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1. Introduction

Since Banach Contraction Principle was first shown in 1922 [1], some mathema-
ticians have improved and generalized this principle to discuss fixed point theo-
rems of various mappings on different spaces. In 1969, S. B. Nadler [2] applied
the Pompeiu-Hausdorff metric to study the fixed point theory of set-valued
mapping in metric space. Then, many fixed point theorems of set-valued map-
pings appeared, such as [3] [4] [5] [6]. In 2004, Ran and Reurings [7] built the
fixed point theories on partially ordered metric spaces. In 2008, J. Jachymski [8]
established some fixed point results on a metric space with a graph. The results
extended and unified some results in metric spaces endowed with a partial order.

Since then, many scholars began to study the fixed point theory on a metric
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space with a graph (one can refer [4] [5] [6] [9] [10] [11] and references therein).

The definition of coupled fixed point was given by Bhaskar and Lakshmikan-
tham [12]. Since coupled fixed point theory has wide applications in nonlinear
differential, nonlinear integral equations and partially ordered metric space,
some coupled, tripled and N-order fixed point theorems appearing in [12]-[18]
and reference therein.

Based on the results obtained in [2] and [8], I. Beg, etc. [4] proposed a con-
traction principle for set-valued mappings on a metric space with a graph in
2010. In 2015, M. R. Alfuraidan [5] proposed monotone set-valued mappings on
a metric space with a graph which is somewhat different from that in [4]. In 2018,
M. R. Alfuraidan and M. A. Khamsi [5] discussed the coupled fixed point theo-
rems of single-valued and set-valued mappings, in which there was an important
situation: 3k €[0,1), such that for x,y,u,ve X with (x,u),(v,y)eE(G), it
holds that

d(F(x,),F(u,v))< k[w] (1.1)

The inequalities similar with (1.1) appeared in many literatures about fixed
point theories such as [12] [13] [15] [19] [20]. Most of the recent literatures con-
sidered N-order fixed point theorems and the inequalities similar with (1.1) only
from the aspect of (X,d,G) (or (X,d,=)) rather than (XN,D,Q) which is
a product metric space (X N ,D) endowed with a graph G, thus, the proofs are
tediously long. When we turn our attention to (X N ,D,Q) and the mapping
F: X" 5 XV (resp., CB(XN) ), we find that the N-order fixed point theories
are very concise and straightforward for both set-valued mappings and sin-
gle-valued mappings.

We focus on two aspects: one is to construct a concise method to study the
fixed point theory; the other is to construct the N-order fixed point theories of
single-valued and set-valued mappings. First, we define (X N.D,G ) which is in-
duced by (X,d,G). We transfer the N-order fixed point of F:X" — X"
(resp., CB(XN) ), to the fixed point of F : X" — XV (resp., CB(XN) ). Next,
we construct the N-order fixed point theories of single-valued and set-valued

mappings.

2. Preliminaries

We first introduce a terminology of graph theory. Consider a complete metric
space (X,d) endowed with a directed graph G, denoted by (X,d,G). The
vertices set V' (G) coincides X and the edges set E(G) contains the diagonal
elements of X x X . Assume that Ghas no parallel edges. The metric between two
vertices can be treated as the weight so that G is a weighted graph. Moreover, let
G denote the conversion of the graph G, ie, E(G'1 ) = {(y,x) (x,py)e E(G)} .
Simultaneously, let G denote the undirected graph obtained from G, that is
E(G): E(G)UE(G_I). We say that G is weakly connected if is G con-
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nected.

Let X" denote the product space of N Xs and X =X". We say that
(X,D,G) isinduced by (X,d,G) if V(G)=2X,and
vx=(&.%,.¢,),y=(m.ny,-m,) € X, E(G) and D are defined respec-
tively by:

(x,y)eE(Q)@(cfi,ni)eE(G),i=1,2,~-,N, (2.2)
and

D(x’y):d(§1’771)+"'+d(§1v’771v) (2.3)

In addition, we use D to denote the Pompeiu-Hausdorff distance between two
sets.

In this paper, we mainly consider the following two properties of (X,d,G)
and the mapping f:X —Y where Yis a metric space with a graph.

(B): For any sequence (x,)  in X, if x, >x and (x,,x,,)€E(G)

neN
forany neN,then (x,,x)eE(G).
(P): for given x and a sequence {x,} in X with (x,,x,,,)eE(G) and

limx, = x, we have lim f(x,)=f(x).

3. N-Order Fixed Point Theory of Single-Valued Mapping

In this section, We make use of £ F, F to denote the following mappings, re-
spectively, [ X > X, F:X > X and F: X > X.
For simplicity of description, we denote X, = {x eX: (x,f(x)) € E(G)} .

3.1. Basic Notations

Definition 1. [16] Let X be a nonempty set and F:X — X be a given map-
ping. An element x=(&,&,,++,&, )€ X" is called an N-order fixed point of F if

§l :F(§1a§2""a§1v)a§2 :F(égz»"'aéczvs(:l)a""év :F(éN’glﬁn'iéN—l)'
When N =1,2,3, we call it a fixed point, coupled fixed point and tripled fixed

point respectively.

Definition 2. Let F:X — X be a mapping. We say that F is NG-contractive
if it satistfies the following two conditions:

1) NG-monotone property, i.e., for all x,ye X with (x,y)e E(G), it holds
that (F(x),F(y)) IS E(G); (3.1)

2) There exists ke(0,1) such that d(F(x),F(y))skD(x,y) for all
x,ye X" with (x,y)eE(G).

Particularly, when F:X — X satisties (1) and (2) for N =1, it is called a
G-contraction.

The definition “NG-contractive” was first introduced in [6]. In order to study
the N-order fixed point theory, we here extend it to N-dimensional space.

We consider the definition of MN-order fixed point of the mapping
F:X —> X and find that the N-order fixed point of the mapping F is just the
fixed point of the mapping F:X — X defined by

DOI: 10.4236/jamp.2020.812210

2848 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.812210

X. N. Liang, S. Y. Wang

VxeX,F(x):(F(fl,fz,-'-,fj\,),F(§2,§3,---,fl)-'-,F(fN,é,---,fN,l)), (3'2)

which implies that the study of the N-order fixed point can be converted to that
of fixed point of F . Simultaneously, F has many properties relative to £
According to Definition 2 and by (2.2), (2.3) and (3.2), if F is G-contractive,
then we have:

1) for x,yeX with
(5.2) € B(G) = (F(x). 7 (1) < £(6) = (F(x). F(») < E(6);

2) there exists o e(0,1) such that d(]—'(x),]-'(y)) <aD(x,y) for all
x,yeX with (x,y)e E(G),and then d(F(x),F(y)) <aD(x,y).

Thus, if F 1is G-contractive, F must be NG-contractive. However, if F is
NG-contractive, F is not necessarily G-contractive. We can show it by the
following example.

Example 3.1. Let X = R be endowed with the Euclidean distance || For
any &,me X, we say that (&,7)e E(G) if £<n. (R3,D,Q) is induced by
(R, ,G). For x,yeR’ with (x,y)e E(G),by (2.3), we have
D(x,y)=|& —m|+|& —m,|+|& —m| . Let F:R*—> R be defined by

1
F(x) :5(|§1|+|52|+|‘§3|)'

It is obvious that

1 1
d(F(x)’F(y)) =|F(x)‘F(J’)| S5(|§1 —m[+[é —m[+[é _’73|) =§D(x’y)
which implies that Fis NG-contractive. However,

D(F (x),F () =d(F (x),F () + d(F(&.6,& ), F (mmom,))
+d(F(&.6.6).F (nom.m,))
=|F(X)—F(y)|+|F(§2=§3’§1)_F(UZ’U3’771)|

+|F(§3,§1,§2)—F(773,7]1,7]2)|

< %(x,y).

Notice that when x=(1,1,1) and y=(2,2,2), then
D(]:(x),f(y)) = ED(x,y) which means F is not G-contractive.

3.2. Main Results

Lemma 3.1. (8] Suppose that (X,d,G) satisfies (F). Let the mapping
f:X > X beG-contractive and X, #D. Then

1) forany xe X, f|[X]G has a unique fixed point,

2) if G is weakly connected, then f has a unique fixed point in G,

3)if X'= u{[x]é xe X/.} , then f| ., has a fixed point in X;

4) if f(X)< E(G) then fhas a fixed point,

5 fix [#Q ifandonlyif X, #J.

Lemma 3.2. [8] Let the mapping f:X — X be G-contractive and satisty
(B,) . Then fhas a fixed point if there exists X, € X such that
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(x0./ (x,)) € E(G). Moreover, if G is weakly connected, the fixed point is
unique.

In the sequel, we study the N-order fixed point results of F: X — X by
finding the fixed point of F:X — X and we give a concise proof. We try to
ensure the G-contractive property of F in Theorem 4.3 and Corollary 1.

Theorem 3.1. Suppose that (X,D,G) is induced by (X,d,G) and
(X.D,G) satisties (R . Suppose that F:X — X satisfies the NG-monotone
property (3.4) and there are some constants k,---,ky, with 0<k +---+k, <1
such that

d(F(x),F(y))S k1d(§1»771)+"'+k1vd(§1va771v) (3.3)

with (&.m,)e E(G) for i=1,---,N
Suppose that there is a point x° 2(510,520,”',§2)€X such that

(égioﬂF(é‘Oﬂéi(il»"’né}?/aé:lov"'séi(il))EE(G)’ViZI’z’”"N' (3.4)

Define F:X > X by(3.2). Then,

1) forany xeX,, F|[X] ; has a unique N-order fixed point,

2) if G is weakly connected, then F has a unique N-order fixed pointin G

3)if X'= u{[x]g D= Xf} , then F|X, has an N-order fixed point in X ;

4) if F(X)c E(G) then F has an N-order fixed point,

5) fix F=0 ifandonlyif X, +0.

Moreover, if x" = (51*,5; ,--~,§;) is an N-order fixed point of F with
f=&==&.

Proof. (1) Since (X,D,G) is induced by (X,d,G) and (X,d) is com-
plete, we know that (X,D) is complete, and for all x,yeX with
x=(&, &y ).y =(m.--.ny), G is defined as (2.2) and D is defined as (2.3).
Then, for x,yeE (g) , we obtain that

(S sl isthan s s ) € E(G) oo (Enor s En sty stiv s ) € E(G). (3.5)
Considering (2.2), (2.3), (3.1), we have (7 (x),7(y))€E(G) and
D(F(x), 7 (»))
=d(F(x),F(9))+d(F(&s &y ) F (st )+
+d (F (o€ ) F (121 1)
<(kd (& )+kyd (Eyamy )+ (kd (&) +o- yd (&1, ) )+
+(ld (S )+ (S0 1)
=(ky+--ky )(d (&m)+-+ kyd (Ey.my ) = (K +++-ky ) D(x, ).
Thus F is a G-contraction on X satisfying (xo,f(xo))eE(g) by (4.13).
Then, by Lemma 3.1, we obtain that F has a unique fixed point

x=(&E,E - &) in | x, which is just the N-order fixed point of F.
1 2 N 0 G J p

At the same time, we have

é:l* =F(§1*,§§,--~,§;),cf§ :F(gga"'aé;/’é:l*)""aé; :F(g;/aé:l*a'”ag;q)
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which implies that (f;,n-,g;,fl*),---,(52,51*,---,5;,4) are all N-order fixed
points of F. By the uniqueness, we can get &' =& =---=¢&, .

(2)-(5) can be proved by Lemma 3.1 similarly. We omit them.

Theorem 3.2. If we replace the condition “(X,D,G) satisfies (F,)” by
“F:X > X satisfies (P,)” and the other conditions in Theorem 3.1 are satis-
fied, we can get the same results with Theorem 3.1.

Corollary 1. Suppose that F :X — X satisfies (P,) and F:X — X sa-
tisfies the NG-monotone property (3.1). And

d(F(x),F(y)) S%D(x,y),Vx,y eX with (x,y)eE(G) (3.6)

where 0 <k <1. If there exists x, =(.§,°,§2°,-~-,§f,)eé\,’ such that
Vl.,(éo,F(éo,éil,‘",52;,510,"‘,;(11))EE(G).

Then there is an N-order fixed point x" = (51*,52*,"-,5;) of F. If G is weakly
connected, x" is the unique N-order fixed point with & =& =---=&;.

Proof. We can easily prove that F defined as (3.2) is G-contractive. By
Theorem 3.2, we can get the proof.

Corollary 2. Suppose that a mapping F:X — X has an N-order fixed point
x = (51*,52* ,---,f;,). Then x* is the unique N-order fixed point and satisties
=& == i

(B): for each x,ye X, there exists ze X such that (x,z)e E(C_i) and
(x.»)€ £(G) _

Proof. It is clear that G is connected. By theorem 3.2, we can obtain the re-
sult.

In partially ordered set, the assumption (P ) implies the comparable prop-
erty which is widely used in the uniqueness of fixed point theorems.

Remark The conditions (3.5) appeared in many documents with N =1,2,3,
such as, Bhaskar and Lakshmikantham [12], V. Berinde and M. Borcut [15],
Agarwal, EI-Gebeily, D. O’Regan [19] and Amini-Harandi [13], M. R. Alfurai-
dan, M. A. Khamsi [5], etc. Simultaneously, comparable property is used to
study the uniqueness of fixed points. Thus, our results extend and unify a more
general version. Moreover, the introduction of F provides a new idea to study
the N-order fixed point with N >1.

3.3. Application

The followings are excerpted from [12] and [6]. They can be seen as the corolla-
ries to Theorem 3.2 and Corollary 2.

Corollary 3. [12] Let (X,<,d) be a complete metric space endowed with a
partial order <. The mapping F:XxX — X Iis a continuous mapping. Sup-
pose that

1) F has mixed monotone property. for any &,&,,1,,1,,6,m1€ X

&<ESF(E.n)SF(&n).m<n,=F(&En)<F(&n);

2) there is a k €[0,1) such that for all &,&,,n,m,€ X with § <&, and
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d(F(él,éz),F(m,nz))gk{d(fvm)+d(§2,m)J

2

If there exists (&'.8)) with & <F(&.&)) and F(&,&)<&), then F
has a coupled fixed point. Assume that the comparable property holds, we can
obtain the uniqueness of the coupled fixed point.

Proof. Set a graph G on X defined as: for x=(¢,5,),y=(n.7,)€ X*, we
say

(x,y)eE(G)eox=xye & <n and n,<S,.
Then by mixed monotone property, we know

(X,y)eE(g)jF(x)ZF(fpéfz)ﬁF(’?pfz)ﬁF(ﬂpﬂz):F(y)
:(F(x),F(y))eE(G).

By Theorem 3.2 and Corollary 2, we can get the proof.

Corollary 4 [6] Let (X ,d,G) be a complete metric space endowed with a
graph G. The mapping F:XxX — X be a continuous and NG-monotone
mapping satistying that there isa k [0,1) such that

d(‘fl’nl)"-d(é:b’]z)J
2

d<F(§1s§2)’F(771s772))Sk[

for (&,m,),(m,,&,) € E(G) . Ifthere exists (510,520) with and
(510 JF (510, & )) ek (G) , then F has a coupled fixed point.
Proof. We can get the proof by Theorem 3.2.

4. N-Order Fixed Point Theory of Set-Valued Mapping
Let (X,d,g) and (X,D,G) be defined in Section 2 and
CB(X)={S:S is a nonempty closed and bounded subset of X} .

We make use of 4, H, H to denote the following different set-valued map-
pings, ie.,
h:X >CB(X),H:X —>CB(X) and H:X —CB(X).
For simplicity of description, we denote

X, ={xeX:(x,u)e E(G) for someu € h(x)}.

4.1. Basic Notations

Let D denote the Pompeiu-Hausdorff metric between two sets on CB(X),
ie,for 4,BeCB(X),

D(A4,B)=max{supd(a,B),supd (b, A)

acA beB

where d(a,B)=inf,_,d(a,b).
Definition 3. Let X be a non-empty set and h:X — CB(X) be a set-valued
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mapping. An element x € X s called a fixed point of h provided x € h(x).

In order to discuss the fixed point theory of set-valued mappings, many con-
traction’s notations have been introduced such as [2] [4] [5].

Definition 4. (2] Let (X,d) be a non-empty metric space. We say that the
set-valued mapping h:X — CB(X) is set-valued contractive if there exists
k €(0,1) such that D(h(x),h(y)) <kd(x,y) forall x,yeX.

Definition 5. [4] Let (X,d) be a non-empty metric space. We say that the
set-valued mapping h:X — CB(X) is G-contractive if there exists k €(0,1)
such that D(h(x),h(y)) <kd(x,y) for all x,yeX and, if ueh(x) and
ve h(y) with d(u,v) < kd(x,y)+a foreach a >0, then (u,v) IS E(G) .

Definition 6. [6] Let (X,d) be a non-empty metric space with a graph G.
Let h:X — CB(X) be a set-valued mapping. There exists ke (0,1) such
that, for Vx,yeX with (x,y)eE(G) and any ueh(x), there exists
ve h(y) such that (u,v) IS E(G) and d(u,v) < kd(x,y) . We say that the
mapping h:X — CB (X ) is monotone increasing G-contractive.

For all x,ye X, we have h(x),h(y)eCB(X) and, for a given number
a >0, forany ueh(x),thereisapoint veh(y) such that
d(u,v)< D(h(x),h(y))+a ([3]). Thus, we propose the “SG-contraction” as
follows.

Definition 7. Let (X,d) be a non-empty metric space with a graph G. Let
h:X — CB(X) be a set-valued mapping. There exists k (0,1) such that, for
Vx,yeX with (x,y)e E(G) and any ueh(x), for any a >0, there exists
veh(y) suchthat (u,v)e E(G) and d(u,v)<kd(x,y)+a. We say that the
mapping h:X — CB(X) is SG-contractive.

If A is a single-valued mapping, then SG-contractive property of A implies
that, Vx,ye X with (x,y)e E(G), it holds that h(x),h(y)e E(G) and
d(h(x),h(y))<kd(x,y) whichis called G-contractive (see Definition 2).

Let’s investigate the above definitions. “Set-valued contractive” in Definition 4
imlies “SG-contractive” in Definition 7. In Definition 5, the condition “if
ueh(x) and veh(y) with d(u,v)<kd(x,y)+a for each a>0, then
(u,v)e E(G) “is very hard. It is obvious that “G-contractive” in Definition 5
implies “SG-contractive” in Definition 7. And, “monotone increasing G-contractive”
in Definition 6 implies “SG-contractive” in Definition 7. Since, for u e h(x),
there may not be a point veh(y) such that d(u,v)< D(h(x),h(y)) (see
[2]), we can get “set-valued contractive” in Definition 4 doesn’t imply “mono-
tone increasing G-contractive” in Definition 6. Hence, “SG-contractive” in Defi-
nition 7 is more general.

Definition 8. The point x=(&,&,,+,&, )€ X is said to be an N-order fixed
pointof H:X — CB(X) if

& eH (&, 8 Ens &)y i= 12, N.

For a set-valued mapping H :X — CB(X), we define H:X — CB(X) as:
for x=(&.&,+,&y)eX,
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H(x):{y :(771’7725""77N):77i eF(é"fms""‘fNagl"""fi—l )} . (4.1)

We can see that:

xis an N-order fixed point of H
S EH(EE v EEnné)si=12, N
< xeH(x)

< xisafixed point of H
Thus, we can research the N-order fixed point theory by studying the fixed
point theory.

4.2. Main Results

Theorem 4.1. Suppose that (X,d,G) has the property (F) . Let
h:X — CB(X) bea set-valued SG-contraction. If X, # O, then the following
statements hold:

1) forany xeX,, h|[x]6 has a fixed point,

2) if G is weakly connected, then h has a fixed point in G;

3)if X'= u{[x]a 1xe Xh} ,then h|X' hasa fixed point in X;

4) if h(x)< E(G) then h has a fixed point,

5) fix h#< ifandonlyif X, +#O.

Proof. (1) Considering X, #J, we take a point x, € X,. Then there is a
point x, € h(x,) such that (x,,x)e E(G). Noting that h:X — CB(X) is
an SG-contractive mapping, for k [0,1), there is a point x, € 4(x,) such
that

(x.x,)€E(G) and d(x,,x,)<kd(x,,x)+k

By the similar deduction, there is a point x, such that

(%,,%,) e E(G) and d(x,,x,)<kd(x,x,)+k’ <k*d(x,x,)+2k".

We can construct a sequence {x,} such thatfor n>1
xn+1 € h(‘xn )’(xn"xﬂH ) € E(G)

and

d(x,,x,,,)<kd(x,_,x,)+k" <k'd(x,x,)+nk" (4.2)

Since ».d(x,,x,, ) <o, we get that {x,} is a Cauchy sequence and con-
n=0

verges a point x € X .

Now, We claim that x" e h(x*) under the condition (F£). By (R), we
have (xn,x*)e E(G). For x,,, €h(x,), by Definition 7, for «=—, there ex-
ists a point y, € h(x*) such that (x,,,,v,)€ E(G) and 8
d(X,.,9,)<kd(x,,x) +; . Thus, for any n>1,

a’(x,yﬂ)Sa’()c,x,m)+d(xn+],yﬂ)Sd(x,x,m)+kd(xn,x)+l
n

which implies lim = x*. Noting that h(x*) €CB(X),weget x" e h(x* ) .
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We can get the proof of (2)-(5) by the similar deduction of Theorem 3.1 in [5].

Theorem 4.2. Let (X,d,G) be the complete metric space endowed with a
graph G. Suppose that h has the property (P,). Let h: X — CB(X) be a
set-valued SG-contraction. Suppose that h has the property (B).If X, #Q,
then conclusions obtained in Theorem 4.1 remain true.

By the Similar deduction in Section 3.1, in order to discuss the N-order fixed
point of H, we try to ensure the SG-contraction of H.

Theorem 4.3. Suppose that (X,d,G) has the property (F) . Let
H:X — CB(X) be a set-valued mapping. Suppose that there are some con-
stants k,-,ky with 0<k +--+ky <1 such that for any ue H(x), for any
a >0, thereisapoint ve H(y) such that

d(u,v)<kd(&.m)++ky(Ev.my )+ (4.3)

for (x,y)e E(G). Suppose that there is a point x° :(flo,ff,-n,f;\),)eX such
that there is a point uO:(ul",u;’,---,u?\,)eX with ( io,u,.o)eE(G) and

uto € H(éioagi(ll""’gf/agloﬁ""ézio—l>’Vi:1’2""’N' (4.4)

Then

1) forany xe X, H|[x]§ has an N-order fixed point,

2) if G is weakly connected, then H has an N-order fixed pointin G ;

3)if X'= u{[x]g ‘X e XH} , then H|X, has an N-order fixed point in X ;

4) if H(X <)E(G) then H has an N-order fixed point;

5) fix H#Q ifandonlyif X, #0.

Proof. (1) Since (X,d) is complete, we know that (X,D) is complete. Let
H:X — CB(X) be defined by (4.10).

We first show that H is SG-contractive. For x=(&,-,&y ),y =(m,+.my)
with (x,y)e E(G), we obtain that

(sz,'"a§Na§1;772,"',77w771) € E(g)i'“’(gN"”’§N—1;T7N’“'97]N—1)e E(g) (4.5)

Let u=(u,,--,uy)eH(x) and a>0 be arbitrary. Considering (4.3), for
u, € H(x), thereis a point v, € H(y) such that

d(ulavl)Skld(é:]snl)+“.+kNd(§Ns77N)+%

For u, e H(&y,&,-++,&y., ), there is a point v, € H(n,,n,, -,1y_,) such
that

d(un’vn) SkNd(gN’nN)_'_kld(gl?nl)+'“+kN—Id(9EN—l!77N—1)+%

Then, the point v =(v,v,,---,v,) belongsto H(y) and
d(u,v)=d(u,v)+d(uy,v,)+-+d(uy,vy)

S(kld(é:l’nl)+"'+kNd(‘:ENa77N)+%j

+(kld(§2’772)+“'+kNd(§19771)+%j+"'
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[21

+(kld(§Nﬂ77N)+'”+kNd(§N1977N1)+ﬁ)

=(k1 +"'+kN)(d(§1:771)+"'+kNd(§N’77N))+a
:(k1 +m+kN)D(x,y)+a

Thus H isan SG-contractionon X'.

Next (X,D,G) has the property (R).In fact, for any sequence (x,) . in
X, if (51",---,5,’(,)= x, >x=(&, &) and (x,,x,,)€eE(G) for any
ne N, then

& —>&,(&.8")eE(G),i=1,N.

By the property (B) of (X,d,G),we get

(&1.6)eE(G),
then (x,,x)eE(G).

Last, we can see that (xo,uo) € X,, which implies that A}, # . By Theo-
rem 4.3, we get the proof.

Theorem 4.4. Let H:X — CB(X) be a set-valued mapping and H satisty
the property (P,).

Suppose that there are some constants k,---,ky with 0<k +---+k, <1
such that for any ue H(x), for any a >0, there is a point ve H(y) such
that (4.12) holds for (x,y)eE(G) . Suppose that there is a point
x’ = (510,520,---,52,) e X" such that (4.13) holds for some u, = (ulo,ug,,u,?,)
with ( 0 ul ) € E(G). Then the conclusions in Theorem 4.3 hold.

Corollary 5. [6] Let H : XxX — CB(X) be a continuous set-valued map-
ping having the mixed G-monotone property on X and satisfying (MBL) condi-
tion. If there exist x),yy € X and x e H(x,,y,),y, € H(y,.x,) such that
((xo,xl ) (o1 )) € E(G), then there exists (x,y) a coupled fixed point of H.

Proof. The “the mixed G-monotone property” and the “(MBL) condition” on
the page 9 in [6] can imply equality (4.3). By Theorem 4.4, we get the proof.

5. Applications
Let f: IxRxRxR— R.We discuss the differential equations
£(1)= £ (63(1), (1), 2(1)
y(t)=f(ty(1).2(1).x(1)).t e 1 =[0,1] (5.1)
2(0)= (12 (1),x (1), (1))
with the initial condition
x(0)=y(0)=2(0)=x, (5.2)

Suppose that there are three continuous mapping «(r),3(¢) and y(¢)
with the initial condition & (0)=£(0)=y(0)=x,. If there is a constant />0
such that

max <]

oz(t)—(x0 +_[;f(t,a(s),ﬂ(s),y(s))ds)

tel
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max,_, <l

B (30 [/ (15().7().a(5)) s
P03+ 1 (17 (5).(5). B 5)) )

then (a(t), B (t),;/(t)) is called an /lower solution of differential Equations

max,_, <l

(5.1) with the initial condition (5.2). Although we use the lower solution defini-
tion, we can’t judge (a(z),/(1), ;/(t)) is bigger or smaller than the solution of
(5.1) since /is arbitrary bigger than 0. This notation of Llower solution only
shows the relative distance between (a(t), B(1), ;/(t)) and the solution of
(5.1).

Theorem 5.1. Let feC(IxRxRxR,R). Consider the differential Equa-
tions (5.1) with the initial condition (5.2) and a constant [ > 0. Suppose that the
following conditions hold.

1) for x,y,z,u,v,we X with |x—u|£l,|y—v|£l,

z—w| <[, we have
|f(t,x,y,z)—f(t,u,v,w)| <k |x—u|+k2 |y—v|+k3 |z—w|
where 0<k,k,,k, <1 with k+k,+k <1;
2) there is an I-lower solution of (5.1).
Then the differential Equations (5.1) with initial condition (5.2) has a unique
solution (x*,x*,x*) in C(I,R)xC(I,R)xC(I,R). That is, x" is the solu-
tion of the difterential

x(t)= f(t.x(1),x(1),x(1)), t €[0,1] (5.3)

with the initial condition x(0)= x, .
Proof Let X =C(/,R). It is clear that (X,d) is a complete metric space
with the metric d defined as

vx,ye X, d(x,y):max

x(t)—y(t)|.

tel

Denote

B, = {x € X :max,_,

x(t)|£l}.
We know that B is a closed subset of X. Let G be a graph on X with
V(G)=X and
Vx,ye X,(x,y)eE(G)<= x—yeB, (5.4)

Clearly, E(G) is an equivalence relation and (x,x)e E(G),Vxe X . And
besides, Gis weakly connected.
Define F: X’ —> X by

F(x,y,z)(t):xo+J;f(t,x(s),y(s),z(s))ds (5.5)

By £s continuity and (5.4), we know that Fis continuous. Then the solution of
the differential

Equations (5.1) with initial condition (5.2) are just the tripled fixed point of F.
In the following, we discuss the tripled fixed point of F. We will testify that Fsa-
tisfies the all conditions in Theorem 4.3.
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For x,y,z,u,v,we X , defineagraph G and a metric Don X? by
((x,y,z),(u,v,w))eE(g)<:>x—ueBl,y—veB],z—weB,
and
D((x,y,z),(u,v,w))=d(x,u)+d(y,v)+d(z,w).

Obviously, (X 3,D,g) is induced by (X,d,G).We now prove
(F(x,y,z),F(u,v, w)) € E(G) if ((x,y,z),(u,v, w)) € E(G). Since
((x,y,z),(u,v,w))eE(g)
S x-uebB,y-veB,z-web,
(t)—u(t)|sl,maxte, |y(t)— (¢ )|<l max,_, |z
<:>d(x,u)ﬁl,d(y,v)Sl,d(z,w)ﬁl,

<~ max

( —w(t)| <l

tel

by (i), we have for te1,

P (x.7.2)(1) - ( ,v,w)(t)l
=17 0510, 2)as = (), v(5),w(5) )|
S [ (0939 2(5)) = 1(5) (), <>>Ids

S.[;k1|x(s)—u (s |+k2|y s )|+ | |ds

SI;kld(x,u)+k2d(y,u)+k3d(z,w)ds
<kd (x,u)+kyd (y,u)+kyd(z,w) (which isa constant)
<(k, +k, +k3)max{d(x,u),d(y,v),d(z, w)}
<l
which implies F(x,y,z)—F (u,v,w)e B, and then
(F(x,y,z),F(u,v,w)) € E(G) .
Moreover, by the above deduction, we have
d(F(x, y,z),F(u,v, w))

F(x,y,2)(t)=F(u,v, w)(t)|

<kyd (x,u)+kyd (y,v)+hkyd (z,w)

=max,_,

By (2), the differential Equations (5.1) has an /[Flower solution denoted

(a(t)’ﬂ(f)d/(t)),we know
(a,F((Z,,B,?))G E(G),(ﬂ,F(ﬁ,y,a))e E(G),(J/,F(y,a,ﬁ))e E(G)

Thus by Theorem 4.3, F has a unique fixed point (x*,y*,z*) with
xX'=y =z

Thus, the different Equations (5.1) with initial condition (5.2) has a unique
solution (x*,x*,x*) and which means

x (t) = F(x*,x*,x*)(t) =X, +L§f(t,x* (s),x* (s),x* (S))dS
which is equivalent to the different Equations (5.3) with the initial condition
x(0)=1x,.
Theorem 5.2. Let f:IXxRxRxR—> R satisfy: forgiven x,y,ze R and a
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sequence {x,,y,,z,} with

‘xn _‘xn+1| < l’|yn _yn+1| < l’ Zn _Zn+l| Sl and
lim(x,,y,.z,)=(x,»,z), we have lim f(t,x,,y,,2,)=f(t,x,y,z). Consider
n—»w n—w
the differential Equations (5.1) with the initial condition (5.2) and a constant
/> 0. Suppose that the conditions (1) and (2) in Theorem 5.1 are satisfied. Then
we can get the same result with Theorem 5.1.

Proof. Define F as (5.4), then F satisfies (P,) with N =3. By the similar

induction of Theorem 4.3, we can get the proof.

6. Conclusion

We establish N-order fixed point theorems of set-valued and single-valued map-
ping on product metric space with a graph. We build a unified method to study
the N-order fixed point theory.
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