1
To see this, let p<
2M

yIlK ,u”(v))dv(u(s)+|u"(s)|)
<u squ I g(v, w, —;’K(v,v))dv("u"0 +||u”||0 ) =uM 2r<r.

Thus using by (15) we obtain

f (uﬁK(s,v)g(v,u (v),u”(v))dv(u (s)+ |u”(s)|))

< c],uJ‘; K(s,v)g(v,u(v),u”(v))dv(u(s)+ u"(s)|) <qr.
Thus, by Lemma 4, and (H1-H2) we have
< ,u_[ _[ dsdr_[ g(v,u(v),—rK (v,v))dv
+j I s) fo (yj v, u(v),u"(v))dv(u(s)+ u"(s)|))dsdr
_,u_[ I z' s dsdz'”u" M,
+_|.0 JO z’,r T,S fl S cl,uJ.OK s,v)g(v,u(v),u"(v))dv(u(s)+ u”(s)|)dsdr
1 1

< D ol M, +e Dy <, +LJ,

1 1 1
< Z"u”2 +Z||u||2 < E"unz , YuedB. NP, te [0,1].

Consequently,

|7, < %||u||2, Yu B, NP, (16)

Similarly we also have
U (t) = —,u.f;K(t,s)u(s)J.;K(s,v)g(v,u(v),u"(v))dvds
—I;K(t,s)f(t,u(s),u”(s))ds.

Hence
(7u) (1) Sﬂ] K (s.)dsul, M,
K ( s) /s (#I (v, u(V)a“"(V))dV(“(S)+|”"(S)|))ds

< uD;, ||u||O M, +cD,r < uD, ||u||0 M, +cD,r

1 1 1
< Z"u"‘) +Z||u||2 < 5"”"2 , VuedB NP, te [0,1].

Using (16) and (17) we have

Consequently,

(Tu

||u||2, Vu e 0B, N P. (17)
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|7, < el +

(ray|

< ||u||2 , YuedB NP (18)

Let us choose ¢, > 1) . Then by condition (H4), there exists R, >0 such that
oLls

f(t,u,v,go)Zc2 v[, Vue R", VpeR", |v|2Rl, te[l,i}.

474

Let R>max{&,a}. Let uedB, NP, ie ||u”||0 =R . Thus by using (10) we
o

have

min |u"(t)| >olu”

13
’{zﬂ
Then, by Lemma 1, we have

(m)@ > ufir I;K(%,TJK(T,S)M(S)K(S,V) ¢ (v ()" (v)) dodisd

4 4 4

+IE‘IEK(%,rjK(r,s)f(t,u(s),u”(s),qo(s))dsdr

, =OR>R,, YuedB,P.

> czjl‘s‘_[1‘3‘K(%,r)[{(r,sﬂu"(sﬂdsdr
4 4

é } 1 ” "
2o [ K[ Jor (el 2
4 4

(Tu)(%) >

Jedl, <17, <7, vu e 2B, N P.

SO

"
u

. =||u||2 , YueoB,NP.

Consequently,

Then due to Lemma 2, by (18) and the above inequality we see that the problem
(3) has at least one positive solution.

Theorem 2. Let (H1), (H2) and (H3) hold. Assume that the following condi-
tions hold

(H5)
liminf min_ inf M:oo
Ju]+[v|—>0" ,{%ﬂ 9<[0.+0) |u| + |v|
and
liminf min inf inf 2250,
> re %%]ue[o,mype[o,m) |V|

(H6) there exists 0< p <a such that

P
sup f,(w)< . (19)
we[O,a] : ( ) 4D4
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3

1
If ue (O, D J , then problem (3) has at least two positive solutions.

We note for the argument below that D, <D, and D, <D,.
Proof. By condition (H6) there exists 0< p <a such that (19) is fulfilled.

"

Let uedB,NP, by Corollary 7, |u 0 =p, u(0)=u(1)=0. Also since
ey <l wehave w(e)<ul, <o, " (0)] <[u”], = vee[01].
Let M, = sup J' ) g (v,w,—pK (v,v))dv.
WE[OV

We now show that

OSyI;K(s,v)g(v,u(v),u"(v))dv( |u |)<p se[0,1], if u< 2]l1/[

, then we have

To see this, let u< !
2M

,u.[l v),u”(v))dv(u(s)+|u"(s)|)
<y sup _[ g(v, w,—pK(v,v))dv(”u"O +||u"||0) =uM,2p<p.

weOr

By condition (H6), Vu e 0B, AP and te [0,1] , we have
<,uj _[ T s dsdr"u" M

+.[ _[ f2 (,uf v, u(v),u"(v))dv(u(s)+
< uD, ||u||OM+—J0 JOK(r,r)K(r,s)fl (s)ds

<l + 5o =11, +

szwm+;wm=5wm,vuemznareﬁul

u"(s)|))dsdr

1 1
ly =2l + .

Consequently, we get
|7, < e

., YuedB,NP. (20)
Similarly we also have
u) (1) =—pf K (t.5)u(s) [, K (s.v) g (v.u(v).u"(v)) dvdsdz
= [ K (15) S (s.u(s)"(s).0(s) ) dsd.

Hence
(Tu) (0)| < af, K (s, )ds e, M
+I;K(s,s)ﬁ (S)f2 (,uJ.;K(s,v)g(v,u(v),u”(v))dv(u(s)+

< D Jul, M+ = K (5:5) 1) ds

u”(s)|))ds

—||u|| —p——llull —||u||2

<l + 2l <21 vucos, NP, <o)
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Consequently,

(Tu)’

Using (20) and (21) we have

< Sl vueas, 0P (21)

|7, < |7, +

(Tu)

<|ul,, vueaB,NP. (22)
0

Let us choose ¢; >

. The by condition (H5), there exists 0<r < p such
5

that
f(tuv,0)=c, (u+|v|), Vuel0,r], Vo e[0,x), V|v| e[o,r], te[%,%}.

Let uedB,P,by Corollary 7, |u"|, =r, u(0)=u(1)=0. Also since
i, <]l we have
0< u(t) < ||u||0 <r,
|u"(t)| < u”
Thus by using (10) we have
min |u"(t)| >c|u"|, =or, YuedB, NP

13
te| —,—
[4 4]

1
The estimate for (Tu)(zj is similar to that in the proof of Theorem 1 ie. from

o =ll, =r, vueoB NP.

Lemma 1 and (H5) we have

(m)@ > C3J§IEK[%,TJK(T,S)(L£(S)+

”

u

u"(s)|)dsdz'

303
> qa_[{‘j{‘]((%,r]]((r,s)dsdr . Z”u""o.
4 4

(Tu)@ >

ledl, <7, < |7, vu 2B NP

Thus

u”

0=||u2, YuedB NP.

Consequently,

Finally we show that for sufficiently large R > a, it holds
|Tul, = |u,. VueoB, NP.

1
To see this, we choose ¢, > o Due to condition (H5), there exist R, >0
oLls

such that

f(t,u,v,(p)Zcz v, VueR", VpeR", |v|2R,, te[i,%}.

Let R> max{ﬁ,a}. Let uedB, P, by Corollary 7, ||u"||0 =R. Thus by
o
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using (10) we have

min |u"(t)| > 0'|u"

13
tel —,—
[4 4}

Then, by Lemma 1, (H1) and (H4), we have

(Tu)@ se, j JE‘K(%,TjK(T,S)|L{”(S)|deT

, =OR>R,, VYuedB,(1P.

u”

0

3 3
> CZGLZ J14K(%,TjK(T,S)deT"u”"O > |
4 3

(321

Jedl, <172, <7, vu 2B, N P.

SO

u”

o =|ull,, vueaB, NP.

Consequently,

Then by Lemma 2, we know that T"has at least two fixed points in (ER \B, ) np
and (E ,\ B, ) (P, ie problem (3) has at least two positive solutions.

4. Conclusion

This paper investigates the existence of positive solutions for a singular fourth-
order differential system using a fixed point theorem of cone expansion and
compression type. The nonlinear terms may be singular with respect to both the
time and space variables. The problem comes from the deformation analysis of
an elastic beam in the equilibrium state, whose two ends are simply supported.
The results obtained herein generalize and improve some known results includ-

ing singular and non-singular cases.
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