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Abstract

In this paper, a stochastic two-prey one-predator model with S-type distri-
buted time delays and Lévy noises is considered. Using the comparison theo-
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rem and Ito’s formula, sufficient conditions of persistence in the mean and
extinct for each population are established. Then, conditions of global attrac-

tivity and stability in distribution by Barbalat’s conclusion are also obtained.
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Furthermore, Euler numerical simulation method is given to demonstrate our
conclusions.
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1. Introduction

For a long time in the past, many scholars have been working on various biolog-
ical models. The dynamic relationship between predator and prey has always
been one of the most important and interesting topics in biological mathematics.
There are many related works and literature [1] [2] [3]. Initially only two species
were considered in the model, but this is often not the case in real world. The
three-species system is more responsive to the real world. More recently, some
authors [4] [5] claimed that the two-species model does not describe a dynamic
relationship in the real world. So some scholars began to expand their research
into three or more population models [6] [7].

In the real world, the behavior between predator and prey is not always con-
tinuous. In some cases, young predators can’t engage in predation, or young prey

can’t be preyed on. These phenomena are called time delays. Similar time delays
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phenomena include hibernation, pregnancy, and migration and so on. There-
fore, time delays are commonly thought to be taken into account in population
system. At present, there are a lot of research results on time delay models [8]
[9] [10] [11]. On the other hand, in an ecosystem, relationships between species
include predator-prey, competition, and cooperation. But among these relation-
ships, predator-prey is the most common and complex [12]. The general two-prey

one-predator delayed model is as follows:
dy, (t (O[n—auy; (t)—ayy, (t—7,,) —a,y; (t—7,) |dt,
dy, (t ) Y, ( )[ —a,y, (t T0) =Y, (1) —ay Yy (t —123)]dt, (1)
dy, (t) =y, (t)[—r3 + 8 Y; (1751 ) + 85, Y, (1= 73, ) = g3 (t)] dt,
with initial data,
Y (0)=£(0),0 €[-7,0],z = max{z; },i, ] =1,2,3,i # , @)

where y;(t) is the population of the prey, i=12, and y,(t) is the popula-
tion of predator. I, is the growth rate of prey-; i=12, and r, is the death
rate of the predator. a; >0,i=12,3 is the intra-specific competition coeffi-
cients of populations Y;; a5, >0,a, >0 are the capture rates of predator;
a, > 0,85, >0 denote the efficiency of food conversion; a;, >0,a,, >0 are the
competition rates between population y, and Yy,. 7; >0(i# j),i,j=12,3 de-
notes the time delays.

In addition, the dynamic of the population is always affected by stochastic
perturbations. It is necessary to takes tochastic perturbations into account since
perturbations are inevitable in studying population dynamics [13]-[22]. Li and
Mao [21] researched a non-autonomous competitive system with white noise.
Liu and Qiu [22] studied an autonomous stochastic predator-prey delay model
with white noise. And they established sufficient and necessary criteria for per-
sistence in the mean and extinction of predator and prey. Usually, we assume
that the stochastic perturbations mainly affect the growth rate or death rate of
species. That is to say, we suppose that r, —r, +0,dB; (t),i=12,3 in the mod-
el, where B;(t),i=1,2,3 stand for standard Brownian motion defined on a
complete probability space (Q, ‘F’{f}tzo'P) with a filtration {‘E}tzo
0?7,i=12,3 are the intensity of the white noises. Then we obtain the delayed

, and

model with stochastic perturbations:

dyl( |:l’ ailyl ) a,y, (t — T ) —a;3Y; (t T3 ):| dt
+‘71y1( )dB, (t),
dy, ( [rz a21y1( 1'21)— ayYy, (t) —a3Y; (t — Ty ):| dt

+o-2y2( )dB, (1), ®

dy; (t) = ¥s (t)[—g + 8y, Yy (U= 7ay) + 8, (=75 ) — 8 Yy (1t ]dt
+05Y,; (t)dB (t),
with initial data (2). Geng Jand Liu M [23] have studied dynamics of model (3).

By using the comparison theorem, they established sufficient criteria for the ex-
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tinction and persistence of prey and predator under certain assumptions, and
studied the stability in distribution of the stochastic model.

However, models with discrete delays and continuous delays don’t include
each other. Some scholars pointed that the S-type distributed delays can include
both delays [24] [25]. Therefore, S-type delays should be considered in the mod-
el. On the other hand, there are some environmental perturbations such as earth-
quakes, epidemics, hurricanes and so on. These perturbations differ from white
noise because of its sudden and destructive. Many authors [26]-[31] pointed out
that these perturbations cannot be replaced by white noise, and a process that
can simulate these sudden perturbations is needed. Several authors thought that
the Lévy noises can represent these sudden perturbations. Liu and Wang [28]
studied the persistence and extinction of two-species model with Lévy noises.
Liu and Bai [31] investigated the dynamic of a stochastic model with Lévy noises
and studied the stability in distribution of the solutions (SDS) of model by Lya-
punov function approach.

Motivated by the above analysis, we will add the S-type distributed time delays
and Lévy noises into the model to study the dynamic of the real population more
accurately. Considering S-type distributed time delays and Lévy noises into model
(3) yields,

dy, (t) =¥, (t*)[n —aY (t)-aof" v, (t+0)du, (0)
~a | vo(t +0)du (a)}dmlyl (t)dB, (1)
+¥; ()] 7 (u)F(dt,du),
dy, (t) =, (t’)[r2 —::121.[_0721 Vi (U +60)duy (0)—ayy, (1)
~a [y (U +0)ding (9)} dt+a,y, ()8, (t) @)
+¥2(C)],72 ()T (dt du),
dy, (1) = v, (t’)[—rs o[’ (€ +0)dus (0)
+ay, ﬁsz Y, (U +6)dis (8)as,y, (t)} dt

+0,Y, (t’)dB3 (t)+y, (t’)fzy3(u)f(dt,du),

with initial data (2), where Y, (t’) is the left limit of y, (t),
f(dt,du) =I"(dt,du)—A(du)dt is a compensated Poisson process, I' is a
Poisson counting measure, A is the characteristic measure of I" on a mea-
surable subset Z in (0,+0) with A(Z)<+w, A(du) is the measure of
Z. y/(u),i=123 arebounded functions with y (u)>-LueZ.And
J.iij Y (t’ +6?)d,uij (6),i,j=123,i# j are Lebesgue-Stieltjes integrals, 1 (0)
denote nonnegative variation functions that defined on [-z,0],
r=max{r; i, j=123i# ] satisfying jiu du, (6)=1.

In this paper, we consider a stochastic three-species model with S-type distri-

buted delays and Lévy noises. Unlike the deterministic model, the stochastic ex-
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ists no traditional positive equilibrium state. Therefore, we need to study the
convergence in distribution of solutions. Because of time delays, it’s difficult to
apply the traditional methods like solving the corresponding Fokker-Planck eq-
uation to get the explicit solution. So, the asymptotic approach is what we are
going to use.

The organization of this paper is as follows. In Section 2, we give some nota-
tions and important lemmas which are necessary to our discussion. In Section 3,
main results are obtained by using Ito’s formula and comparison theorem, such
as persistence, extinction of species, and stability in distribution of model. Then,
some numerical simulation results are presented to verify our conclusions in
Section 4. In Section 5, there are some conclusions of this paper and some ideas

for future work.

2. Preliminaries
Firstly, for the simplicity, we make the following notations
b =1 —0.507 — [ [ 5 (u)=In(1+7(u))]A(du), i=12,
b, = -1, —0.507 _J.z[% (u)=In(1+7, (u))]ﬂ(du),
5, = 0507 +jz[7i (u)-In(1+7, (u))]/l(du), i=12,3,
R (t)=[[,In(1+7 (u))F(ds,du),i=123,
FO)=t"] f(s)ds, " =limsupf(t), f.=liminf f (t),

(1) =limsupt™ [}  (s)ds, f (1), = liminf t[[ f (s)ds,

t—oo

a; a, a3 L a, ag &; L 8
A=la, Ay Ayl A =[N 8y Ayl Ay =|ay Ayl
-85 A3 ag - —a3 Ay 85 I Ay
a, a, I 0, 3, ay a;, 6 a;
Ay =|ay Ay Ll A= 52 ay Ayl A =8y 52 Qs
-y —a; N 53 —Q3 Ay —a5, 53 A3
&, a, o oo ag
Ay =] ay Ay 52 , I=r, 52 Qg |-
-8 —a 53 - 53 A3

Moreover, let
n=2A;—A;, x5 =ba,, —ba,, k, =ba,; -ba,,
and A; be the complement minor of C; in A, where C; isthe /-th row and
J-th column element of A.
In order to state our results, we assume that

Assumption 1: There is a positive constant Z such that

_[Z(In (l+7i (U)))2 A(du)<L.
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Assumption 2: A,; >0,A,;, >0,A;; >0,A; <0,A;; <0,A, <0,b, >b,.

Suppose that IT >0, which mean that y, has a stronger survival ability than
y, (see, e.g. [32]).

The following lemmas are necessary for our discussion.

Lemma 2.1: For any initial value
(£.(0).4,(0).&(0)) e C([-7.0],R?),~y <0 <0, model (4) has a unique global
solution (y1 (1), v, (1), ys (t)) eR’as. forall t>0.

Proof. Since the coefficients in (4) satisfies the local Lipschitz condition, for
any initial value (fl (0),52 (9),53 (49)) eC ([—y,O], Rf), model (4) has a unique
positive (Y, (t).Y,(t).Vs(t))eR’as. for te[-y,7,], where 7, is the explo-
sion time. We only need to verify that 7, =coas.. Let m, >0 be sufficiently
large such that & (0),&,(0),&(0)e[1/m,, m,], for each integer m>m,. We
define the stopping time,

¢ —inf {t c[o.r,): yl(t)e(%,mj, V, (t)e(%,m),yg (t)e(%,m)}.

is strictly increasing with m. Let 7, = limz,_ as.. There is
m—oo

7, <7,a.s., so we need to prove 7, =ooas.. If the statement is not true, then

Obviously, 7,

m

there exist T>0 and 0<e&<1 such that P(7, <T)>¢, and there exist an
integer m, >mg, forany m>m, suchthat P(7, <T)>¢.
We define

V(y):ﬂvl(y1)+V2(y2)+V3(y3)+V4(t),

where
y:(yll Y2 y3) > Vl(yl): Y1 -1-In Yi» Vz(Yz): Y, =1-In Yo
V;(y;)=Yy;—1-Iny,, and
0 _
V4 (t)z%aizj.—qz 1l+€ y§ (S )de,Ulg( ) 2 a13-|.—113 t+t9 ( )deﬂm(e)

a _ _
25 J.rm t+6 yl( )de'uﬂ(e +AJ‘ 73 Jt+0 yg (S )de'u23 (6) (5)

+_a3lj o ( )delu3l( ) a32.[42 t+6 yz( 7)de'u32 (9)'

for constant >0 and integer n >0, can be chosen such that

a
_ﬂau + 2:]12 +_a31 <0, Zﬂz a, —a, + aszl
(6)
)i 4 &
on? 2 ez T T, T 2n 27

For model (4), by Ito’s formula [33], we can obtain

0V (3) = ALY, (5) L (1) LV () - 1)
+ Bo, (y, —1)dB,(t) +ﬂf (ylyl(u In(1+y1(u)))f(ds,du) o
+0, (¥, ~1)dB, (t)+ [ (v,7, (u)=In(1+ 7, (u)))T(ds, du)
+05 (Y, —1)dB, (1) +Iz(y3y3 u)—In(L+y,(u )))f(ds,du),
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where

LVl(yl)z(yl—l)(rl—auyl ()]’ vo(t+6)duy (0)
~a [ ya(t+0)duy (0)) + 0507
+[,(7(u)=In (147, (u))) 2 (du),

LV, (v,) = (v, _1)(5 ~a, o (1) -2 [’ V(U +0)duy (0)
~a [yt +0)dus (9))+0.5022
+], (72 (u)=In(L+ 7, (u))) 2(du),

LV, () = (¥ ~1) (1 —eb () [ 35 (€ +0) e (0)

[y, (t+0)du, (9))+0.5032

+L (;/3(u)—ln(l+ ;/3(u)))/1(du).

For any integer Nn>0, we can get following results by basic inequality
a®+b®>2ab,

aiz_[ilz yz(t_+'9)d:u12( <;a'12(n = I yz( +c9)d,u12(9)j, (8)

aBJ‘_OT13 s (& +6)dus (6) < %aﬁ (nz +ni21—0r13 Y3 (t+0)dss (e)j 9)
Then, using (8) and (9) in LV, (y,),LV, (Y, ), LV, (y,), we obtain
LV, () < Yy — a7 1 +ayy; +0.507 + [ (7, (u)=In(1+ 7, (u))) 2(du)
+aﬂj_le Y, (t+6)du, (0) +a13J'_T13 Y (t +6)de, (6)
<y, —a,y’—r +anyl+0.50-f+jz(y1(u)—ln(l+yl(u)))/l(dU) (10)

(g a)+ 22 2 +0)du (0
TSZLB A (t’ +¢9)d;ﬁ3 (9),
LV, (yz)S 0Y, —85,Y; —t, +85,Y, +0.50; +_[Z(72 (u)_ln(1+72 (u)))/l(du)

+ amfm Y, (t+6)duy (6)+ a23-[—0r23 Vs (1 +0)diss (6)

srzyz—azzyzz—rz+a22y2+0.5022+j (;/2 u)—In(1+;/2(u)))i(du) (11)
2

(v an) 5[y (6+0)diy (6)

+;%J.,Om y? (t’ + 49)d,u23 (0).

Similarly, there is

)/33-31J:0T31 Y1 (tf + 6’) Aty (0) < %am (nzjom yi (tf + e)d,ual (9) +ni2 ys j,
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Vadeo | Yo (U +0)das, (0) < %asz (nz [°vi(t +0)du (9)+nizy§j-
Then, we get
LV, (Vs ) < —FYs — Y2 + 1, + 85y, +0.507 +Iz(y3 (u)=In(1+7, (u)))l(du)
¥ [ V(U +0)duy (0)+ yiag [ ¥ (t+6)dusy (6)
< LY, —agY: + 1, +ayY, +0.507 +jz(;/3 (u)- In(1+ 7 (u)))i(du) (12)

n® (o _
+23%(a31 + asz)Jr?aalL31 y; (7 +60)du, (0)
n2 0 2 (1
+7a32.|1732 y; (U +0)dus, (6).
From (5), (10), (11) and (12), there is
d
BLV, (y,)+ LV, (y,)+ LV3(y3)+aV4 (t)
< ﬂ|:r1y1 _anylz —h+angy +O-5012 +.[z(7/1 (u)—In (1+71 (u)))/i(du)

2

n
+7(a12 +313)}+2—ﬁ2612y22 +§aﬂ.3y§ +hY, _azzyg —hLt+ayy,

(13)
+0.507 +|, (;/Z(u)—ln(1+;/2(u)))/l(du)+2—212yl2 :232 yZ
— 1Y~ a3 +r3+assy3+050'3 +J. ( In(1+73( ))) (du)

Y3 2

t on? a5t 2 T oAt a31y12 +?a32y§-

Therefore, using (13) and (6) in (7), there exists a constant K >0 such that
dV (y) < Kdt+ Bo, (y, —1)dB, (t)+ B[ (ars (u)=In(1+ 7, (u)))T(ds,du)
+0,(y, -1)dB, (t)+ _[Z(yzyz( )=In(1+7, (u ))) (ds,du)
+05(y, ~1)dB, (t)+JZ(y3;/3(u)—ln(1+ y3(u)))f(ds,du).
Then, from this result, according to argument in [34], we obtain
0 < KT +V,(y,(0),¥,(0),¥;(0)) < 0,

which leads a contradiction, so there is 7, =, therefore 7, = as.. The proof
of Lemma 2.1 is completed.

Lemma 2.2: For any initial value (51 (0).£(0).&(6 )) ([ 0], R3)
(¥,(t), Y, (t), y5(t)) isa positive solution of model (4). Then for any p >0

there exist constants K;(p)>0 such that

IimsupE[yip(t)JgKi(p), i=123.
Proof. We only prove that Ilmsup E[yl J< K,(p). The proof of
IlmsupE[y2 (t)]<K,(p) and IlmsupE[y3 (t)]<Ky(p) is standard and
similar.

Define G; ('[) =e'y? (t) , by Ito’s formula, we get
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dG, (1) = €'y; {p(p%l)‘fﬁjz((u (W) - pn (u))/l(du)+ p[r-auy(t)

— 8y, J‘ilz Y, (t_ + '9) ds, (0) -2y J‘im Y3 (t_ + 6’) da; (6) +1}} (14)

+ pe'yPo,dB, (t)+J'Z e'y? (1+ (u))p I'(ds,du)
= LG, (t)+ pe'yfo,dB, (t)+ [ &'y? (1+7, (u))" ['(ds,du).

There is

LG, (t)<e'yp {M+jz((l+ () - e (U))ﬂ(du)

2

+ p[r1 —a,y, (t)]+1}

Let
K1<p>:rggox{yf [“p%l)aﬂfz((un(u))"— o7, (1)) 4(du) + pqﬂ
- panyf’”},

then, we get
LG, (t)<K,(p)e".
Integrating both sides of (14), and taking expectations lead to
E(e'y?)-&P (0) <K, (p)(e —1).

This means that tILrE SUpE [yl” (t)] <K, (p). Hence, the proof is completed.

Lemma 2.3: [28] Suppose that g(t)eC [Qx [0,+00), RJ , and Assumption 1
holds,

(I) If there exist positive constants T,4,4, and A4, forall t>T,

In g(t)sﬂt—ﬂoﬁg(s)ds+gai B, (t)+gi,Ri (),

then,

g <A/4, as, if 120
limg(t)=0 as., if 1<0.

t—+o0

(II) If there exist positive constants T,4,4, and A, forall t=>T,

In g(t)zﬂt—ﬂﬁj;g(s)ds+gai8i (t)+gm (t),

then,
g =21/4 as.

Consider the following auxiliary model,
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t=xl [rl a,x, (t ]dt+a1 (t)dB, (t)+x(t")], 71 (u)T(dt,du),

dx, (t) [rz azzx2 Jdt+o-2x2( ’)dB (t )+x2(t )Izyz(u) (dt,du),
(15)
dx, (t) [ r3+a31.[ X1 +‘9)d,”31( )"‘aszf - (t +‘9)dﬂ23
—a33x3( )]dtmsxs( )dB, (t)+ %, (1) ], 7 (u) T (dt, du).
with initial value x (0)=¢&(0),0 €[-7,0],i=1,2,3.
According to the comparison theorem [35], we obtain
yi (1)< x(t), as.,i=123. (16)

Lemma 2.4: Suppose that (x1 (1), % (1), % (t)) is any positive solution of
(15). Then

(i) Ilmsuplnx )/t<0,asi=123;

(ii) For any positive constant 7, |Imt ‘[ X )dS =0as.,i=12,3.

The proof of this lemma is standard hence it is omitted.

Lemma 2.5: For model (15)

(i) If b, <0, then

limx (t)=0,as.i=12,3.

t—w

(i) If b >0,b, >0,b, +a,b /a, +ayb,/a,, <0, then

Iimmzi I|mx_(t)=b— limx, (t)=0.

tow all tow a22 tow

(iii) If b >0,b, >0,b, +a,b /a,, +a;b,/a,, 20, then

limx, (t )—i Iimx_(t)zb_ limx, (t) = b3+a31b1/an+agzbz/azz_

t—o all too 2 a22 too a33

(iv) If b, >0,b, <0,b, +ayb,/a,;, >0, then

limx, (t)= b , limx, (t) =0, Iimxa(t)z—b3+a3lbl/aﬂ_
t—ow 311 t—0o too0 a33

() If b >0,b, <0,b, +a,b /a, <0, then

Iimmzi limx, (t)=0, tIi%rpcxs(t):O.

t—>o 311 t—owo

Proof, Using Ito’s formula to model (15), we get
Inx, (t)—Inx (0)
=[r —O.SJf—J( (u)—In(1+;/l(u)))ﬁ(du)Jt—anj;xi(s)ds
+0,B, jj In(1+ 7, (u))T(ds,du),
Inx, (t)—ln X, (0)
:[r —0.50§—j (7, (u)—ln(l+72(u)))i(du)}t—azzj';xz(s)ds

+0,B, H' In(1+y, (u))T(ds,du),
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Inx, (t)—Inx, (0)

=[—r3 ~0.502 —IZ(7s(U)—|” (1+ ;g(u)))i(du)}t—a%j; X, (s)ds
+0,B, (t)+j;.[zln(1+ 75 (u))f(ds,du)+a31ﬁ j_om X (s™+0)du (0)ds
+ay, I; J'iaz X, (5™ +0)du, (6)ds.

Dividing both sides of above equations by ¢ we obtain

t2In Xl((o)) b, —ay, % (t)+t7o,B, (t)+t 7R (t), (17)
t :2((0)) b, —ay, %, (t)+t0,B, (1) +t R, (1), (18)
t1|n:3T(;)):b3—a33x3_(t)+t1ang(t)+t1R3(t)+t1¢(t), (19)

where
t)= aglj; .[_0731 X (s +0)duy (0)ds+ay, I; I_OTSZ X, (s +0)dus, (0)ds. (20)

For (i), according to (17) and (18), by Lemma 2.3, since b, <b, <0, we have
limx, (t)=0, tIlén;xz(t):o. (21)

t—w

On the other hand, since

[ fx(s7)du(0)ds <[° du (0)[ x(s7)ds

J'in I; X (s7) sy (0)ds < jiﬂ duy, (6’)'[131 X (s”)ds

By Lemma 2.4, we get

“m t+9x1( )dﬂ31(6’)dS=0,!L@%Jislj.jxi(s’)dﬂm(g)ds:()_ (22)

t—ooo t 9731

Similarly,
i3 [ (s e O)es=0.timt [ [on(s Yo (0)0s 0. 22

Notice that jOJ du, (6) =1. Simplify (20), then we get
p(t)=aa| [(s7)ds [ [, x(s)ues (005
# [0 T () 0 ()05 [ s [0 (57 ) 24)
[ (s ) (0)0s+ [ [ (5" ) (00
Substituting (21), (22), and (23) into (24), we obtain
limp(t)=0as.

t—owo

Note that b, <0. According to (19) and Lemma 2.3, we get
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limx, (t) =0.

t—ow

. 0
For (ii), since l|Im In# =0, then

(b —¢)t—ay, [ x(s7)ds+o,B, (1) + R (t) < Inx, (1)
<(b+e)t-a,[ % (s7)ds+0,B, (t)+ R, (t).
According to Lemma 2.3, there is

X = !mesupt’lj';xl(s)ds B

8y
and
v I by
%, = liminf t [ % (s)ds>—=-.
8y
This means
limx, = b as..
tow a11
Similarly, there is
limx, = b as.
t—ow aZZ

Therefore, for any & > 0, there exist a positive 7, we have that for t>T,

by b,
o(t)<a, +a, +¢&. (25)
| ( )| Tay Ay

Substituting (25) into (19), for enough large ¢, we obtain

t InX3—(t)£ b, +a31&+ a32b—2+g—a33x3 (t)+t7o,B,y (1) +t Ry (t).

X3 (O) all a’ZZ

Because of b, +a,,b /&, +ay,b,/a,, <0, we have

limx, (t)=0a.s.

t—ow

The proof of (iii) is similar to above by Lemma 2.3.
For (iv) and (v), according to (17) and (18), by b, >0,b, <0 and Lemma 2.3,
then

limx (1) =2, limx, (t) = 0.

t—oo aﬂ-1 t—>o

Then, from (24) we obtain

o (1)) < 2 2, (26)

1

for any & > 0. Substituting (26) into (19), there exists enough large #such that

tIn 2 v —b, - a31i+ g X, (1) —t7o3By (1) —t'Ry (1) < &

%3 (0) ay

Consequently, according to Lemma 2.3, we can get that
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|ImX_(t) _ b, +a,b, /a, .
o A33

In the same way, there is

lIn)(3((0))<b3+z7131z%+,9 85X, (1) + 170, B, (1) +t IR, (1)

1

Because of b, +a,b, /a,, <0, we obtain

limx, (t)=0.

t—w

This proof is completed.
3. Main Results
3.1. Extinction and Persistence in Mean

Theorem 3.1: If all Assumptions hold, for model (4), one has
(I)If b <0, then

limy, (t)=0, as.i=12,3.

t—ow

(ID If >0, then

tIlﬁrgy,(t)— X L oasi=123.
(II) If b, >0,7<0,x <0, then
: L —= b, .
() =0limya (1) = lie(t) =02

(IV)If b >0,7<0,x, <0, then

B, ()= 2 im (0 =0.im () 0.2
1

W If n<0,x >0,x, >0, then

K oo T Ky

Hm ()=t ()= imys (1) =0.as
33 33

Proof. By applying Ito’s formula to model (4),

t
t*In ))//ll((O))
=b, -2, y, (1) +170,B, (1) + [ [ In(1+ 7, (u))F(ds,du)
—t‘laizj';j'_orlz Y, (s+6)dus, (Q)ds—t‘lamj'; J'_OT13 Y;(s+6)du, (0)ds
=b —a,y,(t)—a, Y, (1) -2, Y; (1) +t7o;By (1)
+r1j‘j In(L+7, (u)) T (ds,du)
{auf z[w (s)ds— [y, (s dS}dﬂﬂ (9)

+a13J. T13|: t+‘_gya s)ds— I Y (s d3:|d#13( )}
=b —a,y (t)-a,Y, (t)_aisY3(t)+t710'181(t)+t71R1(t)+t71®1(t)'

(27)
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=b, —a,, Y, (1) +170,B, (t)+ [, [ In(1+7, (u))(ds,du)
_ 0 _ 0
-t 1a21£ J'_m Y (5+60)du,, (6)ds—t 1a23I; J'_m Ys (s+6)du, (0)ds

:bz_a22YZ() a21Y1(t) a23Y3( )"‘rlo'sz (t)
+t’1f;jzln (1+7, (u))T (ds,du)

+t‘1{a21f [Hgyl s)ds— jyl ds}dyu(e) (28)

+a23j |:t+0y3 s)ds— I ys de|d,u23( )}
=b,—a, Y, (t)—a, Y, (t)—a, Y (t)+t70,B, (1) +t 'R, (1) +t 7D, (1),

Y3 (t)
Y3 (0)

b 0 ) (1 ) )
—t’la31£ J'_Om Y, (5+0)dus, (0)ds—tay, j; J'_OTSZ Yo (5+0)duss, (6)ds

tIn

:ba_aaaya(t)+a31y1(t)+a32yz(t)+t_1o'383(t)
+t’1J'tJ' In(L+ 7, (u)) T (ds,du)
+t’1{ I Utgyl ds+f vi(s ds]dy31(6’) (29)

+a32_[ TSZ[ IH Y (s dS+J. Y, (s dS d/lsz }
=by —ag Y, (t)+ay Y, (t)+ay, Y, (1) +t7 0B, (1) + R, (1) + 7D, (1).

Since

.l.iu tt+9 Y2 (S_)dfuﬂ (Q)ds < .[ilz des, (Q)J‘im Y2 (S_ )ds’
[ lowe (7)o (0)os <[ aua (0)[7 va(s )

by Lemma 2.4, we get
|imr1 Y2 (57)des, (60)ds =0, |imjmj Y (s”)ds, (0)ds =0

tow t—ow
Similarly, there is

limt[° {1 y;(s7)dus (6)ds =0, Iimj'mj s (s )dess (0)ds =0

t—>o -3 t—w

Therefore, for @, (t), we have
limt™®, (t)=0as. (30)

t—>o
In the same way, the following conclusions can be deduced,
PR | _ PR | _
limt”®, (t)=0, limt ®,(t)=0,as. (31)

For (I), according to (i) in Lemma 2.5, there is
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limx, (t)=0,i=12,3.

t—>o
In view of (16), we obtain
!I_)n; y; (t)=0,i=123.

Now, let us prove (II).
Let p, [, be the solution of the equations:

{allﬂl + amﬂz =-ay
alZlBl + azzﬁz =—Qg.

By Cramer’s Rule, then

ﬂ __Al3
) =

A
>0,ﬁ2 :A—23>0.

33 33

Computing (27)x(—/,)+(28)x(-p,)+(29), we get

t In;/j—((:.’)) = (bs _i_zl,:zﬂibij_(a% _313:31 - a23ﬂ2 )ys_(t)“‘t40383 (t)

41t 4t _nyi(t)_—l 5B
tIR, () +t i:zl,:zﬂ'l . (0) t i;ﬂ, B (1)
-ty BR (1) +t D, (t)—t*li;/ficlai (1)

i=1,2

(32)

SBs T8y A VT e, (1) 1 URR (1)
A33 A33

-1 n Yi (t)_ -1 o.B. 41 R
LA BB ARY

+H7D, (1) -t B (1)

i=1,2

According to Lemma 2.4, there exists a positive T,, for any &>0 and all
t>T,, such that

IILrp@sup X (1)/t<0,i=123,

In view of (16), there is

limsupy, (t)/t<0,i=12.3. (33)
Therefore, from (30), (31) and (33), we obtain
ey antl s,
i=1.2 Yi (0) (34)
tld, (1)t D D, (t)<0.5e.

i=1,2

Using (34) in (32), for enough large ¢, one can observe that

-1 ys(t) As_ls _A_ -1 -1
t InmsA—%w AL ¥ (1) +t703B, (1) +t7'R (1)
—t‘l_Z BoB (t)—t‘l_Z BR(1).
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By Lemma 2.3, we get

—

Y, = tIiﬁrgsupt’lj'(: y,(s)ds < B85 =4

A

a.s. (35)

Let p,,p, be the solution of the equations:

{a11p1 — 8303 =38,
Q30 + 85305 = Ags.

Consequently,

A A
101:£>0:P3=A—32>0-

22 22

Compute (27)x(—p,)+(28)+(29)x(—p5), we get

t In;llzz—(((t))) = (bz - i;,spibi]_(azz —8,0 + a32p3)yz_(t)+t71‘7282 (t)

+'R, (t)+t Y pIn y(Y) -ty poB(t)

i-13 Yi (0) i-13 e
—t*lig“spi Ri(1)+17D, (1) -t X (1)

: i=13 (36)
_A-A, A ¥, (t)+t70,B, (1) +t 'R, (t)

AZZ 22

Y EAUNRED R

i-13 Yi (0) i-13

—t* Y pR () +t7D, () -t p @, (1).

i=1,3 i=1,3

Similarly, there exists a positive T,,forany &>0 andall t>T,, such that

-1 Yi (t)
t piIn <0.5¢,
i§,3 Y (0) (37)

o, (1) -t Y pd, (t)<0.5¢.

i=1,3

Substituting (37) into (36), we get

ay Ya(t) A -A A 4 4
trtin 2 L< 2 2 o "y (t)+t0,B, (1) +t 7R, (t
yz(o) A, Ay 2() ? 2() 2()
+t1Y poB (1) -t pR (1),
i=1,3 i=1,3

By A,/A,>A,/A,>1, then we obtain
— = ot A2—AZ
y, =limsupt [ ¥2(s)ds < X

From (35) and (38), there exists a constant K >0, for enough small ¢, and
t > K, such that

a.s. (38)

* 8y, (AZ_AZ)

+&

IA

~—

a, Y, (t)<a,y,(t +&as. (39)

x as(A;—A
a13y3(t)£a13y3(t) +é M

IN

+¢& as. (40)

DOI: 10.4236/jamp.2020.89147 1973 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.89147

T. L. Zhang et al.

Using (39) and (40) in (27), for enough large ¢

_ 8y, (Az _Az) &3 (A3_83)
SEAUR - “as-a
yl( ) bl A A a’ll 1()
+t70,B, (1) +t 'R (1).
According to Lemma 2.3, we obtain
y, (1), =liminft- f v (s AlgAl as. (41)

Let £,,4; be the solution of the equations:

{azzé/z + 8324'3 =a,
_azsé’z + a33§3 =ay,

Then,

A -A
¢ =—2>0, ¢y = =
Ay Ay

Compute (27)+(28)x(-¢,)+(29)x ¢y, we get

—1 ( ) —a + _+ '10-
In yl() [bl ZC. .j ( ay; — 8¢ a31§3)yl(t) t 1Bl(t)

i=2,3

> 0.

+UR () +tT Y G InY it )—t‘lz 0B (1)

i=2,3 Yi (0) i=2,3

U R0, (-1 3 Co, (1)

A A
A11

(42)
—A—yl_('[)+t_10'181 (t) +t_lR1 (t)

11

+t1 Y ¢ In % () -ty {oiBi (1)

i=2,3 Yi (0) i=2,3

—t Y GR () +tTD (1) -t Y S ().

i=2,3 i=2,3

Similarly, we can get that

Y (t) <0.5¢,
57 vi(0) (43)
thd, (1) -t Y &, (1)< 0.5e.

i=2,3

t > ¢ n

i=2

—~

Substituting (43) into (42), for any ¢ >0, we can obtain that
Lo () A -A A o
th N <L Lie—— vy ()+tg,B (1)+tT'R
MO ™ (t)+t7oBi (1) (t)

-t GoB (1) -t Y. SR (1),

i=2,3 i=2,3

then, we get

A -A
yl(t) < lA 1

as. (44)

Combining (41) with (44), we obtain
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. —— A -A
limy, (t)= lA Las.
In the same way, substituting (35) and (44) into (28), and together with (38),
we get
. A, —-A
!'_To y,(t)=—2 A 2 as. (45)

Substituting (41) and (45) into (29), and together with (35), we have

e A A,
fimy, (t)=———a

.S.

A, —A
For (III), there is ———2 <0, therefore, we can get that from (29)
33

limy, (t)=0as.

t—o0
Then, we can easily compute that
2, Ny, (t)-a, Iy, (1)
= (blaZZ - b2a12 )t - (anazz - a12a21) Y1 (t) +t71d)4 (t) +t’1d)5 (t)

=it —Agy Y, (1) +t70, (1) -t D4 (1),
where
D, (t)=a, (0,8, (t)+Iny, (0)+R, (t)+d, (1)),
and
D, (t)=ay, (0,8, (t)+Iny, (0)+ R, (t)+d, (t)).

We can also get limt™®,(t)=0, limt"'®, (t)=0, as.. From Lemma 2.4, we
t—ow t—w
have that for enough large , and any & >0, there is

a,Iny, (1)< (i +e)t=Agy, (t)+t7D, (1) -t D4 (t).
It follows from Lemma 2.3 in [12] that,
limy, (t)=0 if x <0,
and
Y, (t) :tlimsupt’lj; y;(s)ds gAK_l if x,>0. (46)
o 33

Therefore,

t [
t In;/Z—((O)) =b,—a, Y, (t)+t70,B, (t)+t7'R, (t)+t 7D, (1)
2

According to Lemma 2.3, we obtain

S ¢)
t) <—2%as,
y2 ( ) aZZ

and,
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. b
Then, limy,(t)=—-as..

tow a22
Now, we prove that (IV) is also correct.
There is still that !im y;(t)=0as.,if n<0.

Then, computing
ayIny,(t)—a,Iny(t)
= (b2, ~ b, )t (21,8, — 81y, ) Y, (1) + 17D, (1) + 17D, (1)
=15t —Ag Y, (1) +t7Dg (1) -t 7, (1),
where
D, (t) =2y, (0,8, (t)+Iny, (0)+R, (t)+D,(t)),
and
D, (t)=a,(0,B, (t)+Iny, (0)+ R, (t)+ D, (1)).
Then we get !met’ld)e (t)=0, lim t"'®, (t)=0, as.. Similarly, for any &, we
get

a, Iy, (1)< (K, +&)t=Ag Yy, (t)+t7 D (t) -t 7D, (t).
From Lemma 2.3 in [12], we obtain

tli_myz(t):o if x,<0,

and
* KZ .
y,(t) <—% if x,>0. (47)
Ag
Thus, there is
1 y1(t) —ho_a v (f)Lt+l -1 -1
thIn=—-=~=b —a,y (t)+t"o,B (t)+tR (t)+t7 D, (t).

Vi (O)
Noticing b, >b, >0, from Lemma 2.3, we get

limy, (t)= %a.s..

t—oo
1

Finally, we consider the most complicated case, the case (V).

Here we still have

limy,(t)=0as. (48)

t—>w

From (46), there exists a enough large £ for any ¢ >0 such that

a21y1(t)£a21y1(t)* <l (49)
A33

Substituting (49) into (28), we obtain
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trny,(t)> [bz —%—g] —ay Y, (t)+t70,B, (1) +t7R, (t) +t7'd, (1).

33

Therefore, for the arbitrariness of &, we get that from Lemma 2.3,

¥, (1), >%2 g5,

A33
Combining with (47), we obtain
K.
!Lrg Y, (t)= A—Z a.s.. (50)

33

Using (48) and (50) into (27) gives

t*In ;jé;)) =b - alAz:Z a, Y, (t)+t70,B, (t)+t 7R, (t) +t7 D, (1).

From Lemma 2.3, we have

by — @K, /Ag _K

a.s.,
ay Ag

¥, (), =liminft- Iy s)ds >
and
Y, (t) = !Lngsupt’lj; y, (s)ds SAK—l as..
33

Obviously, there is

K.
I —L as..
fimy, (t) =~ as

The proof of Theorem 1 is completed.

3.2. Global Attractivity

Theorem 3.2: Let y(t)= (yl(t IBAGTIRA (t'¢))
y'(t)= (yl (t'¢*) Y, (t ¢ ) ( ; *) be the solution of the model (4), respec-
[-»

tively, with initial values ¢, ¢ € ( , +) , then

3 (694 (6 | 50) s (19 <] (60) (e -

Proof Denote ¥, (t) =y, (t; é)-V, (t; ¢ ), i =1,2,3, we only need to verify that

lim E[, (t) = lim E|y, (t:6) -y, (t¢7)| = 0.i =123 (51)
Define V, (t;¢,¢*):‘ln Y (t;4)—Iny; (t;¢*) ,i=1,2,3, by Ito’s formula, we
obtain
LVl(t;¢l¢*)

= sign(§, (t))[ an(yl (t#)-w (g ))
~au [’ (v (t+0:8)- v, (t+0:4)) s (6)

~aa [’ (va(t+0:9) -y (t+0:4))dasg (0 }
(

t+¢9|d,u12 9)+a13f t+t9|d,u13

< _an|3~/1 t)|+a12I
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LV, (t:g.¢")
<= |V, (O] + 2 [ |9, (t+0)|dity (0)+ ] |9 (t+6)] itz (6),
LV, (t:¢.4")
= sign (5 (1) ~a (V2 (6:6) - v (t:6"))
+ay [0 ((t+0:) =y, (t+0:4"))d (6)
va " (vo(t+0:9)-y, (t+0:4"))dun (0)

<= |9, (V)] + 2, [ |9 (t+0)|dusy (0)+ 2 [ |9, (t+0)|dua (6).

Define V (t¢,4")= ivi (t:g ¢ )+V. (t:4,47), where
\A (t;¢:¢*)
= i;S ali J.—Orli -[tt+H

+ i;z asi J‘iSi J.tt+z9

¥i (5)| dusy, (H)ds

5 ()0 (0)as+ S, [,

i (s)|duy (0)ds.

From Ito’s formula, it is easy to compute that
LV (t:.¢")
av, (t:4.¢")
dt

< _(aﬂ -Xa [ du, (6)J|yi () —[azz - [ du, (e)j|y2 (t)

=LV, (64,9 )+ LV, (48" )+ LV, (64,9 )+
(52)

(50Tl 00 0
According to (52), we get
E(v(64°))
V(008){ 8- T ol 0 0)| el (o)
(o Tl 0 0) el o)
(o Sl 00 el e

i=1,2

This means
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E(V(tgg )){aﬂ "X [ du, (e)j [ E[5:(s)]ds
+[a22 _i:zl,saisziz du, (9)] _[; E[9,(s)|ds

+[a33—i;2 Al dyis(ﬁ)j [, ()ds <V (0:6.4°) < 1

Consequently,
E[y; ()] e L'[0,+e0),i=1,2,3. (53)
Now, we consider the continuity of E ( Yi (t)), i=1,2,3. In view of model (4),
we have
E(B,(t))=0, E(R(t))=0,i=123,
and

E(%(1)=.(0)+; E[rlyl(s)—auyl2 (s)—aizyl(s)j_"le Y, (5+6)du, (6)
—agY,; (S)J_Om Vs (s+6)duss (9)} ds.

This is means that E (y1 (t)) is differential. From Lemma 2.2, we get

dE(y1 (t))

it <E(y,(t))n <K,

where K, is a positive constant. Therefore, we know that E(y1 (t)) is un-
iformly continuous. Similarly, we can also get that E(y,(t)) and E(y,(t))
are uniformly continuous. By the Barbalat’s conclusion in [36] and (53), we get
that

lim E|y; (1) =0,i=1,2,3.

t—o+o

3.3. Stability in Distribution

Theorem 3.3: If all assumptions hold, model (4) is stable in distribution.

Proof. For any ¢ €C([-7,0],R}), denote by p(¢,¢,dz) the transition
probability of the process z(t), denote by P (t,0,R3) the probability of

(y1(t;8),52(t;0),ys(t;¢)) " € R, Denote by P([-v,0],R?) the space
of all probability measures on C([-7,0],R3). For any P, P, €
P([-~,0],R}), we define

de (PlaPZ) = sup

gelG

where G'= {g:C([-7,0],R}) = R:|g(2) —g(2)| < |21 — 2,9 () <1}
Then, according to Lemma 2.2 and Chebyshe’s inequality, for any

¢ C([-7,0],R?), the family p(t,&,-) is tight. That is, for any &€(0,1),

there exist a compact subset D < R?, such that, forany t>0,

P(t,$,D) =1—ce¢.

)

/3g(Z)P1(dZ) Asg(z)PQ(dz)

Ry +
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Computing

de (p(t+3a¢7 ')7p(ta¢7 ))

=

= sup |E[g(z(t+s;¢))] — E[g(2(t;9))]]

[ 8Ge+50)pt+50.8) — [ gGw6)p00.d0

= sup |E[E[g(z(t+5;9))|F.]] — E[g(2(;¢))]]

geCG

= sup AE[g(Z(t;w))]p(s@,dw E[g(z(t;qﬁ))]‘
—sup| [ Blet)) — 5600 1o(s.0,0)

<sw [ BllgGw) — G060 16, 0,00)

gelG

< sup/ Ellg () —((:8)|1p(s,6,dw)

geGJ U,

o [ Bllg() — 860 1p66.d0),

geGJ R\

where Up= {(m,y,z) TeR¥nx*+y?+2°< B}. There exists a constant
B>0,

up [ Bllg(e(60)) — g(:(1560)) 1p(s.6,8) <2P(5,6,R1\Uy) <2,

gelG

By Theorem 3.2, for any ¢ €(0,1), and enough large ¢ we get

Sup/ E[|lg(z(t;v)) — g(z(t;0))|1p(s,¢,dv)

geGJ Uy

< sup / Elll=(69) — 2(t6) [1p(s, 6, de)

gelG

< supA ep (s,¢,d) <e.

gel@

Therefore, for enough large fand any ¢ >0, we can derive that

dG (p(t+37¢7 ')7p(ta¢a )) < 3e.

That is to say, {p(t,¢,):t =0} is Cauchy in P([-7,0],R}) with any
initial value ¢ € C([-7,0],R}). Then, for ¢o€ C([-~,0],R}),
{p(t,d0,"):t =0} isCauchyinP([-~,0],R}).

. . v(
There exists a unique such that

lim dg (p(t,¢0,-),y(')) =0 (54)

t— +o0

By virtue of Theorem 3.2, we derive
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lim dg (p(t, 8, ),p(t,¢0,")) = sup |E[f(z(t;0))] — E[f (2(t;00)) ]

t— +oo

f

< iggE[lf(Z(t;qﬁ)) —f(z(t;¢0)) 1]

< lim E[[lz(t;¢) —2(t;¢0) ] =0. (55)

t— +oo

By the triangle inequality, we get

de (p(ta¢, )’V()) <dg (p(t’¢’ )ap (t7¢07)) +d¢ (p(t,¢o,),V()) (56)

Substituting (54) and (55) into (56) gives
hm dG (p(ta¢7 )al/()) = 0

t— +oo

This completes the proof.

4. Numerical Simulations

In this section, we use MATLAB to verify our results, we choose the parameters
that: a, =084, a,=0.15, a,=044, a, =019, a, =101, a,,=1.04,
a, =008, a,=091, a,=093, =130, r,=169 , r,=035,
7(u)=0.6261, y,(u)=0.7468 , y,(u)=0.2040, 7,=01, 7,=015,
7, =01, 7,,=02, 73, =025, 75, =0.2. Obviously, these coefficients satisfy
all the assumptions in this paper.

(1) Set o7 =2.43, o7 =3.38, o =0.51,itis easy to count that A =1.5045
and b, =-0.0549 < 0. Then in view of (1) of Theorem 3.1, all species are extinc-
tion. Figure 1 has verified this result.

(2) Set of =0.44, o? =113, o =0.26,itis easy to count that A =1.5045,
A, =16399 , A,=04324 , A,=0.8649 , A, =02288 , A,=0.2297 ,
A, =0.6558 and 77=0.2091> 0. In view of (II) of Theorem 3.1, we obtain that

1.6

14

1.2

state-axis
o
[o2]

4
o

0.4

0.2

y,®
Y,
VAC

500 600 700 800 900 1000
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Figure 1. Is the path of Y, (t),y,(t),y;(t) with o} =2.43,0; =3.38,07 =0.51.
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limy, (t) = % = 09379, limy, (1) = %AZ ~0.1347,

limy, (t)= % = 0.1390.

t—>o

See Figure 2.
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Figure 2. (a) is path of yl(t), Y, (t), A (t), Y, (t), Y, (t), A (t) ; (b) is probability density functions of yl(t), Y, (t), A (t) . The figure
iswith o’ =044, ¢. =113, ¢/ =026.
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(3) Set 67 =210, o0;=034, oZ=222, we can easy to count that
b, =1.3310>0, n=-0.2208<0, A,, =-0.085<0. In view of (III) of Theo-

rem 3.1, V,,Y, areextinction, and

limy, (1) =% ~13178.

t—>o0
22

See Figure 3.
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(b)
Figure 3. (a) is path of Y,,Y,,Y;; (b) is probability density function of Y, . The figure is with o} =2.10,
0:=034, c2=222.
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(4) Set o} =0.06, o =2.78, o =0.36, we can count that b, =1.13.1>0,
n=-0.4702, A,, =-0.1215<0, according to (IV) of Theorem 3.1, we obtain

Y,,Y; are extinction, and

i =1.3454

1

limy, (t) =

too

See Figure 4.

18
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Figure 4. (a) is path of Y,,¥,,¥,; (b) is probability density function of Y, . The figure is with &7 =0.06,

02=278, 02=036.
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state-axis

(5) Set 0'12 =0.21, 0'22 =0.96 , 0'32 =1.64 , we can easily count that
n=-0.3033<0, A, =09125>0, A,, =0.6572>0, A,; =0.8199, according
to (V) of Theorem 3.1, we obtain

limy, (t) = % =1.1129,limy, (t) = /A\— = 0.8016,

t—>o
33

and Yy, is extinction. See Figure 5.

a y,®
'y, (s)ds
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0 100 200 300 400 500 600 700 800 900 1000
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()

Figure 5. (a) is path of Y, (t), y,(t), Y, (t),m, Y, (t) ; (b) is probability density functions of Y, (t), y,(t) .
The figure is with o7 =0.21,6% = 0.96,57 =1.64.
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5. Conclusions

In this paper, based on a three-species model with traditional time delays and
white noise, the S-type distributed time delays and Lévy noises are considered in
our model. Different from traditional models, this paper is different in the fol-
lowing aspects: Firstly, in the case of two kinds of noise, we obtain that there ex-
ists a unique positive solution in model (4). Secondly, the permanence of model
(4) is investigated. Sufficient conditions for the model to be permanent in mean
are given. This provides an idea for the management strategy of biological re-
sources. In the end, the correctness of the results is confirmed by numerical si-
mulation.

Moreover, our main results reveal that:

1) White noise can lead to the change of species quantity. When the intensity
of white noise is too large, the population may go extinct.

2) The S-type distributed time delays and Lévy noises have important effects
on species persistence and extinction. These effects can also lead to dynamic
changes in species.

3) Different intensity of white noise and Lévy noises can lead to different out-
comes, such as the extinction of predators while prey is permanent. Or only one
prey will survive and the other will die out. We can see that from Theorem 3.1.

Recently, the telephone noises in the model have been proposed by many
scholars [37] [38]. In fact, there are many other factors that affect the population
system. We will incorporate more real-world factors into our models, such as the

telephone noise, pulse process and environment pollution for future work.
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