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1. Introduction

With the development of modernization, pollution is also being produced. Air

Lévy Noise, Impulsive Toxicant Input, Comparison Method, Extinction and

pollution, water pollution, noise pollution and other pollution affect the stability
of the ecosystem. At the same time, environmental pollution affects the survival
of the natural population and human life [1] [2] [3] [4] [5]. For example, the use
of chemical pesticides has effectively controlled the pest problem in agriculture,
but it is also widely regarded as one of the problems that have a negative impact
on the environment and food safety [5]. The ecotoxicity produced by microplas-
tics will be transferred and diffused to the entire aquatic environment, which af-
fects the stability of the ecological environment [6]. These examples show that
uncontrolled input of toxicant affects the balance of the ecosystem, and even
leads to the extinction of populations. Therefore, environmental pollution will

inevitably attract people’s great attention. Research on the survival of popula-
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tions in polluted environments has become a hot spot [7] [8] [9] [10].

Zhang and Tan [11] considered a stochastic predator-prey system in a pol-
luted environment with impulsive toxicant input and impulsive perturbations.
They obtained a set of sufficient conditions for extinction, weak persistence in
the mean and global attraction to any positive solution of the system. Lv, Meng
and Wang [12] investigated an impulsive stochastic chemostat model with non-
linear perturbation in a polluted environment. They showed that both stochastic
and impulsive toxicant inputs have great effects on the survival and extinction of
the microorganism. Liu, Du and Deng [13] established a stochastic modified
Leslie-Gower Holling-type II predator-prey model with impulsive toxicant in-
put. They got the threshold between persistence in the mean and extinction for
each population; then they concluded that the white noise is harmful to the sus-
tainable growth of species.

Ecosystems may suffer sudden and catastrophic environmental disturbances,
such as earthquakes, tsunamis, volcanoes, hurricanes or epidemics, etc. To ex-
plain these phenomena, Bao ef al [14] [15] considered a jump process into the
stochastic Lotka-Volterra population systems and studied population dynamics
of their systems at the first time. Zhao, Yuan and Zhang [16] established a sto-
chastic competitive model with Lévy noise in an impulsive polluted environ-
ment. They showed that Lévy noise can significantly affect the persistence and
extinction of each species. In this paper, we consider adding Lévy noise to the
stochastic modified Leslie-Gower and Holling-type IV predator-prey system pro-
posed by Xu et al [17]. Then we get

dx(t) = x(t‘)(a1 —nx(t)- W(;H(t)}dt

+al( )dBl() ( )I »(u)N (dt,du),
dy(t):y(t)ia2 HLJdHazy(t)

+x(t)

+ y(t’)jzy2 (u)N(dt,du),

where x(t’) and y(t’) are the left limit of prey populations X(t) and pre-

(1

dator populations y(t) respectively. &, represents the intrinsic growth rate of
the ith population in a non-polluting environment. 77 is the intensity of

fy(t)

competition among individuals of X(t). is the modified Leslie-Gower

6, +x(t)
term, which states that the number of predators has fallen due to the shortage of
cy(t
the most important food. L)z is Holling-type IV functional
6, +nx(t)+x°(t)

response, which refers to the change in the density of the prey that each predator
is attached to per unit time. a,a,,7,C, f,6,,6,, and n are positive constants,

&

where — indicates the maximum endurance of the environment without pre-
n

DOI: 10.4236/jamp.2020.89149

2000 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.89149

X. W. She et al.

dators. NVis a real-valued Poisson counting measure with characteristic measure
A on a measurable subset Z of (O,+oo) with /I(Z)<+oo R
N (dt,du)= N (dt,du)—A(du)dt. z (u) isthe jump-diffusion coefficient.
According to the actual situation, we consider the impact of environmental
pollution on the system (1). Let C,(t) and C,(t) be the concentration of
toxicant in the prey organism and predator organism at time ¢ respectively.
Suppose that the growth rate a; is an affine function of C;(t) [13], the para-
meter @, represents the dose response rate of the ith population to the con-

centration of the organismal toxicant:

a —>a —-a,C(t),i=12 (2)

Suppose C, (t) denotes the concentration of toxicant in the environment at
time £ k; is the organism’s net uptake rate of environmental toxicant. I, and
m;, represent the net ingestion rate and the depuration rate respectively. A
represents the rate of toxin loss in the environment due to evaporation or other
reasons. Assuming that external toxins affect the entire predator-prey system by
impulsive toxicant input, let 7 and g represent the period and the amount of
impulsive toxicant input each time respectively. So we can get a stochastic mod-
ified Leslie-Gower Holling-type IV predator-prey model with Lévy noise in im-

pulsive toxicant input environments:

- oy (t)
dx(t)=x(t -a,C (t)— t)-———————|dt
(0 =x( )(ai G (0 61+nx(t)+x2(t)J

+oyx(t)dB, (t)+x(t7)[ 7 (u) N (dt,du),

dy(t)= y(t_)(az —a,C, (t)_é’zf_{—(xt()t)]dt + O'zy(t_ )de (t)
)
(

dC(;t(t =kC, ()= (h+m)C, (), (3)
dcét(t) =k,C, (t)= (I, +m, )C, (1),
dc, (t)

_ .
AC, (t) = AC, (t) = 0,AC, (t) = q,} tennnel
Toxicants affect the system (3) by impulsive input, and the system also con-
tains Lévy noise. There are few studies on the impact of this type of model on
system dynamics, so it is of great significance. We first turn the system (3) into
an impulseless system through approximate solving methods. Then we can use
the ergodic method to prove the distribution stability of the system. We also get
the extinction and persistence of the population by use of the comparison theo-
rem and some inequality techniques.

The organization of this paper is as follows. In Section 2, we provide prepara-
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tions for the proof and calculation of the system (3). Section 3 discusses the sta-
bility of the distribution of the impulseless system (6). Then in Section 4, the
threshold between persistence in the mean and extinction for each species is es-
tablished. We introduce some numerical simulations to support the theory in

Section 5. The final section concludes this paper.

2. Preliminaries

For the sake of convenience, we define the following notations:

RE={¢eR?[§>0,i=12];

(F(t)=t] f(s)ds, (f(t)) =limsup f(t), (f(t)).=liminf f(t);

5 (t)=a -aC, (t)—%aiz +[ (2474 ()~ 7 (u)) Adu, i =1.2;
B =a —a,C’ —%aﬁ + [ (In(2+7 (u)) =7 (u)) Adu, i=12;

K (t)=[;[,In(1+7 (u))N (dt,du),i=1,2.

Moreover, as a standing hypothesis throughout this paper, we assume that
B,(t),B,(t) and Nare independent. We also suppose that
1+, (u) >0,ueZ,i=12. In order to facilitate the search when using the for-
mula later, we suppose

Assumption 1. There is a constant € >0 such that

2 .
[ [In(@+7(u)] A(du)<ci=1.2
Then we put forward some necessary lemmas to prepare for the main results

later.
Lemma 1 [18]. Consider the following subsystem of the system (3),

dCdl—t(t): KC, (1)~ (L +m)C, (1),

dc;t(t) —K,C, (1)~ (1, +m,)C, (1), tne N
—dc(;t(t) =-hC, (t),

AC,(t)=AC,(t)=0,AC,(t)=q,t=nz,ne N".

~ ~ ~ T
Subsystem (4) has a unique 7 -periodic solution (Cl (1).C,(t),C, (t)) , which

satisfies

*

(€.(0)) =(€, (1), = lim (&, (1) :ﬁ ~criz12. ()

Remark. C,(t),C,(t) and C,(t) denote the concentrations of toxicant.
According to their practical significance, we get 0<C(t),C,(t),C,(t)<1 must
hold for all t>0.From Lemma 1, it requires the following constraints [19]:
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ki <lL+m,q<l-e™, i=12

In the following, we apply Lemma 1 to the system (3). Therefore, we only
need to consider the following system

oxt) () a-8.6, -0

6, +nx(t)+ 2 (t)
+oyx(t)dB, (t)+x(t7)[ 7 (u) N (dt,du),

dy(t)= y(t‘)[az ~,C, (t)- ezfi(xt()t)Jdt +0,y(t7)dB, (1)

+ y(t’)IZyZ(U)N (dt,du),

with initial value X(O) >0, y(O) >0.
Lemma 2 [20]. Suppose that M (t),t>0, is a local martingale vanishing at

(6)

time zero. Then

tIim Ou (t)<+oo:>tlir+n MT(t):o as., (7)
where
«d(M,M)(s)
w ()= [ ———5-2,1>0, 8
pu ()= 1es) (8)

and <M M >(t) is Meyer’s angle bracket process.

Lemma 3 [21]. Suppose that population Z(t)e C[QxR,,R,].

(i) If there exist some constants T >0, 4,>0, A, o,, and 4 such that,
forall t>T,

InZ(t)< lt—ﬂo.[;z(s)ds+icri B, (t)+iﬁﬁj‘gj'zln(l+yi (v))N (ds,dv), as,

then

(z) <24 as. if 220,
limZ(t)=0 as. if 1<0.

t—>o

(ii) If there exist some constants T >0, 4, >0, 4, o;,and A such that,
forall t>T,

InZ(t)> at —ﬂof; z(s)ds +i0‘ B (t)+ i/‘tl J;jz In(1+ 7, (v))N (ds,dv), as.,

then
(Z),24/% as.

Definition 1 [16] [21] [22] [23]. Let X (t) :(x(t), y(t))T € R? be a solution
of system (6). Then

(a) the population X (t) is said to go to extinction if lim_,, X (t)=0;
(b) the population X (t) is said to be stable in mean if lim,_ <X (t)> =K

a.s., where Kis a constant;
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(c) the population X (t) is said to be stochastic strong persistence in mean if

<X (t)>* >0 as;

(d) the population X (t) is said to be stochastic weak persistence in mean if

<X (t)>* >0 as..

Lemma 4. For any given initial value (x(0), y(O))T € R?, system (6) has a
unique global positive solution (x(t),y(t))T on 120 and the solution will
remainin R’ almost surely.

Proof. To begin with, let us consider the following equations

du(t)=| a,—a,C, ()~ 202 - oy
=& —a,0 201 n 61+neU(t)+e2u(t)

+O’1dB I |n 1+71( ))N(dt,dU),
L1 fe'l!
dV(t):(aZ_aﬂCZ (t)_EO-ZZ_e +eu(t)jdt

+0,0B, (t)+ [ In(1+ 7, (u)) N (dt,du),

(9)

with initial value u(0)=Inx(0),v(0)=Iny(0). Clearly, the coefficient of sys-
tem (6) satisfy the local Lipschitz condition, then there is a unique local solution
(u(t).v(t) " on [0,7,), where 7, is the explosion time. According to Ito’s
Kx(t) —e'® y(t)= e“(‘))

tem (6) with initial value x(0)>0, y(0)>0. Now let us prove 7, =+x,as. to

formula, is the unique positive local solution to sys-

show this solution is global. Consider the following four auxiliary equations
do(t) = d(t)(a, - a,C, (1) —n®(t))dt+ o, (t)dB, (1)
+@(1) [, (u)N (dt.du), (0) = x(0);

( () 6 Jdt (11)
+9(t)(o108 J (>N<dtdu>),¢<>=x<o>:
[az a,C, V/( )Jdtﬂyzy/( )de (t)

(10)

0, (12)
+(6) ], 72 ()N (dt du). w (0) = y (0);
_wl(s- A f(t) B
W ()= (t)| & —2a,C,(t) G0 dt+oc,%(t)dB, (1) 1)

+¥(t)], 7, (u)N(dt,du), W (0) = y(0);
By the comparison theorem for stochastic differential equations [24], we have
p(t)<x(t)<d(t),w(t)<y(t)<¥(t)as, (14)

where te [0, re) . According to Lemma 4.2 in [15], we have

exp{_[ B, (s)ds+o,B,(t )+k1(t)}

; (15)
+77I exp“ B (v)dv+a,B, (s )+k1(s)}ds

cD(t):
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exp{jﬁ{ﬂl (s)- C\I;l(s)}ds +0,B, (t)+k, (t)}
X(10)+77I;exp{j;{ﬂl (v)-Cifv)}dvmlsl(spkl(s)}ds'

w(t)= eXp“ Ae(8)ds +aby )+k2(t)} : (17)
T 7] exp{j B, (v)dv+o,B, (s)+k2(s)}ds’

é(t)=

(16)

y(0)
(1) = : t exi){JﬁZ(s ds+o,B ()+k(t)} .
1(0) g (e PP () B () ke ()

Noting that ®(t)>0,¢(t)>0,(t)>0 and W¥(t)>0 are existent on
t >0, then we obtain 7, =+00 (Theorem 2.1 in [15]).

3. Stability in Distribution

Lemma 5. Suppose that (x(t), y(t))T is the positive solution of system (6) with
any initial value (x(0), y(O))T , then for any >0, there exists a positive con-
stant K such that
I|msupE|x |< K, I|msupE|y | K.
t—+o0 t—>+0

Proof. The proofs are very standard. Detailed proofs can refer to [15] [25] and
hence are omitted here.

Lemma 6. If f,>0, 5, >0,(n-c)’ s4(el—c92),/71>% and f >1, then

system (6) is asymptotically stable in distribution, i.e., when t— +oo, there is a
unique probability measure V() such that the transition density p(t,g‘,-) of
(x(t), y(t))T converges weakly to v(-) with any given initial value
$(0)eR?.
T — —\\ T

Proof. Let (x(t;&),y(t;¢)) and (x(t;f), y(t;ﬁ)) be two solutions of
system (6) with the same initial value &(60)eR? and &(0)eR? respectively.
Then we define

V() =[Inx(t:8)-Inx(6:E)[+[iny (6:£) -y (5Z)|

According to the Itd’s formula with noise, we have

dln x(t;f):(ﬁ1 (t)—mx(t)- %Jdt

G, +nx(t)+x* (t
+0,0B, (t)+ [ In(L+7, (u)) N (dt,du),

dlnx(t;g?):[ﬁl(t)—nx() %Jdt
+0,dB, (t J' In(1+7, (u)) N (dt,du)
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fy(t)
0, +x(t)

din y(t;g?):(ﬁz((t)—Hzfi(xt()t)]duo-de + [, In(1+7, (u)) N (dt,du).

duny(t:a:(ﬁz (t)-

Jdtﬂ;de )+ [, In(L+7, (u))N(dt,du),

Hence,
DV (t)=-a, sgn( x(t;& x(t
—nsgn( -x(t;

(
—csgn( x(

|

))(Cu0)-cr)at
))(x(t:)=x(t:8)
)

{ (t.cf) s ]dt
O +mx(6E)+x° (6E) 6 +mx(6:E)+x* (t€)

—a21sgn( (t&)-y (tg?))(é (t)—Cs )t
y(té
- fsgn(y(t )(9 +x(t&) 6, +(x(t)cf)Jdt

<—aﬂsgn( x(t;¢& x(t )( t) C)

‘)
psonx8) () (:2) ()
1)

‘”wlmm

+csgn( —x(t
x[ (t'f) _ y(t<) Jdt
01+nx(t'(§)+x2(t'§) 9+nx(tf)+xz(t;f)
-asn(s(16) 3 (65, (0

—cf sgn(y(t; §) y(t:£))

{ we) ) _Jdt

6, +mx(68)+x*(68) 6 +nx(6E)+x*(6€)

< —éankfi (t)-C|dt—n|x(t:£) - x(t: )|t
_c(f-1

91 v(t:£)-y(6E)|dt

Therefore,

E(V (1)) <V (0)—iZ::ailj;E|Ci (5)-CJds—n [} Bx(s:£)-x(s:Z)] ds

—C(le_l)ﬁE\y(s;é)— y(s:&)[ds.

Note that V( )>O we have
ZZ:a E|C ie|ds+77ﬁE‘x(s;§)—x(s;f_)‘ds
=1
Lot -

G}

E‘y(s;f)—y(s;g)‘ds <V (0) < +o.
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Hence,
E|x(t;c§)— x(t;§)| e L'[0,+0),
E|y(t; &)- y(t;(,?)| e L'[0,+o0).
According to the first equation of system (6), we get

B ((0)£X(0)+ | 3, () (x(3) (¢ (5) £ B(x(s)y(5) e

Therefore, E(x(t)) is continuously differentiable function. By Lemma 5, it

gives that
dE ( X (t)) I
o saiE(x(t))+2—61E(x2(t)+ y* (1) <K, (19)
where K, is a positive constant. Similarly, by the second equation of system (6),
it can
dE(y(t
%saﬁ(y(t))s K,, (20)

where K, isa positive constant.

Based on Lemma 5, we can get that E(x(t)) and E(y(t)) are uniformly
continuous function through (19) and (20). By the Barbalat’s conclusion of [26],
we can observe that

lim E x(t;g)—x(t;f)‘ =0as.and lim E|y(t;£)- y(t;g?)‘ =0as. (21)

t—+0

Suppose that p(t,ﬁ,dz) represents the transition probability density of the
process (x(t), y(t))T and P(t,&,A) denotes the probability of z(t,&)e A
with initial value &(@)e R?. By Chebyshev’s inequality [27] and Lemma 5, the
family of p (t, &, dZ) is tight. So we can obtained that a compact subset B € Rf
such that P(t,£,8)>1-¢ foranygiven &>0.

Let ’P(Rf) be the probability measures on R?. For any given two measures

P,P, € P, we define the metric

d_(R,P,)=sup
gelL

J 9(5)R(e8)- [ 9 (5)P. (65)
where
L={g:R? >RI[g(s,)-9(s,)|<[s;~s:|.Ja () <1}.
Forany gel and t,s>0, we can get
[By (x(t+5:¢)) - Bg (x(t:¢))
:‘E[E(g(x(t+s;§))|]-‘S)J—Eg(x(t;é))‘
J B9 (x(6:2)) p(s.£.02) - Bg (x(t:¢))
< [o[Pa(x(t:2) By (x(t:£))| p(s.¢.d2)
s2p(s,§,u;)+jUK|Eg(x(t;z))—Eg(x(t;§))|p(s,g,dz),
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where U, = {s eR?:[s|< K} , US is a complementary set of U, . Because the

family of p(t,£,dz) is tight, so there exists a sufficiently large K such that

p(s,é,U§)<§ for any given S2>0. By (21), thereexistsa T >0 such that

sup
gelL

Bg (x(t;2))-Bg (x(t:€))| S%.

holds for t>T , which yields |Eg (x(t +5; f)) -Eg (X(t; §))| <eg.
It follows from the arbitrariness of & thatfor t>T , we have

sgt:HEg(x(t+s;§))—Eg(x(t;§))| <e.

Similarly, we get

sup|]Eg(y(t+s;.§))—Eg(y(t;§))| <e.

gelL
Hence,
d (p(t+s,.&,),p(L&))<e,

holds for Vt>T and Vs>O0.

That is to say, for any &(6)e R?, the transition probability { p(t.é,):t> 0}
is Cauchy in P with metric d_.So {p(t,0,-):t>0} is Cauchyin P with
metric d, . In a word, there has a unique v(-)e P(Rf) such that
It!I)l d, ( p(t,O, ),v()) =0.From (21), we get

limd, (p(t.¢.-). p(t,0,)))=0.
Using triangle inequalities, we have

limd, (p(t.¢,).v ("))

t—0

<limd, (p(t.¢,), p(t.0,-))+limd, (p(t.0,-).v(-))=0.
This completes the proof of Lemma 6.

4. Extinction and Persistence

Lemma7.If >0 and f, >0, then
limt*Iny(t)=0 as. (22)

t—+o0

Proof. By Lemma 1, we have

lim [ (s)ds = i =12 (23)

t—>+0

Then for arbitrary 0< ¢ < 3, thereisa T'such that for t>T,
(Ei—g)tsj;ﬂi(s)dss(/}i re)ti=1.2. (24)

In
Set T, =—=-2—+T, therefore for t>T,,
 —¢

%exp{(ﬁl—g)t} Zexp{(ﬁl—g)T}.
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Consequently, for t>T,, by (10), we have
exp{j B (s)ds+o,B(t )+k1(t)}
x(O 77[ exp{j B (V)dv+0,B, (s)+k (s )}d
exp{.[; s)ds+o,B, (t +k1(t)}

S

o(t)=

v)dv+o,B, (s)+k (s )}ds
< exp{j Bi(s)ds+0,B, (1) +k, (t }
_nexp{ggslgo-lBl(s)+m|nk }I exp{J' B (v }

exp{(ﬂ1+£)t+0181() 1 )}

k, (t
nexp{mmalB (s)+mink, (s )}.[Ttlexp{(ﬁl—g)s}ds

77] eXp{

_ B -« exp{(ﬁl+g)t+o-181(t)+kl(t)}
n exp{(rpslpto-lB (s)+gr<1|pk (s )}{exp[(ﬁl—g)t]—exp[(/?l—g)Tl]}

g 2(B,-¢) exp{(,+2)t+aB, () +k (1)}
n eXp{QQSiQUlBl(S)JFSQS?Q kl(s)}exp{(ﬁl—g)t}

0<s<t 0<s<t

L Z(B;_g)eXp(th)exp{|O-l|(Bl -minB, (s ))+k1( ) mink ( )}

Clearly,

exp(2(«9t)exp{|al|(Bl ~min B, (s ))+k1( )—mink, (s )} >1.

Therefore, -
exp|[25, (V)dv+ 0B, (5) + y (5)] 65

fexp{(B, —2)s+0,B,(s)+k, ()}
exp(2¢5)exp [ (B (s) - min B, (u)) +k, ()~ minkk ()}

_J.t _ fexp{(ﬁz—g)s+crsz(s)+ kz(s)}
{92 +Z(ﬁ;_5)}exp(288)exp{|al|(Bl —-min B, (u ))+k1(s) min k, (u )}

0<u<s 0<u<s

t
J.Tl 0, +CD(

ds

_J"I; 2(B.-¢)

0, +

ds

:”—(]cﬁ_(%:)jéexp{—|ol|(81 s)—min B, (u )) 1 (8)+ mink, (u )}

no,+2
><exp{(ﬁ2 3)s+0,B, (5) +K, (s )}d
nf
* w627, —2) )XeXp{lal i 8 (5) o max 8 (5)+ ik (5) - ek )
xexp{Tan!gtasz(s)+Tln2!r<1tk (t )}Lt1 exp{(ﬁ2 —3g)s}ds
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where
nf
10, +2(B-¢)|(B %)
(s)-

><exp{|al|m|n B,

O<s<t

Ri(t):[

|oy| max B, (s)+mink, (s)-maxk, (s)

Ty<s<t 0<s<t Ty<s<t }

xexp{mln 0,B,(s)+mink, (t )}

Ty <s<t Ty<s<t

Substituting the above inequality into (18), we can get

ﬁ { .[ P, (s)ds— 62(8 (t)—Bz(Tl))—(kz(t)_kz(Tl))}
x{ﬁ+ R, (t){exp[(ﬁ2 —3g)t]—exp[(/72 —35)1—1]}}

> exp{—(, +)t+B, (T,)+k, (T, exp[ (B, -3¢t
le(t)(l—exp{—(Ez—33)(t—Tl)})exp[ Tm<§§tO-ZB (s)- ngtk (s )}
=R, ()R, (1),

where

R, (t) = exp{~4at + B, (T, )+ K, (T, )} (L-exp{~(B, -3¢)(t-T,)}),

R3(t)=R1(t)exp{ max o,B, (s)—maxKk, (s )}

Ty<s<t Ty<ss<t
Thus
tHInW(t) <t InR, (1)t InR, (). (25)

Note that lim /t =0as., i=12, under Assumptions 1,

t—>+00 |

(k; (1), k (D) (1) = joj(t)[ln (147 (u))] A(du)ds
<tf [In(1+y (u))}2 A(du)<te,i=12.

Applying Lemma 2, we can obtain that
tlirﬂo k (t)/t=0as.,i=12 (26)

Then, it follows from f3, >0 and for arbitrary &>0 that

-1 PR | _
limt™InR,(t)= O’tllqlt InR;(t)=0as..

t—+o0
By substituting the above identities into (25) results in

limsupt™Iny(t) <limsupt™In\¥(t)<0as.
t—>+0

t—>+0

And then let us prove liminft™Iny(t)>0as.. Applying It6’s formula to
to>+
(12) gives
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% 1 fy(t
d|n!//(t):{a2 —a,C, (t)_zo'zz - 0( )}dt
2

+IZ[In (1//('[‘)+;/2 (u)l//(t' ))—'nl//(t_ )J N (dt,du)+o,dB, (t)
+IZ|:In(1//(t)+72(u)w(t))—lnw(t)—iyz(u)t//(t)}/l(du)dt

v (t)
:{/32 (t)—f%m}dt+azd82 (t)+ [, In(1+7, (u)) N (dt,du).

2

That is to say
f

1 1 1.t t 1 1
Elnl//(t) =E|n!//(0)+¥‘|.0ﬁ2 (S)dS_EIUV/(S)dS+IGZBZ (t)+¥k2 (t) (27)

For arbitrary & >0, there exists T, >0 such thatfor t>T,,
- = [ _ -
t 1In1//(t)sﬂ2+25—9—2t H v (s)ds+t7o,B, (t)+17%, (1),

ttIny (t) > B, —2.9—‘9it‘1 ;w(s)dsﬂ‘lo-sz (t)+t7%, (t).
2

Let & be sufficiently small such that Ez —2&>0, then applying (i) and (ii)
in Lemma 3 to the above two inequalities respectively, we have

(B, -2¢)6, Pr+2)8,

=) <oy <! f

According the arbitrariness of & gives that

lim t’lj;y/(s)ds: lim (y (1)) = % 4.

[ t—+0 f

Substituting this equation into (27), and then noting that
lim,,,. t*Iny(0)=0, lim_, B,(t)/t=0 and lim__k,(t)/t=0as., we
can derive that lim_,,, t™Iny (t)=0as.. Thus by (14), we obtain

t—>+o0

- - 71 - 71 _
liminft™Iny(t) Ztl—lﬂlt Iny(t)=0as.

t—>+00

This completes the proof.

Next we will discuss the ecological dynamics of the system (3) or system (6).
Theorem 1. Consider system (6), we have the following valid statements
(i)If B,<0 and f, <0, then both X(t) and y(t) are extinct, ie.

limx(t)=0as. and limy(t)=0as;

t—+0 t—>+0

(ii) If B,<0 and B, >0, then X(t) isextinctand y(t) is stable in mean

almost surely, Ze.

lim t’lj; y(s)ds = P25, as.;

t—>+o0 f

(iii) If B, >0 and S, <0, then X(t) is stable in mean almost surely and

y(t) isextinct, ie.

DOI: 10.4236/jamp.2020.89149 2011 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.89149

X. W. She et al.

limt™ tx(s)ds _B as.:
t—+o0 0 n

(iv) If B >0,5,>0,(n—c)’ <4(6,—c6,) and Bl>% then x(t) and

y(t) are both stochastic strong persistence in mean almost surely.

Proof. According to Itd’s formula, we can obtain that

dInx(t)z[ﬁl(t)—nx(t) 91+n:(yt()tzxz(t)]dt+aldsl(t)
+ [, In(2+ 7, (u)) N (dt, du),

din y(t)=(ﬁ2(t)—92fz():()t)]dt o,dB, (t)+ [, In(L+7, (u)) N (dt,du).

In other words, we have

Inx(t)~Inx(0) fﬂl s)ds — ﬂf s)ds—c ;Hl+nxz/s()sq)tx2(s)ds 08)
+0,B, (t)+k, (1),

y(s)

Iny(t)-Iny(0) jﬂz s)ds - 09+x()ds+az L (D) +k, (). (29)

Now let us prove (i). It follows from (24) and (28), for sufficiently large ¢ that

t In% <B +e+toB (1) +t7k (1),
where & is sufficiently small such that S, +& <0 . Noting that
lim_ . B (t)/t =0 and lim_ Kk (t)/t =0a.s. and, hence
lim_,,,, x(t)=0a.s.. In the same way, if B, <0, and according to (29),
lim.,,, y(t)=0as..
(ii) Since ,5’1 <0, thus (i) implies lim_, X(t) =0a.s.. By (24) and (29), for

sufficiently large ¢ we have

In y(t)—lny(O)s(ﬁz+g)t—ﬁ_[;y( )+0,B, (t)+k, (1), (30)

k, (t). (31)

+O'2

Iny(t)-Iny(0)>(5,-¢)

If 8, >0, then there exist arbitrarily sufficiently small £>0 and T, >0,
for all t>T,, by making use of (i) and (ii) in Lemma 3 to (30) and (31) respec-

tively, we have
(,Ez—g)f(HZ—g) < . (Bz+g)(6’2+g) .

<(y(0)). <(y()) <=

According to the arbitrariness of &, the above inequality gives

t—>+o0

lim t’lf; y(s)ds =@ as..
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(iii) Since ﬁz <0, thus (i) implies lim,, y(t) =0a.s., By (24) and (28), for
sufficiently large ¢ we have

Inx(t)-Inx(0)< (4, +&)t- Uf s)ds+0,B, (t)+k,(t), (32)
Inx(t)-Inx(0) ( ) ryj ds——.[ y(s)+o,B (t)+k (1). (33)

If f, >0, then there exist arbitrarily sufficiently small £>0 and T, >0, for
all t>T,, by making use of (i) and (ii) in Lemma 3 to (32) and (33) respectively,
we have

Bt _ixt)), <(x(t)) <PtE as
; <(x(t)), <(x(t)) < p—

According to the arbitrariness of &, the above inequality gives

limt™ tx(s)ds _A a.s

t—+w0 0 n
(iv) From (29), we get
t*(Iny(t)-Iny(0))

_rlj B, (s)ds—tHf [ 05+ (s z )ds+t '0,B, (1) +t7k, (t).

Then, we have

t1f J‘; y(s)

6, +x(s)
=-t*(Iny(t)-Iny(0) +t‘lj B, (s)ds+t7a,B, (t)+t7k, (t),

ds

noting that lim_,_ t*Iny(0)=0, lim_ B, (t)/t =0 and
lim,., k, (t)/t=04as. and (23), for sufficiently large  we can derive that

t—+0 V2
limttf tﬂds =&as

to -[0 6, +X(s) f (34

Moreover, follows from (24) and (29), for sufficiently large ¢ we have
— f
Iny(t)=Iny(0) (B, ~e)t——-[;y(s)ds + 0B, (1) + ks (1),
2

then there exist arbitrarily sufficiently small £>0 and T, >0, for all t>T,,

by making use of (ii) in Lemma 3, we get
(y(t)), 2 @ as

According to the given condition (n—c)” <4(6, —c#, ), we get

dinx(t) :[ﬂl (t)—nx(t)—L()JdHaldBl (t)

6, +nx(t)+x*(t)
+ [, In(1+ 7, (u)) N (dt,du),

(35)
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> (/31 (t)—nx(t)—ﬂJdt +0,0B, (t)

0, +x(t)
+IZIn(1+ 72 (u))N (dt,du).

Integrating the both side of (35), then by (34) and for sufficiently large ¢, we

have
Inx(t)—Inx(0) 2(,51 ———28}—77 ;x(s)ds+o-lBl(t)+kl (t).  (36)

There exist arbitrarily sufficiently small £ >0 and T, >0, for all t>T,, by
making use of (i) and (ii) in Lemma 3 to (33) and (36) respectively, we get

(x(1)), < (x(t)> < A as..

n n

IA

5. Numerical Simulations

In this section, we apply Split-step Backward Euler method [28] [29] [30] to
prove our theoretical results.

(1) We assume the parameters & =08, a,=0.6, a, =a, =06, 7=0.3,
c=02, f=11, k=04, k,=05, |,=05, I,=04, m=05, m, =06,
h=08, =02, r=1, 6,=6,=1, n=1, o,=0,=2, p(u)=2,
7,(U)=2,then B, =-0.2414<0, B,=-0.4564<0.

We observe that two species will go to extinction from Figure 1, and the result
of (i) in Theorem 1 are shown.

(2) Let y,(u)=2, 7,(u)=2, then other conditions remain unchanged, we
have f =-0.2414<0, f,=0.4273>0.

We observe that X(t) will go to extinction, and y(t) will be stable in mean
from Figure 2, where

t—>+o0

lim t [ y(s)ds = @ —0.3885,

and then the result of (ii) in Theorem 1 are shown.

(3) Weset 7,(u)=0.1, y,(u)=1.5, then other conditions remain unchanged,
we have f3, =0.6553>0, S, =0.1387 <0.

From Figure 3, we get that X(t) will be stable in mean and y(t) will be
extinct, and then the result of (iii) in Theorem 1 are shown, where

limt™® tx(s)ds _A 2.1844.
n

t—+o0 0

(4) We set (u) =0.03, y, (u) =0.01, then other conditions remain un-
changed, we have f, =0.6596 >0, /3, =0.4450 >0, then

(n—c)* ~4(6,~ch,)=-2.5600<0, 0.6596=F, > % =0.4045.

From Figure 4, we get that both x(t) and y(t) will be stochastic strong
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07
x(t)
06 y(®
05 i
F 0.4 B
]
o
L2 -
50 100 150

time t
Figure 1. This figure is time series graph of X(t) and y(t). We choose 7,(u)=2, ,(u)=2, step size At=0.03,
initial value x(0)=0.6, y(0)=0.6, C,(0)=02, C,(0)=03,and C,(0)=065, Z=(0,+x), A(Z)=1.

1.4 . . . . . . . .
x(t)
126 1 xdt ||
y(t)
1l 1yt ||
< 08

o
o

o
IS

o
N

Figure 2. This figure is time series of X(t) and y(t) with y(u)=2, ,(u)=0.2, step size At=0.03, initial value
x(0)=06, y(0)=06, C,(0)=0.2, C,(0)=0.3,and C,(0)=0.65, Z=(0,+x), i(Z)=1.

x(t)

1 xtat
5F —y : b
1yt

solution

. ' ' I
100 150 200 250
time t

Figure 3. This figure is time series of X(t) and y(t) with »(u)=0.1, y,(u)=15, step size At=0.03, initial
value x(0)=06, y(0)=0.6, C,(0)=0.2, C,(0)=03,and C,(0)=065, Z=(0,+x), A(Z)=1.
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W b
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time t

x(t)

Figure 4. The above figure is time series graph of X(t) and y(t). The under figure is
the 2D phase diagram of x(t) and y(t). We choose 7,(u)=0.03, 7,(u)=0.01, step
size At=0.03, initial value x(0)=06, y(0)=06, C,(0)=0.2, C,(0)=03, and
C,(0)=065, Z=(0,+), A(Z)=1.

persistent in mean. The 2D phase diagram of x(t) and y(t) mean that two
species are in a predator-prey relationship. The result of (iv) in Theorem 1 are

shown, where

6. Discussion and Conclusions

In this paper, we add Lévy noise to the stochastic modified Leslie-Gower and
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Holling-type IV predator-prey model, and assume that the toxicants are added
in periodic pulses in the model. We show that the model has a unique global so-
lution and study the stability in distribution of solutions. We get the thresholds
B to determine extinction and persistent in mean of two species; thus suffi-
cient and necessary conditions are established for the extinction and persistent
in mean of two species.

From the Theorem 1 and the numerical simulation results in Figures 1-4, we
can see that Lévy noise has a strong effect on the system (3). At the same time,
through the expression of the thresholds S and changing the parameter value
multiple times, it shows that the line shape in the numerical simulation is undu-
lating, because white noise can reflect that the model is affected by the environ-
ment. We also know that the value of n,c,6,,6, and fwill affect the survival
dynamics of the species from (iv) in Theorem 1. The expression of J also re-
flects that the toxicants and population’s own performance also more or less af-
fects the survival dynamics of the species.

Indeed, when the population encounters sudden environmental disturbances,
such as tsunamis, earthquakes, etc., the survival environment of the population is
threatened. Ecological stability is bound to be affected because they can’t adapt to
this sudden environmental fluctuation in a short time. Lévy jump has a great im-
pact on the survival of species. With the rapid development of modern industrial
technology, pollution has been increased as well. Impulsive toxicant will inevitably
have a certain impact to species’ living environment and their own growth.

This article has practical significance for the survival analysis of a stochastic
modified Leslie-Gower and Holling-type IV predator-prey model with Lévy
noise in impulsive toxicant input environments. But considering that some more
complex systems will be more in line with the actual situation, for example,
during the rainy season and the dry season, the growth rate and mortality rate of
the species are different, so we can consider adding the regime switching to the
system (3). In the next research work, we can try to consider the influence of

continuous-time Markov chain on the system.
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