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In order to study the geometry on the cones P, of the positive definite nxn

matrices, people consider different means of positive definite matrices. Szokol,

Tsai and Zhang [1] investigated the structure of geodesic affine maps in P,

n

and considered the following three types of geodesics:

¢ The weighted arithmetic mean
Via(t)=(1-t)4+B, 1€[0,1],4,B<P,.

¢ The weighted geometric mean
oy
7§,g(t)=A#tB:A2(A 2BA ZJ B2, Vte[0,1],4,BeP,.

* The weighted log-Euclidean mean

Vs (t)=exp((1—t)logA+tlogB), Vie[0,1],4,BeP,.

The authors in [1] considered the maps preserving 7 , (t) (aefhgl})
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under the p-norm for some 1< p<o. They showed that those maps are the
restriction of algebra *-automorphisms and *-antiautomorphisms on M, .
Furthermore, Gaal and Nagy ([2], Theorem 1) obtained the same results as in [1]
concerning the bijective transforms of P, which preserve any unitary invariant
norm of some quasi-arithmetric means of elements (it includes the weighted
arithmetic mean and the weighted log-Euclidean mean) for all 7€ [0,1] . For the
log-Euclidean mean, the Gadl and Nagy ([2], Theorem 2) obtained a general
results concerning the p-norm in a C-algebra .-/ equipped with a faithful
tracial state, where pe [1,00). All the results showed that any correspondence
preserver is the restriction of a Jordan *-isomorphism of .-/ multiplied by a
central positive invertible element [3] [4]. Molnar and Szolol ([5], Theorem 2)
considered those bijective maps between the positive semidefinite cones of
standard operator algebras which preserve some given symmetric norm of a
rather general Kubo-Ando operator mean of the elements.

Suppose that .~/ is a C-algebra, then we denote by .~/** the set of all
positive invertible elements in .-/, which is called the positive definite cone of

.=/ . The spectral geometric mean is the operation on .~/ defined by
Ao, B=(4" #B)l/2 A4 #B)l/2 . VA Be. /",

where

A#Bzx/Z( VA

.
Ja 4
It requires some algebraic manipulations to verify that o, (which is not a
Kubo-Ando type mean) is also symmetric (see [6]). We refer to [7] for more
details about spectral geometric mean. Concerning a map preserving the spectral
geometric mean, we have only for the full operator algebra over a Hilbert space.
Theorem 1.1. (see ([7], Theorem 3)) Let .~ be a complex Hilbert space
andlet ¢:B(~ )" —B(# )" beacontinuous bijective map such that

¢(Ao,B)=¢(A)o,¢(B), VYA,BeB(7)" .

If #(I)=1 and ¢ has a continuous bijective extension to B( )++ , then
there is a unitary or antiunitary operator Uon .~ such that ¢(4)=UAU"
forall 4eB(#)".

For the C'-algebra norm, Proposition 7 in [7] showed that:

Theorem 1.2. Let .~/,.# be C-algebras. Let ¢:./"" — . 7" be a surjective
map. Then

() b(8)]- o5l vaze

if and only if there is a Jordan *-isomorphism J:.~/—.»~ which extends ¢.

In this present note, we consider maps on positive definite cones of
C'-algebras or von Neumann algebras preserving unitarily invariant norms of
the spectral geometric means.

Let .~/ be a C-algebra and Na norm on .~/ . We say that N is unitarily
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invariant if N(UAV)z N(A) for all unitaries U,V €./ and Ae./. We
say anorm Non .-/ has the property Pif A,Be.”/"", A<B and
N(A)=N(B) implies 4=B. Let ./ be a von Neumann algebra with a
faithful tracial state 7 andlet 1< p <. It can be verified that the function

1
Ars (r(|A|p ))P
defines a unitary invariant norm on .~/ (see ([8], Section 3)). Moreover,
Molnar ([9], Lemma 4) proved that the above p-norm with 1< p <o has the
property (P).
2. Main Results

Let .~/ bea C-algebra with a unitarily invariant mean N. Let 4,Be.”/"" . It

1
follows from [7] that Ao B is unitarily congruent to (\/ZB«/Z )2 and therefore
1
N(40,B)= N((x/ZB«/Z)Q ] :

Lemma 2.1. Let .~/ be a C-algebra with a unitarily invariant mean N
having property P.Let 4,B€.”/"".Then A<B iffforany Xe./"",
N(Xo,A)<N(Xo,B).

Proof. (=) Let A,Be.”/"" and suppose A<B. For any Xe./"", we

have
VX AVX <JXBIX

and therefore
(VEAST ) <(VTBIF ).
Then by the proof of Proposition 3 in [10], we have
(A < (oFeE) |

and this implies N(XUSA) <N(Xo,B).

(<) Suppose for any X e./*", N(Xo,4)<N(Xo,B). Our aim is to
show A<B. Let P be the spectral projection of B—A corresponding to
(—00,0] .Then PBP < PAP and W < \/m . Hence

N(VPBP)< N(JP4P).
But we also have

N(PAP)< N(VPBP)

(since forany X e.o/", £>0,

N((X +el)o,A)<N((X +&l)o,B)

andlet &£-—>0,weget N(Xo,A)<N(Xo,B))and therefore
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N(NPBP)=N(\P4P).

Since Nhas property P, we have PBP =\[PAP and therefore PBP = PAP,
Le, P(B— A)P =0.It follows that 4<B.

We also need the following result in [11].

Lemma 2.2. Let .~/ be a von Neumann algebra and N is a unitarily
invariant normon .~/ with property (). Let a € (0,1) be fixed. For
A,Be.”/"", we have A<B if and only if N(A#,X)<N(B#,X) for all
Xe. /.

Theorem 2.3. Suppose ./ and .~ are von Neumann algebras with
unitarily invariant norms N and M respectively and both having property (P).
Let ¢:.7/"" — . 2" be abijective map. If

M(¢(A4)o,$(B))=N(4c,B),YA,Be. /",
then there is a Jordan *-isomorphism J:.”/ — .~ and an element Ce.»""
such that ¢(A) = CJ(A)C forall Ade.-/™.

Proof. We first show that ¢ is positive homogeneous. Indeed, for any
A,Be.”/"", t>0,wehave

1
(t4)o,B =1 (4o, B)

and therefore

1

M ((t4(4))o,¢(B)) = M(t;gb(A)Ojﬁ(B)] =1>N(4o,B)

= N&t;AJO}B] =M (p(t4)o,6(B)).

This implies that ¢(74)=t¢#(A) by Lemma 2.1 and ¢ is positive homo-

geneous. Since for any 4,B €./, we have
A<BoVXe. /" ,N(Xo,A)<N(Xo,B)
©VXe. /" M(¢(X)op(4))<M(p(X)o,4(B))
©VYe s M(Yo,4(4))<M(Yo,4(B))
= ¢(4)=¢(B),
¢ is an order isomorphism. It follows from [10] that there exist an element
Ce.»"" anda]Jordan *-isomorphism J:.7/ —.~ such that
¢(4)=CJ(A4)C, VAe. /.

Note that we have
| @mey |+

and M(CJ(A)C) =N(A4) forall 4,Be.”/"". Also we have M(Cz) =N(I).
Remark 2.3. Suppose .7/, are von Neumann algebras with unitarily

invarinat norms N and M having property (P). When there is a Jordan
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*.ijsomorphism J:./ — .~ and a central element Ce.»"" such that
¢(4)=CJ(4)C and M(CJ(A)C)=N(4) for all Ae../*", it is easy to
check that

M($(A4)o,4(B))=N(40,B), VA,Be. /™.

Corollary 2.4. Suppose .©/ and .~ are von Neumann algebras. Assume
that .~/ 1is a factor with a unique tracial state 7r and 7 is a tracial state of
.z .Let 1< p<oo and ||||p the p-norm corresponding to 7rand 7 . Suppose

¢:. /" —> ™" isabijective map such that

l¢(4).6(5)

) VA,Be. /",

V4

Then .~ is also a factor and there is a bijective linear map ®:./ —
which is an algebra *-isomorphism or *-antiisomorphism such that ®(A4)=¢(4)
forall 4e.o/"".

Proof. The proof is similar to that of Corollary 5 in [10] and we omit it.

Theorem 2.5. Suppose .~/ and .-~ are von Neumann algebras with unitarily
invariant norms N and M both having property (P). Let ¢:./"" —. 2" be a

bijective map. If
M (4(A4)o,4(B))=N(A#B)

holds for all 4,Be.”/"", then there exist a Jordan *-isomorphism J:./ — ~
and an element Ce .~ suchthat ¢(4)=CJ(A4)C forall Ae./*".

Proof. We first show that ¢ is positive homogeneous. Indeed, for any
A,Be.o/*, t>0,wehave

(t4)o,B = o (4o B), (14)#B = : (4#B).

Therefore

1

1 {(18(0).0(2)) <1 () 0(5) | (). 0(0)

1
=1’ N(A#B)=N((t4)#B) =M (¢(t4)c,4(B))
and this implies that ¢(t4)=¢¢(A4).Hence ¢ is positive homogeneous.
Forany A4,Be.”/"", wehave
A<B oYX ed™ N(X#A) < N(X#B)

< M(¢(xX)o.g(4))<M(4(X)o.4(B))

VY eB M (Ya¢ )< (YO—¢B)
< ¢(4)<4(B)

(note the first equivalence follows from Lemma 2.2) and therefore ¢ is an
order isomorphism. It follows from [10] that there exist an element Ce.»""
and a Jordan *-isomorphism J:./ —.~ such that ¢(4)=CJ(4)C for all
Ae.o/ .
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3. Conclusion

Mean is an important concept in mathematics. There are many interesting
results studying preserver transformations relating operator means. In this paper,
we show that maps on positive definite cones of von Neumann algebras preserving
unitarily invariant norms of the spectral geometric means can be characterized

by Jordan *-isomorphisms.
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