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Abstract

In this paper, we discuss a new method employed to tackle non-linear partial
differential equations, namely Double Elzaki Transform Decomposition Me-
thod (DETDM). This method is a combination of the Double ELzaki Trans-
form and Adomian Decomposition Method. This technique is hereafter pro-
vided and supported with necessary illustrations, together with some attached
examples. The results reveal that the new method is very efficient, simple and
can be applied to other non-linear problems.
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1. Introduction

The non-linear partial differential equations, appear in many applications of
mathematics, physics, chemistry and engineering, for this reason that the re-
searcher presents a number of methods for solving it, such as Adomian Decom-
position Method (ADM) [1], Variation Iteration Method (VIM) [1], Homotopy
Perturbation Method (HPM) [1].

A new option appearing recently, includes the composition of previous me-
thods with some integral transforms namely Laplace transform, Sumudu trans-
form, or Elzaki transform; these compositions resulted in number of methods
such as Laplace Decomposition Method (LDM) [2] [3] [4], Laplace Variation
Iteration Method (LVIM) [5], Sumudu Decomposition Method (SDM) [6]-[15],
Sumudu Homotopy Perturbation Method (SHPM) [16] [17], Elzaki Variation
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Iteration Method (EVIM) [18], Elzaki project Differential Transform Method
(EPDTM) [19], Elzaki Homotopy Perturbation Method (EHPM) [20] [21], and
Elzaki Decomposition Method (EDM) [22] [23].

The essential motivation of the present study is to extend the application of
the Double ELzaki Transform by introducing a new method called Double EL-
zaki Transform Decomposition Method (DETDM) for solving non-linear partial
differential equations.

The significance of this method is its capability of combining easy integral
transform Double ELzaki Transform (DET) [24] and an effective method for
solving non-linear partial differential equations, namely Adomian Decomposi-
tion Method [1].

Several examples are given as follows to illustrate this method to explain its

effectiveness.

2. Basic Definitions of Double Elzaki Transform

Definition: Let f(x,t),t,xe R™ be a function which can be expressed as a
convergent infinite series, then its Double Elzaki Transform given by:

0 00 X t

E, [f (x,t),u,v} =T (uv)= uv” f (x,t)e{E ;]dxdt, X,t > 0. (1)
00
where u,v are complex values.
To obtain double Elzaki transform of partial derivatives we use integration by

parts [24], and then we have:

%T (u,v)—=VT (u,0) )

m
N
1
|
| E—
Il

E, {‘Z—f} =vi2T (u,v)—T(u,O)—v%T (u,0)

oot 1 v u
E, {axat} :WT (u,v)—aT (u,O)—VT (0,v)+uvT (0,0)

Proof:

a7_ e (B Tev|ufes 2
Ez[&}zuvﬂ&f(x,t)e[ dedtzvj.;e {u}[e &f(x,t)dx}dt

The inner integral gives = (u,t)—uf (0,t)
u

ofF ] vy -t T
:Ez{&}:a}[e T(u,t)dt—uvge f(0,t)dt
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u

=E, {%} iy (u,v)—uT(0,v)
Also E, {%} _1g (u,v)—=VT (u,0)

\Y

E{&f(xt)} TT 2;)((Z<,) & dedt_vjei[u"j’weﬁdx}dt

0

20° f x0T
The inner integral: uj‘l;('t)e udx :@— f (O,t)—um.
o OX u OX

By taking Elzaki transform with respect to #for above integral we get:

ox? u

2f
E, l:a—()(t)} = izT (u,v)-T (O,V)—uaixT (0,v)
Similarly:

atz

E, {M} :vizT (uv)-T (u,O)—v%T (u,0)

3. Double Elzaki Transform Decomposition Method (DETDM)

To clarify the basic idea of this method, we consider a general partial differential
equation with the initial condition of the following form:

Lu(x,t)+Ru(xt)+Nu(x,t)=g(xt), (3)

u(x,0)=h(x), u (x0)=f(x). (4)

2
where, L is the second order linear differential operator L = P R is the linear

differential operator of less order then L,N represents the general nonlinear
differential operator and @ (X,t) is the source term.

Taking the double Elzaki Transform on both sides of Equation (3) and single
Elzaki Transform of Equation (4), we get:

Ez(Lu(x,t))+ Ez(Ru(x,t))+ Ez(Nu(x,t)) - Ez(g(x,t)), (5)

E(u(x,0))=E(h(x))=T(u,0) and E(u,(x,0))=E(f(x)) =§T (u,0).(6)
To substitute Equation (6) in (5), after using Equation (2), we get:

E, (u(x.t))=V’E, (g(x.t))+V*E(h(x))+V’E( f (x))

—V’E, (Ru(x,t))=V’E, (Nu(x,t)). @

Now, with the application of the inverse Double Elzaki Transform on both

side of Equation (7) we get:
u(xt)=G(xt)-E;* |:V2E2 [Ru(x,t)+ Nu(x,t)ﬂ. (8)

where G(X,t) represents the terms arising from the source term and the pre-

scribed initial conditions.
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After that we represent solution as an infinite series given below,

u(x,t):iun(x,t), 9)

n=0

and the nonlinear term can be written as follow,
Nu(x,t)=> A (u), (10)
n=0

where, A (u) are Adomian polynomial and it can be calculated by formula

given below:

p-Ld {N(iﬂ‘uiﬂ ' n=0123 (11)
=0

ntda"| (&

To substitute (9) and (10) in (8), we get:

U, (%) =G (x1)- E;* [VZEZ (Riun (x,t)+§/shﬂ. (12)

n=0 n=0

M

0

=1
I

Then from Equation (12) we get:
Uy (X,1) =G (x,t),
ul(x,t)z—Ez’l[szz[Ruo(x,t)+A\)ﬂ, (13)
U, (x,t) = -E,"[V’E, [ Ru, (x,t) + A ]].

In general, the recursive relation is given by:

u, (xt) = -E,* [V’E, [Ru,, (x.t)+ A, ]|, n>1. (14)
Finally, we approximate the solution U(X,t) by the series:
u(x,t):hllim iun(x,t). (15)
-0 £

4. Application of the (DETDM)

Now we, applying the double Elzaki transform decomposition method (DETDM)
to solve non-linear partial differential equations.

Example 1: Consider the following nonlinear partial differential equations
u, +uu, —u, =0, (16)
with initial condition:
u(x,0)=x (17)

Take the double Elzaki transform to both sides of Equation (16), we get:
T(u,v)

—VT (u,0) = E, (u, —uu,), (18)

Take single Elzaki transform to initial condition we get:

E(u(x,0))=T(u,0)=E(x)=u?, (19)
Substitute Equation (19) in Equation (18), we obtain:
T (u,v) =Vv2u® +VE, (u, —uu,). (20)
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Take the inverse double Elzaki transform to both sides of Equation (20), we ob-
tain:

u(xt)=x+E,*[VE, (u, —uu,)]. (21)

From the Adomian decomposition method, rewrite (21) as follows,

iun(x,t):x+ Egl{sz[i(un)xx—iﬁ(u)ﬂ. (22)

n=0 n=0

where, A (u) are Adomian polynomials that represent the nonlinear terms.

The first few components of A (u) are given by:

A (u) =, (g ),

Ai(u):(uo)x Uy +U (W),
Ay (u)=(up), Uy +(uy), Uy +(u,), Uy, (23)
Ay )

u
u)=(up), Uy +(uy ), U, +(uy ), Uy +(us), g,

By comparing both sides of Equation (22), we get:
U (X,t) =X, (24)
Uy, (X, t) =E," [VE2 [(un)XX -A (u)ﬂ n>0. (25)
Then:
Uy (%) = B[ VE, [ (1), — A (u) ]
=E,*[VE,(-x)] (26)
=-E,;' [v3u3] =—xt,
U, (1) = ;M [VE, [ (u) , — A (u)]]
=E,'[VE, (2xt) ] (27)
=-E;* [Zv“uﬂ = xt?,
By similar way we get:
U (X, ) = —xt®. (28)
And so on. Then the first four terms of the decomposition series for Equation
(16), is given by:
U(X,t)=Xx=xt+xt? =xt*+--, (29)
The solution in a closed form is given by:

u(x,t):ﬁ, It <1. (30)

Example 2: Consider the following nonlinear partial differential equations:

2
Uy —ZTqu =0, (31)

X

with initial condition:
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u(x,0)=0, u (x0)=x. (32)
Take the double Elzaki transform to both sides of Equation (31), we get:

M—T(u,o)—ng(u,O):EZ[ZTquxj, (33)

Vv

Take single Elzaki transform to initial conditions, we get:
E(u(x,0))=0 and E(u,(x, 0)):—T(u 0)=E(x)=u’, (34)
Substitute Equation (34) in Equation (33) we obtain:
T (u,v) =vu® +V°E, {Ztizuux}. (35)

Take the inverse double Elzaki transform to both sides of Equation (35), we ob-

tain:
| | 2%
u(x,t)=xt+E;*| V’E, = || (36)
From the Adomian decomposition method, rewrite (36) as follows:

iun(x,t):quzl[sz2 [ZT%;A‘(U)H' (37)

n=0

where A, (uU) are Adomian polynomials that represent the nonlinear terms.

The first few components of A, (u) are given by:
A (U) =g (Ug),
A (u) = (s ), Uy +Ug (), ,
A, (u)=(ug), U, +(uy), uy +(uy), U, (38)
As(u) (Uo ), Us + (), Uy +(Up ), Uy +(Us), U

By comparing both sides of Equation (37), we get:
U (X,t) = xt, (39)

un+1(x,t):Ezl|:v2E2 {ztiA“ﬂ n>0. (40)

u (x,t)=E;' |:V2E2 {ztiAoﬂ =E" {VZE2 {Ztiz-xtzﬂ
(41)

Then:

uz(x,t):%XSts, (42)
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u3(x,t):%x7t7, (43)

And so on. Then the first four terms of the decomposition series for Equation

(31), is given by:

1 3 2 5 17 7
JgH)=xt+—(xt —(xt —(xt ey 44
u(x,t)=x +3(x) +15(x) +315(x) + (44)

The solution in a closed form is given by:

u(xt)=tan(xt). (45)

5. Conclusion

The combination of Adomian Decomposition Method (ADM) and Double Elza-
ki Transform Method (DETM) can produce a very effective method to solve
nonlinear partial differential equations. Simply, it can be applied to other nonli-
near partial differential equations of higher order.
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