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Abstract

In this paper, we suggest and analyze a modified Thakur three-step iterative
algorithm to approximate a common element of the set of common fixed
points of Garcia-Falset mappings and the set of solutions of some variational
inequalities in Banach spaces. We also establish strong convergence theorems
for a common solution of the above-said problems by the proposed iterative
algorithm without the compactness assumption. The methods in this paper
are novel and different from those given in many other papers. And the re-
sults are the extension and improvement of the recent results announced by
many others.
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1. Introduction

In the early 1960s, Stampacchia [1] introduced the variational inequalities theory,
which has emerged as an interesting branch of applied mathematics with a wide
range of applications in industry, physics, optimization, social and science. The
variational inequalities are closely related with many general problems of Non-
linear Analysis, such as fixed point, complementarity and optimization problems.
It has been extended and generalized in several directions using novel and new
techniques.

On the other hand, the theory of fixed points has become one of the very po-
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werful tools of nonlinear analysis. Further, by the development of accurate and
efficient techniques for computing fixed points, the effectiveness of the concept
for applications has been increased enormously. In recent years, the theory of
fixed points has grown rapidly into a flourishing and dynamic field of study both
in pure and applied mathematics. It has become one of the most essential tools
in the study of nonlinear phenomena. The iterative methods for approximating
fixed points are of great importance for modern numerical mathematics (see,
e.g. [2] [3] [4] [5]).

The study for variational inequalities, fixed points and approximation algo-
rithms became a topic of intensive research efforts in recent years. Nowadays,
this is still one of the most active fields in mathematics. Meanwhile, the nature of
many practical problems arouses an iterative approach to the solution. Recently,
Garcia-Falset ef al [6] introduced a new class of mappings satisfying the
so-called condition (E) (in the sequel, the class of mappings satisfying condition
(E) will be referred to as Garcia-Falset mappings). The class of Garcia-Falset
mappings covers the class of Suzuki mappings and nonexpansive mappings.
However it is still included by quasi-nonexpansiveness. The study for Gar-
cia-Falset mappings with iterative processes using a Banach space as underlying
setting is only at the beginning (more precisely; there are just two research pa-
pers on uniformly convex Banach spaces that connect mappings endowed with
property (E) (see [7] [8]). In order to establish strong convergence results for
approximation of fixed points of Garcia-Falset mappings in Banach space, Ga-
briela et al [7] and Houmani and Turcanu [8] adopt different iteration schemes,
respectively. However, the compactness assumption imposed on C'is indispens-
able in both two papers.

Motivated and inspired by the work in the literature, we suggest and analyze a
modified Thakur three-step iterative algorithm to approximate a common ele-
ment of the set of common fixed points of Garcia-Falset mappings and the set of
solutions of some variational inequalities in Banach spaces. We also establish
strong convergence theorems for a common solution of the above-said problems
by the proposed iterative algorithm without the compactness assumption. The
methods in this paper are novel and different from those given in many other
papers. And the results are the extension and improvement of the recent results
in the literature; see [9] [10] [11] [12].

2. Preliminaries

Throughout this paper, we assume that £is a real Banach space with a dual E°,
R is the set of real numbers, <-, > is the generalized duality pairing between £
and E’, Iis the identity mapping on £, and N is the set of nonnegative integ-
ers. We denote by x, > x and x, — x the strong and weak convergence of
the sequence {x,}, respectively. And ®,(x,) denote the set of weak limit
points of the sequence {xn} . The set of fixed points of 7:C — C is denoted
by Fix (7). The (normalized) duality mapping of Eis denoted by /, that is,
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2 *
X

B

J(x)={x* eE :<x,x*>=||x

=)

for all xe £ . If Eis a Hilbert space, then J =1, where /is the identity map-
ping.

A Banach space Fis said to be smooth if the limit

sl
t—0 t
exists for all x,y on the unit sphere S(E) = {x ekE: ||x|| = 1} .

Assume ¢ defined R':= [0,00) is a continuous strictly increasing function
such that (p(O) =0 and lim, (ﬂ(r) =oo. This function ¢ is called a gauge

function. The duality mapping J,: E — 2 defined by
Jo(0)={x" € B (o) =sllo () and ] = o ()}

In the case that ¢(¢)=1t,J, =J, where /is the normalized duality mapping.

*
X

Clearly, the relation J, (x)= §0ﬁ||?ﬂ||) J(x),Vx#0 holds (see, e.g., [13]). Browder
X

[14] initiated the study /. Set, for >0,

(D(t) = I;go(r)dr.

As we know that J,(x) is the subdifferential of the convex function ®@(|||)
at x. Following Browder [14], we say that Banach space E has a weakly conti-
nuous duality map if there exists a gauge ¢ such that the duality map J, is
single-valued and continuous from £ with the weak topology to E* with weak’
topology. Every [” (1 <p< 00) space has a weakly continuous duality map with
the gauge (p(t)=tp_1 (see, e.g., [15] [16]). A space with a weakly continuous
duality map is easily seen to satisfy Opial’s condition (see [14]). Conversely, if
Banach space satisfies Opial’s condition and has a uniformly Gateaux differenti-
able norm, then it has a weakly continuous duality mapping.

Remark 2.1. It is well known that J, is single-valued if and only if (E,|)
is smooth (see, e.g., [17]).

Let £ be a real Banach space, C a nonempty closed convex subset of E,7 a
mapping on Cand F(T):={xeC:Tx=1x}.

Definition 2.1. A mapping T :C — C Iis said to be:

1) Contractive if there exists a constant o € (0,1) such that

||Tx—Ty||£ a”x—y", Vx,yeC;

2) Nonexpansive if ||Tx —Ty" < ||x - y" forall x,yeC.

3) Quasinonexpansive if "Tx —x " < "x —x ",Vx eC,x eF(T).

Definition 2.2. A mapping T:C — E is said to satisty condition (C) on C if
forall x,yeC with ||Tx - x|| < 2||x - y|| , one has that ||Tx —Ty|| < ||x - y|| .

Recently, Garcia-Falset et al [6] introduced a new class of mappings satisfying
the so-called condition (£) (in the sequel, the class of mappings satisfying condi-
tion (E) will be referred to as Garcia-Falset-generalized nonexpansive mappings
or Garcia-Falset mappings).
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Definition 2.3. Let C be a nonempty subset of a Banach space Eand pu>1. A
mapping T:C — E which satisfies the inequality

=Ty < T e, ¥y <

is said to be endowed with ( E,,)-property. Moreover, we say that T satisfies con-
dition (E) on C, whenever T satisfies condition (E,, ), for some u>1.

Clearly, condition () is weaker than condition (C).

Lemma 2.4. [6] Let E be a real Banach space with the Opial condition. Let C
be a nonempty closed convex subset of E and T :C — E be a mapping satisty-
ing condition (E) on C. Then T is demiclosed at zero, ie., for any sequence
{x,}=C,if x, —~y and |(I-T)x,| >0, then (I-T)y=0.

Recall that, if Cand D are nonempty subsets of a Banach space £ such that C
is closed convex and D c C, then a mapping Q:C — D is sunny [4] pro-
vided

P(x+t(x—P(x))) = P(x)

forall xeC and ¢2>0,whenever Px+t(x—P(x)) € C.Amapping P:C—>D
is called a retraction if Px=x for all xe D . Furthermore, P is a sunny non-
expansive retraction from Conto D if Pis retraction from Conto D which is al-
so sunny and nonexpansive. A subset D of Cis called a sunny nonexpansive re-
traction of C'if there exists a sunny nonexpansive retraction from Conto D. The
following lemma collects some properties of the sunny nonexpansive retraction.

Lemma 2.5. [18] [19] Let C be a closed convex subset of a smooth Banach
space E. Let D be a nonempty subset of C. Let P:C — D be a retraction and let
J be the normalized duality mapping and generalized duality mapping on E, re-
spectively. Then the following are equivalent.

1) P is sunny and nonexpansive,

2) ||Px—Py||2 < <x—y,j(Px—Py)>,Vx,y eC,;

3) <x—Px,j(y—Px)>£ 0,vxeC,yeD.

Lemma 2.6. [20] Let E be a uniformly convex Banach space, r >0 a positive
number, and B, (0) a closed ball of E. Then, for any given subset
{x,,x,,-,xy} =B, (0) and for any positive numbers {A,2,,-, Ay} with
ZL A =1, there exists a continuous, strictly increasing, and convex function
g:[0,2r] > [0,0) with g(0)=0 such that, for any i,je{l,2,--,N} with
i<j,

2y
S AT -20sll )

Lemma 2.7. [21] Let {s,} be a sequence of nonnegative real numbers, let
{an} be a sequence of [0, 1] with Zw

nonnegative real numbers with )" f3, <o, and let {y,} be a sequence of

N
\zz,,x,,

n=1

a, =, let { ,Bn} be a sequence of

n=l_'n

real numbers with limsup, .y, <0.Suppose that

Sn+1 S(1_0"/11)‘5‘}1 +an7/n +IBn5 ne N
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Then, lim, s, =0.
Lemma 2.8. [22] Let {wn} be a sequence of real numbers such that there
for all keN.

Also consider the sequence of positive integers {r (n )} defined by

exists a subsequence {n.} of {n} which satisfies w, <w,

t(n):= max{k <niw, < wnkﬂ}

for all n>n, (for some n, large enough). Then {r(n)} is a nondecreasing

sequence such that lim,_,, t(n)=o and it holds that

max{wr(n),wn} < We(n)e1®

3. Main Results

Theorem 3.1. Let C be a nonempty closed convex subset of a uniformly con-
vex and smooth Banach space E which admits a weakly continuous duality map-
ping J. Let f:C—C be a contractive mapping with constant r e (0, 1) ,
T:C— C be a mapping satistying condition (E) with Fix(T)# Q. For arbitra-
rily given x,eC,let {x,} be the sequence generated iteratively by:

Zy :(l_yn)xl1+7/nTxna
yn :(1—,6”))6” +ﬁnTxn’ (31)
xn+| = anﬁn +5nTZn +’7nTyn’ vn € N’

where {a,}, {B,}, {r.}> {5,} and {n,} are real number sequences in [0,
1] satistying:

1) lim,,, a,=0 and )" a, =,

2) a,+0,+n, =1,

3) O<liminf _, &, <limsup,, &, <1, 0<liminf,

n—o “n

LoV, Slimsup, |y, <1
and 0<liminf, 7 <limsup, 7, <1.
Then the sequence {x,} converges strongly to a point p € Fix(T), which is

also the unique solution of the hierarchical variational inequality
(f(p)-p.j(¢-p))<0, VqeFix(T).

In other words, p is the unique fixed point of the mapping PFix(T) [, that is,
p= PFix(T)f(P) :

Proof. We divide the proof into two steps.

Step 1. Firstly, we prove that the sequence {xn } is bounded. Taking x eFix (T)
arbitrarily, it follows by Definition 2.3 that 7'is quasi-nonexpansive. Hence, we
get from (3.1) that

v, =¥ | =|(1=8,)x, + A1, -5

S(l—ﬂn) x, — x|+ B, |Tx, —x°
=] -
<(A-8)|x, —x ||+ﬂn X, —X "
<|x, —x*".
In the same way, we get that
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= =11 ||

.
S I

7,, X, 7,

(3.3)
R
< -

It follows from (3.1), (3.2) and (3.3) that

5 = |
7, -
<a, S EA R N
<a, “fx it )”mn ”f(x*)—x*“—iré‘n |7z, [+, |79, -

.
< anr”xn -Xx ||+an

(x )—x “+5n ”zn—x ||+77n

<a r”x —x*|+a “f * -

{uf A, e }

This implies that the sequence {x,} isbounded,soare {y,} and {z,}.
Step 2. We show that lim

.
o=

G A

a, )|, =

||xn —p” =0. Here again p €Fix(T), which is

n—»ow

also the unique solution of the hierarchical variational inequality
<f(l’)—1%61—p> <0, Vge Fix(T),

We analyze this step by considering the following two cases.
Case A: Put T', = ||xn —p" for all e N and assume that I',,, <T', for all
n>n, (for n, large enough). In this case, it is easily seen that the lim, , T,

exists. Now we prove that

fim
To see this, we apply Lemma 2.6 to (3.1) to get

[ =

o i, + 8,75, +1, 75, o

<a, | fi, = o +6, 7z, = pI +, 13, - P

<a,|[fe, =l +6, 2, =PI+, Iy, - I
x, = pf =3,7,(1-7,)g(
8,7, (1=7,) (|7, = x,]),

(3.4)

<05 X, —X

)

=+ |, —p||2
ool +(1-c,

n

which is reduced to the inequality
5.7,(1-7,)g(I7x, x| <, ( o)+ (-1,

Then, by using the conditions (1)-(3) and the assumption T', <T,, we derive

| -

X, =X,
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that
lim g (|7, —x,[) = 0. (3.5)
It follows from the property of gthat
=0. (3.6)

n—0

Repeat the argument for (3.4) to obtain

xm—pllz

a,(f, = p)+8,(Tz, - p)+n,(Ty, - p)|
<a, |+, ol +n v, - o -ome(|lv,-1]) 3.7
<a,|[f, =l +6,x, = oI +7, |, ~ Pl = S,m2 (|17, -7=,])
=a,|f,-p +(1-a,)|x, - o[ =6,n,2(|7v, - =),

which implies that

on.g (||Ty" -1z,

ol -

)San(

Hence, by using the conditions (1)-(3), the assumption T',,, <T", and the

A)+(m-r). 69

property of g, we derive that

lim|
n—9

Ty, -Tz,| =0. (3.9)

Write
xn+1 _Tyn :an (fxn _Tyn)+5n (TZn _Tyn)

and apply the condition (1) and (3.9) to get

limx, ., =Ty,|=0. (3.10)
n—0
Note that
xn+1 - xn
<% =Ty, |+ Ty, — X,
! u (3.11)
< Xt Tyn +/u||xn TX Xy =V
- n+l Tyn Txn n xn _Txn :
Apply the condition (1), (3.6) and (3.10) to get
limfx ., —x, [ =0. (3.12)
n—0

Since {x,} is bounded, there exists a subsequence {xnk} of {x,} such that

x, ~converges weakly to a point gand moreover
lirjljllp<f(p)—p,j(xn+1 -p))= }ggc<f(p)—p,j(xnk+1 —p)>- (3.13)

Apply (3.6), (3.12) and Lemma 2.4 to infer that x, ,, converges weakly to a
point ¢ and ¢ € Fix(T'). This together with the property of the sunny nonex-

pansive retraction implies
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limsup<f(p)—p,j(xn+1 —p)>

n—o

= lim (£ (p)=p.J (%, ~ 7))

k—o0

=lim(f(p)-p.j(a-P))

:<f ()= Poigypoi(a=Fuin )>
<0.

Finally, we prove that lim X, — p” =0. Using (3.1) and the assumption

n—0

I, <T,,wehavethat, forall n>ny,

-
%, - pf
=a, (f5, = P, (%, =)+, (T2, = p. j (%1~ P))
+1, (T, = P+ (%, = 1))
<a,(fe, =/ (P).J (%= P))+ @, (f(P)=Poi (%0~ P))
+8,(Tz, = p.j (%, = P))+7, (v, = p.j (%, — P))

<a,r|x, = %, - p|+ @, (£ (P)= p. i (x,.. - P))
+6,|7z, = plIx,. = 2+ 7, |79, = pl%.00 - £

<a,r|x, = pl|x.. — 2]+, (£ (p) = . (%, — P))
+6, )z, = pl%.1 = £l + 7,13, = PlI%00 — 2l

<a,r|x, = pl|x.. — ll+ @, (£ (p)- - (%,.. - P))
+6, |, = pllx.es = £+ 7. %, = 2l%00s - £

<(1-a, (1=r)|x, = pl%,e — Pl + @ ( ()= P (50— p))
<(1-a,(1=r)x, - 2 +a, (£ (P)= i (%0~ P))-
By virtue of (3.13) and Lemma 2.7 and noticing (3.14), we get
lim [x, - p] = 0.

Case B. Assume that {Fn} is nondecreasing. From Lemma 2.8, there exists a

nondecreasing sequence r(n)} c N such that

max (T, T, f<T (3.14)

>t n

Following an argument similar to that in Case A and noticing (3.14), we derive
that

lgralo TxT(”)+1 =X = 0 (3.15)
and
’lgg Xompt ~ Xe(m)|| = 0. (3.16)
Repeat the argument for (3.13) to obtain
lim sup<f(p)— p,j(xr(n)+1 - p)> <0. (3.17)

Finally, we show that lim, , I ,=0.Tt follows (3.1) and (3.17) that
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2

X (w1 = P
=a, <fxf(n) —psJ (xfmﬂ - p)> +0,) <T 2oy~ D5 (xr(n)ﬂ —p)>

10 <Ty,<n) -p.J (X,(,,)+1 - p)>
<) <fxr<n> 1 (P)-i (=P )> o) <f (P)= P (% =P )>
+0,() <T Zon) = PoJ (x,(nm - p)> +17,(0) <Ty,(,,) -p.J (x,(n)+l - p)>

X1 P“ T, <f (p)-p.j (xr(n)+1 - P)>

= ar(n)r xr(n) _p‘

+ 61(}1)

1Y) _P‘ Ye(n) _p“

TZT(n) - P“ er(n)ﬂ - P“ 1)

x’Hl _p||+a‘r(n) <f(p)_p’j(x‘r(n)+l _p)>

< ar(n)r“xr(n) —p‘

Yen) _P‘ X1 _P”

+ 5T(n) HZr(n) - p‘ Xpe1 — p" 1)
< af(n)r“xf(n) - pH”an - p|| T, <f(P) —D.J (xr(n)H - P)>

+ 5T(n)
< (1—0{7(”) (1 —r))
<(1-a,(1-r))

After simplifying, we have

(1-r) X ()1 —P“Z §<f(P)—P,j(x,(n)H —p)>.

This together with the (3.17) implies that

Xe(n) _pH"xﬂH _p”

xr(n) _p‘ Xi1 _p||+77r(n)
> (3.18)

Xein) ~ p””x,m - pl|+ @) <f(P) -pJ (xf(n)u - P)

eyt TP ”2 M <f (p)=p.J (xr<n)+1 —P )>

lim
n—>0

Xe(n)r1 _P“ =0,

Further, Lemma 2.8 implies

lim ||xn —p|| <limjx ), —p“ =0,

n—>o0 n—w
thatis, x, > p as n — oo. This completes the proof.

Remark 3.2. The main results in this paper extend and generalize corres-
ponding results in 7] [8] in the following senses.

1) The subset C of Banach space E does not have to be compact in our Theo-
rem 3.1. However, this assumption is very necessary in Theorem 3.4 of Usurelu
et al [7] and Corollary?2 of Houmani and Turcanu [8].

2) Our result is new and the proofs are simple and different from those in [7]

[8].

4. An Extension of Our Main Results

From Theorem 3.1, we deduce immediately the following results
Corollary 4.1. Let C be a nonempty closed convex subset of a uniformly con-
vex and smooth Banach space E which admits a weakly continuous duality mapping

} f:C—C bea contractive mapping with constant r € (0,1) , T:C—>C bea
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nonexpansive mapping with Fix(T)#Q . For arbitrarily given x,eC , let
{x,} be the sequence generated iteratively by.
2, =(1=7,)%, +7,T%,,
vy =(1=8,)x,+B,Tx,, (4.1)
X, =0a,fx,+0,1z, +nTy,, VneN,

where {a,}, {B,}, {r.}> {6,} and {n,} are real number sequences in [0,

1] satistying:
1) lim,, a,=0 and Z:il a,=m,
2) a,+0,+n, =1,
3) O<liminf, o, <limsup,, &, <1, 0<liminf,

n—»0 n

<limsup,_ . 7, <1

—)007/11

and 0 <liminf, <limsup,_ 7, <1.

—>0 77"

Then the sequence {x,} converges strongly to a point p € Fix(T), which is

also the unique solution of the hierarchical variational inequality
<f(p)—p,j(q—p)>£0, Vg eFiX(T).
In other words, p is the unique fixed point of the mapping PFix(T) [, that is,
p= PFix(T)f(P) :
Corollary 4.2. Let C be a nonempty closed convex subset of a uniformly con-
vex and smooth Banach space E which admits a weakly continuous duality map-

ping J. Let T:C — C be a nonexpansive mapping with Fix(T ) # . For arbi-
trarily given x,,uC,let {x,} be the sequence generated iteratively by.

Zn :(l_yn)xn +}/nT'xn’
y":(l_ﬁn)xn-‘rﬂnTxn’ (42)
x,,=au+o0Tz +nTy , VnelN,

where {a,}, {B,}, {r.}, {6,} and {n,} are real number sequences in [0,

1] satistying:
1) lim,, @ =0 and D" a, =,

n=1"n
2) an+é:1+77n:1’
3) O<liminf,_ &, <limsup,, &, <1, 0<liminf,

n—w “n

<limsup,_ . 7, <1

—0 7}1

and 0<liminf, <limsup,_ 7, <1.

—>00 77”
Then the sequence {x,} converges strongly to a point p € Fix(T), which is

also the unique solution of the hierarchical variational inequality
(u=p.j(g-p))<0, VqeFix(T).

In other words, p is the unique fixed point of the mapping PHX(T)M, that is,
p=h

Fix(T)
Corollary 4.3. Let C be a nonempty closed convex subset of a Hilbert space H,

u.

f:C— C be a contractive mapping with constant r e (0,1) , T:C—>C bea
nonexpansive mapping with Fix (T ) #( . For arbitrarily given x,€C , let
{x,} be the sequence generated iteratively by.

2, =(1=7,)x, +7,Tx,,

vy =(1=B,)%, +B,Tx,, (4.3)
=a,fx,+6T1z, +n Ty, VneN,

xn+1
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where {a,}, {B,}, {r.}, {6,} and {n,} are real number sequences in [0,
1] satistying:

1) lim,,, a,=0 and )" a, =,

2) a,+0,+1n, =1,

3) O<liminf ., &, <limsup, , J, <1, 0<liminf, <limsup, , 7, <1

—>0 7/”
and 0<liminf, 7 <limsup, 7, <1.
Then the sequence {x,} converges strongly to a point p € Fix(T), which is

also the unique solution of the hierarchical variational inequality
<f(P)—p,q—p> <0, VqeFix(T).

In other words, p is the unique fixed point of the mapping ﬂix(T) [, that is,
p :PFix(T)f(p) :

5. Conclusion

The present work has been aimed to theoretically establish a new iterative
scheme for finding a common element of the set of common fixed points of ge-
neralized nonexpansive mappings enriched with property (E) and the set of so-
lutions of some variational inequalities in Banach spaces without the compact-
ness assumption. Our results can be viewed as improvement, supplementation,
development and extension of the corresponding results in some references to a

great extent.
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