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Abstract

In this paper, we give a criterion of the absolutely Cesaro bounded weighted
backward shift in spirit of the comparison method. Our approach is to con-
struct the proper product of weight functions Hz w, by the fraction of two

monomials of the indexes, then we apply proper scaling to give Cesaro bound-
edness. In particular, we present a new example of non Cesiaro bounded

weighted backward shift on ¢”.
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1. Introduction

Let Xbe a complex Banach space and B (X ) be the Banach algebra of all linear
bounded operators on X. Given T € B(X), the Cesdro mean of T'is the family
of operators {MT (n)}"eN < B(X) which is defined by
1 n .
M, (n)x=—-) T'x
! ( ) n+l Jz:(:)
for xe X . The operator T € B(X) is called Cesiro bounded if {MT (n }neN

is bounded in B(X). That is sup, ||M, (n)||<oo The operator T e B(X) is
called absolutely Cesaro bounded if thereis C >0 such that

sugﬁzn:o”zj" < C"x”, Vx e X.
ne =

It is clear that absolutely Cesaro bounded operators are Cesaro bounded. The
concept of Cesaro boundness is highly connected with the dynamic of linear op-
erators. It was firstly introduced by Hou and Luo in [1]. In their articles, they

investigated that the unilateral weighted backward shift with weights
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2
w, = Tkl’(k eN) is absolutely Cesaro bounded. Then it attracts lots of atten-
tions by several mathematicians. Interested readers can refer [2] for the theory of
linear chaos and [1] [3] [4] for some results of Cesaro boundedness. It was

proved in [5] that the unilateral weighted backward shift operator 7"with weights

W, = (ij on the ¢7 (N) (1< p <) is absolutely Cesaro bounded for

p
O<a< L , and operator 7'with weights w, = (ij is not Cesaro bounded.
p

[6] generalized this work to the fractional case, constructed a weighted shift op-
erator belonging to this class of operators, then they showed that the unilateral
weighted backward shift operator T'is absolutely (C,a) Cesaro bounded for

O0<a<l1,and Tis not (C,a) Cesaro bounded for any « . We can find more
details about of the nth Cesaro mean of order « of the powers of 7'[7] [8] [9]
[10]. Specially, when « =1, it is general Cesaro mean. The relation between
(C,a) Cesaro mean and (C,a) strongly (weakly) ergodicity was given [11].
Example 5 in [12] proved that the unilateral weighted backward shift not have
distributional unbounded orbit. [13] discussed that a distributionally unbounded

orbit of the operator is not absolutely Cesaro bounded. Distributionally chaotic of

type DCZ% is not absolutely Cesaro bounded. [14] gave some equivalent cha-

racterizations of absolutely Cesaro bounded operators. In [13] [15], firstly they
selected the sequence of weights v; then showed that the unilateral backward
shift Bon ¢”(v) (1< p <o) isabsolutely Cesaro bounded.

If 1< p<ow, denote by ¢”(N) the space of p-th summable sequences. Let
{e,:n=1,2,---} be the canonical basis of ¢”(N). Any vector x e ¢”(N) has

the unique representation x = Zajej where {aj j=1,- } cC.Let
j=1

w=(w,w,,---) beaweight sequence. We define the weighted backward shift ope-
rator B, on (”(N) as B e =0 and B,e, :=we,_, for integer k>1. That
is for x=(e,a,,---)e (" (N), Bw(al,az,---) = (WZO!Z,W30!3,"') .

The boundedness of the weighted backward shifts is studied intensively for
decades. Our motivation is to characterize the Cesaro bounded weighted back-
ward shift and give a practical method to distinguish the Cesaro bounded back-

ward shifts. Our results include those concrete examples in [1] [5] [6].

2. A Criterion Based on the Comparison Principle
We first study the case when the weighted backward shift B, is not Cesaro
bounded. Our method is to estimate the products of the weights H’] w, by the

a fraction of two monomials of the indexes. In the sequel, to make the argument
more compact, we set HLI_ a, =1 whenever j<i.

Theorem 1. For 1< p <o, let wbe a weight sequence and B, the weighted
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is/p

backward shift on ¢# (N). Suppose H

and the real pair (¢,s) sa-

nN,
i

tisfies one of the following three cond1t10ns.
(1) £>1 and s>1;
(2) t=1 and s=>1;
(3) <1 and t<s.
Then B, isnot Ceséro bounded on ¢”(N).

N+1

Proof Let y,, , =—"r Z e, , where Nis an even integers. Therefore

(N+ )1/”

||y,v+1 ) =1. We compute directly that
1 ﬁ: ; » 1 lf [l\f N—jt+k+1 r
— D> T'yyull =l———= w, le,
N+175% Yo (N-i—l)m/p k=1 \_j=k n]:;L J * ,

N+l N+1N /+k+1
p+1 z

J=k nk+1

N+l N+1 N ]+k+l)?/p
p+1 kz/p

(N+1)p+1 i kN
L LY
(N+1)””( P FJL%:ZH(N—an) ] , ifs>0
I I TNV IR o\
Eanstb] I C ) RO

For short, we define

EH N+1 5 N+l 3N 5
I=Y k', [I=) (N-j+2)r and Il = [7_]+1j

k=1 j:%ﬂ j:%ﬂ
If r>1,
-1
[>I +2de—% 1= 1 il = 212}1
(zzv +2j (¢-1)

Meanwhile s>1 implies

Then
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1-1°
WZNS?] — 0, as N — .
N+1

If r=1,

ﬂ+21 N
IZLZ ;dleog(E'FZj

Sh
Meanwhile s>1 implies /I 2 N? .Then

I-11°
———— 2 N°""logN >, as N > .
(N+1)”

If t<1 and s>max{z,0},

N |
+
[\9]

~——
E

0

=

E+2 _t (
IZJ.IZ x'dx =

S
Meanwhile we have [ > N? .Then

I-11° _
— 72N >0, as N >

(N+1)
E+2
If t<0 and ¢t<s<0, I> LZ x'dx ~ N''. To estimate 7], we have

N
ar=> j.

j=N/2

If t<s(¢—p)$0,

Ns/p+1 —(N/2 s/p+l _~=s/p-1
IIIZJ.;VVxS/"dxz (V/2) = NP -L.
5 1+s/p 1+s/p
Then
. P
L[HZNH —> 0, as N — oo,
(N+1)”
If t<s=-p,
11[2f&vx’ldleogN—logNﬂ:logZ.
2
Then
1-1r°
———— 2N >0, as N >
(N+1)°

We use the same strategy to consider the absolutely Cesaro bounded weighted

backward shift.
Theorem 2. For 1< p <o, let wbe a weight sequence and B, be the wei-

J i/ p

ghted backward shift on ¢” (N). Suppose []|w,| < j.tT and the real pair
m=i l

(t,5) satisfies one of the following three conditions:
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(1) t>1 and s<1,
(2) t=1 and s<I1,
(3) <1 and s<t.
Then B, isabsolutely Cesaro bounded on ¢”(N).

Proof. For every xe(”(N), denote by x=3 a,e, for some complex se-
=1

quence {a j} . Let N'be a positive integer, we have

14

N » N © J
Sl =35 e T me.

n
Bw X

n=0|[j=n+1 m=j+l-n »

N © » j » min{N,jfl} Jj »
=X Yl T wl =2 X T wl

n=0 j=n+l m=j+l-n Jj=l1 n=0  m=j+l-n

© mm{N,j—]} s N j-1 .5

4 J 4 J

< =
~ Z|aj| . t Z|aj| . t

Jj=1 n=0 (]—I’l) Jj=1 n:O(]—n)

In either case, we have s <¢.Whenever j>2N+1 and n< N itis clear that

. t . t
( J )Sl for +<0 and [ J JSZ’ for ¢>0.Then we get

J—n J—n

S3

IA

i |aj|”g[ J Jt(2N+1)”

j=2N+1 j—n
<(N+1)-max{2',1}- > | <N ) )|
J=2N+1 J=2N+1

If t>1 and s<1,weestimate S, and S,.For j<N wehave

j—l .5 J . .5
] S —t -s( St )_ ] _ 1 j<
= n <1+ xdx )= t———|S N
2y e ! r—l( J7)

And for je [N+1,2N

=z

2N
Hence S+, < NZ|aj|p.
=

Suppose =1 and s<1.Toestimate S, and S,,for j<N wehave

<J (“I."idx}f log j+ /' S N.

.S

N S8 . .
YL <Y ——< ' logj SN
n:OJ_n n:OJ_n

2N )
Hence S, +S, S NZ|aj|l .
=
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Now we suppose <1 and s<¢.For j<N,

j—1 -5 j . -t
jz ] _ j.sin—t S Js (1 +J'1‘/x—tdx) — j\ .]
n=0 n=1

(j-n)

For je[N+1,2N], wehave

-t
1-¢

SN

~

N -5 ,j;l 1
Y sy

t l SJ(ZN)sftH SN
/1:0(j—n) n—O(j—n)

To complete the proof, we use all the inequalities above in each case, and use

Jensen's inequality to get

1 N 3 P 1 N
n <
( 2 xj N1

N+1;5

n
B x

P
|, S
Thatis B, isabsolutely Cesaro bounded.

We summarize the theorems above and give the following corollary.
Corollary 1. Suppose 1< p <. Let wbe a weight sequence such that

J is/p
[Tw.|= L for a real pair (#,5) . The weighted backward shift B, on

m 4/1]
m=i l

¢7(N) is absolutely Cesaro bounded if and only if the real pair (z,s) satisfies

one of the following three conditions:
(1) £>1 and s<1,
(2) t=1 and s<I1,
(3) <1 and s<t.
To give a visualization, we have the following Figure 1 to show the corres-

pondence of the range of (7,s)eR> with the absolute Cesaro boundedness.

3. A Criterion around the Critical Point

It is clear that our result include the cases in [5]. We call the point (t,s) = (1,1)
in Figure 1 the critical point. In this section, we will give a criterion around the
critical point. In the following conditions, we can treat logj to be non zero,
that is j#1. Because otherwise it is trivial or invalid. We consider the non

Cesaro boundedness firstly.
3

NOT Ab.Cesaro o

-3 -2 -1 1 2 3

Ab.Cesaro

3

Figure 1. Except for the point (1,1), The red boundary line is Abso-
lutely Cesaro bounded (Ab. Cesaro).

DOI: 10.4236/jamp.2021.91014 202 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.91014

H. Gao

Theorem 3. For 1< p <o, let wbe a weight sequence and B, the weighted

j . t . 1/p
backward shift on ¢” (N). Suppose []w, 2 (illo#j and the real pair
i log"j

(t,5) satisfies one of the following three conditions:

n=i

(1) t>-1 and s<t+1;

(2) r=-1 and s<0;

(3) t<-1 and s5<0.

Then B, isnot Cesaro bounded on ¢”(N).

Proof. Analogously to the proof of Theorem 1, let y,,, :=( :1)] 7 /\fen )
n=1
where Nis a positive integer multiple of 4.
N
NH;BMH ’
o1 N+1[N+1(N—j+k+1)l/” log” (k +1) ]p
TN+t EE (k) log’? (N j+k+1)
>

1 N/4+1 log’ (k+1) 3N/4+1 (N—j+k+1)l/p 4
TN+ S k(AT log” (N j+k+1)

1 (tog (k+1))( s (N—j+2)" Y oo
vy { & ke J(/ 1ogs/P<sN/4—j+z>] el
! (N/““log’(k“)J{W“ (N-j+2)" ]p if $<0
(N+1)" S kel AT log”” (N=j+2) |’ -
Tlog! o )P
For short, we define M, = EM, M, = 42 (/N_]+2) . ,
o k+1 F%” log”” (5N/4-j+2)

If -1<¢<0,
gk Vsl
M=% og —,F+ og'x
! k=2 k 2 X
log”l(N+3] log"™' 2
>10 t+1N
t+1 ~ o8
If +>0,
Clogk _log2  Murlog!
M= 0g >&+J7+2&dx
: k=2 k ~ 2 2 X
log"! (ZZ + 2) ~log'™"2

>log™' N.

t+1
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Meanwhile s >0 implies that

Wy

42:‘]1/}7 >

l/pdx
log"? (N +1) (N+1) N
'

1
M
22 log"/? (N+1)I

3N 1/p+1 N 1/p+1
(4”) ‘(J N
— >

N ~log’? N’

(log”” (N+1))[;+1j

Hence, z+1>s implies

M, -M?
—L—2_>Jog""* N >, as N > .
(N+1)”

When ¢>-1,wehave M, >log""' N.If s<0,then

3N

—+1
4 1 2Th
2\43 >— Z ]1/17 > ‘.-4]\:r xl/p]

logv/” (1;, + lj j:%H log‘v/p (1;/ + lj s
3N 1/p+1 N 1/p+1
i) 5 e
= >

~ s/poap°
logs/p E+1 l+1 log™" N
4 P

M, -M?

1

(N+1)"

hence,

>log""'"™* N > o, as N — o,

1~

which proves the case (1).
If t=-1,

N
P 1
MIZ dx

J-—+3
= klogk xlogx

= 1oglog(%+3j—loglog2 > log(logN).

Nl/p+l

Meanwhile s<0 implies M; 2 ———
log"” N

. Hence,

M, -M? >10g(logN)
(N+1)"" ™ log' N

diverges when N goes to the infinity. That is the case (2).

If t<-1 ,
ﬁ+zl ‘ . log"™' 2—1log"! (]Z+3j
og Mislog' x
M, = > dx = >1.
Z '[ X —t-1 ~
Nl/p+1

Also s<0 implies M, 2> . Hence,

log’? N
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M, -M?
———->1log* N >, as N - .
(N+1)"

That is the case (3).
Theorem 4. For 1< p <o, let wbe a weight sequence and B, the weighted

i . VP
backward shift on ¢” (N). Suppose ﬁ|wﬂ| S (%%) and the real pair
(t,5) satisfies one of the following three conditions:

(1) t>-1 and s>t+1;

(2) r=-1 and s>0;

(3) t<-1 and s>0.

Then B, is absolutely Cesaro bounded on ¢”(N). In the condition, we treat
all logj to be positive. That is actually the case when j >3 . There are excep-
tions in our arguments. But the only cases are when j=1,2. We can concen-
trate to the cases when ;large enough, because the exact values of w, and w,
will not change the (absolute) Cesaro boundedness of the backward shift B, .
From this point of view, we avoid to consider the trivial cases and abuse to treat
all the logj to be positive.

Proof. Analogously to the proof of Theorem 2, for x=)»«a e, we have
j=1

N N & j log'(j-n)
B" 7 < a»” J eV
§| wxpr\ajzl| ./| [;;)J_” logsj
2N (& logt(j—n)
+ a, T s
j§+l| /| [nz_oj—” log* j

To estimate S;,wenotethat j>2N+1, n< N .Then

log’ j .
v L N Tt NO?,], if £>0;
5 j .logl(]—n)gz logl(]—n)< logt]
sj-n  log’j = log"j TNl i~ N
o/ & J o 08 Nlog' (j=N) i, <o,
log" j
log’ Nlog'(j—N
Let LI—NOg] and Lzzw.
log® j log® j

In either case (1), (2) and (3), we have t—s<-1.If >0,
L =Nlog™ j<Nlog™ N<N.
If <0,

[ < Nlog' (N +1) < Nlog' (N +1)
log® j log* (2N +1)

S Nlog™ N <N.

Then, in either case (1), (2) and (3), we have

DOI: 10.4236/jamp.2021.91014 205 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.91014

H. Gao

0

SESIDY | 2N S N

J
J=2N+1

We split (1) into two cases, that is when —1<¢#<0 or ¢>0, to estimate
S, and S,.If -1<¢#<0 and s>¢+1.Toestimate S,,wenotethat j<N and
Jj-1 ; L7 . J t . t X t

J 'log (J n): J log " ], log 2+I/10g X ir
—j—n log'j log"j,m n log" j\ 2 2
] [log'2 N log"™" j—log*' 2
log" j{ 2 t+1
< Nlog™'™ j < N.

X

If t>0 and s>¢+1,wecanestimate S, by the following computation
j Llog'n _J log’ x
log"j,m n log"j’? «x
j o log™'(j+1)—log™2
- log® j . t+1
< Nlog™™* j<N.

dx

(1

Thus, in the case (1) we have S, S Ni|aj|p < N"x"i .
j=1

The estimate for S, is similar. We note that j>N+1 and

2N ; jl t
5 < z|aj|P[ J Zﬂ]g;v"x”;

j=N+1 IOgS Jn2 N

Now we consider the case (2), thatis r=-1 and s>0. Since

J L 1 J 1 J‘] 1 dx
log® jiminlogn log® j\ 2log2 2 xlogx

< N1El8T ¢ yige i<,

log’ j

we have
S < N§N || S N
=

And similarly,

I i P Y R N
2T Llogt j&inlogn )™ r’
We have the last case (3) to consider. Thatis #<—1 and s>0. Similarly to
(1), we can obtain S, S N[x|” and S, < Nx|’.

In the end of the proof, by the Jensen's inequality again, we have B, is abso-
lutely Cesaro bounded on ¢7 (N).

We summarize the above two theorem as a corollary.

Corollary 2. Suppose 1< p <. Let wbe a weight sequence such that

ILIW N(i‘.log’i

m=i " [ 1Ogsj

1/p
j for a real pair (7,s). The weighted backward shift B,
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on ¢”(N) is absolutely Cesaro bounded if and only if the real pair (z,s) satis-
fies one of the following three conditions:

(1) t>-1 and s>t+1,

(2) t=-1 and s>0,

(3) t<1 and s2>0.

We also give the following Figure 2 to show our result around the critical point.

4. Examples

According to our result, we can construct lots of absolutely Cesaro bounded
weighted backward shift.
Example 1. If 0<s<z<1,]let

(2+log2)s/p [n+l+log(n+l)]x/p
W:(Wl’“.’wn’.“): t/p TR t/p e
(1+1logl) (n+logn)

The operator B, is absolutely Cesaro bounded on ¢” (N). It follows from

i+logi>i and lim%zl and hence

Jjo®© J

‘, . 1 1 . 1 s .. .5
(bt LU g

n=i (l + log l)t n=i+l l

forany j>ieN.
Example 2. If 0<s<z<1,]let

(2log3)s/p [(n+1)log(n+2)]s/p
(log2)”” =~ [nlog(n—kl)}l/p

The operator B, is absolutely Cesaro bounded on ¢” (N). It follows from

W:(Wl"“’wn’.“) =

t—s

ilog(i+1)2i and log(j+1)<j> andhence

. s+t
j (j+1)log(j+2) t o _j 2
e e Y
Ab. Cesaro
21
1

NOT Ab. Cesaro

-z =l 0 1 2

Figure 2. Except for the point (-1,0), the red boundary line is Absolutely Cesaro
bounded (Ab. Cesaro).
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forany j>ieN.
Example 3. If 720 et
t
(m+1)]/p 10g; m
t+1 I/p °

log ? (m+1) "

W:(Wls”'»Wma"'): 0,--,

The operator B, is absolutely Cesaro bounded on ¢”(N) by Theorem 4.
One can conduct the following computation that
( )1 . il 1
J Jj+1)r log?” i I 2 Ve (j log'i \r
w | = . . < o= .
H| o 1 =« klll L log?2 i log™j
i’ log? (j+1) log” k

We will also find a new example of non Cesaro bounded backward shift as
follows.
Example 4. If teR, let

p
m+1  log'm
= (W, w ) =] 0, . .
W= (i) (10g’(m+1) m J

The operator B, is not Cesaro bounded on ¢”(N) by Theorem 3.

5. Conclusion

In this paper, we proved Cesaro boundedness by constructing the proper prod-
uct of weight functions H: w, by the fraction of two monomials of the indexes.
The method of proof is to obtain the characterization of absolutely Cesaro boun-
ded and non Cesaro bounded by proper scaling and Jensen’s inequality. we give

some examples after our results.
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