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Abstract

Calculation results of the Monte Carlo method of the average energy of the
electrostatic interaction between the quarks are presented to the neutron and
proton. The proposed model of the distribution of quarks in protons and
neutrons is possible to assess the area which included a strong (gluon) inte-
raction. Given the fact that the probability of finding a quark in the field with
strong interaction is less than one, there is a good agreement between the ex-
perimental and calculated values of the mass difference between the neutron
and the proton.
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1. Introduction

In literature, the proton-neutron mass difference is explained by electrostatic in-
teractions. A fundamental review “Beta-decay of neutron” by B.G. Erozolimsky
[1] and article “Neutron” in “Physical encyclopaedia” [2] present no calculation
data concerning this parameter. A monograph [3] considers two ways of calcu-
lating the neutron-proton mass difference. The mass difference cannot be calcu-
lated by using a powerful instrument of quantum electrodynamics due to the di-
vergences related to a point character of particles, which is admitted by the au-
thor. “Having failed with fundamental theory to get information on electromag-
netic mass difference, we now turn to much cruder pictures to discuss the possi-
ble relations of AM? in different terms of an SU, or SU, -multiplef’. Cal-
culations in [3] perfectly agree with the experimental value of proton and neu-

tron mass difference, whereas agreement with experimental data on mass dif-
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ference for other terms of multiplet is noticeably worse.

Below we suggest a model, which employs a more conservative mathematical
tool, which helps one to calculate the mass difference for neutron and proton,
and to estimate nucleon distances at which strong (gluon) interactions are re-
vealed. It is also explained, why mass differences for other baryons cannot be
calculated in the frameworks of the suggested model. As far as the authors know
in recent decades, the Monte Carlo method has not been used to calculate the

difference between the mass of the neutron and the proton.

2. Qualitative Analysis of the Model

According to modern view, neutron is a system of three quarks (udd) and pro-
ton is a system of three quarks (uud), where d is the quark with the charge

1 2
q= —ge, and u is the quark with the charge = ge , here e is the elementary

charge. To perform qualitative calculation, consider the following neutron and
proton models (Figure 1):

Quarks occupy apexes of equilateral triangle inscribed into a circle of radius r,
where ris a radius of proton or neutron. The radii of proton and neutron are
determined by the strong coupling between quarks independent of electric
charge; hence, it is assumed that these radii are equal. In this case one can easily
calculate the electrostatic energy.

For neutron:

(1)

n

ez(z 2 1Je2\@

= + - = —.
4mg, 9\/§rn 9\/§rn 9\/§rn 4mg,r, 9
For proton:

U - e 2 .2 4
P 4ms, | 9V3r, 9V3r, 9ar

As mentioned, the radii of proton and neutron are equal. In this case the dif-

=0 (2)

ference of electrostatic energies is:

2 2
YT P
Arg,r, 9 Angyr, 9

(3)

by setting the difference of electrostatic energies equal to the mass difference of

proton and neutron multiplied by ¢* we obtain:

d u
@ d@d
() (b)

Figure 1. Quark models of neutron and proton.
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2 2
c?Am = ¢ ﬁ or Am:e—zﬁ (4)
dmer, 9 4ngcor, 9

Calculating Am we used the constants from [4] and the radius of proton was
taken from [5].
e=1.602177x10"°C, ¢, = 8.854188x10"* F/m,
¢ =299792x10° m/s = 2.99792x10° m/s,
r, =0.877+0.007 fm = (0.877£0.007)x10*m
Thus, we have: Am = Lzﬁ ~0.000563x10 kg
A Cor,
Neutron and proton masses taken from [4] are:
m, =1.674929x10* kg, m, =1.672623x10* kg, Am = 0.002306 x10*" kg

One can see that the calculated mass difference for proton and neutron is ap-
proximately equal to the experimental value; however, the latter is four times
greater. It is natural because in the calculations of electrostatic energy we consi-
dered the configuration with maximal distances between quarks. The result ob-

tained confirms adequacy of the model.

3. Algorithm for Calculating the Mass Difference for Neutron
and Proton

For obtaining a result consistent with experimental data on the mass difference
for neutron and proton, it is necessary to perform calculations by the following
scheme:

1) A value of radius from the set =(0.6,0.7,0.8,0.9) is chosen, which,
being overwhelmed, results in switching on the strong coupling.

2) Three random numbers from the range [0, 1] are generated. The first
number ¢& = r/ r, =F is the reduced radius in a spherical system of coordinates
(with the origin positioned at the center of nucleon), the azimuth angle is
0 =n¢&,, where £, is the second random number, and the polar angle is
@ =2n&,, where & is the third random number (the Monte-Carlo method [6]).
The Cartesian coordinates of quarks are determined by the standard formulae:

X, =Fsin(6,)cos(¢,),y; =Fsin(6)sin(¢ ),z = cos(6,),i=1,2,3

3) From these coordinates, calculate the distances between quarks by the

standard formulae:

P =\/(xi—xj)2+(yi—yj)2+(zi —zj)z,i;t ji,j=123

4) The probability of quarks to be separated by certain distances is modelled

by the expression:

—"'),r. <f <1 (5)
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The corresponding plot is presented in Figure 2.
5) If inequality F; >,

i« holds for the separation between quarks then the
probability of quarks to have this separation is calculated by Formula (5). Then
the range [0, 1] is divided into two segments [0, P(r)] and (P(r),1:| and
next random number ¢ is generated; in the case 0<&<P(r) this value of
distance is left for further calculations, if P(I‘) < ¢ <1 then the corresponding
radius is neglected.

6) The value of electrostatic energy is calculated by using the distance between
quarks.

7) The number of such tests should be sufficiently large, the average electros-
tatic energies of neutron and proton U, and Up are determined by the for-
mulae given below.

8) When the average energies of neutron and proton become stable, the mass
difference is calculated by the formulae:

e2

e AR FUE A PR

U and Up are determined as follows:

n
- 1 2 2 1 - 2 1 1 2
U, Z_Z(T"'..__.._J v Uy =—Z(~—+~——~—J ™)
9k % l, hy Iy K 9%k % l, hy Ty K
In calculating the electrostatic energy of neutron the first particle is taken

u-quark, in the case of proton it is d-quark.

4. Analysis of Calculation Results in the Free Quark Model

For test problem we consider the free quark model, in which the probability to
find quark at any point of nucleon is equal to unity. If the model is valid then the
calculated mass difference for neutron and proton should be closer to an expe-
rimental value then it follows from qualitative analysis.

The average electrostatic (Coulomb) energy was calculated by the algorithm
given above (except for the items 1, 4) for the case of neutron and proton in five
test series for each particle. Each series included 10° tests. Calculation results for
potential (Coulomb) quark energy in proton and neutron are presented in Table
1 and Table 2.

The first column indicates the number of test in a series, the rest columns
show the average Coulomb (potential) quark energies in proton.

Analyzing the results from Table 1 one may conclude that the average poten-
tial energy of quarks in proton varies around zero value, hence we may assume
that the average Coulomb energy of quarks in proton is Up =0.

The first column indicates the number of test in a series; the rest columns
show the average Coulomb (potential) energies of quark in neutron.

From Table 2 and graphics in Figure 2, one can see that the average potential
energies of quarks in neutron well agree to a high accuracy. The following para-

meter was also calculated:
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P(r)
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Figure 2. Probability distribution for distances between quarks in
the model taking into account interaction between quarks.

Table 1. Average Coulomb energy of quarks in proton.

k a, g, U, g, U,

5000 0.0184 0.0224 0.0325 0.0182 0.0271
10,000 -0.0106 0.0245 0.0092 0.0279 0.0007
15,000 0.0037 0.0180 0.0057 0.0179 0.0041
20,000 0.0067 0.0088 0.0354 0.0097 0.0028
25,000 0.0068 0.0071 0.0201 0.0132 0.0007
30,000 0.0081 0.0064 -0.0164 0.0061 0.0031
35,000 0.0120 0.0070 -0.0177 0.0001 0.0021
40,000 0.0115 0.0041 -0.0164 —-0.0032 0.0052
45,000 0.0038 0.0093 -0.0137 -0.0021 0.0035
50,000 0.0058 0.0122 -0.0126 -0.0019 0.0063
55,000 0.0020 0.0132 -0.0122 —-0.0033 0.0058
60,000 0.0005 0.0119 -0.0121 —-0.0046 0.0033
65,000 -0.0007 0.0091 -0.0132 -0.0073 0.0027
70,000 0.0022 0.0067 -0.0138 —0.0069 0.0036
75,000 0.0035 0.0076 -0.0120 —-0.0074 0.0038
80,000 0.0002 0.0052 -0.0120 —-0.0051 0.0042
85,000 -0.0015 0.0031 -0.0124 —-0.0025 0.0003
90,000 -0.0016 0.0031 -0.0137 -0.0039 0.0019
95,000 0.0009 0.0016 -0.0116 —-0.0037 0.0004
100,000 0.0005 0.0024 —-0.0098 -0.0025 —-3.5E5
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Table 2. Average Coulomb energy of quarks in neutron.

k U, u, U, U, U,

5000 0.6852 0.6855 0.7146 0.6954 0.6887
10,000 0.6799 0.6929 0.6860 0.7054 0.6788
15,000 0.6841 0.6888 0.6789 0.7008 0.6938
20,000 0.6822 0.6875 0.6689 0.6920 0.6910
25,000 0.6835 0.6850 0.6777 0.6910 0.6884
30,000 0.6852 0.6851 0.6783 0.6845 0.6826
35,000 0.68887 0.6885 0.6763 0.6825 0.6868
40,000 0.6892 0.6848 0.6780 0.6781 0.6874
45,000 0.6858 0.6887 0.6791 0.6813 0.6854
50,000 0.6875 0.6913 0.6783 0.6806 0.6864
55,000 0.6848 0.6920 0.6806 0.6788 0.6862
60,000 0.6842 0.6922 0.6793 0.6784 0.6845
65,000 0.6838 0.6898 0.6773 0.6775 0.6831
70,000 0.6850 0.6875 0.6764 0.6785 0.6845
75,000 0.6851 0.6874 0.6768 0.6781 0.6844
80,000 0.6836 0.6870 0.6760 0.6795 0.6841
85,000 0.6836 0.6862 0.6774 0.6808 0.6825
90,000 0.6823 0.6875 0.6757 0.6807 0.6830
95,000 0.6838 0.6870 0.6770 0.6810 0.6818
100,000 0.6828 0.6859 0.6778 0.6813 0.6812

for all series AU, ~0.04.

The average value of potential energy of quarks in neutron over the five test
series is U, =0.6818 and the maximal deviation from the average value is
0~0.6%.

Using the parameters Un =0.6818 and ljp =0.0 from Formula (6) one

can find the mass difference for neutron and proton:

e2

Am :m(u‘n -U,)=293x10* (U, -U, )kg .
=2.93x107% x0.682 = 2x10"*°kg
The experimental mass difference for neutron and proton discussed above is:
m, =1.674929x10*"kg, m, =1.672623x10*'kg,
Am = 0.002306 x10?" kr = 2.306x10 kg
The difference between the experimental and calculated mass difference for

neutron and proton in the free quark model is:
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((am),,, ~(am),, }x100% (2,306 -2.0)x100%
(Am) - 2.306

exp

o= ~13%

From calculations performed above one can see that even a simplest model of
free quarks yields satisfactory (13%) agreement between experimental and cal-
culated of mass difference for neutron and proton. Below we consider a more

realistic model, which makes allowance for strong (gluon) quark coupling.

5. Analysis of Calculation Results in the Model of Strong
Coupling Quarks

We have presented calculation results for the mass difference of neutron and
proton under the assumption that quarks have equal probability to be at any
point inside nucleon. This simplified model is not adequate yet. According to
modern view, at small distances between quarks they behave as free particles
(asymptotic freedom); however, at longer distances, strong (gluon) coupling
starts, which prevents quarks from escaping nucleon. Strong quark coupling is
modeled in Section 2. The calculation results are given below.

The potential (Coulomb) energy of quarks in proton and neutron was calcu-
lated by the Monte-Carlo method in 5 series, 200,000 tests in each. However, in
Table 3 and Table 4, the only tests are presented that satisfy the conditions dis-
cussed in Section 2. Hence, the number of tests in each of the series given in Ta-
ble 3 and Table 4 is less than the total number of tests.

The first column indicates the number of test in a series; the rest columns

show the average Coulomb (potential) energies of quark in proton.

Table 3. Average Coulomb energy of quarks in proton at r,, =0.8.

int =

k U, U, Uy U, U,
10,000 0.0158 0.0027 0.0215 ~0.0170 0.0083
20,000 ~0.0107 0.0077 0.0042 0.0150 ~0.0183
30,000 ~0.0222 ~0.0083 -0.0112 0.0064 ~0.0075
40,000 ~0.0275 ~0.0039 0.0021 0.0013 ~0.0052
50,000 ~0.0336 0.0027 0.0005 ~0.0015 ~0.0014
60,000 ~0.0260 0.0009 0.0069 ~0.0019 ~0.0084
70,000 ~0.0195 0.0043 0.0120 0.0027 ~0.0154
75,000 ~0.0242 0.0054 0.0099 ~0.0020 ~0.0188

Table 4. The dependence of electrostatic contribution to the mass of the neutron from
the radius of strong interaction.

r. 0.6 0.7 0.8 0.9 1.0
U, 0.9189 0.8538 0.8006 0.7520 0.7083
m, x10*kr 2.682 2.502 2.346 2.203 2.074

Line 1—radius line that involves strong (gluon) interaction, Line 2—medium value of coulon neutron
energy at different interaction radius values, Line 3—electrostatic neutron mass.
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From Table 3 one may conclude that the potential energy of quarks inside
proton oscillates around zero value. Calculation results for potential energy at
other values 1, =0.6,0.7,0.9,1.0 yield similar results. Thus, one can assume
that the potential energy of quarks inside proton is zero, similarly to the case of
free quark model.

Table 4 presents the average Coulomb energy and mass of neutron versus the
distance between quarks, starting from which “asymptotic freedom” vanishes
and strong (gluon) coupling starts preventing quarks from escaping nucleon.

Figure 3 presents plot of data from Table 4. One can see that the average
Coulomb energy of quarks monotonically falls with an increase in the radius of
quark interaction T,,. By interpolating dependence U, =U, (hy) to the value
of U, corresponding to the experimental mass of neutron we find that to this
value of mass corresponds the radius r,, =0.84 (Figure 4).

From Table 5 one can see that the values of average quark Coulomb energies
in neutron in five series coincide with the average value U =0.7811 within the
error of less than 0.5%. The value U =0.7811 can be used for calculating the

mass difference for neutron and proton by Formula (6):

Table 5. Average Coulomb energy of quarks in neutron at r,, =0.84 .

k U, U U U U
10,000 0.7801 0.7824 0.7823 0.7843 0.7782
20,000 0.7807 0.7798 0.7830 0.7819 0.7767
30,000 0.7789 0.7811 0.7855 0.7815 0.7791
40,000 0.7785 0.7824 0.7838 0.7806 0.7802
50,000 0.7780 0.7827 0.7836 0.7816 0.7700
60,000 0.7771 0.7825 0.7834 0.7821 0.7802

0,72
UQ —e— Unk
wnd L e e Una(k)
’ i “vo o Ung)
4N S v - Upa®)
or01 £ X . Uns(k)
Ao
I N
0,69 ‘
0,68 -
0,67
k103
0,66 T T T T T
0 20 40 60 80 100 120

Figure 3. Average potential energy of quarks in neutron.
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Figure 4. Average Coulomb energy of quarks in neutron U,

versus the radius of interaction r . Dotted line shows the aver-

int
age value of Coulomb energy of quarks in neutron corresponding
to the experimental value of neutron mass.

am=—% _(0,-0,)=293x10%(U, -0, )kg

e chr,
Am =2.93x0.78x10*° = 2.289x10 kg ,

(2.306-2.289)x10°%
O g 100%=0.78%
. X

Thus, the results of Monte-Carlo calculation for the mass difference of neu-

tron and proton coincide with experimental data to within 0.78%.

6. Conclusion

The Monte-Carlo method used for calculating average Coulomb energies of
quarks in neutron and proton made it possible to calculate the mass difference for
neutron and proton. In addition to the quark distribution used in this work, one
can consider other distributions, for example: P(r)=(1- r)2 or P(r)= (1— r2) .
By using various quark distributions in a nucleon, one may calculate observable
nucleon parameters and comparing the results with experimental data makes a
conclusion about nucleon structure. It would not be correct to employ the me-
thod suggested for calculating mass difference of other baryons because of their

short lifetime, which makes it impossible to obtain the needed statistics.
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