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Abstract

In this paper, based on the existing research results, we obtain the unary ex-
tension 3-Lie algebras by one-dimensional extension of the known Lie algebra

L. For two known 3-Lie algebras H, M, the ( 0,0 ) -extension of H through

M is given, and the necessary and sufficient conditions for the (,u, P, ,B)

-extension algebra of A through M being 3-Lie algebra are obtained, and the
structural characteristics and properties of these two kinds of extended 3-Lie
algebras are given.
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1. Introduction

In recent years, the study of 3-Lie algebra has been paid much attention because
of its wide application in mathematics and physics. 3-Lie algebra is a special
form of n-Lie algebra, which is an algebraic system with ternary linearly oblique
symmetric multiplication table satisfying the generalized Jacobi equation [1].
3-Lie algebra has extremely profound and rich algebraic and analytical structure.
In this paper, the extension problem of 3-Lie algebra is studied on the basis of
the existing research. Firstly, we define the unary extended 3-Lie algebra for a
known Lie algebra L by one-dimensional extension, and study its properties. Se-
condly, for two known 3-Lie algebras H, M, the ( u,p, B ) -extension of H
through M is defined, and the ( U, p,f ) -extension of H through M is given as a
necessary and sufficient condition for the 3-Lie algebra. Finally, the structure
and properties of this extended 3-Lie algebra are discussed. Thus, it lays a foun-
dation for the further study of the properties of the derivatives of two kinds of
3-Lie algebras.
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2. Fundamental Notions

Firstly, the basic knowledge [1]-[9] to be used in this paper is given.
Definition 2.1 Let A be a vector space over a domain Fand have a 3-element

linear operation [ ys ]:A ANANA—> A, satisfied for arbitrary, x,,x,,x;,7,,7; € 4
3
|:[x17x2"x3]:y27y3:|:Z[xl7[xiay2’y3]’x3:|’ (1)
i=l1

(A,[ ys ]) is called 3-Lie algebra. Without confusion, A is called 3-Lie algebra
for short.

Definition 2.2 Let A be a 3-Lie algebra, and D be a linear transformation of 4,
if this equation is satisfied

[D(x),y,z]+[x,D(y),z]+[x,y,D(z)] =D([x,y,z]) , x,y,ze A (2)

Then D is the derivative of A, and the set of derivatives is denoted by
Der(A). It is easy to prove that Der(A) is a subalgebra of the general linear
Lie algebra gl(A).

The map

ad(x,x,):A—> 4, ad(xl,xz)(x)z[xl,xz,x]

for xe A4 is called the left multiplication defined by elements x,,x, € 4. Ob-
viously the left multiplication is the derivative. The linear combination of the left
multiplication is called the inner derivative, denoted by ad (A) .

Let Bbe a subspace of 4, and if [B,B,B]c B([B,A,A] c B), then Bbe a sub-
algebra (ideal) of A. And if [B,B,B] = 0([B,B,A] = 0) , then B is called a Abel
subalgebra

(Abelideal). In particular, the subalgebra spanned by [xl,xz,x3](Vx1,x2,x3 € A)
is called the derivative algebra of A, denoted by 4'.If A4' =0, then A4 is called
Abel algebra. If an ideal 7 of A is a Abel subalgebra but not an Abe/ideal, that is
[I,I,I] =0, but [I,I,A] # 0, then 7is called an Aypo-abelian ideal.

The ideal Jof a 3-Lie algebra A is called s-solvable, 2<s<3,if 1% =0 for
some k>0,where 1 =1, 1" is defined as

I(k’s),- -, 1) LA, A‘|. Where 2-solvable is also called solvable, and
—

[(k+1,x) —
_—

s 3-s
1% is abbreviated as 7).
An ideal 7 of a 3-Lie algebra A is called nilpotent if /=0 for some s>0,
where 1°=1 and I° = [IH,I, AJ .
The center of A is denoted by Z(A4)= {x € A|[x,4,4]= O} . Obviously Z(A)
is the Abelideal of A.
Let A is a 3-Lie algebra over the field £ Vis a vector space, p:AAA4A—> End (V)

is alinear mapping, if p satisfies for any x,,x,,x;,x, € 4
[p(xl,xz),p(XS,x4)] = p([xl,x2,x3]x4)—p([xl,x2,x4]x3), (3)

p([xl,xz,x3],x4):p(xl,xz)p(x3,x4)+p(x2,x3)p(x1,x4)

(4)
+p(x3,x1)p(x2,x4)
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Then (V, p) is called the representation of 4 (or (V, p) is A-module).
Lemma 2.1 Let A is a 3-Lie algebra over the field £ V is a vector space,
prANA— End(V) is a linear mapping. If (V,p) is an A-module, then for

any x,y,z,u € 4, the following equation is true:
p([x,y,z],u)—p([x,y,u],z)+p([x,z,u],y)—p([y,z,u],x) =0, (5)

p(xu)p(,2)+p(r:2) p(xu)+ p(x.) p(z,u)+ p(z,u) p(x.y)

~p(x,2) p(y,u)=p(y,u) p(x,2) =0. (6)

3. The Unary Extension 3-Lie Algebra of Lie Algebras

Definition 3.1 Let (L,[ , ]) be a Lie algebra over a field 7, let 4=L® Fx,
X, € F,and x, ¢ L. Linear operation [ - ]:AAA/\A—)A forall x,y,zeL
that satisfy the following multiplication table:

[x,y,xo] =[x,y],[x,y,z]=0. (7)

Then A is called the unary extension of Lie algebra L. If (A,[ - ]) is a 3-Lie
algebra, then (A,[ - ]) is a unary extension 3-Lie algebra of the Lie algebra L.

Lemma 3.1 let L be a Lie algebra over a field £ If let A=L@Fx, x,€F,
X, ¢ L and the multiplication of is defined by (7), then A is a 3-Lie algebra, and

for positive integers m, the following equation holds
4m =L(m),A(m’2) = [m2) _ L(m),A(Z'S) -0.
Proof: By multiplication (7), direct calculation A is 3-Lie algebra. Due to the
A =[A4,4,4)=[L,L,L]+[L,L,Fx,]|=L,
A = [AI,A,AJ = [LI,L,Fx()] =1,

Assume A" =["", then

A" =[A’”",A,A] = [L’”’l,L+Fx0,L+FxOJ =[L’”’1,L] =I".

similarly, 4" =" =1™ and 4" =0. The conclusion is proved.

Theorem 3.1 Let L be a Lie algebra on the field Fand 4=L® Fx, be a un-
ary extension 3-Lie algebra, where x, € F and x, ¢ L, then

1) Ais 2-solvable if and only if Z is a solvable Lie algebra.

2) Ais nilpotent if and only if L is a nilpotent Lie algebra.

3) Ais 3-solvable.

4) Z(A4)=Z(L).

Proof: According to lemma 3.1, (1), (2) and (3) can be obtained directly. It is
proved below that (4) is true. If L' =0,then A'=I' =0 and Z(A) = Z(L) CIf
L' #0, then exists y,ze L such that [y,z];to . For any xelL, AeF,
x+Ax, € Z(A) , because of [x+ /Ixo,y,z] = ﬂ[y,z] =0, therefore A =0 .And
because [x+ le,A,xo] = [x,L] =0, so xe Z(L) . Therefore Z(A) C Z(L) .
Obviously, the conclusion of Z (L) cZ (A) is true.

Theorem 3.2 Let L be a Lie algebra on the field Fand 7be a subspace of L:

1) Jis an ideal of A if and only if /is an ideal of L.
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2) Let J=1@ Fx,, then Jis ideal of A4 if and only if L'cl.

3) If I' 1, then for positive integers m, J"? < 1" If Iis a solvable
ideal of L, then /is a 2-solvable ideal of A.

4) If Lis a simple Lie algebra, then L is Aypo-abelianideal of A.

Proof: From [I,A,A] = [I,L,xo] = [[,L] , we can get (1). From Equation (7),

[/, 4, 4] =[1,L,x,]+[x,, L. L] =[1,L]+[L,L],

So [J,A,A] cJ ifand only if [L,L] c I . That means (2) is true.
If Jis the ideal of Land L' < I, then

JW =0, 0, A =[11)+[1,L]) = 1" +[1,L]c 1V + 1 c1=1",

JEN =[S0 g0 =104 P, ] < 1Y,

(mfl,Z) (m72)

Assuming J cl is true, then

g = [J(’”*"z),J(’”“),A} c [1(’”*2),1(’"*2),L + FxOJ c 1

Therefore (3) holds. If L is a simple Lie algebra, then L is ideal of A, and
[L,L,L] =0, [L,L,A] = [L,L,xo] =[' #0. Therefore, L is hypo-abelian ideal of
A. That’s the end of the argument.

4. (,u,p,ﬂ) -Extension of 3-Lie Algebras

Definition 4.1 Let (H,[ . ]H) and (M,[ . ]M) be two 3-Lie algebras over
the field ;, A=M ®H , and

p:MAM = Der(H), B:MAH - Der(H), u:MAMAM —>H

is linear mappings. Define a linear operation [ ys ]Wﬂ cAANAAA— A, for any

x,y,z€M , hh,h, € H thatsatisfies the multiplication table:
:[x,y,z]M +u(x,,2), [x,y.h] =p(x,p)h (8)

wB

[x,.2]

upp

[hlshz’hs],,pﬂ :[hwhz’hs]H’ [x,hl,hz]ﬂpﬂ :,B(xvhl)hz'
Then (A,[ ), ]ypﬂ) is called the (ﬂ,p,ﬂ) -extension of A through M. If

(A,[ - ]ypﬂ) is a 3-Lie algebra, then (A,[ - ]ypﬂ) is (/J,p,ﬂ) -extension al-

gebra of 3-Lie algebra. If S =0, then A is called ( U, p) -extension of A through

M, and [, ]/ denoted as [ ,, ]yp. For convenience, we will abbreviate

1pfp
[, ], and [.o ], as [, ] and [L.], as [, ],

Lemma 4.1 Let (H,[ . ]H) and (M,[ ,, ]M) be two 3-Lie algebras over
the field £ and A be the (,u,p,ﬂ) -extension of H through A4 and for all
X, X,,X;,%, €M satisfy

P4 [x 3.1 ]) = p(x33) p(x4.%,) = £ (3503, ) p (3405 ©
+p(x0.%,) p(x40%) = B(x4 (%, x5, 3, ).

Then Equation (6) is true if and only if the following equation
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P(xe:[x130.,])
= p(x3,[x1,x2,x4])—ﬁ(xm#(xwxz»xs ))+,3(x3,y(xl,x2,x4)) (10)
—p(x,x,) p(x5,x,)+ p(x3.%,) p(x1,%,).-
Proof: From Equation (9), we can get
p(xz,[xl,xz,x4]) = p(x,%,) p (x5, ) = p(%,%,) p(%5,%,)
+p(x1,x2)p(x3,x4)—,B(x3,y(xl,x2,x4)),

p(x4,[xl,x2,x3])—p(x3,[x1,x2,x4])
=p(%.%,) P (x5, ) = p(%1.%,) p (x3%,) = p(3235) p (1%, )
—ﬁ(x“,u(xl,xz,x3))+p(x2,x4)p(x],x3)—p(xl,x4)p(x2,x3)
—p(xl,xz)p(x3,x4)+ﬂ(x3,,u(xl,x2,x4))
=p(x,%5) p(53,%,) + p(53,%,) p(x0,5) = p (3, %3) p (30, %, )
—p(xl,x4)p(x2,x3)—Zp(xl,xz)p(x3,x4)—ﬂ(x4,y(xl,x2,x3))
+,B(x3,,u(x1,x2,x4)).
So Equation (10) holds. On the other hand, if
P (xis[x30]) = 2 (503,) £ (335 ) = o (3135) 2 (33,3, )
+p(x%,) p (3.5, ) = B (x5, (%1, %, %, )
=B pr(x,3y.33) )+ B (x5 11 (3,3,, 3, )
—p(x,x,) p(x5,x,)+ (x5, %) p (%, ;).
Through Equation (9), it can be concluded that Equation (6) holds.

Lemma 4.2. Let A be the (ﬂ,p,ﬂ) -extension of A through A4, for all
X,x, €M, h,h,,he H satisfies

B(y.hy) B(x. i) h=B(y.h) B(x. )by = B(x, 1) By, 1y ) B

=[] Y
There are

p(x,y)[hl,hz,h]+,8(y,h,)ﬂ(x,hz)h—ﬁ(x,h,)/i’(y,hz)h 12)

=[p(x,y)hl,h2,h]

Proof: From Equation (11) and the p(x, y) is derivative of H, we can get
[hl,p(x,y)hz,h]
=B (».ly) B(x. )by + By, 1) B(x,hy )y + B(x.hy) B(v. 1y )
[y hy,p(x,p)h]
=B(y.h) B(x. 1)+ B(v. b)) B(x,h) by + B(x,) B(. by ) Iy
p(x,y)[hl,hz,h]
=2(B(y.l) B(x.h)hy+ B(y. 1) B(x. )b+ B(.h) B(x.hy ) )
+ B () B(v.h) by + B(x, ) B(v )b+ B, h) B, 1y )

SO
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Byl ) B 1)+ B(v.hy) B(x )t B(v. ) B(x.h )y
+,B(x h )ﬁ( )h +B(x,h ),B(y,hl)h+ﬂ(y,h),3(y,h2)hl =0,
£ 3) 1]
B0k BV B B ) B
Namely
,B(y,hz)ﬂ(x,hl)h—ﬁ(y,h)/i’(x,hl)h2
:p(x,y)[hl,h2,h]+ﬂ(y,hl)ﬂ(x,h2)h.
Using Equation (11) again, Equation (12) can be obtained.
Lemma 4.3. Let A be the (/J,p,ﬁ) -extension of Hthrough M. Ifforall xe M,
h,hy, by, hy € H satisfies
ad (B(x.ly)hy.hy ) +ad (hy, B(x.h ) hy ) +ad ( B(x.h ) byl )

(13)
_ﬂ(x’[huhz»hs])’
Then
[hvhz’ﬂ(x’hz)hJ _'B(x’[hl’hz’}%])hét _[hz’h4’ﬂ(x>hn)h2] (14)
= B(x.hy) [y by ]
Proof: According to Equation (13),
B(x.[ Aoty b)),

=[ B(x. i) s by by |+ By, By )y by |+ [ B3y ) Byl .
Because of [ (x, h, ) IS Der(H ) , therefore

B[t ])

=[ B(x.l ) by by by |+ g, B )y by |+ B (%0 )y |
=—[ B(x.hy )by by |+ [ By, By ) By, |+ [ hy)hy by b, |
=—B(x. 1y )[ Iy by )+ [ by, BBy By ]+ [h3,/3 Xy )hyshy .

Hence, Equation (14) holds.

Theorem 4.1. Let A be the (,u,p,ﬂ) -extension of A through A, then A is a
3-Lie algebra if and only if for any x,,x,,x,,x,,x, € M, h,h, € H, Equations
(6), (9), (11), (13) and the following are true,

[/J(xl,xz,x3),hl,h2]

= p(x,,53) B(x0. 1 ) by = p(x0,3,) By, 1y ) (15)

+p(x,,x2)ﬁ(x3,hl)h2—,B([x],xz,x3],h,)h2,

ﬂ(xl,hl)p(xz,x3)h2+,B(x3,h2)p(xl,x2)hl
=p(x,, %) B(x. 1 ) by + B(xy.h,) p (x5, ) By,
y(xl,xQ,[x3,x4,x5])—,u([xl,xz,x3],x4,x5)
_ﬂ(x3,[xl,x2,x4],x5)—,u(x3,x4,[xl,x2,x5]) 17)
= p(x5,x, ) (X, %, x5 ) = p(x5,x5 ) (%, %5, x,)

—p (X% ) (x5, x4, x5) + (x4, %5 ) (X, %5, X3).

(16)
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Proof: If A is a 3-Lie algebra, the Equations (11), (15), (16) and (17) are ob-
tained from the Equations (1). The following proves that Equations (6), (9) and
(13) are true.

For x, e M,i=1,2,3,4, heH ,according to (8),

|:h’x|’[x2’x3’x4]A:|A
=[x [0 3]+ [ (250 x00x,) |
= p(x.[xy. x5, x,]) o+ B(x0 p2(x,0x,.%,) ) B
[[hoxx ], |+ [ [hxx ] x|+ 5x[hxx],
= p(x,,5,) P (3505 V= P (330, ) P (3003, )t p (3303, ) p (300, )
As a result,
p(xl,[xz,x3,x4])+ﬁ(xl,y(xz,x3,x4))
= p(5:2,) P (2,3 ) = P (2%, ) P (513 ) + P (35,3, ) 2 (310, ).

In the above formula, x,x,,x;,x, is replaced by x,,x,,x,,x;, and Equation
(9) can be obtained.

Because, [xl,xz,[x3,x4,h]A]A =p(x.x,) p(x;,x,)h
[[xl,xz,x3]A,x4,h]A +[x3,[xl,x3,x4]A,h:|A +[x3,x4,[xl,x2,h]A]A
= p([xl,xz,x3],x4)h—ﬂ(x4,y(xl,x2,x3))h +p(x3,[x1,x2,x4])h

+ﬂ(x3,,u(x],x2,x4))h+p(x3,x4)p(x],x2)h.

So Equation (10) holds. Equation (6) is obtained from lemma 4.1.
For arbitrary h, € H,i=1,2,3,4, xe M , it can be known from (8) that,

[shos[hshysx] | = [, Bl )iy,

[ty b ohesx |+ [ o[k iy x|+ ok [k, ]
= B[ty )y + B (sl ) By hy g )+ By by B (2T )y |,
As a result,
[hl,hz,ﬂ(x,h3)h4]
= B[l Py )y + B hy ) [yl by )+ [ By By, By ) By |-
Because of f3(x,h; )€ Der(H ), therefore
B(x. [y by b))y
=[ .y, B(x.hy) by | = B(x.hy) [ By ohy g )= By by, B (x, 1y )y |
=—[ Bl )by hy by | = B B by ) oy |+ s, B (.l )y |
= ad (B (x.hy )by by )by +ad (hy, B(x.l ) 1y ) by + ad ( B(x.hy ) by, y ) b
Equation (13) holds.
Conversely, to prove that A is a 3-Lie algebra, it is only necessary to prove that

(8) satisfies Equation (1).
Case 1. Forall x, e M,i=1,2,3,4,5, known by (8)
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[xl,xz,[x3,x4,x5]A]A
:[xl,xz,[x3,x4,x5]]+y(xl,xz,[x3,x4,x5])+p(xl,x2) (3574555 ),
[ET T e S S ey [ N S )
=[ [y ] |+ ([0 0.3 ] x5 ) + (3, ) (x,,%,,%;)
o[22, | | (o [0, ] ) + o (g, ) (3,6, %, )
[t [0 05 ] o 0 (o g [ .6 ]) 2 (s, ) (3,055 ).
From Equation (17), we can get
I:xl’xz’[x3’x4’x5]A:|A
:[[x],xz,x3]A,x4,x5:|A+[x3,[x],x2,x4]A,x5:|A+[x3,x4,[x],x2,x5]A]A.
Case 2. Forall x, e M,i=1,2,3,4, he H ,know from (8)
[ [xxx, ], |, =[xl w0 +[hx, u(,x5,x,)],
= p(x. [y, ]) A+ B 1(3y,35,%,) )
[[hxox] o x ]+ [ lhx,x] o |+ x [hx,x], ]
=p(x5,x,) p (x5, = p(xy,%,) p (x5 i+ p(x,,55) p (5,5, ) e
In Equation (9), by x,,x,,x,,x, substitution for x,,x,x,,x, ,we can get
p(x[x.5.x,]) = p(x5.5,) p(x1.%,) = p(%,.%,) p (%%,
+p(x,.x,) p(3,%,) = B30 14(x,0 %, %) ).
As aresult,
[h,xl,[xz,x3,x4]AL
T S S TR Y e T

Due to the [xl,xz,[x3,x4,h]AL =p(x.x,) p(x;,x,)h,
[[xl,xz,x3]A,x4,hL +[x3,[x1,x2,x4]A,hL +[x3,x4,[x1,x2,h]A]A
:p([xl,xz,x3]A,x4)h—ﬂ(x4,,u(xl,x2,x3))h+p(x3,[x1,xz,x4])h

4 B (x5, ) )+ p (30, ) (35 ) .

Through lemma 4.1 and Equation (9), we can get
p(x4,[x1,x2,x3])—p(xS,[xl,xz,x4])
=p(x,%,) p(x,.%) = p(x, %) (x5, + p(x,.%,) p(%4,%3)

—ﬂ(x4,y(xl,x2,x3))—p(xz,x4)p(x3,x,)+p(x1,x4)p(x3,x2)
—p(xl,x2)p(x3,x4)+ﬂ<x3,,u(x1,x2,x4))
:ﬂ(x3,/1(xl,x2,x4))—ﬂ(x4,y(xl,x2,x3))—p(xz,x3)p(xl,x4)
- p(x,%,) p (%5, %5) + p(x, %) p(%,%, )
+p(x,%,) p(x.%5) =2 (%, %, ) p(x3.%,).-

According to Equations (6) and (10),
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[xl,xz,[x3,x4,h]AL
:[[xl,xz,x3]A ,x4,h]A +[x3,[xl,x2,x4]A ,hL +[x3,x4,[xl,x2,h]AL.

Case 3. For all x,eM,i=1,2,3, h,h, € H, it is obtained from Equations
(15), (16)

I:xl,hl,[xzax3’h2]A:|A
:[[xl,hl,xz]A 7x3nh2:|A +[x2,[xl,hl,x3]A ’hz]A +|:x29x3’[x1ah19h2]A:|A >

[hl,hQ,[xl,xz,)@]AL
:[[hl,hz,xl]A ’xz’sz +[x1,[h,,h2,x2]A ,xS]A +[x1,x2,[hl,h2,x3]A:|A.
Because [x],xz,[x3,hl,h2]AL =p(x.%) (x50 ) by
[0 ], oAy |+ [l ] oy |+ o601, ]
:ﬂ([x,,xz,XS],h,)hz +ﬂ(x3,p(xl,xz)hl)h2
+ B (2. 1) p (x50, )y + [ (3,303, ) By |.
Through the direct calculation of Equations (15) and (16),
[y(xl,xQ,)@),hl,hJ
=B(x.h) p(x,x) )y + (x5, ) p(x, %, ) by = B( x5, 5 ) p(x,,x3 ) Iy
+ p(x.%3) B(y. 1) ) by = p (., ) B33 1y ) by = B([x0%,0 3, ]y ) g
[ 1(x0 0.3 ) .2y |
= B(x. 1) p (x5 by + Bxsu ) p (5503 )y = B(x, 1) p(xy, x5 ) Iy
+p(%y,%3) B(x1. 7 ) by = p (350, ) B33 1y ) iy = B([x0 %503, ] Iy ) g
[ (3,20, ) by | = p(x0,x,) B (31 ) by = B33 1) p (31,5, )
+ﬂ(x3,h2)p(xl,x2)h, —ﬂ([x],xz,xz],lq)hz.
As a result,
[xl,xz,[x3,hl,h2]A]A
=[x 3], ok |+ [ [6oom] o ]+ b [xs 0], ]

Case 4. Forall x,x,eM, h eH,i=1,2,3,duetothe B(x,x,)eDer(H),
it can be concluded from Equation (11) that,

[xl,xz,[hl,hz,/fg]A]A
=[x ] ohshy |+ B[ k] ok |+ b [0, ]
[xl, xz,hz,h] ]
:[[X],}H,XZ]A,hZ,hS:L+|:X2,[xl,hl,h2]A,h3:|A+|:X2,h2,[x],h|,]’%]l4:'14

Because of [hl,hz,[h3,xl,x2]A]A =[h.hy.p(x.x,)hs |,

Then
[k ], x|+ o[k ] o ], + [ sl hx ], ]
:p(xlﬂxz)[hlzhzahs]"'ﬂ(x23h3)ﬂ(xlah1)hz_ﬁ(xlﬂha)ﬂ(xzahl)hz
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According to lemma 4.2,

p(xl,xz)[hl,hz,hg]

:,B(xz,hl)ﬂ(xl,h3)h2+ﬂ(x2, ) (xlahl)hs"'ﬂ(xz: )ﬂ(xlahz)hl
ﬂ(xzahz)ﬂ(x1ah1)h3_ﬂ(xzah3)ﬁ(x19h1)h2
:p(x19x2)[hlﬁh25h3]+ﬂ(‘x2:hl)ﬂ('xlah2)h3

Using Equation (11) again, we can get

[ (2.3, ) by 1y |

:p(xpxz)[hwhz’hs]"'ﬂ(xzahl):B(xlahz)h3_ﬂ(xvhl)ﬂ(xzahz)}%

namely

[hlahzﬂ[hpxl’xz]A:IA

=[[hhys ] oo, |+ [o[ohx ], x|+ B[k, x],

Case 5. For all xeM , h eH,i=1,23,4, because ,B(x,hl)eDer(H),
through Equation (13),
EXALY AN}
ZI:[X,hI,h }% h :I I: s X hl }%]A: 4:| +|:h23h37[x’h|vh4],4:|/,

[Aohs[hyshyx], ]
=[[h2,h3,h4]A,h4,x]A +[h3,[hl,h3,h4]A,x]A +[h3,h4,[hl,h2,x]AL
To sum up, (8) satisfies Equation (1). The conclusion is proved.
Theorem 4.2 Let A=M @ H be the (,u,p,,B) -extension of 3-Lie algebra A
through M. So (H,p) is M-module if and only if B(M, (M, M,M))=0.
Proof: If ﬂ(M,,u(M,M,M)) =0, obviously (H,p) is an M-module.
On the other hand, to any x,eM,j=1234, by theorem 4.1 and Equation
9), (10),
p([xx0x, ] ) = p([x053 ], x,)
:—,B(x4,y(xl,x2,x3))+ﬂ(x3,,u(xl,x2,x4))
=p(x.x,) p(x5.x,) = p (35,3, ) p (%, ,)
p(xz,[xl,x3,x4]) =p(x5,x,) p(%5.%) = p(x,x,) p( %, %3)
+p(xl,x3)p(x2,x4)—ﬂ(xz,u(xl,x3,x4))
As aresult,
—p([xl,xz,x3],x4)+p([x1,x2,x4],x3)+p(x2, X5 X5, X, ) (xl,[xz,xs,x4])
:—ﬂ<x4,,u(x1,x2,x3))+ﬂ(x3,y(x1,x2,x4)) p(x,%,) p(x;,x,)
(525) + 2(x305 ) 2 (1253 ) = (3, ) 2 (225,
) ,B( 2,y(x x3,x4)) (x3,x4)p(xl,x2)
)= P (x0055) p (31, ) + B (50, 1 (35 35,0, ))

Xy,%,) P
xl,x3)p(x2 Xy
)

+(
+p( ,
+p(x2’x4 p(xla

X3
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_ﬂ(x3,,u xl’x25x4)) ﬂ(x4,,u xl,xz,x3))+,B(xl,,u(x2,x3,x4))
—[)’(xz,,u(xl,x3, 4)) (xl"x2) (x3,x4)—p(x3,x4)p(xl,x2)
+p(x0%5) p(x5,5,) + p (%550, ) p(x15x5) = p(x1,x,) P (x,%3)
_p(xz’x3) (x13x4)

=,B(x3,ﬂ(x1,x2,x4))—ﬂ(x4,/l(x1,x2,x3 ))
+ﬂ(x1,/1(x2,x3,x4))—ﬁ(xz,u(xl,x3,x4))

=0

According to Equation (9), A(x,.(x.%,.x;))=0. And the theorem is
proved.

Theorem 4.3 Let A=M ® H be the (H,p) -extension of 3-Lie algebra A
through A and (H,p) be an M-module. So A is a 3-Lie algebra if and only if
u(M.MM)cZ(H), p(M,M)cZ(DerH) and Equation (17) is true.

Proof: If A is a 3-Lie algebra, Equation (17) holds by theorem 4.1. Since
(H,p) is M-module, then B =0.And ,u(M,M,M) c Z(H) ,

p(M M ) cZ (DerH ) can be obtained by Equations (9) and (13). Conversely,
from theorems 4.1 and 4.2, A is a 3-Lie algebra.

The above conclusions about 3-Lie algebras will be helpful for further study of
their derivation algebras.
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